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The objective of this paper is to analyze the effect of small critical flaws on the strength of polycrystalline ceramic materials. For this purpose, a finite fracture approach based on the coupled criterion (CC) is used to describe the initiation of a crack near a stress concentrator.

The initiation criterion combines both a stress and an energy condition. The required input fracture-mechanics parameters are the tensile strength and the fracture toughness. Both a blunt and a sharp geometry are studied. The size of the starter crack developing near the stress concentrator can be easily estimated in each case when the CC is fulfilled. Based on the calculations, if the size of the defect is smaller than the characteristic material length, numerical predictions reveal that the defect (either sharp or blunt) has no effect on the strength, reaching the intrinsic tensile strength of the material. This result is in a good agreement with experimental results obtained from the strength measurements of ceramic materials with controlled flaws. It is also shown that combining two fracture tests after introducing flaws with controlled sizes enables to identify the fracture parameters of the ceramic material.

Introduction

The use of ceramic materials has been usually motivated by their outstanding structural properties such as oxidation and corrosion resistance, high temperature stability, hardness and wear resistance. Some examples are high temperature resistant parts for metallurgical processes, wear-resistant plates for paper machines, or bio-inert implants in medicine.

Technical ceramics are also required in advanced systems due to their unique functional properties, e.g. extreme non-linear dependence of electrical resistance with temperature (used in thermistors), electric field (used in varistors), and a high piezo-electric coefficient (used in sensors and actuators).

A fundamental issue affecting the functionality, lifetime and mechanical reliability of such components and systems is the initiation and uncontrolled propagation of cracks in the brittle ceramic parts. Contrary to metals or polymers, crack propagation in ceramics is usually catastrophic due to the lack of plastic deformation upon tensile loading. Ceramics are said to have low tolerance to damage, due to their low resistance to the propagation of cracks (low fracture toughness). Another limitation for applications demanding high reliability is the inherent scatter in strength caused by the different size, type and location of critical flaws in the ceramic (e.g. pores, inhomogeneities, surface defects, contact cracks), introduced during processing, machining or in service. As a result, ceramic parts hold an inherent probability to failure upon loading, their strength being characterized by a distribution function described in most cases by the Weibull theory [START_REF] Danzer | A general strength distribution function for brittle materials[END_REF].

The tensile strength of ceramics is very sensitive to the presence of flaws, which usually act as crack initiators [START_REF] Danzer | On the relationship between ceramic strength and the requirements for mechanical design[END_REF]. Common critical flaws are spherical pores generated during the ceramic processing [START_REF] Kirchner | Characteristics of flaws at fracture origins and fracture stress-flaw size relations in various ceramics[END_REF][START_REF] Rice | Pores as fracture origins in ceramics[END_REF] or sharp defects introduced by surface machining [START_REF] Watchman | Mechanical properties of ceramics[END_REF]. The relation between such extrinsic flaws and the ceramic strength is usually assessed by estimating an "equivalent crack length" at failure [START_REF] Usami | Strength of ceramic materials containing small flaws[END_REF], also called Griffith crack length which is the basis of a linear elastic fracture mechanics analysis. For instance, in the case of a blunt defect like a rounded pore, the equivalent crack length is postulated to be a small radial crack in the vicinity around the pore [START_REF] Seidel | Reliability of alumina ceramics: effect of grain size[END_REF]. In case of a sharp defect like a notch, it is assumed that an array of microcracks along the notch wedge develops during loading, thus triggering the fracture of the brittle material [START_REF] Fett | Influence of a finite notch root radius on fracture toughness[END_REF][START_REF] Torres | Influence of notch radius and R-curve behaviour on the fracture toughness evaluation of WC-Co cemented carbides[END_REF]. The latter is indeed the hypothesis for measuring fracture toughness in ceramics using the Single Edge V-Notched Beam testing protocol [10].

Despite the advances in fracture mechanics, prediction of crack initiation in ceramics and the role of microstructural features in governing the fracture is still a matter of research. In this paper, we aim to analyze the effect of small flaws on the strength of polycrystalline ceramic materials. For this purpose, a coupled (stress-energy) criterion (CC) within the framework of finite fracture mechanics is employed. It requires strength and fracture toughness values to describe the initiation of a crack near a stress concentrator. An advantage of this approach is that the critical stress can be easily determined without requiring any assumption concerning the crack length at initiation. The paper is organized in the following way. The section 2 introduces the coupled stress-energy criterion to derive the material tensile strength versus the flaw size. We focus on flaws located at the surface, which are considered to be more critical than volume flaws [START_REF] Danzer | On the relationship between ceramic strength and the requirements for mechanical design[END_REF]. Both a sharp and a blunt geometry are studied. Section 3 compares numerical predictions with various experimental results obtained from strength measurements of ceramic materials with controlled flaws. Further it is shown that the fracture-mechanics material parameters can be identified by combining two fracture tests after introducing flaws with a controlled size.

Crack initiation in the vicinity of a surface flaw

We assume that a small surface flaw (length 0 a ) is located in a ceramic sample submitted to traction σ (Figure 1). Bi-dimensional sharp and blunt geometries are studied including a V-notch (with an opening angle 2ω ) and a half-hole. The size of this defect is supposed to be small as compared to the specimen width. Upon the critical loading σ * , it is admitted that a crack (length *  ) initiates in the vicinity of the flaw as a consequence of the stress concentration.

The Coupled Criterion

To describe this fracture event, we apply the coupled criterion (CC) which was shown to describe accurately crack initiation for many loading and structural geometries [START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF][START_REF] Cornetti | Finite fracture mechanics: A coupled stress and energy failure criterion[END_REF] (see also the review papers [START_REF] Weißgraeber | A review of Finite Fracture Mechanics: crack initiation at singular and non-singular stress raisers[END_REF][START_REF] Martin | Finite fracture mechanics: a useful tool to analyze cracking mechanisms in composite materials[END_REF]). Use of the CC will be illustrated in the following and we just recall that this criterion combines an energy and a stress conditions.

• The energy condition necessary for crack initiation stipulates that the change in potential energy should be greater than the energy dissipated during the nucleation of a crack of length  with

( ) ( ) 2 0 0 0 , , c inc a G a A a G E σ = ≥   , ( 1 
)
where E is the Young's modulus, inc G is the incremental energy release rate in which the infinitesimal energy rates of the classical Griffith approach are replaced by finite energy increments and c G is the fracture energy. Equation ( 1) is written in bi-dimensional form omitting the thickness of the specimen.

• The second necessary condition, i.e. the stress condition for crack initiation, states that the opening normal stress xx σ along the prospective crack path should be greater than the material's strength c σ :
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Considering the scaling coefficients ( )

0 , A a  and ( ) 0 ,
xx k a y to be respectively increasing and decreasing functions of  and y , Leguillon [START_REF] Leguillon | Strength or toughness? A criterion for crack onset at a notch[END_REF] demonstrated that the crack increment at nucleation *  is obtained by combining the equalities in (1) and ( 2) which leads to 
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which can also be written as

( ) ( ) * 0 * 0 0 , c EG a a A a σ =  . (4-2)
Since it is subjected to a mode I loading, with the stress intensity factor increasing with the crack length, the initiated crack of length *  will then propagate unstably to induce the fracture of the sample. The critical stress σ with the help of (4-2) provides ( ) ( )
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)
For a given geometry of the flaw (including shape and initial length 0 a ), equations ( 3) and [START_REF] Watchman | Mechanical properties of ceramics[END_REF] show that ( ) is a brittleness number already introduced in the formulation of the coupled criterion by Mantic [START_REF] Mantič | Interface crack onset at a circular cylindrical inclusion under a remote transverse tension. Application of a coupled stress and energy criterion[END_REF]. This brittleness number governs the transition from brittle to tough configurations as small brittleness numbers correspond to brittle and large to tough configurations.

*

Numerical predictions

Numerical predictions are based on a full field analysis performed using the finite element method. It is to be noted that a matched asymptotic approach could also be employed [START_REF] Leguillon | Prediction of crack initiation at blunt notches and cavities -size effects[END_REF]. Standard finite element tools are used to estimate the scaling coefficients ( )

0 , A a  and ( ) 0 ,
xx k a y . One has to only consider a sufficiently refined mesh in the vicinity of the defect.

The analysis is bi-dimensional under plane strain condition assumption. The specimen width h is taken to be larger than the defect length with 
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. Additional details can be found in [START_REF] Martin | A coupled strength and toughness criterion for the prediction of the open hole tensile strength of a composite plate[END_REF].  is small. Applying an asymptotic analysis for a V-notch [START_REF] Leguillon | Fracture in heterogeneous materials: weak and strong singularities[END_REF] reveals that ( )
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, where k is a geometric parameter and λ ( 0.5 1 λ ≤ < ) is the singularity exponent which depends on the opening angle ω [START_REF] Leguillon | Crack onset at a v-notch. Influence of the notch tip radius[END_REF]. Using [START_REF] Watchman | Mechanical properties of ceramics[END_REF] and reminding that *  is proportional to c L leads to ( ) 
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as also plotted (black dotted line) in Figure 4. A different behavior is obtained for the blunt defect. For a large defect ( 0

c a L >> ), the limit is * 3 c σ σ →
as already mentioned in a previous work [START_REF] Martin | A coupled strength and toughness criterion for the prediction of the open hole tensile strength of a composite plate[END_REF]. Figure 4 also reveals that sharp and blunt geometries cannot be distinguished for a small defect size such that 0 2 c L a ≤ . ). This will move the corresponding isovalue towards the horizontal branch and will thus reduce the influence of uncertainties.

Comparison with experimental results

Experimental results obtained from strength testing with controlled flaws are now compared with numerical predictions. We first refer to the study of Cook et al. which introduces indentation flaws in ceramic specimens before performing 4-point bending test [START_REF] Cook | Microstructure-Strength Properties in Ceramics: I, Effect of Crack Size on Toughness[END_REF]. Fracture data as indicated by the authors for alumina and barium titanate materials are reported in Table 1. As mentioned by the authors, special care was taken to examine the tested specimens in order to verify the site as origin of fracture. Additional micrographic observations were also performed to confirm that the size of the initial flaw which ranges from 10 to 200 microns is twice the indentation dimension. Plotting the strength ratio Then the experimental data obtained on samples whose fracture originated from pores are considered. Material data from Zimmermann et al. [START_REF] Zimmermann | Fracture of alumina with controlled pores[END_REF] which introduces spherical pores (of diameter 85 mm) in alumina samples and from Usami et al. [START_REF] Usami | Strength of ceramic materials containing small flaws[END_REF] who reported tensile strength of alumina samples with semi-circular surface defects are indicated in Table 1. A good agreement between these data and predictions of these parameters using the CC prediction is still observed -see (Figure 8). Nevertheless, it is not possible to clearly distinguish the difference between the blunt geometry and a sharp V-notch.

Figure 7 and 8 confirm that the CC estimates correctly the effect of defect size on strength. The strength plateau which is observed upon the testing of ceramics with controlled flaws is well captured. It is worth pointing out that no microstructural argument is invoked to explain the presence of this plateau which simply derives from the finite fracture mechanics approach as explained in the previous section. Similar results for brittle fracture were also obtained by another approaches like the theory of critical distance [START_REF] Taylor | Predicting the fracture strength of ceramic materials using the theory of critical distances[END_REF] or the phase field method [START_REF] Tanné | Crack nucleation in variational phasefield models of brittle fracture[END_REF] thanks to the introduction of a characteristic length. The advantage of the CC is that the characteristic length c L is not imposed but simply derived from the physically based stress and energy conditions. ).

It is well established that the strength of polycrystalline ceramics increases with decreasing size of the microstructure [START_REF] Zimmermann | Generalized Orowan-Petch Plot for Brittle Fracture[END_REF]. We can thus suppose that c σ depends on the size d of some intrinsic defects on the microstructural level, which is proportional to the average grain size g with d g α = (where α is a scale factor to be estimated). For a given microstructure (i.e a fixed average grain size), results in section 2.2 have demonstrated that extrinsic flaws with a length smaller than 10 

which defines the variation of the intrinsic tensile strength versus the inverse square root of the average grain size. It is supposed here that the fracture toughness does not depend on g which is a reasonable assumption [START_REF] Zimmermann | Generalized Orowan-Petch Plot for Brittle Fracture[END_REF]. Figure 10 compares the tensile strength calculated using [START_REF] Seidel | Reliability of alumina ceramics: effect of grain size[END_REF] with the experimental data of Chantikul et al. [26] reporting the influence of grain size on the strength of alumina. A good agreement is obtained with 1 2 α = . Relation (7) corresponds to the Orowan-like regime which shows a strong increase in strength with decreasing grain size.

The last experimental point in Fig. 8 belongs to the Petch-like branch for fine-grained material.

Using the CC, it is also possible to describe this regime taking into account the influence of residual stresses [27]. As the grain size decreases, this recent work demonstrates that an increasing numbers of grains will simultaneously be broken at the stage of crack initiation.

Consequently, the anisotropic distribution of internal stresses at the grain scale influences the intrinsic strength and explains a behavior similar to that described by Petch in metals.

Conclusion

The influence of a small flaw on the strength of ceramic (polycrystalline) materials is evaluated using the criterion predicting crack initiation by coupling stress and energy conditions. The required fracture data are the tensile strength and the fracture toughness. The coupled criterion naturally introduces the characteristic length c L . The main advantages of this approach are the following: i) the size and the shape of the defect are accounted for, ii) the size of the starter crack developing near the defect is estimated (it is proportional to c L ) without assessing any fixed crack increment. Numerical predictions reveal the expected strength decrease with the increasing defect size. It is not possible to distinguish a tensile strength predicted with the sharp geometry and with the blunt one for a defect size smaller than 2 c L .

Further, if the defect size is less than 10 c L , the defect can be ignored and the strength reaches a plateau corresponding to the intrinsic tensile strength.

It is to be noted that no microstructural argument is required to rationalize the presence of the strength plateau which directly comes out from the stress-energy coupling of the nucleation criterion. The approach suggests that the largest size of the intrinsic defects, which may reduce the strength, is 10 
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  The length*  defines the size of the starter crack which develops near the defect. It is determined by solving (3) which introduces the characteristic length ranges between 40 and 400 microns[START_REF] Bermejo | Mechanical characterization of ceramics: designing with brittle materials[END_REF]. The applied stress * σ at initiation takes the form

  as the ceramic strength if the flaw of length 0 a is taken into account while c σ is the intrinsic tensile strength which could be attained for a material without any extrinsic defect.

  on the characteristic length c L . It is to be noted that the value 0 c L a

  and the potential energy ( ) 0 W prior to fracture. Additional elastic solutions with a progressive release of nodes along the pre-supposed crack path give the potential energy ( ) W  of the cracked structure. Based upon these values an incremental energy release rate, as a function of the crack length, can be calculated with ( ) ( ) ( )
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  which corresponds to the straight curves observed in the Log-Log plot of Figure4for a V-notch with 0 1 In the limiting case 0 ω = , the surface flaw reduces to an edge crack with 0.5 λ = and the CC turns to the classical Griffith criterion with ( ) ( )
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 5 Figure 5 refrains from the normalized values to plot the strength * σ versus the flaw size

  allows to represent the experimental data obtained from several materials on one plot (Figure7). A good agreement is observed with the CC prediction using a sharp Vnotch (ω = 10°).
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 9 Figure 9 confirms the possibility to identify the fracture parameters with the help of two strength tests as already reported in the previous section. Using the results of Cook et al. [21] on alumina (VI1), this figure shows the strength isovalue in the ( ) , c c G σ plane for two different
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 910 Figure 9: Strength isovalues (full lines) taking into account experimental dispersion (dotted lines) in the ( ) , c c G σ plane for two values of the defect length
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Table 1 :

 1 Fracture-mechanics parameters as indicated by the authors for selected ceramic materials used for strength testing with controlled flaws.

			488	3.9	63.8	Cook et al. [21]
		AD999)				
	[2]	Al203	329	4.6	195.5	Cook et al. [21]
		(VI1)				
	[3]	Al203	302	4.6	232	Cook et al. [21]
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	[4]	BaTi03	85	1.35	252	Cook et al. [21]
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	[5]	Al203	638	4.5	49.8	Zimmermann et
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			379	4.5	140.7	
	[6]	Al203	364	3.5	93	Usami et al. [6]

Highlights

The coupled criterion is used to analyze the effect of a flaw on the strength A defect with a size smaller than the characteristic material length has no effect Introducing flaws with controlled sizes enables to identify the fracture parameters