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Infinitesimal deformations of Levi flat hypersurfaces

Andrei lordan’

In 2009, at the Conference of Complex Analysis and Geometry—Levico Terme, Paolo de Bartolomeis
proposed me to study the deformations of Levi flat hypersurfaces. From 2010, we met several months a year
and wrote several papers on this subject. In the first semester of 2016, I visited the Laboratory Fibonacci in
Pisa and we had a lot of interesting discussions about the connection between the classical paper of Kodaira
and Spencer, where they studied the foliations by means of the DGLA of graded derivations, and our papers.
The present paper has its roots in these discussions.

We planned to continue our work in Paris during the spring 2017, but unfortunately, Paolo passed away on
29th of November 2016. The mathematical research of Paolo holds a major position in the great tradition of
Italian geometers. I am honoured to have been Paolo’s collaborator and friend.

Abstract

In order to study the deformations of foliations of codimension 1 of a smooth manifold L, de
Bartolomeis and Iordan defined the DGLA Z* (L), where Z* (L) is a subset of differential
forms on L. In another paper, de Bartolomeis and Iordan studied the deformations of foliations
of a smooth manifold L by defining the canonical solutions of Maurer—Cartan equation in the
DGLA of graded derivations D* (L). Let L be a Levi flat hypersurface in a complex manifold.
Then the deformation theories in Z* (L) and D* (L) lead to the moduli space for the Levi
flat deformations of L. In this paper we discuss the relationship between the infinitesimal
deformations of L defined by the solutions of Maurer—Cartan equation in Z* (L) and the
infinitesimal deformations of L obtained by means of the canonical solutions of Maurer—
Cartan equation in the DGLA of graded derivations D* (L).

Keywords Levi flat hypersurface - Differential graded Lie Algebras - Maurer—Cartan
equation - Foliations - Graded derivations

Mathematics Subject Classification Primary 32G10 - 32E99 - 16W25 - 53C12

1 Introduction

In [7] Kodaira and Spencer’s studied the deformations of multifoliate structures by means of
the DGLA of graded derivations whose underlying graded algebra was defined by Frolicher
and Nijenhuis in [4]. They defined as in [6,9] the infinitesimal deformations and proved that
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the infinitesimal deformations are represented by the tangent vectors at origin of the solutions
of Maurer Cartan equation in the DGLA of graded derivations.

In the paper [1], de Bartolomeis and the author studied deformations of Levi flat hyper-
surfaces in complex manifolds. For this purpose, we elaborated a theory of deformations of
integrable distributions of codimension 1 in smooth manifolds. Our approach was different
from [7] (see remark 14 of [1] for a discussion).

In [1], the DGLA algebra (Z2* (L), §, {-, -}) associated to a codimension 1 co-orientable
foliation on a manifold L is a subalgebra of the the algebra (A* (L), 8, {-, -}) of differential
forms on L. Its definition depends on the choice of a DGLA defining couple (y, X), where
y is a l-differential form on L and X is a vector field on L such that y (X) = 1, but
the cohomology classes of the underlying differential vector space structure do not depend
on its choice. The deformations are given by forms a € Z!' (L) verifying the Maurer—
Cartan equation o + % {o, @} = 0 and the moduli space takes in account the diffeomorphic
deformations.

The infinitesimal deformations along curves are subsets of of the first cohomology group
of the DGLA (2* (L), 6, {-, -}), which are represented by tangent vectors at the origin of
curves with values in M (L) = {a € 2! (L) : 8o + % {a, @} = 0}.

If L is a Levi flat hypersurface in a complex manifold, we defined the canonical DGLA
defining couple for the Levi foliation of L. Then we parametrized the Levi flat hypersurfaces
near L by means of the set of smooth functions on L and we obtained a partial differential
equation for the infinitesimal Levi flat deformations.

In [2] we defined canonical solutions of the Maurer—Cartan equation in the DGLA of
graded derivations by means of deformations of the d-operator depending on a vector valued
differential 1-form ® and we gave a classification of these solutions depending on their type.
A canonical solution eg of the Maurer—Cartan equation associated to an endomorphism & is
of finite type r if there exists 7 € N such that ®" [®, @] s = 0 and r is minimal with this
property, where [-, -] zar is the Frolicher-Nijenhuis bracket. We proved that a distribution &
of codimension k on a smooth manifold is integrable if and only if the canonical solution of
the Maurer—Cartan equation associated to the endomorphism of the tangent space which is
the trivial extension of the k -identity on a complement of £ in 7'M is of finite type < 1. In [3]
we proved that the deformation theory in the DGLA of graded derivation is not obstructed,
but it is level-wise obstructed.

Let L be a smooth Levi flat hypersurface in a complex manifold and consider a Levi flat
deformation (L,,) of L given by a family (a,) of smooth functions on L. Let (@a(), Ya(r))
be the canonical DGLA defining couple of L, and ey, v, the canonical solution of the
Maurer—Cartan equation in the DGLA of graded derivations associated to wg ;) ® Y4 (). The
family of 1 -forms (a)a(t)) are the inverse images of a family of 1-forms on 1-forms (ya(,))
on L. In this paper we show that the infinitesimal deformation represented by the tangent
at the origin to the curve t = oy, , where (o, ) are solutions of Maurer—Cartan equation in
the DGLA (2* (L), 8, {, -}), is also represented by the tangent at the origin to the curve
1= Ya@)-

2 Preliminaries
2.1 The DGLA of graded derivations

In this subsection we recall some definitions and properties of the DGLA of graded derivations
from [4,7] (see, also [8]).



Definition 1 A differential graded Lie agebra (DGLA) is a triple (V*, d, [-, -]) such that:

L V* = @ien V', where (V7).
graded homomorphism such that d> = 0. An element a € V¥ is said to be homogeneous
of degree k = dega.

2. [,]: V* x V¥ — V* defines a structure of graded Lie algebra i.e., for homogeneous
elements we have

is a family of C-vector spaces andd : V* — V*isa

[(l, b] — (_l)degadegb [b, a]

and
la, [b, c]l = [[a, b], c] + (—1)%erdel [ [q, c]]

3. d is compatible with the graded Lie algebra structure i.e.,

dla,b] = [da,b] + (—1)*€ [a, db].
Definition 2 Let (V*,d,[-,-]) be a DGLA and a € v we say that a verifies the Maurer—
Cartan equation in (V*,d, [-, -]) if

1
da—i—i[a,a]:O.

Definition3 Let A = @iz A be a graded algebra. A linear mapping D : A — A is
called a graded derivation of degree p = |D|if D : Ay — Ayyp and D (ab) = D (a) b +
(=DPdeea g p (b).

Notation 1 Ler M be a smooth manifold. We denote by A* M the algebra of differential forms
on M, by X (M) the Lie algebra of vector fields on M and by A*M ® T M the algebra of
T M -valued differential form on M, where T M is the tangent bundle to M. In the sequel, we
will identify A'M ® T M with the algebra End (T M) of endomorphisms of TM by their
canonical isomorphism: foroc € A'M, X, Y € X (M), (c ® X) (Y) =0 (Y) X.

Definition 4 Let M be a smooth manifold. We denote by D* (M) the graded algebra of graded
derivations of A*M.

Definition 5 Let P, Q be homogeneous elements of degree | P|, |Q| of D* (M). We define
[P.Ql=PQ~ (-1 QP
P =1[d, P].
Lemma 1 Let M be a smooth manifold. Then (D* (M), [-, -], ) is a DGLA.
Definition6 Leto € A*M and X € X (M). We define Lygx, Zagx bY

Logxo =a A Lxo + (=D da Aixo, o € A* (M) 2.1)
Taex0 =a Alxo, o € A* (M), (2.2)
where Ly is the Lie derivative and tx the contraction by X.

For ® € A*M ® TM we define Lg, Z¢ as the extensions by linearity of (2.1), (2.2).

Lemma?2 Forevery D € D (M) there exist unique forms ® € A\MQTM, ¥ € AT M@
T M such that
D=Lo+Ty.

Denote L(D) = Lo and I(D) =1y



It is proved in [7], Theorem 5.3, that the solutions of Maurer—Cartan equation in the
DGLA of graded derivations define a deformation of a foliated manifold and an infinitesimal
foliation is a class in the cohomology group H! (M, ®), where © is the sheaf associated
to the multifoliate structure; moreover, the infinitesimal deformation is represented by the
tangent vector at the origin to a curve with values in the set of solutions of Maurer—Cartan
equation in the DGLA of graded derivations.

2.2 Canonical solutions of Maurer-Cartan equation in the algebra of graded
derivations

This subsection gives some definitions and results from [2].

Definition7 Let® € A'M ® TM.
(a) Leto € AP M. We define o € APM by ®o =o if p=0and
(@0) (Vi,....Vp) =0 (®Vi,....®V,) if p=1, Vi,...,V, e X(M).
(b) Let W € APM @ TM. We define @V € APM @ TM by ®¥ = V¥ if p =0 and
U (Vi,..., V)= (¥ (V1,....Vp)), Vi.....,V, eX(M) if p> 1.

Theorem 1 Let ® € A'M ® T M such that Re = Idry + © is invertible. Set
ep = R@dR;l —d
Then:

(i) eo is a solution of the Maurer—Cartan equation in (D* (M), 71, [-, -]).

(ii) Let D be a solution of the Maurer—Cartan equation in (D* (M), 7, [-,-]). Let ® €
A'M ® TM such that L (D) = Lo. Suppose that Re = Idyyy + @ is invertible. Then
D =eqp.

Definition8 Let ® € A'M ® T'M such that Idry + @ is invertible. eg is called the
canonical solution of Maurer—Cartan equation associated to ®.

2.3 Canonical DGLA defining couple for a Levi flat hypersurface

In this subsection we will use the following setting and notations from [1]:

Let L be a C* manifold and & C T (L) an integrable distribution of codimension 1.
We denote by A¥ (L) the k-forms on L and A* (L) = @renAX (L). For a, 8 € A* (L),
X € X(L), set

lo, By =LxanB—anLxp

where Ly is the Lie derivative.
Lety € AV (L) such that ker y = £ and X a vector field on L such that y (X) = 1. Set

S=dy=d+{y, )

and
Z*(L) ={a € A*(L) : txa =0}

Then (Z* (L), 6, {-, -}) is a DGLA.



Remark 1 Let L be a C* manifold and & C T (L) an integrable distribution of codimension
1. Then there exists a 1-form y on L such that £ = ker y if and only if £ is co-orientable,
i.e., the normal space to the foliation defined by & is orientable (see, for ex. [5]).

Definition 9 Let L be a C* manifold and § C T (L) an integrable co-orientable distribution
of codimension 1. A couple (y, X) where y € AL(L) and X is a vector field on L such that
ker y =& and y (X) = 1 will be called a DGLA defining couple.

We denote .
M5 (L) = {a e 2 (L) : Sa+ 5 (el =0}

the set of solutions of Maurer—Cartan equation in (£* (L), §, {-, -}).

It is proved in [1] that the moduli space of deformations of integrable distributions of
codimension 1 is represented in H' (Z* (L), 8) by the tangent vectors at 0 to 9C; (L)
valued curves.

Definition 10 The infinitesimal deformations of L in (Z* (L), 8, {-, -}) are the collection of
cohomology classes in H Lz*(L), §) of the tangent vectors at 0 to 91&s (L) valued curves.

In the sequel we will use the following setting and notations:

Let M be a complex manifold and L a Levi flat hypersurface of class C Kin M,k > 2;
then there exists r € CK (M) , dr # Oon L such that L = {z € M : r (z) =0} and set
Jj : L — M the natural inclusion. As dr # 0 on a neighborhood of L in M we will suppose
in the sequel that dr # 0 on M.

We denote by J the complex structure on M and let y = j* (djr), djr = —Jdr. The
Levi distribution 7 (L) N JT (L) = ker y is integrable.

Let g be a fixed Hermitian metric on M and Z = grad,r/ ||gradgr ”i Then the vector
field X = JZ is tangent to L and verifies )

y (X)=dSr(JZ) = 1.

Definition 11 For a given defining function r and a Hermitian metric on M, we will fix y and
X defined before and we will call (y, X) the canonical DGLA defining couple associated to
the Levi foliation on L.

2.4 Deformations of Levi flat hypersurfaces

As in [1], we will give a parametrization of real hypersurfaces near a given hypersurface L
and diffeomorphic to L as graphs over L:
Let U be a tubular neighborhood of L in M and w : U — L the projection on L along the
integral curves of Z. As we are interested in infinitesimal deformations we suppose U = M.
Leta € C* (L; R). Denote

Lo={zeM: r(2)=a(m(2)}.

Since Z is transverse to L, L, is a hypersurface in M. Consider the map &, : M — M
defined by @, (p) = ¢, where

m(q)=m(p), r(qg)=r(p)+a(m(p). 23)
In particular, for every x € L we have

r(®q (x)) =a(x). (2.4)



®,, is a diffeomorphism of M such that &, (L) = L, and Cbljl =m|L,.

Conversely, let W € U C Diff (M), where U is a suitable neighborhood of the identity
in Diff (M). Then there exists a € C* (L) such that ¥ (L) = L,. Indeed, for x € L, let
g (x) € W (L)suchthatm (g (x)) = x.Bydefininga (x) =r (g (x)),weobtain W (L) = L,.

So we have the following:

Lemma3 Let VW € U. There exists a unique a € C*° (L) such that ¥ (L) = L.

It follows that a neighborhood V of 0 in C*° (L) is a set of parametrization of hypersurfaces
close to L.

For a € V, consider the almost complex structure J, = (Cb;l)* oJo(®,), on M and
denote

. -1 .
g = (djur X)) j* (djar) —y. (2.5)
Then o, € Z' (L) and we have the following

Proposition 1 For every a € V, the following assertions are equivalent:

(i) L, is Levi flat.
(ii) ag satisfies the Maurer—Cartan equation in (Z* (L), 6, {-, -}) i.e.,

1
Sotg + 3 {ag, a,} = 0. (2.6)

Definition 12 A 1-dimensional Levi flat deformation of L is a smooth mapping W : I x M —
M suchthat W, = WV (¢, ) € Diff (M), L, = W, L is a Levi flat hypersurface in M for every
teland Ly = L.

By Proposition 1 a Levi flat deformation of L is given by a family (a;),c; in V such
that the associated family (oca,) of 1-forms satisfies the Maurer—Cartan equation (2.6) in
(Z*(L), 3, {-, -}) for every ¢.

Set ja, : La, — M the natural embedding, r,, = r —a; o 7 and n,, = j} (drs,) €

tel

Al (Lg,). Let (nq,, Ys,) be the canonical defining couple for the Levi flat hypersurface L,
associated to r,, and set o (t) = 14, ® Y,,. Then es(y) is the canonical solution of Maurer—
Cartan equation in the algebra of graded derivations and the tangent vector to the curve
t — o (t) represents the infinitesimal deformation. By setting y,, = (sz (Ua,) e A'(L)and
Xq = (®'), (Ya,) € H(L), we have y,, (Xq,) = 1. Since ker n,, is integrable if and only

if ker y,, is integrable, (ya,, X a[) is a DGLA defining couple for the integrable distribution
kery, C TL.

3 Infinitesimal deformations

Recall that in the sequel we use the setting and the notations of the previous section:
for a given Levi flat hypersurface L in a complex manifold M, we will fix a defining
function r, a Hermitian metric g on M, the canonical DGLA defining couple (y, X) for
the Levi foliation associated to r; also, for a € C* (L), we will use the meaning of
La, 4, jas Ta» Nas Ya» ®a, defined before.

An equivalent form of Proposition 5 of [1] is the following:

Proposition 2 Let L be a Levi flat hypersurface in a complex manifold M, (a;),c; a family

in C* (L) defining a Levi flat deformation of L and p = % =0 Then for every vector field



V in a neighborhood of L such that the restriction of V to L is a section of TL N JT L we

have
day,

dt 11=0

where §¢ : Z* (L) — Z* (L) is defined fora € ZP (L)yand Vy, ..., Vpy1 € T(L)NJT (L)
by

(V) = pixJddr (V) —dp (V) = =5 p. 3.1)

8a(Viy.oo, Vps1) = I 800 (Vi, ..., Vi)
We will give firstly a different proof of Proposition 2 by using the following Lemma:
Lemma4 Let L be a Levi flat hypersurface in a complex manifold M and (a;),¢; a family of

smooth functions on L defining a Levi flat deformation of L. Then for every vector field V in
a neighborhood of L such that the restriction of V to L is a section of TL N JT L we have

(®a) 0, o 7 (Par),y (V) = TV O +1 (p o) () (Z, TVI() = T Z, V1)
— 1 (P ) TV)) Z (1)

+1((Pa(@, ) V) U0 +0 (@),

Proof Step 1. First order development of ®,, and (d>at)* by means of coordinates 1 such

that Z = -2
an
Letx € i and consider holomorphic coordinates z = (zy, ..., z,) in a neighborhood U
ofxinM,z; =xj+iy;,j=1,...,n. Denoteby § = (&, ..., &,) the corresponding real
coordinates, &1 =x;, &=y, j=1,...,n.

We may suppose that Z; (x) # 0 and consider a smooth change of coordinates £ = & (1)
in a neighborhood of x such that Z = % defined by:

2n ) 2n 2n 87]
£ i
Z = 75— = [ )
— /0&; ; Z Z {98 8771
Jj= Jj=
2n 2n
an; 0 d
- P I 3.2)
o \Go 08 ) i 9m
)
2n 3 2n P
Sz Y 2 g iz
T 9E; (T g
j=1 / j=1

which means

() e ; (a(n)>‘1
—Z7°=(1,0,...,0) << Z° =| —— s
e’ — ) aE)

where e; = (1,0, ...,0).

SV
Denote (gfg) = (“U)lgi,jgzn and we choose

an=25,i=1,...n, aq;=8,i=1,...n j=2,...,

S

(3.3)

where 8;./ =1ifi =/, (Sij = 0 otherwise.



Let V be a vector field on M in a neighborhood of x, V (1) = Z aj(n) ( ) Since
j= n

forevery j =1, ..., 2n we have
(), X5 (g), - Lo (i) @ (5
2 ) - — [ —
Inj/y = omi W Jey i T\ ey 1D 3’71 9Yi ) ¢
and

9 " By, 3 " 9x;
=) =X —=w(—) +X—m (3.4)
mj /), I oy 0xi Jey 1 9nj 3% ()

1

it follows that

2n 2n 2n n
d ay; d
JV<")=Z“1‘<’7>J(T,7.) Z Za,(n)Z % ()ﬂ(sm))
j=1 7/
8x1( 377k (%) ‘ (3.5)
),

We will consider ¢ small enough in order that &,, (U) C U.
Suppose that in a neighborhood of x the hypersuface L is given by

L={m=9(@)} (3.6)

where
n'=, ...

Since the flow of Z is F (n,t) = (m +1, 77’), 7 is given by
T =(e).n) (3.7)

and
Do, () = Do, (m.1') = (m + 2 (). 7),

where A; is a smooth real function on a neighborhood of x verifying

rm+xm.n)=rm+a(e@).n). (3.8)
and Lo = 0.
From (3.8) it follows that
d , r N dr d , ,
E(r(m +rm.n)) = 871(771 +Az(n),n)7;(n)=E(az(w(n),n)),

which can be written as

2L 1+ () )—() d ar (7t (n)).
am m t (), 1N n ag n

For t = 0 we obtain
ar d}\.[
— (7)) (77)|; —o=p@m).



So

D L pom = (pom)
—_— = = — o s
di -0 zi " r (2) (Z> be
1
=—————< (pom)=poxm
dr gradgr >
<|Igmdgr||2
and
Ae(m) =tp(m(m)+o@).
It follows that
Oy M =n+G ®M.0,....,00 =n+tp@E®»,0,....,00) +0(@), (3.9)
SO
! 9 ! 9
o _ 4 200m 4 oy, P2 _ 3P L ks
an am g Nk
EXY) ;
L =840, j=2k>1, (3.10)
ok

where 8] = 0if j # k and §] = 1if j = k.
Analoguously we obtain

o) =(m—20.n)=n—1tp@@me +o(),

9 (071 9 (071

( a,) —1_¢ 8([’ o) o), ( a,) :_ta(p°”)+0(t)’k>2

an an 9Nk Nk
—1\J

( ar) :51{+0(I), j,kZZ. (3.11)
Ok

Step 2. First order development of (d?a[);;a[ o ((D“’)*,n (V).

Let V be a vector field on M in a neighborhood of x, V (1) = (Z a; (n) (ai) )
]
By (3.10) we have

2n 2n anJ 0
@), (V) = " (7>
( a )*,n( ) Z (Z ok ¢ ) an D, (1)

j=1 \k=1

2n
s 2 ao) (2)
= l am
(( PPAYAL) (m)a (n)+t2 UL (n)) T

2n 2n

+ZZ§’<ak(n)< ) +o(1)
nj %,(n)

=2 k=1
T 0
+1 Z p L4 )(—) +o)
M/ o, )

D, (1) k=1

2n

—Za,(n)( )



and by using (3.4) we obtain

1 (®q),, (V)= Za,(n)J( )
M/ 0y,

2n
d d
+t(pom),, (Za,i () (37]/)) J (3771>q> . +o(t)

2n 9
iz,
a; (1]

= Za] (U)ZZ
@, (1)) (5 (®a, (1 )))<aik>¢ m

k=1 i=1
+Zaj
=t i=1 2"
2n P
1 (p o)y, ch(n)( ) J(8—> +o@). (3.12)
nj M/ @, ()

2n .
Analoguosly, for a vector field ) bkalnk on U by (3.11) we have
k=1

2n
@), i (®a ( a )
(( ). )cba,(n) Z (@ () I/ @, (ny
2n 9
= bk ((Da, (77) <7>
]; ) ik /,

2n
a a
—t(pom), by (®q, — ) +o@) (3.13
(pom) q>m<n><k§l k ("))(ank)%m)) (3771),7 o) (3.13)

and by (3.12) it follows that

(d>a/);dl>a’ o (J (®a),, (i:: aj (n) (887’])))
s o ol

+(®a) s, 0 (Z (Z aj (n)( (@, () 8';k (§ (®a, (n>))) (aa,,k)d) (m))

2n
d 1 d
+t(po 7T)*77 (Z aj (m (37’}])) (q)a,)*cba, () (J (ﬁ)@ ('1))

j=1




2n 2n
-2 " (00 ) 32 (& 00 0)
axl ank ) ( 8 )
+— q)a, (Daf Frm
(e ) 5 (& (@0, () ) o),
—t (poﬂ)*q> ) J (q)“r) 2Znaj (77) (i) (i>
ar (0 *1) = an; am /,
2n P 1 d
+1(pom), ). om
t(pom),, Zal (77)( j) ( )*<D,,,(n) ( (87}1 )q;ut(,,))

j=1

=A+B+C+o(), (3.14)
where
2n 2n 7]
A= "a;(m) (Z( =L (@, (1)) T (& (Pa, ())
k=1 j=1 1
4 0n (P, (n )) (& (@ ( ))))) (i) (3.15)
an; ~ 0y ar {1 o), '

3
B=—t(pom)p,m ( (®4,), (Za, ) <8n ))) (3—”1) (3.16)
n
2n
C=t(pon), Za, (n)( ) (®a) <J <i> ) (3.17)
J * (lf(’]) anl d)a,(fl)

Step 3. First order development of & (dDat (77)).
By (3.9) it follows that

ag! dE"
£ (Po, () = 5(77)+l(p071)(77)( o : >+0(t)- (3.18)
am am
By (3.3) we have
()
..... e
am anm
so (3.18) gives
E (Do, ) =& +1(pom)mer+o() (3.19)

and it follows that

Nk
8xi

d
(& (P, ) = TEE ) +1(pom) (et +0(1)

0x;
a [ Onk
any \ 0x;

) +o(t) (3.20)



and

Nk

o O (e () +1(pom) (mer + o)

dyi

(& (®a, 1)) =

9 (o
<*E (n)) +o(). (321
anp \ 9y

In the next steps we will find the first order development of A, B and C.
Step 4. First order development of A.
By (3.15), (3.9), (3.20) and (3.21) we have

2n 2n

A= ZZa, () (Z( ,( o) 5 s o (€20 )
+§—;; (e, () B”f (5 (@, (n))))> (a%)

2n 2n

ay; ad
= ZZa, ) (Z—Zmyj(n+t(l7°”)(ﬁ)el)> (ﬂ"

)2

+t(po7r)(n)f<

2n 2n
3 w( (Lo
k=1 j=1
d
+t(p07f)(fl)*<8y$( )))) (87)—1-0(1)-
But
9 (dyi
—<— —t(pwr)(n)f< >(n)>+0(t),
an \9n;
and

L N n)i<ax">< )+ o)
377; n P am 37]j n ,

and it follows that

A=A1+t(pomr)(MAr+t(pom)(n)Az+o(t), (3.22)

where

2n 2n n ayl ank Bx,

ZZ%(n)Z( <>—<s<n)>+—<s(n>) <>)

k=1 j=I

2n 2n n

3)’1 > 0 (3nk ) 0x; (3nk ) (8>

Ay = — | — — | — ,
2= ;(Za,(mZ( o 0 ok so) {5, n
and

2n 2n 3y1 3
ZZa,w)(Z ( ><>—<s<n>>+—<

k=1 j=I =1

3”)()%@()) (i>
an; )y 0 ) ane )



From (3.5) we obtain
Ar=JV(n). (3.23)

Since

) () B (B 0 (o o
( on; “”) ani (axié(")> = o ( 0D 5, 5 01 )> <3m <8nj “”))( )
)

and

axi() d <
an; nam

) 9 <8x, ank ) L (ax,» n )) (a"k
ani \ 9n; am \on; dyi

it follows that

n (2 oy 9 ox; 9
Az—Z(Z“J(")Z( ( - (>ﬂg()+7(8; '7" )))) (@>

i=1 !

2n 2n BX, 9 Nk 0 8)6, a Nk 0
(S g (o ) - (3 “)(aﬁ"”) (%)
- 2n 2n 4 "og _3)’1' ANk ax; o 0 —_A
a 2 (n)gaiﬂl< anj " i anj Ay ) (%) >

SO

2n 2n n ) P y, P Tk BXZ 5 it 3
At Ay =3 Z“““Za?l( () 5 €+ 5 <n>—s<n>) (ank)
2n 2n n ayl ank ax; 37’)k
—Z Zaj(mz <)—s<>+2 S gy (
i=I

)
)G

_i(zaammz( Wi, )—s<n)+2

k=1 \j=1 on i=1
(3.24)
By (3.2) and (3.5) we obtain
Ay +A3=1[Z,JVI() =T Z.VI(n), (3.25)
and by (3.22), (3.23) and (3.25) it follows that
A=JV(mt(por)m(Z,JVIm) = JIZ,VI)+o(). (3.26)

We will suppose in the sequel of the proof that the restriction of V on L N U is a section

of TLNJTLonLNU.
Step 5. First order development of B defined in (3.16).



By (3.6), (3.7) and (3.9) we have

<3) a(p( ())<a) +(8)
q)ar = n
@ G o, () Ok ba M) (@) NI @y, (n)

3m ((Daz (77)) ( ) ( d )
Sk~ 7 +(—
3171 (q>”r (n)) 37]1 ”(q)a, (TI)) ank ﬂ(q)a, (Vl))

3,“ () 3
() 3’71 7 (@0 m) N/ 7 (@, )
(3.27)

so by (3.12)

2n P
(T[*)Cbat(n) (J (q)at)*n (Z i (n) (an]>

2n 2n n
(Za, (n)ZZ (@4, () gzk (& (®0, (1))

k=1 i=1

+ZZ“’ @0 ) 5 (s(%,(n))))

k1111 !

b
X () @, (n) ((8) )
Dy, (1)
2n 9
—l—t(pon)*,] aj (77) (”*)d)ul(n) (J <37) ) +0([)-
1 M/ @,

j=
By (3.9) and (3.19)

(n*)%,(n)E (®a,), (Z“f (”)( >))

2 2n n
dy; Ing ox; ang
=[>Dq (n) Y T2 gy
=1 \j=1 an_/ 8x,- 317./' ay,-

XTTxdg, (1) ((877k><1> ()> o
ag n

2n 2n n ay‘ 3r}k 9 ank
:ZZ““’”<Z(‘3,,,- v T o A)(n))

k=1 j=1 i=1 onj 9yi

x (-3’“ o) (i) + <i> ) +o0(1)
i (®a M) N0/ 0, cp  \k/ 0, (n)




2n

1 9
= Jv) (77) — (77) ( >
3 (@4, (1) (Z ‘ ) M/ (04, m)

2n

+> V) (n)( ) +o(1)

k=1 s (‘Dar (Vl))

and by using (3.27) we obtain

monn (16020 (Lo (1))

2n 2n n dyi dnx axi I
=22 a4 (Z (‘anj e T .—.) (n))

k=1 j=1 on; dyi
( () <a> +(a> )
- 9 o
(g, D) NI @iy N0k 0 )
4o (¢)

2n
1 0
= (Y v (n)—(n) ( )
L (D, () (Z ’ ) I/ (@4, )

+Z(JV>k(n)<a k) o).

k (q)u[ (7]))

Since V isasectionof TL N JT L on L N U, the first term above vanishes and

2o m)) (),

(T 00 (Z (Z] a5 0n) (Z (

=JV+ol(t).

It follows that

a
B = —t (19 (e} n)*(l)a,('l) ( (Z a] (n) <377} ))) (M)
n

0
= =1 (P (o, m) V) (37771> +o(r) (3.28)
1

Step 6. First order development of C defined in (3.17).
By (3.5) and (3.13)

o ! J 0
( ar)*,<1>a, (&) 377]1 Dy, ()
ar

n

2n
ay; d ax; d
=3 :(}j 2 (@, () 50 (5 (P (n)))+—8j;l (@, () 5
k=1 !

o Om

X <i> +o(t)
9Nk

’;" (£ (@, (n))))



and by (3.9), (3.5) and (3.19) it follows that

2n n
1 9 )
) J| — = —
( al)*'q}"’(”)< <3’71 %,(n)) ki;(,z;

o) () oo

( ! ) Yo
= -_— o .
oni /,

which implies that

2n
3 3
C=t(pon), (Za, (n)( )) J(a—m> +o0(1). (3.29)
n

j=1

Step 7 End of the proof.
Finally, from (3.14), (3.26), (3.28) and (3.29) we obtain

(‘Dar);,iba, w (Pa),y (V)
= IV +1(pom) () AZ, TVIO) — TTZVIO) — 1 (D)o ) UV)) Z )

+ (P (@) V) T 2) () + 0.

We will prove now Proposition 2:

Proof Since o = 0, from (2.5) we have

da, (V):%“:O <( Jalr(X)> i (45, r) )(V)

dt |1=0
d
=m20< 5,7 (0) ) r) (V)
1 d

+ (jrdr (1 2))" i (a5,7) ).

Since j* (d°r) (V) =y (V) =0and j*d°r (JZ) = y (X) = | we obtain

da d
L W= (a5, 7).

dt |1=0
But
%\moj* (djur r) (V)= %l (—Jadr) (V)
=—(dr )E\t i (Ja, V)
—an g (@3, e (@a),) ).



and by Lemma 4 it follows that

dayg,
%n:o V)=—=Wdr(pUZ,JV]I-=JIZ, V) —(p+ UV Z+ (p (V) JZ).
(3.30)
Since
0=ddr(Z,JV)=2Z2{dr (JV))—=JV (dr(2))—dr[Z,JV]
and dr (Z) = 1, we have
drZ,JV]=Z(dr (JV)). (3.31)
Similarly, since
dd‘r(Z,V) = Z(d°r (V)) =V (d°r (2)) —d‘r ((Z, V])
=—Zdr(JV)+V{J @r2))+dr(JIZ,V])
=—-Zdr(JV)+dr(J[Z,V]), (3.32)
we have
dr(J[Z,V))=ddr (Z,V)+ Z (dr (JV)). (3.33)

By replacing dr [Z, JV] and dr (J[Z, V]) from (3.31) and (3.33) in (3.30 ), since
dr (JZ) =dr (X) = 0, it follows that

day,
%l . (V) =—=pZ(dr(JV))+p(ddr(Z,V)+ZJdr (V)))+JV (p)
1=
= pdd°r(Z,V)+JV (p) = pddr (JZ,JV)—d°p (V).
Since
dd’r (JZ,JV) =1572ddr (JV) = 1xJdd°r (V),
we obtain
doy
—t (V) = pixJddr (V) —d°p (V).
dt |1=0

[}

Proposition 3 Let L be a Levi flat hypersurface in M and (a;),cj— o a differentiable family

in C*° (L) which defines a Levi flat deformation of L. Set p = % =0 Then, for each vector

field V on M such that the restriction of V to L is a section of TL N JT L, we have

dya,

(V)= —pJixdd‘r (V) +d°p (V). (3.34)
dt 1=0

Proof For every x € L and V € T; L we have
Yoy (6) (V) = ®% () () (V)
= 10, (@0, @) ((®0), , (V) = i (@7,) (¥0, @) ((®a), , (1))
= (dra) (o, (0, ) (). (@), (V)
= (@70) (P, ) (@), (1)
= (=Jdr + Jd (a; 0 7)) (®4, (1)) (( ) (V))
= —Jdr (P4, (x)) ((@a,)*,x (V)) +Jd (a0 1) (@g, () (D), (V)



= —dr (%0, ) (V (Pa),., (V) +d (@ 0 7) (®0, ) (V (®a),, (V).
(3.35)

We will consider the coordinates 7 in a neighborhood of x defined in the first step of the
proof of Lemma 4 such that Z = a‘% onU.

Step 1. First order development of dr (®,, (x)) (J (Pa,), . (V)).

2n
SetV = 3. aj () (5. Since dr (@, () - (/2) (s, () = 0, by (3.12) we have
J=

2n 2n

dr (®a, ) (4 (®a),, (V) =D a; (n)

k=1 j=1

"y 3 dx; 9
9 (Z (_ . (o 00) 52 (6 (@0 ) + 518 (@, ) T2 (€ (s <'7>>))>

i=1

" (@ +ol 3.36
“om @ (M) +o(). (3.36)

But by using (3. 93 (3.20) and (% .21) we obtain
- (@, (n)) (E (Pa, 1))

an;
(-t
prill
Nk d [ Onk
x <3xi an <8xi >> o
(S (s i(@y,-) )
(;( o, tpom g gy, )@
Nk 9 (0m
X(Bx, am(@m ))”m’
(3.37)
and
0X; d
ai_( o ) 51 (€ (20, )
nj

Nk
(* Em)+t(pom) (?7) — (ES (?7))) +o ()

- (8 (255,)("))

Nk
x <3y, an (8)’1 " >) o, 639

so by replacing (3.37) and (3.38) in (3.36) it follows that

dr (@4, i) (4 (®a), , (V)
2n 2n

> 3w (-3

k=1 j=1

) (Pa, (M)




+t(p0ﬂ)(n)§: ia'(n)i<—a” (n))i<—s< >) i n)i(aﬂsw)
PR oy am anj " am \ayi

k=1 \j=1

ar
— (@,
“om (@q, (M)

2n 2n n 9 dy,
Ht(pom) ()Y D aj(n) Z—%( )

k=1 j=1

9 <8x, ) 077k
am

2 (@0, () +0 (1)
— (Py, o(1).
ok 7

By (3.5)

2 & “ ayz 377k Bnk
Z Zal (m) (Z ) ((Dar (77))

k=1 j=1
= dr (®q (77))~JV(77),

SO

dr (4, () (J (cD"r)*,n (V)>

=dr (®q, () - JV (1)

2n 2n n
_ oy ) O (O
+(p ﬂ)(n)Z(Zu, (n)l;( an; (n)> o (axlsw)

k=1 \j=1

(o >))

.
— (P,
am (®q, ()
2n 2n 3y 9x: ank
+(pom) (Y Y aj(n) (Z ( . )( >— Em)+ 5~ (a»f«) 5 @ (n)))
k=1 j=1 i=1 J !
ar
X Frm (Pa, M) +0 (). (3.39)

We will now compute the first order development of dr (@a, (n)) -JV ().
By (3.9) we have

87 (q) ) j— i t t
o \Pa m) = o m+tp(@@m)er+o()
ar 0 or
=—m+itprm) — (*) m+o@®,
Nk any \ 9

and it follows that

dr (g, (M) - JV (1)

2n 2n
=3 (0, )Y ) Z
izt Ok =1 iz O

=§:<8r( )+1p (( ))i(i)( ))

= \ 0k PP g o )
2n

x Y aj(n) (Z
j=1 i

>+0(t)



2n 2n

-3 (L2

k=1 j=1

+tp (T (n)) Z (Z aj () (Z

J
a or
) ENEAT
Nk

Since JV is tangent to L, (3.5) implies that

)(n)

2n 2n

>3 0w (z ) 2

k=1 j=1
=dr(n)-JV () =0,

and therefore

dr (®q, (1) - JV (1)

n

2n 2n
y; 0
=tp(n(n))§:(§ a,-(n)<§ i ()—"k@())
j=1 i=1

8xl 377/< 0 ar
( )) (*) m+o(). (3.40)
any \ Ink

To end the Step 1, we replace now (3.40) in (3.39) and we obtain

dr (@4, (1)) (J (q)“t)*,n (V)>

2n 2n n 9 1 3
=t<pon>(n)2(2a,»(n)<2 . <>ﬂ@<n>)
= i=1 i=1

8x, 87]k d or
) (r) W

+r<pon)(n>2(2a, (n)Z(

axl 9 oni >) or
817] (n ) (3)}, &) (m)

ad ang
any \ 9x; 1

2n 2n
LAY 0
t(pom) Y. Y a; () (Z ( y) L
k=1 j=1
0 8xl~
+—< )()—(é(n)))—(n>+oa)
an 377;

= ip (x (n)) Z (Z aj (n) (Z



Bxl 377k 0 ar
iy @ gy €0)) 50 () @

+t (p o) (77) (2, JV]1=JI[Z,V])(r) ().

2n

9 [ or i Bnk
EAE)(Eonlp B B
29| [ or & . ay ank o
<an>w>(w<z 0 o))
_ii ZZ”M) oD oxi o <1>()
— o \( SN\ T anj 9 o)

=Zdr-JV)y(m —1Z,JVIr) (),

and it follows that

dr (%4, ) (I (®a,),, (V)) =t (pom) (Z(@dr-IV)—[Z,JVI() (1)
>
+([Z, VI =T Z, V) (") ()
=t(pom)(Zdr-JV)—J[Z,V](r) (). ((3.41)

Step 2. First order development of d (a; o 7r) (g, (1)) (J (Pa,), ) (V)).
‘We have

2n
d (@ o ) (¥, (0)) (J (®a),, (V)) -y 3 (a; o) (®a, () (J (®a,),, (V))k .

= O

Since (3.9) implies

0 o 0 o
@om) (g, ()= LELHOD) (i yer 00
Ok any

a(’a"’ ™) )+ o), (3.42)

by (3.12) it follows that

d (@ o) (B0, ) (7 (0., (V)
2n 2n

—rZZa,(mZ( , (@, (n )) l(s(% ))

k=1 j=1

0x;
o (@,
3nj( (n))

and by using (3.9) and (3.19) we obtain

Nk d(pom)
e (& (Pq (n)))> -~ () +o (1)

d (@ o) (P0, ) (V (a),, V)
2n 2n

_ZZZGJ () (Z—gnyi(n-f-l(pon)el))

k=1 j=1



2n 2n

9 3 (9 9
x(a"" (ﬂs( >)) (” L+
i am k=1 j=1
N O Ik 3 (ank ))
X(; on,; <8y, om \ay,°
xa(’a’—n‘z’”wwo(z)
2n 2n
dyi 9 9 9
:zZZaj(n)( X m‘ ”" ) (po )()—}—o(t)
k=1 j=1 Nk
=tdp(m)-JV () +o). (3.43)

Step 3. End of the proof.
From (3.35), (3.41) and (3.43) we have

dya,

p V)y=p(Zdr-JV)=JIZ, VI(r)+JV(p)
t |t=0

= —pZ(dr(V))—pJZ, V() + IV (p). (3.44)
By (3.32)
dd°r(Z,V)=—=Z(dr(JV)) +dr (J[Z,V]) = Z (dr (V)) —dr (Z,V]),

and by replacing in( 3.44) we obtain

dya,
;t 0 V)= —p(ddr(Z,V)+dr(Z,V]D) = pJIZ,VI()+ JV (p)
=
= —pddr(JZ,JV)+ pdr (J[Z,V]))— pdr (J[Z,V])+dp (JV)
—ptyzddr (JV)— Jdp (V)
= —pJixddr (V)+d°p(V),
and the Proposition 3 is proved. O

Corollary 1 Under the notations and hypothesis of the previous propositions,

qu, _ _daa,
dt |1=0 dt |1=0

Remark 2 By using Proposition 2, it was proved in [1] that

d(l[ .
— _886 — 0’ 3.45
dt [r=0 P ( :
or equivalently
dydip —dyp A Jb—dip Ab=p (Jd5b+b A Jb), (3.46)

where b = (xdy. From Corollary 1 it follows that the same equations are also obtained by
means of Y, ().
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