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Abstract A numerical study of crack front segmen-

tation under mode I+III loading is proposed. Facets

initiation ahead of a parent crack is predicted through

a tridimensional application of the coupled criterion.

Crack initiation shape, orientation and spacing are de-

termined for any mode mixity ratio by coupling a stress

and an energy criterion using matched asymptotic ex-

pansions. The stress and the energy conditions are com-

puted through a 3D finite element modeling of a peri-

odic network of facets ahead of the parent crack. Facets

initiation shape, loading and spacing depend on the

blunted parent crack tip radius. A good estimate of

facet orientations is obtained based on the direction of

maximum tensile stress. The facet shapes, determined

using the stress isocontours, are qualitatively similar to

those observed experimentally. The order of magnitude
of numerical predictions of facets spacing is very close

to experimental measurements.

Keywords Mode I+III loading · Crack front frag-

mentation · Finite Fracture Mechanics · Coupled

criterion

1 Introduction

Crack growth under combined mode I+III loading has

been widely studied over the past decades. Under such
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loading combination, the crack tends to rotate around

the direction of propagation in order to reduce mode III

and reach a pure mode I situation. This is achieved by a

fragmentation of the initial crack into multiple daugh-

ter cracks (also called facets). Once initiated, some of

these facets grow and coalesce so as to form a stepped

fractured surface that becomes coarser as the crack

grows [26]. Mode I+III crack patterns have been investi-

gated experimentally for some years. Since the pioneer-

ing works of Sommer [29] and Knauss [28] who studied

facet nucleation respectively in glass and in polymer,

mode I+III crack patterns have been observed in vari-

ous studies such as fault formation [5], cracks in rocks

[33], in PMMA [1,12] or in plexiglass [3].

The geometrical description of facets is generally

performed by observing post-mortem specimens in which
the initial crack has segmented into daughter cracks

that have already propagated and possibly coalesced.

Cambonie and Lazarus [2] proposed a systematic method

to quantify the geometry of the facets from post-mortem

specimens by profilometry. They determined the dis-

tance between the facets and their twisting angles as

a function of the distance to the parent crack front.

Eberlein et al. [11] performed Arcan tests with CTSR-

specimen under mode I+III fatigue loading so as to

study the crack front segmentation profile using post-

mortem specimens. They determined the influence of

the amount of mode III on some geometrical features

of the segmented crack front such as facet angle, pro-

jected facet length, facet distance and bridging width.

In order to quantify more in depth facet nucleation,

Pham and Ravi-Chandar [24] designed a test so as to

load a specimen in mode I+III through the combina-

tion of a wedge load and of a confining load resulting

in a global compressive stress field ahead of the crack

front. Multiple facet nucleation was observed by stop-



2 Aurélien Doitrand, Dominique Leguillon

ping the test just after crack initiation, which partic-

ularly highligthed that the facet coalescence does not

happen during initiation, but at a later stage of crack

growth. Mittelman and Yosibash [22,32] carried out ex-

periments on inclined V-notched specimens of PMMA,

Graphite and ceramics under mode I+III loading, and

concluded that facet initiation orientation can be de-

termined from stress considerations.

Leblond et al. [13,14] proposed a theoretical analy-

sis of the instability of the crack front and the growth

of the facets under mode I+III loading, which was also

studied numerically by several authors, mainly from a

macroscopic point of view. Using the modified virtual

crack closure integral method, Dhondt et al. [6], Buch-

holz et al. [1] and Lazarus et al. [12] proposed finite ele-

ment (FE) simulations of crack propagation in different

configurations such as three point bending of specimens

with a tilted initial crack . They qualitatively well re-

produced the progressive crack rotation with respect to

its initial direction until it reaches a pure mode I situa-

tion. Citarella and Buchholz [4] showed the consistency

of the dual boundary element modeling for modeling

crack propagation under mode I+III loading compared

to FE modeling. However, these approachs involve a

progressive twist of the crack, and are unable to take

into account the initial crack front segmentation into

facets. Pons and Karma [26] and Chen et al. [3] sim-

ulated crack growth based on a continuum phase field

method, which allows reproducing the facet coarsening

under mode I+III loading.

Facet nucleation was studied numerically by Pham

and Ravi-Chandar [23] using the boundary element sim-

ulation. The stress intensity factors KI and KIII along

the parent crack front for which a first daughter crack

has already initiated were computed, allowing the de-

termination of a range for the spacing between facets

corresponding to the locations maximizing KI and min-

imizing KIII. Pham and Ravi-Chandar concluded that

the distance between facets was dictated either by the

fracture process zone for a natural crack, or by the local

radius of curvature for a machined crack. The same au-

thors [24] also highlited the shielding of some daughter

cracks resulting from the propagation of neighboring

cracks, hence leading to facet coarsening as the crack

grows. These models allow the study of daughter crack

initiation, after the nucleation of the first facet which

has not been investigated until now.

The objective of the work is the prediction of daugh-

ter crack initiation ahead of a primary crack under

mode I+III loading. In section 2, some experimental

data and observations about facet nucleation are pre-

sented in order to justify the modeling hypotheses. The

crack initiation prediction method, namely the coupled

criterion, is presented in Section 3. In Section 4, daugh-

ter crack initiation is modeled by FE, and numerical

prediction of facet nucleation are presented and con-

fronted to some experimental data in Section 5. Through-

out this paper, crack and facet are synonymous. When

the main crack is under consideration, the denomina-

tion parent crack is used.

2 Experimental observations and modeling

hypotheses

Crack rotation aiming at reaching a pure mode I situa-

tion during crack propagation under mode I+III load-

ing usually occurs due to the parent crack front seg-

mentation into multiples facets [1–3,23,24]. However,

Eberlein et al. [11] showed experimentally that in some

cases, below a certain KIII/KI ratio threshold, no facet

formation are observed and the crack grows continu-

ously. This phenomenon was not observed by Pham

and Ravi-Chandar [23,24], who highlighted facet for-

mation for ratios as small as KIII/KI = 0.001. Herein,

only crack front segmentation into facets is adressed,

whereas the following continuous crack growth is be-

yond the scope of this work.

Experimental observations under mode I+III load-

ing show simultaneous initiation of several facets ahead

of the parent crack. These cracks initiate forming a

”nice nearly periodic pattern” [23], all cracks being (i)

oriented with similar angles with respect to the parent

crack [3,23,24], (ii) separated by almost the same dis-

tance [2,11,24] and (iii) having almost the same size

[3,24]. Moreover, the nucleated facets are nearly planar

[2,24], except the crack tip that is gently curved [3]. In

this plane, the initiation crack exhibits a nearly elliptic

crack shape [24]. Several approaches exist in order to

determine the crack orientation such as, e.g., analytical

formulae [12,25]. In this work, we will assume that the

normal to the crack plane is determined by the direc-

tion of the maximum tensile stress at the parent crack

tip. Experimentally, mode I+III loading also includes a

portion of mode II, especially near the free edges [11],

which will be ignored in the proposed modeling.

Given the experimental observations described pre-

viously, the modeling hypotheses assumed in this work

are the following :

o The imposed loading is a combination of mode I and

mode III, without any mode II. It is independent of

the curvilinear abscissa along the crack front.

o Aa a consequence, an infinite network of periodic

cracks is modeled, which is representative of facet

initiation far from free edges.
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o Facets extend in a plane during the nucleation phase,

hence the gently curved crack tip is not taken into

account.

o The crack angle with respect to the parent crack is

determined as the one maximizing the tensile stress

ahead of the parent crack tip.

o In the crack plane, no a priori hypothesis is made on

the crack shape, which is directly determined based

on the normal stress field, as explained in Section

3.4, following the approach proposed by Doitrand

and Leguillon [9].

3 The coupled criterion

3.1 Stress and energy conditions

According to the coupled criterion (CC) [15], crack ini-

tiation requires two separate conditions that must be

fulfilled. On the one hand, the stress state prior to crack

initiation must be high enough, and on the other hand,

sufficient energy must be released by the crack open-

ing. Both conditions can be gathered to predict crack

initiation.

The energy condition of the coupled criterion is ob-

tained through an energy balance between an elastic

state prior to crack initiation and after the nucleation

of a crack of surface S (Eq. 1).

δWp + δWk +GcS = 0 (1)

where δWp is the change in potential energy, δWk the

change in kinetic energy and Gc the material tough-

ness. A quasi-static initial state leads to a production

of kinetic energy (δWk ≥ 0), which results in the energy

condition for crack initiation (Eq. 2).

Ginc = −δWp

S
≥ Gc (2)

The stress condition of the CC compares the tensile

stress acting in the direction orthogonal to the crack to

the tensile strength σc (Eq 3).

σ ≥ σc on the presupposed whole crack surface S (3)

Combining both conditions (2) and (3) allows the

determination of the initiation crack surface and load-

ing level. As mentionned in Section 2, the shape of the

facets is determined by the isocontours of the tensile

stress, ensuring the stress condition to be fulfilled on

the whole surface. When S is small the isocontours are

roughly homothetic curves, each one being defined by

its extension along a choosen direction.

3.2 Crack initiation ahead of a parent crack

Experimental investigations of crack initiation and gr-

owth under mode I+III usually involve specimens with

a blunted parent crack tip [24]. Crack initiation ahead

of this parent crack tip depends on the crack tip radius,

which can be considered as a characteristic length of the

problem. The coupled criterion has been successfully

applied to crack initiation prediction at blunted notches

under mode I loading [21,19,27], using matched asymp-

totics expansions in a 2D framework. This method con-

sists in determining the displacement field for two prob-

lems, one far from the crack (the outer expansion) and

one near it (the inner expansion), and then determine

matching conditions in an intermediate zone (close to

the crack in the outer problem and far from it for the in-

ner problem) where both solutions are valid. The appli-

cation of matched asymptotic expansions to crack ini-

tiation prediction at blunted notches under pure mode

I loading using the coupled criterion is detailed in [19].

In the following, the choice of the inner domain and the

method employed to solve the coupled criterion in pure

mode I or in mixed mode I+III loading is described.

3.3 Pure mode I loading

Regardless of the blunting, in the outer domain spanned

by the space variables xi (i = 1, 3), the crack is sharp

(see the Appendix). The inner domain is obtained by

dilatation of the space variables compared to a charac-

teristic length of the problem. Classically [15], in the

case of a sharp parent crack, the dilatation is carried

out with respect to the crack extension l, whereas in

the case of a blunted parent crack tip it can be per-

formed either with respect to the crack extension l or

the crack tip radius R, provided that both lengths are of

the same order of magnitude, property which is checked

afterwards. For the sake of ease of FE mesh generation,

we choose to perfom the dilatation with respect to the

crack tip radius to obtain the inner domain. Therefore,

the inner domain is an unbounded media spanned by

the space variables yi = xi/R, containing a semi-infinite

crack which root radius is equal to 1, and a crack ex-

tension of dimensionless length λ = l/R. Leguillon et

al. [19] determined the change in potential energy from

calculations in the inner domain (Eq. 4) in a problem

under plane strain assumption, e being the thickness of

the specimen:
−δWp = KI

2R(B(λ)−B(0))e

Ginc = − δWp

S = − δWp

le = KI
2B(λ)−B(0)

λ

(4)
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where KI is the stress intensity factor at the crack tip

in the outer domain (keep in mind that in this domain,

the crack is sharp) and B(λ) can be computed by FE

modeling calculations on the inner domain with var-

ious values of λ (cf. Section 4.1). Of course, the FE

calculations of B(λ) cannot be performed on an infi-

nite domain. Therefore, the inner domain is artificially

bounded at a large distance from the crack. In the case

of pure mode I loading, the crack initiates and grows

in the plane of the parent crack. Therefore, the domain

corresponding to the inner problem for FE calculations

is defined as a cylinder of any thickness and outer ra-

dius Π embedding a parent crack with a blunted tip of

radius 1 (cf. Fig. 1a).

Using Matched asymptotic expansions in the 2D

case, Leguillon et al. [19] determined the problem to

solve in order to obtain the loading level Kapp
Ic and the

length lc of a crack initiating ahead of a blunted crack

tip of radius R (Eq. 5 and 6).

1

σ̃(λc)2
B(λc)−B(0)

λc
=

1

R

Gc

σ2
c

(5)

where λc = lc/R is the non-dimensional initiation crack

length, σ̃(λ) stands for the non-dimensional tensile stress

in the inner domain at a distance λ from the blunted

tip prior to crack initiation , and B(λ)−B(0)
λ is computed

by FE for several values of λ (refer to [19] and to the

Appendix for more precise definitions of these terms).

Kapp
Ic =

√
λcGc

B(λc)−B(0)
(6)

The same approach can be applied to the 3D case treated
herein, assuming that the initiation crack front is par-

allel to the parent crack front, the 3D problem being

reduced to a 2D problem in the plane orthogonal to y3.

3.4 Mixed mode I+III

Under mode I+III loading, facets that initiate ahead of

the parent crack form an angle φ (see Figure 1) with this

parent crack. In the following, the mode mixity ratio is

denoted β (Eq. 7), where KI and KIII are the mode I

and III stress intensity factors in the outer domain (see

the Appendix).

β =
KIII

KI +KIII
(7)

Following the hypotheses described in Section 2, the

choosen inner domain is a cylinder of outer radius Π

and thickness ε containing a semi-infinite parent crack

with a blunted tip of radius unity in which a single

crack initiates. Periodic boundary conditions with pe-

riod ε = e/R are prescribed along y3-direction in order

to model the simultaneous initiation of several cracks

of similar size and orientation, regularly spaced ahead

of the parent crack, ε being the dimensionless spacing

(unknown up to now) between facets. The possible ini-

tiation cracks, whose modeling is described in Section

4.1, exhibit a complex 3D shape, which may no longer

be described by a length, but rather by some param-

eters (and possibly an infinite number, as evoked in

[7,30]). In order to overcome this difficulty, Doitrand

and Leguillon [9] proposed to determine the possible

crack shapes based on the stress isocontours. The main

advantage of this method is that the possible crack

shapes can be described by a single parameter, e.g.,

their surface S or their extension l along (Oy1) axis,

assuming that the crack surface can be written S = αl2

(where α is a scaling coefficient). Once the dilatation

of space variables (detailed in the Appendix) has been

performed, equation (4) rewrites (powers differ slightly

from 2D to 3D, refer to [17] and to the Appendix):
−δWP = KI

2R2(B(λ)−B(0))

Ginc = KI
2B(λ)−B(0)

αλ2

(8)

Thus, the equation to solve in order to obtain the ini-

tiation crack extension length λc is :

1

σ̃(λc)2
B(λc)−B(0)

αλ2c
=

1

R

Gc

σ2
c

(9)

Leading to
Kapp

Ic =
√

αλ2
cGc

B(λc)−B(0)

Kapp
IIIc = β

1−βK
app
Ic

(10)

Solving Eqs. 6 or 10 requires the computation of the

normalized incremental energy release rate B(λ)−B(0)
αλ2 ,

which is performed by FE and explained in next Sec-

tion.

4 FE modeling of daughter crack nucleation

4.1 FE model

Solving the coupled criterion requires some FE element

calculations in order to determine the stress fields prior

to crack initiation and the potential energy change be-

tween undamaged and damaged states for various facet

size. The mesh generation of the undamaged inner do-

main, whose geometry is depicted in Fig. 1a, is quite

straightforward. A 2D mesh in the y1y2 plane is gen-

erated and extruded along the y3 direction, the mesh
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Fig. 1 (a) Inner domain of radius Π and thickness ε considered around the parent crack blunted tip of radius 1. Crack of
length l initiating ahead of the parent crack tip under (b) pure mode I and (c) mixed mode I+III loading.

being refined in the vicinity of the parent crack tip.

Classical 15 nodes quadratic elements are used in or-

der to compute the stress fields. While periodic bound-

ary conditions are prescribed on the inner domain faces

whose normal lies in the y3-direction, displacements

corresponding to a mode I+III far field loading around

the sharp crack tip [31] of the outer domain are imposed
on the fictitious boundary of the inner domain (cf. Eq.

11). It is nothing more than the implementation of the

matching conditions in the matched asymptotic expan-

sions method (see the two first assumptions at the end

of Section 2 and the Appendix).

u1 = KI

2µ

√
ρ
2π cos θ2 (3− 4ν − cosθ)

u2 = KI

2µ

√
ρ
2π sin θ2 (3− 4ν − cosθ)

u3 = 2KIII

µ

√
ρ
2π sin θ2

(11)

where (ρ, θ) (ρ = r/R) are the polar coordinates in y1y2
plane of the inner domain, KI and KIII the stress in-

tensity factors independent of y3 as a main assumption

(Section 2), and µ the second Lamé coefficient (shear

modulus). The FE calculations have been performed

using Zset FE solver [34]. The material properties used

for the calculations are E = 2.1 GPa, ν = 0.395, Gc =

88 10−3 MPa mm and σc = 35 MPa, which are repre-

sentative of a polymer such as Homalite-100 studied by

Pham and Ravi-Chandar [23,24].

The calculation of the potential energy change be-

tween undamaged and damaged states requires the gen-

eration of meshes containing cracks. Therefore, it is nec-

essary to determine the possible initiation crack shape.
If no assumptions are made on the 3D crack shape, it

can possibly be described by an infinite number of pa-

rameters [7,30], which complexifies the initiation crack

shape determination. Doitrand and Leguillon [9,10] re-

cently overcome this difficulty by determining the possi-

ble crack shapes based on the stress isocontours, so that

the 3D crack can be described by a single parameter.

The same approach is used herein in order to deter-

mine the possible crack shapes in the plane maximizing

the tensile stress at the blunted crack tip. Fig. 2a-b

shows the normal stress field and isocontours in this

plane for a ratio β = 0.37. From a qualitative point

of view, the stress isocontours exhibit a shape that is

similar to that observed experimentally by Pham and

Ravi-Chandar [24] (cf. Fig. 2c-d). Therefore, it seems

reasonable to select the possible crack shapes based on

the stress isocontours.

Once the possible crack shapes are determined, it is

necessary to generate 3D meshes containing such cracks

in order to compute the potential energy difference for
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Fig. 2 Normal stress (a) field and (b) isocontours in the plane maximizing the tensile stress at the blunted crack tip. (c)
Possible crack shapes based on the stress isocontours and (d) crack shape observed experimentally (Reprinted from [24]).

various crack surfaces. First, a 2D mesh of the cross

section of the inner domain containing the projection

of the crack outline in the plane (Oy1y2) is generated

(Fig. 3a-b). Then, the mesh is extruded so as to obtain a

3D mesh which is geometrically sheared in the (Oy2y3)

plane in order to get the crack back in the plane maxi-

mizing the tensile stress (Fig. 3c-e). The uncracked case

is obtained from the cracked one by merging the double

nodes lying on the opposite crack faces. Thus, the mesh

topology is the same reducing the errors in the calcu-

lation of the difference in potential energy. It can be

noted that the representative volume element faces in

the y3-direction are inclined with an angle correspond-

ing to the crack angle. This is really convenient since

it allows modeling an overlap between cracks, which

would not be possible with vertical faces and a single

inclined crack. Besides, the inner domain thickness ε in

y3-direction, which has no influence under pure mode

I loading, now corresponds to the dimensionless spac-

ing between the cracks in the modeled periodic network

along y3-direction. The determination of the initiation

crack spacing is adressed in Section 5.

4.2 Inner domain size

Although the inner domain is theoretically unbounded,

to the aim of FE calculations it is artificially bounded

by a fictitious boundary on which displacements are

prescribed to represent the behavior at infinity. There-

fore, the inner domain for the FE calculations must be

large enough so that the blunted crack tip radius is

small compared to the inner domain radius. In addi-

tion, it must also be large enough so that the area cor-

responding to the perturbation induced by the daugh-

ter crack nucleation in the displacement field does not

interact with the fictitious inner domain boundary.

In order to calibrate the inner domain size, the in-

cremental energy release rate in pure mode I has been

calculated for different inner domain radii Π = 50,

100, 200, 400 (keep in mind the dimensionless crack

tip radius is 1) and compared to the incremental en-

ergy release rate obtained using the method described

by Leguillon et al. [19] (cf. Fig. 4). The incremental en-

ergy release rate associated to a crack in an unbounded

domain is a monotonic increasing function of the crack

surface. For each inner domain radius, it is clear that

if the crack extension length (in y1 or y2 direction, cf.

Fig. 1) is larger than Π/20, a non-monotonic incremen-

tal energy release rate is obtained, consequence of an

interaction between the crack (that is too large com-

pared to the inner domain size) and the outer fictitious

boundary of the inner domain. However, if the crack

extension is lower than Π/25, the difference on the in-

cremental release rate is lower than 1% compared to the

reference obtained in [19]. Therefore, in the following,

all the calculations have been performed ensuring an

inner domain radius corresponding to at least 25 crack

extensions along y1 and y2 direction.

4.3 Pure mode I solution

FE calculations using the inner domain presented in Fig

1a have been performed under pure mode I loading. The

inner domain thickness (which has no influence on the

results for pure mode I since the crack extends in the

0y1y3 plane), was choosen equal to 50 dimensionless

crack tip radius. The incremental energy release rate

has been calculated for several normalized crack length

λ (crack depicted in Fig. 1b). Then, by solving Eq. 5 for
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lateral views of the 3D mesh obtained by extrusion and shearing of the 2D mesh.
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Fig. 4 Incremental energy release rate as a function of the
dimensionless crack length under pure mode I loading ob-
tained for different inner domain radius (the blunted crack
tip radius is 1) and using [19].

different values of blunted crack tip radius R, the cor-

responding initiation normalized crack length has been

determined, as well as the initiation load (given by Eq.

6). The initiation normalized length and loading as a

function of the crack tip radius are presented in Fig. 5a

and b. For instance, a crack tip radius R = 89 10−3 mm

([24]) leads to an initiation crack length 56.2 10−3 mm

at a loading level Kapp
Ic = 0.58 MPa m1/2. As a mat-

ter of comparison, using [19], an initiation crack length

of 55.3 10−3 mm and a loading level Kapp
Ic = 0.59 MPa

m1/2 are obtained for pure mode I loading, which shows

the consistency of the proposed 3D FE modeling.

4.4 Mixed mode I+III solution

FE calculations using the inner domain presented in Fig

1c have been performed under mode I+III loading. The

incremental energy release rate has been calculated for

several crack spacing (e.g. the crack depicted in Fig.

1c and 3). The initiation normalized crack surface and

loadings were then obtained by solving Eq. 9 and using

Eqs. 10 and 7. Fig. 6 shows the initiation normalized

crack surface and loading as a function of the blunted

crack tip radius for an inner domain thickness ε corre-

sponding to 10 times the dimensionless crack tip radius

and a ratio β = 0.44. A crack tip radius R = 89 10−3
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Fig. 5 Initiation (a) Normalized crack length and (b) loading as a function of blunted crack tip radius under pure mode I
loading.

mm ([24]) leads to an initiation crack surface 3.04 mm2

at a loading level Kapp
Ic = 0.71 MPa m1/2.

5 Numerical results

5.1 Comparison with experiments by Pham and

Ravi-Chandar [23] and Chen et al. [3]

Fig. 7 shows the crack initiation angle as a function

of the mode mixity ratio β obtained experimentally by

Pham and Ravi-Chandar [24] and numerically by FE. It

seems that determining the crack orientation based on

the maximum tensile stress ahead of the parent crack

tip provides a good estimate of the crack initiation an-

gle compared to experimental results. The proposed

model allows determining the initiation crack surface

and loading for a given crack spacing. Therefore, the

initiation loading was determined as a function of the

crack spacing to crack tip radius ratio ε = e/R, which is

presented in Fig. 8 for a mode mixity ratio β = 0.37. It

can be higlighted that the loading necessary to initiate

a crack decreases with increasing crack spacing until a

critical crack spacing above which it reaches a constant

value. Indeed, there is a shielding effect that prevent the

initiation of two cracks that are too close to each other.

However, as soon as the crack spacing is sufficiently

high, the cracks no longer interact so that the same

loading level is obtained. Leguillon et al. [18] encoun-

tered the same situation in the case of multi-cracking in

brittle thin layers and showed that the crack spacing at

initiation may be determined as the mimimum spacing

among those corresponding to the constant initiation

loading. Repeating the same procedure for other mode

mixity ratio β between 0.17 and 1, the initiation load-

ings Kapp
Ic and Kapp

IIIc can be determined (cf. Fig. 9). The

large gap between β = 0 and β > 0 may be explained

by two different mechanisms, continuous crack growth

in the former case and fragmentation of the crack front

in the latter.

In addition, the initiation crack spacing were found

to lie between 0.44 mm and 0.51 mm for a blunted crack

tip radius R = 89 10−3 mm, corresponding roughly to

5 crack tip radii. Therefore, it seems that the initiation

crack spacing only depends on the parent crack tip di-

mensions, which is in agreement with Pham and Ravi-

Chandar conclusions [23]. Moreover, the crack spacing

determined numerically is of the same order of mag-

nitude as the one found experimentally by Pham and

Ravi-Chandar [23] for Homalite-100, who measured an

initiation crack spacing corresponding to around 4 par-

ent crack tip radius. Similar order of magnitude was

also obtained by Chen et al., who measured crack spac-

ings in PMMA between 0.13 and 0.48 mm, however, no

indication was given about the crack tip radius.

5.2 Comparison with experiments by Pham and

Ravi-Chandar [24]

Pham and Ravi-Chandar [24] designed a test so as to

load a specimen in mode I+III through the combination

of a wedge load and of a confining load resulting in a

global compressive stress field ahead of the crack front.

This particular set up promoted the sequential initia-

tion of several cracks (at nearly similar loading levels)

rather than a simultaneous initiation of these cracks.

Moreover, an unstable propagation of the cracks just
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Fig. 7 Crack initiation angle as a function of the mode
mixity ratio β obtained experimentally by Pham and Ravi-
Chandar [24] and numerically by FE.

after initiation was observed. Therefore, the first crack

likely reached a bigger size than in the case of simul-

taneous crack initiations [23] . This phenomenon high-

lights the difficulty to precisely measure an initiation

length in certain experiments. Indeed, in the present

case, the initiation length lc is not an arrest length since

an unstable growth is observed rigth after crack initi-

ation. This can be explained considering the relation

between the differential (G) and incremental (Ginc) re-

lease rates (cf. Eq. 12) [8].

G(S) =
dGinc(S)

dS
S +Ginc(S) (12)

At crack initiation, Ginc = Gc, therefore it is clear that

for a strictly monotonic increasing evolution of Ginc,

27
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Fig. 8 Crack initiation loading as a function of the crack
spacing obtained for a mode mixity ratio β = 0.37 .
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G(S) > Ginc(S) = Gc, resulting in unstable crack prop-

agation immediatly following the initiation. A spacing

between cracks ranging from 4.9 to 6.6 mm was mea-

sured experimentally, both cracks exhibiting nearly the

same size (crack major and minor axes were about 6.3

and 3.7 mm assuming a nearly elliptic shape) and an-

gles (between 29 and 36 deg.). We apply herein the

model presented in Section 4.1 assuming that the crack

shape is fixed with dimensions close to those measured

in [24], with a tilt angle φ = 33 deg. for various crack

spacings. Fig. 10 shows the normalized incremental en-

ergy release rate as a function of the crack spacing.

Similarly to the results obtained previously, the initia-

tion crack spacing can be determined as the minimum

spacing among those corresponding to a constant nor-

malized incremental energy release rate (or a constant

initiation loading). A initiation crack spacing of 5.3 mm

is obtained, which is in good agreement with the spac-

ings measured experimentally [24].

6 Conclusion

Adressing crack propagation under mode I+III loading

requires studying the parent crack front segmentation

in multiple facets that grow and later on coalesce. The

crack front segmentation thus looks like a crack initi-

ation problem rather than a problem of crack growth.

The proposed approach, which is a new application of

the coupled criterion to the tridimensional case, allows

the nucleation of facets ahead of a parent crack un-

der mode I+III loading to be simulated. Crack initia-

tion shape, orientation and spacing is determined for

any mode mixity ratio by coupling a stress and an en-

ergy criterion in the framework of matched asymptotic

expansions. Crack orientation is determined based on

the maximum tensile stress ahead of the parent crack

tip. The obtained crack angles for several mode mixity

ratios show a good agreement with experimental re-

sults. Crack initiation size, loading and spacing are de-

pendent on the blunted crack tip radius. Similar crack

spacings are obtained whatever the mode mixity ra-

tio, which are of the same order or magnitude as crack

spacings measured experimentally. The possible crack

shapes based on the stress isocontours are qualitatively

close to those observed experimentally, which indicates

the consistency of determining the possible cracks using

these isocontours. It is worth highlighting the conve-

nience of such a method, which allows parameterizing

the cracks by a single variable. The only assumptions

made on the crack shape is that it initiates in a plane,

which is representative of the cracks observed experi-

mentally except for their tips, which are gently curved.

A possible improvement of the proposed method would

be the determination of the 3D crack shape without

making the assumption of a plane extension.

7 Appendix

The matched asymptotic expansions

The actual domain embeds the parent blunted crack

(root radius R) and a group of small slanted crack reg-

ularly spaced. The outer domain is obtained for R→ 0,

and as a consequence l → 0 since it is assumed that

l is smaller or of the same order of magnitude than R

(to be checked afterwards). In the outer domain, the

blunted crack becomes a slit with no thickness. Both

actual and outer domains are spanned by the Carte-

sian space variables xi (i = 1, 3) (r, θ, x3, in cylindrical

coordinates).The outer expansion with respect to the

small parameter R can be written (∇x is the gradient

operator with respect to the xi’s){
UR(x1, x2, x3, l) = U0(x1, x2, x3) + ...

σ(UR) = C : ∇xUR = C : ∇xU0 + ...
(13)

The dots denote a remainder that is small and decreases

with R. The behavior of the leading term of Eq. (13)

near the crack tip is described by the Williams series

(polar and Cartesian coordinates are mixed without

risk of confusion)

U0(x1, x2, x3) = C +KI
√
ruI(θ) +KIII

√
ruIII(θ) + ...

U0(x1, x2, x3) =C +KI

√
r[uI(θ) +muIII(θ)] + ...

with m =
KIII

KI
= (

1

β
− 1)−1

(14)
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The leading term is an irrelevant constant (rigid trans-

lation), KI and KIII are the modes I and III stress inten-

sity factors and uI and uIII are the associated opening

and shear modes. The intensity factors KI and KIII are

independant of x3 as a consequence of the first assump-

tion stated at the end of Section 2.

The inner domain is obtained by zooming in the

actual domain by 1/R and considering again the limit

as R → 0. It is an unbounded domain spanned by the

dimensionless space variables yi = xi/R (i = 1, 3); it

embeds the semi-infinite parent crack and an infinite

number of regularly spaced slanted cracks with length

λ = l/R along y1 axis. In the y3 direction, a periodic-

ity assumption is done reducing the domain to a single

period of length ε = e/R in this direction (see Figures

1 to 3).

After having fulfilled the matching conditions [20],

the inner expansion can be written

UR(x1, x2, x3, l) = UR(Ry1, Ry2, Ry3, Rλ)

UR(x1, x2, x3, l) = C +KI

√
RV I(y1, y2, y3, λ)

+KIII

√
RV III(y1, y2, y3, λ) + ...

UR(x1, x2, x3, l) = C +KI

√
R[V I(y1, y2, y3, λ)

+mV III(y1, y2, y3, λ)] + ...

(15)

where V I (respectively V III) behaves like
√
ρuI(θ) (re-

spectively
√
ρuIII(θ)) at infinity (ρ = r/R → ∞). Re-

lationship (15) can be rewritten for the purpose of full

FE calculations{
UR(x1, x2, x3, l) = C +KI

√
RW (y1, y2, y3, λ) + ...

σ(UR) = 1
RC : ∇yUR = KI√

R
C : ∇yW = KI√

R
σ̃(W )

(16)

WhereW = V I+mV III behaves at infinity like
√
ρuI(θ)+

m
√
ρuIII(θ). According to [19], the change in potential

energy takes the form

−δWp = Ψx(UR(x1, x2, x3, l), U
R(x1, x2, x3, 0))

−δWp = Ψx(UR(x1, x2, x3, l), U
0(x1, x2, x3))

− Ψx(UR(x1, x2, x3, 0), U0(x1, x2, x3))

(17)

where

Ψx(F ,G) =
1

2

∫
Γx

[σ(F ).n.G− σ(G).n.F ]ds (18)

The contour Γx starts from the stress free edges of the

crack and embeds the blunted notch and the crack ex-

tension. The integral (18) is path indepedent for any

two functions F and G fulfilling the equilibrium equa-

tions. The index x in Eqs. (17) and (18) recalls that

the calculations are a priori carried out in the actual

(using the actual solution) or the outer domain (using

the outer expansion but this requires calculating the

remainder in 13 [16]).

Taking into account the change of variables defined

by the dilatation in the inner domain, (18) rewrites

Ψx(F ,G) = R
2

∫
Γy

[σ̃(F ).n.G− σ̃(G).n.F ]dS

Ψx(F ,G) = RΨy(F ,G)
(19)

Because dS = R2 × ds (while dS = R× ds in 2D lead-

ing to two similar relationships expressed either with

respect to the xi’s or the yi’s). Then

−δWp = K2
I R

2[Ψy(W (y1, y2, y3, λ),
√
ρ[uI(θ) +muIII(θ)])

− Ψy(W (y1, y2, y3, 0),
√
ρ[uI(θ) +muIII(θ)])

−δWp = K2
I R

2(B(λ)−B(0)) + ...

(20)

Note that B(λ)−B(0) is nothing but the change in po-

tential energy computed in the yi variables when mov-

ing from W (y1, y2, y3, 0) to W (y1, y2, y3, λ).

With a newly created crack surface S = αl2 (α is a

scaling coefficient) it comes the energy condition

Ginc = −δWP

S
= K2

I

B(λ)−B(0)

αλ2
≥ Gc (21)

Denoting σ and σ̃ the tensile component of the cor-

responding stress tensors, the stress condition can be

written

σ(UR) =
KI√
R
σ̃(W ) ≥ σc (22)

here σ̃(W ) is nothing but the tensile stress computed

in the yi variables.

Combining (21) and (22) gives the equation for the

dimensionless crack extension length λc

1

σ̃(λc)

B(λ)−B(0)

αλ2c
=

1

R

Gc

σ2
c

(23)

In this equation σ̃(λc) denotes the tensile stress asso-

ciated with W , expressed in the yi variables and com-

puted at a dimensionless distance λc of the notch root

along the y1 axis. Then the load at failure can be de-

rived from (21)

Kapp
Ic =

√
αλ2cGc

B(λc)−B(0)
; Kapp

IIIc = mKapp
Ic (24)
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