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Summary
The diffusion equation for modelling diffuse sound fields was proposed some fifty years ago on heuristic
principles as an extension to Sabine’s diffuse field model, and still receives much attention. Recently,
the authors developed the model one step further to provide the missing relations between sound
intensity and sound energy. This introduces some extra terms that, in case of non-Sabine spaces
(narrow or flat rooms), can be defined with the help of the boundary conditions in terms of absorption
and scattering coefficients on the walls. Integrating the divergence of the stress-energy tensor across
the shortest dimensions of the space leads to a propagation equation of the Telegraph type, which can
be solved using finite difference time domain simulation. For the two-dimensional case (open-space),
numerical results are compared to measurements in real spaces. The comparison makes it possible to
evaluate the absorption and scattering coefficients by an adjustment procedure.

PACS no. 43.20.Bi, 43.55.Br, 43.55.Cs, 43.55.Dt

1. Introduction

Since the first empirical treatment of reverberation
by W.C. Sabine in 1894 [1], many authors have
noted discrepancies between theory and measure-
ments. But few have questioned the very foundation of
Sabine’s model, the so-called diffuse field approxima-
tion. Among those, ISO 14257 [2] recommends mea-
suring the decay of the sound field with distance, not
reverberation time, to characterize industrial halls
Ollendorff [3] was the first to come up with the idea
of a diffusive model for non-uniform distribution of
sound energy in disproportionate rooms. His model
escaped attention before being rediscovered indepen-
dently 20 years later by Picaut et al. [4].
Here we present a new approach based on the stress-
energy tensor. Like the diffusion equation [5], this ap-
proach was initiated by P.M. Morse [6]. It allows us to
write the conservation of sound energy in the form of
a Telegraph equation, which is solved by a finite dif-
ference method. We then compare the resulting simu-
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lation to actual measurements in an open-space office.
This approach has constituted the doctoral research
project of the second author [7], and the topic of two
publications [8, 9].

2. State of the art

2.1. Sabine’s model

Sabine’s model considers the conservation of sound
energy at any position in space:

∂tw + ~∇ · ~I = 0 (1)

where ∂t is the partial derivation relative to time, ~∇·
is the divergence operator, w the total instantaneous
density of acoustic energy, and ~I the acoustic inten-
sity vector. It adds a heuristic relationship between
intensity and sound energy, based on the diffuse field
hypothesis:
• sound energy is equi-distributed in space;
• it propagates isotropically in space.
The relationship that binds energy and intensity is
then:

|~I| = w

4π
c (2)



where c is the speed of sound; and the total energy
incident on the walls with total surface S is given by:∫

S

~I · ~ndS =
w

4
cS (3)

Taking into account the fact that the acoustic energy
is constant in the volume, the integration of the equa-
tion over the whole volume V gives the well-known
equation:

V ∂tw +
ᾱSc

4
w = 0 (4)

whose solution is an exponential function of time with
decrement ᾱSc

4V , where ᾱ is the average absorption co-
efficient on the walls.

2.2. Ollendorff-Picaut’s model

Following a suggestion by Morse and Feshback [5],
Ollendorf and Picaut proposed another heuristic rela-
tionship between acoustic intensity and energy:

~I = −δ~∇w (5)

where the total energy is no longer equi-distributed
in space. Here, ~∇ is the gradient operator and δ is
the diffusion coefficient. They then get an equation of
diffusion:

∂tw − δ∆w = 0 (6)

or by "renormalizing" the absorption within the vol-
ume:

∂tw + σw − δ∆w = 0 (7)

This equation accepts an analytical solution in infinite
space:

w(~r, t) =
1

(4πδt)
d
2

exp{− r2

4δt
− σt} (8)

where d is the space dimension. In flat spaces (d = 2)
or narrow spaces (d = 1), it can be shown that σ =
ᾱSc
4V , and solution 8 generalizes Sabine’s exponential
decay.

3. The stress-energy tensor

3.1. General equation

Following the example of Morse and Ingard [6], Du-
jourdy et al. [8, 9] propose to introduce the symmetric
stress-energy tensor:

T =


E Etx Ety Etz
Etx Exx Exy Exz
Ety Exy Eyy Eyz
Etz Exz Eyz Ezz

 =

(
E ~JT

~J E

)
(9)

where ~J =
~I
c and ~JT is the transposed matrix of ~J ;

E is the wave-stress tensor, with diagonal elements
satisfying relation E = Exx +Eyy +Ezz since kinetic
and potential energy are equal on average. The con-
servation of the tensor T is simply expressed by a null
covariant derivative:

~∇4 · T = 0 (10)

where ~∇4 = ( 1
c∂t,

~∇) is the quadri-divergence opera-
tor.

3.2. Dimensional reduction

The dimensional reduction of the system is achieved
by integrating on the small dimensions of the volume.
Thus, for a flat space such as an open-space office,
one integrates on the height of the space (coordinated
z), by introducing the average value of the quantities,
except those for which the derivation is carried out
according to z and which give the flows entering the
walls. For the conservation of energy (first line of the
stress-energy tensor), we obtain:

1

c
∂tElz + ∂xJxlz + ∂yJylz + J+

z − J−z = 0 (11)

where lz is the height of the space, and where J+
z , resp.

−J−z , is the energy flow through the ceiling (side +),
resp. through the floor (side −), i.e. the sound inten-
sity absorbed by each of them.
Similarly, for the following two lines of the stress-
energy tensor, the following conservation relationships
are obtained:

1

c
∂tJxlz + ∂xExxlz + ∂yExylz (12)

+ E+
xz − E−xz = 0

1

c
∂tJylz + ∂xEyxlz + ∂yEyylz (13)

+ E+
yz − E−yz = 0

where E+
xz and E+

yz , resp. −E−xz and −E−yz, are the
wave stresses that are applied on the ceiling (side +),
resp. on the floor (side −). It should be noted that the
last line of the stress-energy tensor does not provide
additional information.
The dimensional reduction is also accompanied by a
simplification of the residual wave-stress tensor E,
which remains symmetrical. We postulate:

Exx = Eyy =
E

2
(14)

Exy = 0 (15)

that is, an isotropic distribution of energy in the two-
dimensional space.



3.3. Boundary conditions

There remains to write the energy balance on the ceil-
ing and the floor of the space, and more generally on
the walls. To do this, we introduce the energy distri-
bution function f(~r,~v, t), which gives the probability
that a wave is localized at position ~r heading in the
direction of velocity ~v at instant t. Following the ex-
ample of [5, 4], we define f by:

f(~r,~v, t) =
E

4π
+

3 ~J

4π
· ~v
c

(16)

The energy incident on a wall is obtained by inte-
grating on the solid angle Ω = (θ, φ) with θ ∈ [0, π2 ],
φ ∈ [0, 2π], and the energy reflected by integration on
the solid angle Ω′ = (θ, φ) with θ ∈ [π2 , π], φ ∈ [0, 2π].
All calculations done, we get:

Jz,inc = E
4 + Jz

2 Jz,ref = E
4 −

Jz
2

(17)

and we recover Jing and Xiang’s definition of the ab-
sorption coefficient A [10]:

Jz,inc − Jz,ref = Jz,abs = αJz,inc (18)

=
α

2(2− α)
E =

A

4
E

where α is a proportionality factor between absorbed
and incident intensities, equivalent to an absorption
coefficient.
For the stress balance on the walls, it is necessary to
add terms to the energy distribution function:

f(~r,~v, t) =
E

4π
+

3 ~J

4π
· ~v
c

(19)

+
15

4π
{Exz cos θ sin θ cosφ + Eyz cos θ sin θ sinφ}

For the second line of the stress-energy tensor, the
incoming and outgoing stresses are obtained by inte-
gration in the form of:

Mxz,in =
3

16
Jx +

1

2
Exz (20)

Mxz,out =
3

16
Jx −

1

2
Exz (21)

This allows the introduction of a scattering coefficient
D:

Mxz,in −Mxz,out = Mxz,scat = βMxz,in (22)

=
3

4

β

2(2− β)
Jx =

D

4
Jx

where β is a proportionality factor between scattered
and incoming stresses. Similarly, the third line of the
stress-energy tensor becomes:

Myz,in −Myz,out = Myz,scat (23)

=
3

4

β

2(2− β)
Jy =

D

4
Jy

4. Solution

The substitution of equations 19, 23, and 24 in equa-
tions 11-14, as well as the use of the mean free path
(λ = 2lz in a 2-dimensional space), leads to the equa-
tion system:

1

c
∂tE + ∂xJx + ∂yJy +

A

λ
E = 0

1

c
∂tJx + ∂xExx + ∂yExy +

D

λ
Jx = 0 (24)

1

c
∂tJy + ∂xEyx + ∂yEyy +

D

λ
Jy = 0

which reduces to the Telegraph equation:

1

c2
∂ttE −∆

E

2
+
A+D

λc
∂tE +

AD

λ2
E = 0 (25)

4.1. Finite difference time domain simulation

We choose to solve numerically equation 25 by a
numerical Finite Difference Time Domain (FDTD)
method. For this, we choose a non staggered grid and
a centred-time centred-space scheme. The derivatives
are approximated by:

∂2E

∂t2

∣∣∣∣t
x,y

=
En+1
i,j − 2Eni,j + En−1

i,j

∆t2
+O(∆t)2

∂2E

∂x2

∣∣∣∣t
x,y

=
Eni+1,j − 2Eni,j + Eni−1,j

∆x2
+O(∆x)2

∂2E

∂y2

∣∣∣∣t
x,y

=
Eni,j+1 − 2Eni,j + Eni,j−1

∆y2
+O(∆y)2

∂E

∂t

∣∣∣∣t
x,y

=
En+1
i,j − E

n−1
i,j

2∆t
+O(∆t)2 (26)

∂E

∂x

∣∣∣∣t
x,y

=
Eni+1,j − Eni−1,j

2∆x
+O(∆x)

∂E

∂y

∣∣∣∣t
x,y

=
Eni,j+1 − Eni,j−1

2∆y
+O(∆y)

where O(·) is the truncation error and the ∆x, ∆y
and ∆t the discretization steps in space and time.
The discrete equation then takes the form:

En+1
i,j (a+ 1) = En−1

i,j (a− 1)

+ Eni,j(2− C2
rx − C

2
ry − b)

+
1

2
C2
rx(Eni+1,j + Eni−1,j) (27)

+
1

2
C2
ry (Eni,j+1 + Eni,j−1)

+ O[(∆t)2, (∆x)2, (∆y)2]

completed by 4 boundary equations on the 4 lateral
walls of the space [9]. Crx = c∆t

∆x and Cry = c∆t
∆y are

the Courant-Friedrichs-Lewy coefficients for each di-
mension, and a = (A + D) c∆t2λ , b = AD( c∆tλ )2. The
scheme is explicit, and the accuracy is second order
in time and space.
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Figure 1. Spatial decays for different α with β = 0.2;
lozenges correspond to steady-state analytical solution,
with E0 = 74dB.

4.2. Stability

We study the stability of the scheme with the Von
Neumann procedure, which looks for a solution of
equation 28 in the form Eni,j = Znej(θi+ωj). All cal-
culations made, we obtain two conditions of stability
[9]:

C2
rx(1 +AD(

∆x

2λ
)2) < 1 (28)

C2
ry (1 +AD(

∆y

2λ
)2) < 1 (29)

5. Results

The discrete equation 28 was applied to a quasi-
infinite two-dimensional space of 200m by 200m. The
source is located in the centre of the space. The ab-
sorption and scattering coefficients range from α =
0.01 to α = 0.8 and β = 0.01 to β = 1.5. The mean
free path is λ = 5.4m, and the discretization steps are
set at ∆x = ∆y = 1m and ∆t = 1.10−3s. The speed
of sound is c = 344m/s.

5.1. Spatial decay

Figures 1-2 show spatial sound decays, and compare
them to the analytical solution in the steady-state
case:

E = E0

exp(−
√

2AD
λ r)

√
r

(30)

for large values of r, where r is the distance to the
source and E0 an integration constant.
It is clear that the numerical solution corresponds to
the analytical solution, except for the very low values
of the coefficients, or near the walls where reflections
on the latter exert influence.

5.2. Temporal decay

Figures 3-4 show temporal sound decays at 15m from
the source, and compare them to the two analytical
approximations corresponding resp. to a large value
of one of the coefficients and to equal coefficients. In
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Figure 2. Spatial decays for different β with α = 0.2;
lozenges correspond to steady-state analytical solution,
with E0 = 74dB.
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Figure 3. Time decays at 15m from source for different
α with β = 0.2; lozenges correspond to solution 31 and
triangles to solution 32.
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Figure 4. Time decay at 15m from source for different
β with α = 0.2; lozenges correspond to solution 31 and
triangles to solution 32.

the first case, equation 25 is reduced to an equation
of diffusion, with solution:

E = E1
e(− (A+D)r2

2λct − ADc
(A+D)λ

t)

t
(31)

In the second case (A = D), the solution is a travelling
wave packet [11]:

E+ = E2e
(−Aλ ct)

U( c√
2
t− r)

2π
√

( c√
2
t)2 − r2

(32)

where U(·) is the Heaviside function.
It is clear that the numerical solution corresponds to
the analytical solutions with appropriate choice of the
integration constants E1 and E2, especially for the



Figure 5. Plan of Ovalie: measurements use S3 source and
follow green axis.
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Figure 6. Model adjustment by comparison with spatial
decay measured at Ovalie: source S3, green axis, α = 0.21
and β = 0.7.

large values of t when the algorithm has stabilized. In
Figures 3-4, E1 = 74dB for analytical solution 31; for
analytical solution 32, E2 = 101dB, but reduces to
95dB for large values of α and β. Similar results are
obtained at the other distances.

5.3. Measurements

We were able to conduct measurements in three open-
space offices in Paris. Here we present the results ob-
tained for Ovalie (Figure 5), an office space of 75m
long by 35m wide, oval-shaped with a central islet.
Its surface is 1260m2, and its height 2.7m, yielding a
mean free path of 5.4m. The office was furnished with
desks, chairs and computers during measurements,
but without the presence of users.
Figure 6 shows the spatial decay in Ovalie along the
green axis and Figure 7 the temporal decay at 10m
from the S3 source. Both Figures compare measured
decays to the decays calculated after adjusting the
parameters α and β. The measurement frequency is
the 1kHz octave, and the optimum values of α and
β are respectively 0.21 and 0.7. The same optimum
values are obtained at the other distances.
In Figure 7, the levels of the temporal decay are
slightly overestimated, an observation that is general
to all analysed positions.
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Figure 7. Model adjustment by comparison with temporal
decay at 10m from the source measured at Ovalie: source
S3, green axis, α = 0.21 and β = 0.7.

5.4. Adjustment procedure

The absorption and scattering coefficients are ob-
tained by comparison with the measurements. Now
we see in Figures 3-4 that the smaller of the α or β
values drives the temporal decay. In other words, tem-
poral decay allows the evaluation of the smaller of the
coefficients, in general α, and the second coefficient is
obtained from spatial decay. Thus an iterative proce-
dure was used to estimate α and β, assuming first β
large for a first estimation of the absorption coefficient
by equation 31, which reduces to:

E ≈ E1
e(− (D)r2

2λct −
Ac
λ t)

t
(33)

Then β is inferred from the spatial decay by equa-
tion 30. The procedure however exaggerates the slopes
of the two decays, so that the coefficients are slightly
adjusted to the margin for better agreements with the
measures.

6. Conclusions

We have shown that energy conservation can be bro-
ken down into two equations: the conservation of total
energy; and the conservation of the acoustic inten-
sity. The two equations combine into a single tensor
equation, the conservation of the stress-energy tensor.
The resolution of these equations involves two coeffi-
cients on the walls: an absorption coefficient and a
scattering coefficient. The smaller of these two coef-
ficients, usually the absorption coefficient, pilots the
temporal decay, and the second coefficient is then ob-
tained from spatial decay. This adjustment procedure
has been validated in real cases of open-space offices.
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