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Graph states are the backbone of measurement-based continuous-variable quantum computation. However,
experimental realisations of these states induce Gaussian measurement statistics for the field quadratures, which
poses a barrier to obtain a genuine quantum advantage. In this letter, we propose mode-selective photon addition
and subtraction as viable and experimentally feasible pathways to introduce non-Gaussian features in such
continuous-variable graph states. In particular, we investigate how the non-Gaussian properties spread among
the vertices of the graph, which allows us to show the degree of control that is achievable in this approach.

The quest towards new quantum technologies explores a
wide range of potential paths, with the optimal route yet left
to be determined. Our present work approaches this problem
from the perspective of continuous variables (CV) [1]. CV
quantum optics offers several advantages for information pro-
cessing, such as resilience against decoherence effects and an
infinitely large Hilbert space to harbour information. Never-
theless, the most remarkable of these advantages is the capa-
bility to deterministically generate large entangled states [2—
5]. This large-scale entanglement can in turn be employed
to tailor CV graph states [6] which form the backbone of
measurement-based quantum computation [7]. Finally, this
approach has become a viable pathway to quantum compu-
tation since it was shown that realistic squeezing levels are
sufficient to reach fault-tolerance [8], with 10dB as current
threshold [9].

CV quantum optics relies on the measurement of the field
quadratures of light, i.e. the real and imaginary parts of the
amplitude of the electric field. The CV graph states that can be
deterministically generated are Gaussian states, and thus in-
duce Gaussian statistics for quadrature measurements. How-
ever, Gaussian statistics is efficiently simulated classically
[10-12]. With only CV graph states and quadrature measure-
ments, a genuine quantum advantage is unachievable. Thus,
methods must be devised to induce much more intricate non-
Gaussian statistics in these quantum states in order to develop
a feasible platform for universal quantum computation. The
theoretically appealing proposal to use a cubic phase gate for
inducing non-Gaussian statistics in measurement-based CV
quantum computation is experimentally challenging [13-16],
which is a key motivation to explore alternative routes.

In quantum optics photon subtraction [17-19] and addi-
tion [20] provide an experimentally feasible alternative to
introduce non-Gaussian features in quantum states of light.
Recently, setups for mode-tuneable coherent photon sub-
traction from multimode light have been tested [19, 21, 22],
which led us to develop a general theoretical framework
[23, 24] to describe the resulting non-Gaussian states. This
framework allows us to uncover a wide range of quantum
properties of single-photon added and subtracted states
through their multimode Wigner functions. Rather than
focusing on properties that are specific to the topology of the
graph state to (from) which a photon is added (subtracted), we

ask the general question how non-Gaussian features spread
through a graph state and how well they can be controlled.
We will show that the effect of local photon addition or
subtraction remains local, such that non-Gaussian features
can be tailored. Here, local is understood with respect to the
graph’s topology: the effect of photon addition or subtraction
in a single vertex spreads up to its next-to-nearest neighbours.
On the other hand, for photon addition or subtraction in a su-
perposition of vertices, we will highlight a trade-off between
the strength and the spread of non-Gaussian properties.

Let us start by introducing the system. The CV approach
to quantum optics is based on the analysis of the quadratures
of the electromagnetic field. More specifically, it is common
to use the complex representation of the electric field opera-
tor E(r, t) in terms of a basis {u(r,?),..., u,(r,t)} of m nor-
malised modes:

E,p) = Z(fcj +ipuj(r, 1), (1)
j=1

where %; and p; are the quantum observables for the ampli-
tude and phase quadratures, respectively. Thus, they obey the
canonical commutation relations [£;, px] = 2i6 4, [X}, X] = 0,
and [p;, pr] = 0.

To connect the quadrature operators to the eventual mea-
surement statistics, one requires a description of the quantum
state of the light. In optics, it is common to represent the state
by a multimode quasi-probability distribution on the phase
space [25]. In quantum statistical mechanics, one commonly
finds a complementary approach, based on the state’s correla-
tion functions [26]. When the measurement statistics for the
field quadratures is Gaussian, a characterisation through cor-
relations is particularly interesting, since only those between
pairs of quadrature operators (contained in its covariance ma-
trix V) are required.

Because CV graph states also belong to the class of Gaus-
sian states, they too can be characterised entirely through their

! These u(r, t) are normalised solutions to Maxwell’s equations. The nor-
malisation is considered with respect to the spacial degrees of freedom,

ie. fd3r |uj(r, t)|2 = 1 for every time .



covariance matrix. In the idealised case [7], the modes on
which the graph is built are infinitely squeezed, which is un-
physical. However, it has been shown that [8, 27] the quan-
tum computation framework can be adjusted to deal with finite
amounts of squeezing. Here, we focus on the more physical
situation where squeezing values are assumed to be finite.

To construct an m-mode graph state, we start out from a
set of independent squeezed modes, with a joint covariance
matrix given by Vy = diag(sy,..., Sp, sl’l, cees s,’nl). This col-
lection of non-correlated modes is turned into a graph state
by applying entangling operations that are represented by the
edges of the graph. More specifically, every edge of the graph
corresponds to a Cz gate, i.e. an application of the unitary
operator exp(if;%;). On the level of covariance matrices, the
action of the set of Cz gates is represented by a symplectic
transformation G, applied to Vj:

0 1 2

Vo=V =G'VyG, withG = (]l ﬂ),
where V is the 2m-dimensional covariance matrix of the CV
graph state, described by the graph with m-dimensional adja-
cency matrix A. The covariance matrix V now describes a set
of entangled modes, which we will refer to as the vertices of
the graph.

We can then introduce non-Gaussian features in these states
by addition or subtraction of a photon in one of the vertices of
the graph (i.e. one of the initially squeezed modes). To exper-
imentally implement this operation in a fully coherent way,
nonlinear optics is required [19, 21]. In theory, however, such
an operation is accurately modeled via the action of a creation
or annihilation operator on the state [22]. Note, however, that
this is not a unitary operation, such that we must renormalise
the state after the creation or annihilation operator has acted.
This renormalisation factor is given by the success probabil-
ity of the operation, and reflects the probabilistic nature of the
process. The experimental implication of this non-unitarity, is
the need for post-selection.

To theoretically describe the resulting non-Gaussian states,
we resort to the Wigner function [28] as a preferred phase
space representation. Wigner functions are of particular inter-
est due to their experimental connection to homodyne tomog-
raphy [29]. From [23, 24] we directly obtain the Wigner func-
tion for any set of modes in the photon-added or -subtracted
graph state. The key ingredients in the theoretical construc-
tion are the covariance matrix V of the initial graph state, and
the matrix A; that describes all non-Gaussian effects induced
through the addition (“+”) or subtraction (“-”) of a single pho-
ton in the jth vertex:?

(V)P + Pipp)(V £ 1)
PO ul(V £ )P+ P

; 3)

2 Note that the framework of [23, 24] is much more general and allows
for photon addition and subtraction in any mode ¢ € N(R?"). In this
manuscript we focus only on subtraction from the jth vertex in the graph
state, hence we choose g a vector with components gx = d j«.

where P; denotes the matrix with components {P;}i; = 6x;0s;,
such that P; + Pj,,, is the projector on the two-dimensional
phase space associated with the jth vertex in the graph state.’
The Wigner function for a subset of vertices of the graph, with
labels V = {ky,...k,}, is then given by

1 - A -
Wy (B) = 518 Vo Ajo Vo™ B) — Vo Ajy ) +21 - (4)
e 3BYVYTB)

X,
(2m)" Vdet Voy

where 8 = (X1,..., %X, P1s--->Pn) € R2" denotes a point in
the phase space that is associated with the vertices V. V¢
and Aj,, are 2n-dimensional sub-matrices of V and Aj, re-
spectively, for the subset of vertices V.* The Wigner func-
tion for the kth vertex is then obtained by setting V = {k},
whereas the Wigner function for the entire graph is obtained
forV ={1,...,m}.

The purity of the initial Gaussian graph state implies that
the full photon-added or subtracted state remains pure. Fur-
thermore, it is straightforward to verify [23] that the Wigner
function for any full photon-added and subtracted graph states
(i.e. for all m vertices) is negative. However, for a subset
V of vertices, the entanglement in the system significantly
reduces the purity of reduced state’s Wigner function, such
that it is no longer guaranteed to have a negative region in
phase space. To assess the presence of such a negative region,
it suffices [24] to check the condition tr{Vq'A jyt > 2.

As a key result of this letter, we investigate the spread of
non-Gaussian features through the graph. In this regard, it
is important to understand that the non-Gaussian part of the
Wigner function (4) is governed by the matrix A;,. In par-
ticular, we recover the Wigner function for a Gaussian graph
state whenever A, = 0. In other words, any subgraph on the
set of vertices V is unaffected by photon addition or subtrac-
tion whenever A, = 0, and thus we explore the components
of A; as determined by (3).

To do so, we introduce the vector (0,...0,1,0,...,0) =
e; € R, where the one occurs on the ith position. From (3)
it directly follows that the components of A; are fully deter-

3 P projects on the phase space axis associated with the mode’s amplitude
quadrature, whereas P j,, does the same for the phase quadrature.
4 Asa simple example, note that

Vik Vi k+m )

Vip =
i\ (Vk+mk Virm ketm



mined by the following identities:

(e, [V £ 1]ej) = (Ger, VoGe;) * (e, €)) &)
= (sk £ Dd
(ew [V £ Wejim) = 7' Ay, (6)

(exems [V £ 1e)) = s Ay, (7)

(Ctems [V £ Tejen) = (5" £ DS+ ) 5" AuAp. (8)
=1

These identities are only non-zero when k = j, when k €
N({j}), or when k € N(N({j})), where N(X) is the neighbour-
hood of the set of vertex labels X, i.e. N(X) = {k € {1,...m} |
k¢ X,Al e X : Ay = 1}. It follows that the Wigner function
Wq,(B) for any subgraph that does not contain vertices that
are two steps or less removed from the vertex j is Gaussian
and completely unaltered by the addition or subtraction of the
photon in j. Formally, we can express this main result of our
work as

V0 (1)U N UNNED) = 0
AL )
Qr)" Vdet Vo~

This implies that non-Gaussian properties, induced by photon
addition and subtraction, spread over a maximal distance of
two vertices.’

= Wy(B) =

We now show graphically examples of how non-Gaussian
properties manifest within the system, representing the
Wigner function (4) of individual vertices. In Fig. 1 we show
this for photon subtraction from a particular six-mode graph
state where all initial modes in Vj are equally squeezed. For
every vertex k, we show the associated Wigner function that
is obtained by setting V = {k} in (4). Single mode Wigner
functions are important tools to gain an intuition in the sys-
tem, as they can convey qualitative properties of the state.
As such, we observe that the non-Gaussian effects are most
pronounced in the Wigner function of the vertex where the
photon was subtracted. Due to the entanglement between the
different vertices, the effects of photon subtraction are pro-
pelled through the graph. In particular, we see pronounced
non-Gaussian features two vertices away from the point of
subtraction. However, the Wigner function of the rightmost
vertex is Gaussian, and is, thus, unaffected by the subtraction
of the photon, as was proven in (9).

Note that our result (9) only holds for addition and sub-
traction in a single vertex. The theoretical framework of
[23, 24], and the experimental setup of [19] also allow for
mode-selective subtraction in a superposition of vertices. For-
mally, the subtraction in a superposition of vertices j and k

5 Note that the proof relies only on the fact that V; is a collection of uncor-
related modes, but not on the purity of the state of each of these modes.

d> 0/)4,
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FIG. 1. Graph state (2) of six vertices (modes), with a photon sub-
tracted in the mode associated with the red vertex. The single-
mode Wigner function (4) with V = {k} is shown for each vertex
k. All modes in the initial squeezed vacuum Vj are equally squeezed
(ie.s; =---=s,)at 10dB.

can simply be modelled by the action of a superposition of
annihilation operators (a; + ax)/ V2 on the state. The result
(9) can straightforwardly be extended to incorporate this pos-
sibility. We illustrate in Fig. 2 that such superpositions allow
us to spread out non-Gaussian effects over a larger part of the
system, in this particular case for a small graph of seven ver-
tices. In the bottom panel, where we subtract a photon from
balanced superposition of the first and last vertex, the single-
mode Wigner functions up to two steps away from both of
these vertices show non-Gaussian properties. However, in the
upper panel, where a photon is subtracted purely from the left-
most vertex, we see that the non-Gaussian effects are far more
pronounced. To quantify this observation, we resort to the
excess kurtosis k; = (ﬁz)/(ﬁ%)z — 3 as a hallmark of non-
Gaussian measurement statistics for a single quadrature (in
this case the phase quadrature). The excess kurtosis is nar-
rowly related to the fourth cumulant, which the first cumu-
lant that clearly shows the non-Gaussian features of the state.
For Gaussian statistics, all camulants beyond the second order
are exactly equal to zero. From the correlation functions that
were determined in [24], we find that for photon-added and
subtracted Gaussian states k; < 0. Any instance where the in-
equality is strict indicates sub-Gaussian measurement statis-
tics, which implies lighter tails in the probability distribution
of measurement outcomes [30].

The results in Fig. 2 suggest that for the addition or
subtraction of a single photon there is a trade-off between
the local strength of non-Gaussian features and the spread
through the graph. In other words, we can either induce
strong local, or a weaker more spread out non-Gaussian
effect, depending on how the photon is subtracted.

For larger graphs, it quickly becomes impractical to use
visualisations of single-mode Wigner functions to grasp the
properties of the state. Therefore, we must resort to more

6 Equations (5-8) can be evaluated for all the vertices j that contribute to
the superposition that describes the mode where the photon is added or
subtracted. This implies that only vertices that are up to two steps away
from one of the vertices in the superposition can be affected by the addition
or subtraction of a photon.
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FIG. 2. Graph state (2) of seven vertices (modes), with a photon
subtracted in a balanced superposition of modes associated with the
vertices that are indicated by a read arrow. The single-mode Wigner
function (4) with V = {k} is shown for each vertex k, together with
the associated excess kurtosis of the phase quadrature (represented
in colour code). All modes in the initial squeezed vacuum V;, are
equally squeezed (i.e. s; = --- = s,,) at 10dB.

coarse grained quantities, such as the previously introduced
excess kurtosis, to elucidate the non-Gaussian effects in larger
graphs. In Fig. 3 we consider photon subtraction from a large
triangular graph, and evaluate the excess kurtosis for each
vertex (bottom panel). A spread of non-Gaussian features
throughout the graph is clearly visible, with the strongest ef-
fect at the vertex in which the photon was subtracted. As an-
other perfect illustration of our main result (9), we observe
that the vertices which are more than two steps removed from
the subtraction point remain completely unaffected.
Furthermore, it is well-established [17, 23, 24, 31, 32] that
photon addition and subtraction increase the entanglement be-
tween optical modes. Because the graph states that are studied
in this letter are pure states, we can resort to rather straightfor-
ward entanglement measures. We limit ourselves to the study
of bipartite entanglement, where we quantify the amount of
entanglement between a single vertex and the remainder of the
graph state. This entanglement can be measured using the pu-
rity of the single-mode state, associated with the vertex. This
purity ¢ can be obtained from the Wigner function (4) via

p=dn | &8 sl (10)

We then compare this purity to the purity pgauss = det V{k}‘” 2
of the same vertex prior to photon addition or subtraction.
Hence, when we obtain a relative purity u/tgass < 1,
this serves as an indicator for an increase of entanglement
due to photon subtraction or addition. In the top panel
of Fig. 3, we clearly see that photon subtraction increases
the entanglement in the graph. The enhancement is most
profound in the vertex where the subtraction takes place.
This is in agreement with the cruder study of entanglement in
[23], where we highlight that photon addition and subtraction
enhance entanglement. Fig. 3 sketches a more refined picture
of the range of these effects for graph states. In particular,
we see that entanglement properties of all vertices up to
two steps removed from the point of subtraction are altered.
Beyond these vertices, the entanglement properties remain
unchanged, in accordance with (9). Note that more subtle

:u/ MGauss
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FIG. 3. Decrease in purity (top) and excess kurtosis (bottom) for
every vertex’ single-mode Wigner function (4), upon subtraction in
the centre vertex, are indicated by colour code. Decrease of the purity
u (10) of the single-mode Wigner function as compared to the same
vertex” purity pgauss prior to photon subtraction represents indicates
an increase of entanglement between the vertex and the rest of the
system. The excess kurtosis is measured in the phase quadrature and
its negative values indicate sub-Gaussian statistics, i.e. lighter tails.
Both quantities are non-Gaussian features in the state, induced by
photon subtraction. All modes in the initial squeezed vacuum Vj are
equally squeezed (i.e. s; = --- = s,,) at 10dB.

notions of multipartite entanglement cannot be studied as
straightforwardly and require a more intricate framework
[33-35], which lies beyond the scope of this letter.

In summary, we showed that single-photon addition or sub-
traction in one vertex of a CV graph state only locally alters
the state. Local is here understood in terms of neighbourhoods
of the vertex where the addition or subtraction takes place. In
particular, we demonstrated that only the vertex of subtrac-
tion itself, the vertices directly connected to it by an edge, and
the vertices which are in turn connected to them are affected.
In other words, non-Gaussian effect spread exactly two steps
along the graph. This is confirmed in the examples of Figs. 1
and 3. In Fig. 2, we show that non-Gaussian effects can be
spread out over a larger region by adding or subtracting the
photon in a superposition of vertices. This further reaching
non-Gaussianity comes at the price of being less pronounced
in the affected vertices.

As a future perspective, in the context of quantum compu-
tational tasks, this result implies that non-Gaussian features
can be introduced in a local way. Hence, the addition and sub-
traction of multiple photons in distinct vertices can be con-
trolled independently when these vertices are sufficiently far
apart, i.e. when the vertices that are affected by each addition



or subtraction do not overlap. On the other hand, if only weak
non-Gaussian effects are required in every vertex, it is more
convenient to use single-photon addition or subtraction in a
superposition of vertices, as shown by Fig. 2.

Nevertheless, it is important to recognise that the method
(2) to construct clusters through the application of C, gates is
an idealised way of generating a CV graph state. In partic-
ular, the fact that C, gates also introduce squeezing implies
a challenge for direct experimental implementations. State-
of-the-art experiments typically start from a set of squeezed
modes and apply a passive linear optics transformation to cre-
ate an approximate graph state [36-38], which are only equiv-
alent to ideal graph states (2) in the limit of infinite squeezing.
These approximate graph states have weak correlations be-
tween vertices that are not connected by edges of the graph.
Hence, non-Gaussian effects can spread further through ap-
proximate graph states than predicted by (9). These effects
must be taken into account when quantum computational pro-
tocols are implemented. How these non-Gaussian features,
induced by photon addition or subtraction, can be harnessed
to achieve a quantum computational advantage (let alone in
practical quantum algorithms) now imposes itself as an open
question.

Finally, our main result, the next-to-nearest neighbour
spreading of non-Gaussian features, seemingly defies the lo-
cal structure of the Cz gates, which suggests only nearest-
neighbour effects. Due to the conditional nature of the photon
addition or subtraction, arguments based on the no-signalling
theorem are no longer valid in this context. Hence, our find-
ings emphasise the need for a deeper mathematical under-
standing of conditional quantum operations.
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