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Abstract. We study the linearized Vlasov-Poisson-Ampere equation for
non constant Boltzmannian states with one region of trapped particles
in dimension one and construct the eigenstructure in the context of the
scattering theory. This is based on the use of semi-discrete variables
(moments in velocity) and it leads to a new Lippmann-Schwinger vari-
ational equation. The continuity in quadratic norm of the operator is
proved, and the well-posedness is proved for a small value of the scaling
parameter. It gives a proof of Linear Landau damping for inhomoge-
neous Boltzmannian states. The linear HMF model is an example.

1. Introduction

The goal is, by means of an original scattering structure for the Vlasov-
Ampere equation, to construct the first proof of linear Landau damping
[37, 13, 52] for a particular family of inhomogeneous Boltzmannian states
f(z,v,t) = no(x) exp(—v?/2) + g(z,v,t). This work contributes to the solu-
tion of two problems addressed in [7] which are, for non homogeneous profiles,
the construction are quasi-modes and the long time behavior of the Vlasov
equation. Other works on the stability of the Vlasov equation for non ho-
mogeneous states are in [50, 6, 39, 43], with particular mention to [7, 3] on
the dynamics of the HMF equation around inhomogeneous backgrounds and
to the recent exposure [8]. The stability of the linear and non linear Vlasov
equation is studied by numerical methods in many works, let us mention
[40, 7] where trapped particles are discussed and [17, 23, 24] for various tests
cases.
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The scattering structure is written as linear Schrodinger equation [16,
55, 29] and it is an extension of a previous work [18] on the linearized
Vlasov-Poisson-Ampere equation with homogeneous states, but without ex-
plicit mention nor to scattering theory neither to linear Schrodinger equation.
It seems that the artillery of abstract scattering theory per se [33, 38, 29, 55,
25, 49] has not been used in the literature for the study of linearized Vlasov-
Poisson equation, at least not in [5, 19, 48, 21, 10, 11, 42]. See however the
recent contribution [44] in a different direction for the Navier-Stokes equa-
tion around rapidly rotating Oseen vortices. In our case, instead of relying
on general theories such as the Weil theorem [55, 33| for compact perturba-
tions (see remarks at the end of Section 2.2) and the abstract Kato-Birman
theory [49][page 22| for trace class operators or ways to construct the gen-
eralized wave operators [55][page 3], we focus on the explicit calculation of
the eigenstructure. The keystone of this work is the derivation of an origi-
nal integral equation, the Lippmann-Schwinger equation [49] of the problem.
Once the Lippmann-Schwinger equation is solved, one gets a representation
of the solution of the linearized Vlasov-Poisson-Ampere equation with os-
cillatory integrals. The method and tools are strongly related to the physi-
cal context: they are an alternative to Hamiltonian theories [45, 46, 3] with
action-angle variables popular in plasma physics, and we use a good deal
of Koopmanism [35, 53, 54] to construct the eigenstructure of the different
operators; the HMF model [7, 3, 22] is one example. The extension to non
linear equations is an open problem, the techniques seem so far very different
[48, 47, 30, 32, 50, 39, 41, 43, 10, 9, 22].

The principles of abstract scattering applied to the specific Vlasov-
Poisson-Ampere considered in this work generate the Lipmann-Schwinger
equation using a straightforward and mostly algebraic path. The justifica-
tion of the well-posedness of the Lipmann-Schwinger equation requires much
more involved analytical arguments.

Rescaled Vlasov-Ampeére system. The modeling starts from the 1d-1v Vlasov-
Poisson system

Ouf + v0uf — Eaff() t>0, (z,0)€RxR,
8E—€0 (pref fRde) t>0, xzeR.

The unknowns are the density of electrons f(¢,z,v) and the electric field
E(t,z). One has E = —0,¢ where ¢(t, ) is the electric potential. The con-
stants are ¢ > 0 the unit positive charge, m the mass of electrons and ¢g the
dielectric constant. The reference ion density is prer. After rescaling £ = 2/,
v, 2=v, L= E', £ =¢' and £t = p|;, one obtains

8t/f—|— ’(9f q@E’(‘) f =0,
— foSdv'), B =~
It will be mathematically conveniegt to consider a small parameter ¢ > 0

and the specific scaling 2 = 1, L2 = ¢?, 20 — 1 Lt — ] and 2 = 1.

0y B = 970
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The second 21relation can combined with the first and third ones under the
form qmeo% = £2. Adding periodic boundary conditions, an interpretation
is that we focus on solutions which are periodic over the small spatial length
T = O(e). Other combinations of the parameters are possible which reach
similar rescaled equations. We rewrite the non dimensional system with orig-
inal variables and consider periodic conditions at the boundaries of the space
interval I = [0, 1]

Ouf +v0,f —e?E0,f =0, t>0, (z,v)elxR,
8$E :pl"ef('r) _f]Rde7 E= _ax<p7 t> 07 T E 1.

One has the fundamental identity 8, (8, E — [ fvdv) = 8, (0, E)—05 [ fvdv
—0y [ fdv — 0, [ fvdv = 0. Since the third identity of the Vlasov-Poisson
system above implies [, E(t,z)dxz = 0 for all ¢ > 0, one finds that the Gauss
law can be written as the Ampere law under the form 0, F = 1* fR vfdv, to
be compared with the one in [34, 43].

Notation 1.1. We will note 1* : L?(I) — L3(I) the usual projection operator
such that 1*g = g — [} g(z)dx.

One gets the Vlasov-Ampere system with periodic boundary conditions

{ Oif +v0,f —?E0,f =0, t>0, (z,v)elxR,

OE =1* [pufdo, t>0, zel. (1.1)

This formulation is the most convenient one for the development of the meth-
ods proposed in this work. Even if the Poisson and Ampeére equations are
equivalent provided the Poisson relation holds at initial time, and we will
always use this assumption, the rewriting of the model problem within a
scattering setting is much clearer with the Vlasov-Ampeére system (1.1).

Elementary considerations and the ion positivity condition. The solutions of
the Vlasov-Ampere equation are bounded 0 < f(t,z,v) < || fini|| L (rxr) and
satisfy the conservation of the physical energy % [; [ fo?dvdx + [, E*dx.
The initial data (f, E) will be considered as a perturbation of a stationary
state (fo, Eo) v0z fo —e2Eo(2)0, fo = 0 with Eg = —)). A natural possibility
to represent such stationary states is

folz,v) =h (7}22 — %y (x)> (1.2)

where g is the reference electric potential and h is an arbitrary function
which could be multivalued as well. We consider a single valued and regular
function h € C*(R). The Poisson equation recasts as

—ll() + / B(v? /2 — €00(2))d = prot(). (1.3)

There are two ways to understand this equation. Either one assumes the
ionic density prer is given: the determination of ¢y can be performed after
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reformulation as a minimization problem (h/ = )
: 1 -~
o = argnin ([ |50/ = puat@)eta) + [ 7e?/2= a(aan] a
peH() 1 R

in the space in H}(I) := Hl(I)per N {fl p(x)dr = O}. This problem is well
posed under standard conditions [4] on the convexity of h. The second way,
which is the one adopted in this work because it simplifies the mathematical
analysis, is to assume that g is given, and in this case the ionic density is
given by (1.3). However a condition is required for physical relevance, that
is pref > 0: indeed the periodic function ¢ necessarily takes both signs, so
pref > 0 does not hold automatically. Nevertheless is it sufficient to require
what we call hereafter the ion positivity condition

o () < / h(v?/2)dv, VeI (1.4)
R
Indeed (1.4) guarantees that p,er > 0 for € > 0 small enough.

Linearization and the rest state. We consider a linearization under the form
ft,z,0) = folx,v) + g(t, z,v) and E(t,z) = Eo(x) + F(t,z), inject in (1.1)
and drop the quadratic terms. It yields the model linearized Vlasov-Poisson-
Ampeére system (1.5)-(2.1) studied in this work

0vg +v0,g — 2Eg0yg — €2 FO,fo =0, t>0, (z,v)€lxR,
OF =1* [, vgdv, t>0, zel, (1.5)
0 F = — [ gdv, t>0, zel,
equipped with periodic boundary conditions. A first family of solutions (gst, Fst)
to (1.5) corresponds to stationary solutions such that 9; = 0.

Lemma 1.2. Stationary solutions of (1.5) can be parametrized under the form
(2, 0) =~ (122 = 20(a))pul@) + (/2= Ppale)). (g0
Fy(r) = _ngst(l'7U)dU ’

where h is such that (1.2) holds and hy is an arbitrary function. The potential

st (¢l = —Fy) is solution to the equation

ety e ([ 10272 = Pl pate) = - [ /2= pn(a)i
R R
(1.7)
Proof. Take a pair (g, F') stationary solution of (1.5)

00,9 — €2E00,g — €2FO,fo =0, (z,v) € xR,
0 F = — [ gdv, zel,

and define g(z,v) = g(z,v)+2h/ (v?/2—€%po(z))p(x) where ¢’ (z) = —F(x).
In view of (1.2), one has (v0, — e2E0,)g = (v, — e2Ed,)g + ve?h/ (v?/2 —
e2p0(2))¢' (x) = e2Fd, fo — ve?h/ (v? )2 — e2¢o(z))F(z) = 0. Therefore g is
in the kernel of the transport operator, so can be represented as g(z,v) =
hi(v?/2 — e2¢g(x)). The closure relation (1.7) is evident. O
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Since g is stationary and can be non zero, no damping of the electric
field shows up with this first family (1.6-1.7). Additionally the density gs is
stationary, so the total density f = fo + g is constant. In the context of this
work, such stationary profiles are of little interest and will not been studied.
To pursue the main topic of this work which is non stationary solutions,
we make additional hypothesis. The first one is the Boltzmanian hypothesis
because it is compatible with the common physical sense and it helps to
concentrate on the main difficulties.

Hypothesis 1.3 (Boltzmanian hypothesis). h(w) = exp(—w).

With this assumption, the reference density of electrons (1.2) is given by
fo(z,v) = no(x)G(v), no(x) = exp(e®po(z)) and G(v) = exp (—v?/2). The
Poisson-Poincaré equation (1.3) becomes —pj + a2 exp(e2¢g) = prer With
ao? = Jg €xp (—%) dv = v/2m. The compatibility relation (1.7) is well posed
in the sense that the term in parenthesis is negative, so the equation is elliptic
coercive.

We will make one more assumption illustrated in Fig. 1. As in [6], it
corresponds to a potential with one region of trapped particles. More regions
of trapped particles can be included, at the price of heavier notations.

v
o ‘.
o zZone + e,
é’ ‘0
-__¢ Can
zZone ¢
JUPTT T
0 g ", 1
‘,.. -”0 :E
F = .=
."0 0."

FIGURE 1. The separatrix in solid line % — e2pp(z) =
—e2py = —e%pp(0) = —£%pp(1) splits the domain in three
zones. Zone + is above the separatrix. Zone - is below the
separatrix. The central zone of trapped particules, indexed
by the letter ¢, corresponds to closed loops that cross the

horizontal axis.
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Hypothesis 1.4 (Structural assumption). The electric potential ¢g € WSé(r)O (I)
is monotone
{ wp(x) > 0 for 0 < z < xp, (1.8)

wp(z) <0 for xzg <z <1,

normalized by translation in the z direction (i.e. ¢y = min, o = @u(0)),
strictly convex at the minimum (i.e. ¢”(0) > 0) and strictly concave at the
maximum (i.e. pf(79) < 0 and g = max, po = po(z0)).

The fundamental assumption is the following.

Hypothesis 1.5 (Monotony of time of travel). The time needed for particles
to travel along characteristics is a monotone function of the characteristic
label. In this work we consider the sufficient condition (for justification refer
to section 3.1.4)
su <dQ d - (x)) <0 (1.9)
w¢07£]71 A2 Yo — ¥o . .
A typical example is the HMF model [7, 3, 22] for which ¢g(z) =
—cos(2mx). A reasonable conjecture is that (1.9) is not satisfied by unsta-
ble BGK waves [43] which have an electron hole, as described in [31]. Next
assumption is geometrically intuitive. Physically it rules out the stationary
states (1.6).

Hypothesis 1.6. The initial data go to (1.5) has zero mean value along the
characteristics curves of the transport operator v, — e2Eyd, (precise state-
ment in Proposition 4.3).

Main result and ideas of the proof.

Theorem 1.7 (Linear Landau damping around Boltzmannian state). Assu-
me the initial data of the linearized Viasov-Ampére system (1.5) has bounded
quadratic energy (2.1) and satisfies the Gauss relation. Make assumptions 1.3,
1.4, 1.5 and 1.6. There exists a constant €, > 0 such that for all 0 < & < &,
then the electric field tends to zero in strong norm lim; o || F'(t)||zo (1) = 0.
Moreover the ion density pret (1.3) is positive.

To our knowledge, this is the first ever proof of linear Landau damping
for Vlasov-Poisson-Ampere equations around a non homogeneous profile. One
can strengthen the result with explicit rates of decay of the electric field, like
O(t~P) in usual norms. It can be obtained with p integration by parts in the
representation formula (1.10) below, provided one justifies the regularity and
summability of the integrands, see Remark 6.5.

The main idea of the proof is, with a new variable U = (F, g), to obtain
a convenient representation of the solution as

v= S % / (Uo USy.) eerVeg tode  (1.10)
2€{— +,c} k012

where U; ;. denotes generalized eigenvectors of an linear hermitian operator
H§ which represents the equations (1.5) without the coupling between the
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articles and the electric field and Vi) . denotes generalized eigenvectors of
another linear hermitian operator H¢ which represents the equations (1.5)
with the coupling between the articles and the electric field. The parameters
are: z € {—,+,c} the zone as in Figure 1; k € Z the discrete index of a
Fourier mode along the characteristic curve with continuous label e € IZ;
and ¢ the small parameter already introduced. The exponentials et*<* con-
tain pure imaginary terms since A, = 2imp/tS where ¢t > 0 is the finite
travel time along the characteristic curve and p # 0 as a consequence of
the Hypothesis 1.6. Phase mixing is promoted for large time ¢ > 0 by the
oscillatory exponentials in the formula (1.10) since ¢ is strictly monotone
(increasing or decreasing) with respect to the label of the characteristics as
a consequence of the Hypothesis 1.5: the result of Theorem 1.7 is a direct
consequence of Formula (1.10).

The establishment of the formula (1.10) starts by understanding that
the generalized eigenvectors Ug . are easily constructed from the knowl-
edge of the characteristic curves depicted in Figure 1: this is the easy part.
The difficult part is the construction of the generalized eigenvectors Vi
of the full set of equations. Using the philosophy of abstract scattering,
they are constructed with a perturbative method which can be reduced to
a Lipmann-Schwinger type equation [49]. The variational formulation! of
Lipmann-Schwinger equation is: find a € L3(I) such that, for all b € L3([),

(a,) + Y0 sz PV, fy et DBy 5o PV [ Mt DD pep),
(1.11)
where the function a is fundamentally an electric field (more precisely it
is the first component of V7, .) and o € R*. The terms m; , , and ng, ,
are bilinear forms with respect to a and b and the term L°(b) is a linear
form with respect to b. The well-posedness of (1.11) is based on classical
analytical considerations for the integral Hilbert transform [51], the main
issue is a careful evaluation of the summability of the series (1.11). The most
intricate technical issue is for the ng.p, Which correspond to the trapped
region of particules: a specific estimate in Holder norm is developed for the
corresponding Abel integrals [31], see Appendix B.

The organization of this work is as follows. In Section 2 we write the
model problem in the context of abstract scattering theory. The spectral prop-
erties of the unperturbed operator is studied in Section 3 using a Koopman-
von-Neumann approach which makes the connection between the charac-
teristic lines of the transport operator and the generalized eigenvectors. The
property of the travel time seen as a label of the characteristics lines is studied
in Section 3.1.4. The next section 4 is devoted to the study of the generalized
eigenvectors of the perturbed operator by means of an original Lippmann-
Schwinger equation. The main result is that this equation is well-posed in

IHere (a,b) denotes the L?(I) hermitian product of two square integrable functions. The
space is LZ(I) := L2(1) N { f; a(z)dz = 0}.
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L3(I). Section 6 is devoted to a proof of linear Landau damping for the un-
perturbed operator, which finishes the proof of the main Theorem 1.7. Some
elementary analytical results are postponed to the appendices.

The pure imaginary number i satisfies i2 = —1. For the sake of simplic-
ity, some technicalities will be treated without further justification with the
Dirac comb formula

Z exp (2irkz) = 0(z) (1.12)

kEZ
or with a similar formula > 7 ¢, (z)n(y) = 6(z — y) where v, is the
Hermite function [1]. The notation ¢ is reserved for the small parameter used
for rescaling. The notation o = (27)7 is reserved for the Gauss identity
Jr exp(—v?/2) = V21 = a®. We shall use the generic notation C := C(i)
for any real constant which has a dependance solely with respect to ¢g.
Assumptions 1.3, 1.4, 1.5 and 1.6 are made without restrictions.

2. A scattering formulation

We reformulate the model problem as an abstract scattering equation. This
is made possible because the system (1.5) with the Boltzmanian assumption
1.3 is endowed with a weighted L? conservation property which can be traced
back to the early works of Kruzkal-Obermann [36] and Antonov [2]

4 // g° dvdx+/F2dx =0 (2.1)
dt I REZnOG T e ’

2.1. Reformulation

2 T
Let us define M(z,v) = \/fo(z,v) = \/no(z)G(v) = exp (_UT +62“"°T())
and the function u = _%;. Using that (1}8‘1c — EQEO&,) M = 0, the model
linear Vlasov-Ampere system (1.5) is rewritten as

O + v0u — e2EyOyu = —cvoMF, t>0, (x,v)elxR,
oF =el* [puvMdv, t>0, zel,

(2.2)
with the energy identity 4 ([, [y u*dvdz + [, F?dz) = 0. The Gauss law
rewrites

O F = —6/uMdv. (2.3)
R

Define the space L3(I) := {F € L*(I) | [, F(z)dx = 0}. Let us consider that
vM € L (L3(I), L*(I x R)) is a multiplication operator. Take u € L*(I x R)
and F € L(I): one has the identity

/I/Ru(vMF)dvdx:/l(/Rudev) Fdx:/1<1*/Rudev) Fdx.

Denoting (1* [ vM)u = 1* [, wwMdv, it shows that 1* [ vM € L (L*(I x R), L3(I))
is the adjoint operator of vM. We systematically introduce the pure imagi-
nary number i2 = —1 to obtain compatibility with more standard notations
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in scattering theory [33, 38, 29, 55, 25, 49]. Define the space of complex-valued
functions

X = L*(I x R) x L3(I). (2.4)
One can recast the linear Vlasov-Ampere equations (2.2) as ;U (t) = iH°U(t)
where the unknown is U = < ;i € X and the anti-symmetric operator is

e — —v0, + 2Eo0, | —evM
- el* [ oM ‘ 0 ’

In order to keep a physical interpretation of the left hand side of the equation,
the imaginary number i is factor of the Hamiltonian operator and not of the
time derivative: it is only a matter of taste. One has the decomposition of
operators iH® = iH§ + ¢iK where

e [ —v0s +e2Egdy | O — 0 | —ewM
1H0< 0 O>and€lK<51*fva 0 >

The unperturbed operator iH§ models the dynamics of the particles along
the characteristics without the strong interaction with the electric field, but
with some knowledge of the electric field through the term €2 Eyd,. The per-
turbation operator eiK models the strong interaction between the particles
and the electric field. Writing in Section 2.2 all quantities with moments
against Hermite functions, we will see that the operator K is in the velocity
direction realized as an infinite matrix with finite rank. So K can be seen
as a compact operator in v. Actually compactness of the perturbation K in
the space direction = can be obtained by averaging lemmas, as in [20] which
extends earlier results [27, 26]. The term 2Eyd, is still part of the unper-
turbed operator iH§ because it is not a compact perturbation. The reason
there is a €2 in front of Eyd, is because it is the only way that was found to
insure the physically sound ion positivity condition (1.4). This way of writing
the ”free operator” iH{, original with respect to the literature due to the ¢
dependance, is convenient for our purposes.

2.2. Hermite representation of the eigenstructure

We concentrate on the explicit construction of generalized eigenvectors U
of the free Hamiltonian iH§U5 = A°U5, and of generalized eigenvectors Vy
of the full Hamiltonian iH*Vy = A*Vy. We decide to construct a convenient
basis of the space L?(I x R) with moments against Hermite functions as
proposed in the seminal works [14, 15], with recent extensions in [28, 18].
Moreover it appears that the equation which defines the generalized eigen-
vectors of iH§ can more easily be defined if one has in mind the structure
of the characteristic lines of the transport operator because the generalized
eigenvectors can be interpreted as some Dirac masses which move along the
characteristic lines. This approach, which makes an explicit connection be-
tween a transport/Liouville equation and the underlying Hilbert structure, is
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called the KvN approach, giving full credit to a formalization of quantum me-
chanics achieved by Koopman [35] and von Neuman [53, 54]. It is sometimes
referred to as Koopmanism.

The Hermite polynomials H,(v) = (—1)"G(v)~! d‘f:; G(v) are orthonor-
mal with respect to the Maxwellian weight G(v), see [1, 28]. The degree of H,,
is n. The parity of H,, is the parity of n. Hermite polynomials are orthogonal
with respect to the Maxwellian weight [ H,,(v)H,,(v)G(v)dv = (2m)zn! Sy,
for n,m € N. One has the recursion formula H,1(v) = vH,(v) — Hp—1(v).
Hermite polynomials are a Hilbert basis of { f € L2 ((R) | [ f*(v)G(v)dv < oo},

loc

Define for convenience I, (v) = (27)~in!~2 H,, (v) and the Hermite functions
Yn(v) = I,(v)G2 (v) which constitute a Hilbert basis of L2(R). The family
(Yn)nen is by construction orthonormal: [, 1, (v)hg(v)dv = dpq. The first
terms of the series are

i) = E, ) =Ty - I,
(2.5)

The recursion formula becomes after rescaling

v, (v) = Vi + 11 (V) + Vb, 1 (v), neN. (2.6)

Another fundamental relation [1, 28] writes

1
Pl (v) = 3 (—Vn+ 141 (v) + Vb1 (v)), n€eN. (2.7
The system (2.2) is therefore rewritten as

0w+ v0,u — e?Egdyu = —ang(z)1(v)F, t>0, (z,v) €l xR,
{ O F = a(not1)*u, t>0, xz€el
(2.8)
where (ng1)* is the adjoint of the multiplication operator by ng(x)y1, in
the spaces LZ(I) x L*(I x R).

Assuming in view of the energy identity that u(t) € L?(I x R), we
define the moments «a,(t) € L*(I) by u(t,z,v) = >, un(t, 2)¢h, (v) and u, =
Jg utbpdv. By definition ||uH%2(IxR) = Y neN ||unH2L2(I). One constructs the
vector U where F' is the first component

U(t,") = (F(t,-),uo(t,),ur(t, ), ualt,),... )t . (2.9)

The symmetric matrix A' = A = (aij)( N2 With ag; = 6),_j)1y/max(j — 2,0)

i,5)€
corresponds to the multiplication by v and the antisymmetric matrix B® =
—B with b;; = %(fl)Jﬂaij corresponds to the operator 0,. That is

o 0 0 0 .. 0 0 0 0

0O 0 1 0 0 0 1 0

0 1 0 23 11 o -1 0 23
A=11o o 2t o and B=o1 o 93

0 0 0 33 0 0 0 33
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The rank-2 matrix D corresponds to the coupling terms in the right hand
side of (2.8)

0 0  al*y/ne(z) 0 O
0 0 0 0 0

p—| —2vno(@) 0 0 0 0 .. |__pt (21
0 0 0 0 0 0 (2.10)
0 0 0 0 0 0

With these notations the system (2.8) is recast as 9;U = iH°U where iH® =
i(HE + eK), iHE = —Ad,U + e2Eo(x)BU and iKU = DU.

2.3. Spaces
The Hilbert space (2.4) is identified with

X = {U = (an)nen € LAY with ag € L2(1), Z lemllZecr < oo} )
neN
(2.11)

The natural norm in X is [U]|* = 37, [lan|72(;)- The sesquilinear product
is (UYL U?) =3, [; an(x)a2 (z)dx for U',U? € X. A space larger than X is
Xioe = LE(I) x L2(I)N. We shall also consider a smaller space X, compactly
embedded in X, all its elements have compact support with respect to the
index n

X():{UGX\an6W1’°°(I)fornSNandan:OforN<n}.

per

One has the embeddings Xg C X C Xjoc.

2.4. Spectral reduction of A

The operator/matrix A can be viewed as an unbounded hermitian operator
over the space (. We will use the notation that e, = (0,...,0,1,0,...)%,
p = 0,1,..., where the coefficient 1 is in the p-th position. We say that
W € RN is a generalized eigenvector of A if it satisfies the eigenequation
AW =W, peR. I W €ly, then W is a classical eigenvector and p is in
the discrete spectrum.

Proposition 2.1. The matriz A admits one null eigenvector eq (Aeg = 0) in
the discrete spectrum. For all i € R, U, is in the continuous spectrum

U, = (0,90(p), Y1 (1), 2(n), . ..)", AU, = uU,. (2.12)

Proof. Evident from the recurrence relation (2.6) for Hermite functions. [

Proposition 2.2. These eigenvectors are complete: for all U € 2, one has the
spectral decomposition U = U - egeg + fRU U Udp and (U2 =U-U =
U -eof? + fo [U - ULl dp.

Proof. Hermite functions (1, (1t))nen are a Hilbert basis of L2(R). d
Lemma 2.3 (Consequence of formula (2.7)). One has BUy = —0)\U.
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3. Spectral reduction of i/

The goal is to extended the previous results to the operator iHH§ viewed as an
unbounded Hermitian operator over X. Since we desire to be specific in this
work, we consider the case of study described in Figure 1 with one region of
trapped particles. The separatrix is the curve % —&2pp(x) = —%py .

3.1. Eigenstructure

The Koopman-von Neuman philosophy is exactly what is needed to obtain
an explicit representation of the generalized eigenstructure of iH§ = —Ad, +
e2Ey(z)B in relation with a convenient characteristic equation.

e One notices that the first line of the infinite matrices A and B vanishes. So
any function of the form

uo(-) =w()eg €V, w e L3(I),

is an eigenvector with eigenvalue 0, therefore in the discrete spectrum.
e To construct generalized eigenvectors of iH§, we start from the formula

U(z) = 7(2)Uu@) = 7(2)(0, o (p(2)), Y1 (u(2)), Ya(u(2)),...)"
and try to find some functions z — 7(z) and z — p(z) so that iHoeU = AU
for a given A € iR. It comes from the representation with moments of a Dirac
mass u(z,v) = 7(x)d(v — p(z)) at a varying vertical position (this method is
interpreted as Koopmanism). The algebra detailed in the next proposition is
a zoom in a small interval (z1,22) C I. It will be extended to I in a second
stage.

Proposition 3.1. Take 0 < x1 < o < 1. Assume that

— (r(@)pu(x)) = Ar(x), =1 <z <2 (3.1)
with the characteristic equation
1
i,u(ar:)2 —2pp(zr) =e€R, z1 <z < s (3.2)
Then Ux(x) := 7(x)Uy ) satisfies iIH5UN(x) = AUx(x) for m1 < x < 2.

Proof. By construction one has AU (z) = u(z)U(z) from (2.12) and BU (z) =
—0\U(z) from Lemma 2.3. So

iH§U\ (z) = —0,(AU(2)) + £2Eo(z) BU (2)
= -0, (T(l’)/i(l’)UH(x)) + 62E0(x)7(x)BUM(x)
= — (r(@)pu(@)) Uy — (@) p(z)p (z) (OAUN) sp(a) + €2 Eo(2)7(2) BU (2
= — (7(@)p(x)) Up(ay + 7() [u(@)p () + €2 Bo ()] BUu(a).

Using (3.1-3.2), one gets iHUx(7) = AT(2)U(z) +0 = AUx(x) for 21 <z <
Z9. The proof is ended. (I

The next steps extend the construction in the entire interval I with the
periodic boundary condition. At inspection of the figure 1 one distinguishes
three zones in the construction.
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3.1.1. Zone +. In zone + the characteristics lines are mono-valued functions
of the x variable. It corresponds to e > —52@5 and positive velocities. Then
w in (3.2) is function of x with parameters e and

= V2(e+2po(z)) > 1/2(e + €2y ) > 0. (3.3)

This function is positive and periodic. The index e, also called a label in
plasma physics literature, is the value of the kinetic energy at the point x.
such that the electric potential vanishes ¢g(z,) = 0, that is e = pe(24)?/2 =
v (2.)%/2

It is convenient to define a new variable y(x fo uE(s)~tds. Since pug
is the dimension of a velocity, then y has the dlmensmn of a tlme: it is the
time spent by a particle which travels along the characteristics. The total
time spent by the particle along the characteristic is t§ = fol pe(s)tds > 0.
In the plasma physics literature [46, 8, 7] y(x)/t. is called the angle variable
[3][page 5]. Equipped with these notations, one can now find the solutions of
equation (3.1-3.2) over the interval I.

Proposition 3.2. In zone +, the periodic solutions (u,7) of (3.1-3.2) are pu =

pe given by (3.3) and T = Te k
Id
exp <2mkfoﬂet€5> .

S

Remark 3.3. If g = 0, then w = . In this case 7{ ; () = exp (2imkz)
is the usual Fourier mode and is mdependent of e and e.

TeE,k(x) = ta,LL (.’L')

Proof. Equation (3.2) is evident. Equation (3.1) recasts as —u(ru)'(z) =
A(7p) that is with the time variable —%(T,u) = A(7p). The general solution is
an exponential. Since one looks for periodic functions, one obtains (7. )(y) =
+ewp (2irky/y(1)) with A\ = —2ink/y(1) where k € Z and L is an arbitrary
factor. Taking L = t¢ and going back to the original variable, the proof of
the claim is ended. U

One obtains a first family

1 Jo pE(s)~tds
Uk s(x) = @) O <2mk0t€ Uys (2)- (3.4)

Proposition 3.4. Let e € (—c%p,,00) and k € Z. The vectorial function

US .+ € Xioc 18 a generalized eigenvector of iH

sTTETTE € € 2irk .
1I—IO ek, 4+ — )‘e kU K+ ek — 7714/-5 € iR. (35)
The vectorial identity (3.5) is made of a countable number of differen-
tiable relations.
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3.1.2. Zone -. The construction is the same, but with the negative root of
the characteristic equation (3.2) and still with the restriction e > —&2¢p; .
One obtains

T e -14
exp (—2iwkf0“€§f)s> U_pwy.  (36)

€

1=
€Tr) =
(1) = ey

One obtains readily.

Proposition 3.5. Let e € (—c%¢,,00) and k € Z. The vectorial function
ek— € Xioc 1S genemli‘zed eigenvector of iH{, that is one has iH ek =
X GUE . _ with XS, = — 3T,

te

3.1.3. Zone c. In view of the fact that the characteristic lines are closed (see
figure 1), a modification is needed to define correctly the generalized eigenvec-
tors in the central zone for trapped particles. The idea is to combine one ”+”
contribution (3.4) and on ”-” contribution (3.6), because the characteristics
make a loop in the central zone. One restricts the range

c€(="pg,—e%)),  po =mingo(z), @) =maxpo(x)  (37)

and defines

e (z) = \/2max (e + e2¢g(z), 0) > 0.

One tries to construct generalized eigenvectors under the form
Uz) =71 (@)Upe (o) — 7 (#)U_pe () (3.8)

where 7% are unknown functions. Notice that uS has a compact support:

ps(x) = 0 for e + e2pp(z) < 0. Considering (3.7) and Assumption 1.8, the
function pg vanishes at two endpoints defined by pg(ag) = pE(bS) = 0 and
< af < b < 1.0nehas ps(z) >0 for a8 < z < b and pé(x) =0for 0 < a <
at and b, < x < 1. By imposing the condition that 77 (z) = 77 (z) = 0 for
0 <z <afand b <z <1,it insures that U (3.8) vanishes identically (in
x) outside the support (in x) of the characteristic line with level (or label) e.
This idea is the main difference with the construction in zones + and -. Let
us take

T (x) =

1 T
@) exp (A/as ui(s)lds> , ar <z <b.

Proposition 3.1 yields iHom ™ (2)U, () = M1 (2)U,, () for ac < z < be.
Similarly take with a minus sign

-1 @
T (¥) = —— exp ()\/ ui(s)%ls) ,ad <z < b

pe ()
Proposition 3.1 yields ngT*(x)Ui#e(ac) = )\T’(x)Uiﬂe(m) for a. < = < be.

The linear combination (3.8) satisfies iHU (z) = AU®(z) for x # a, bS. The
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infinite vector U exhibits by construction a divergence at x = af and x = b,
since fie(ae) = pe(be) = 0. More precisely for 0 < aS < 2 < b < 1

= 6\/2 QOO — %o a'e) ~eE 2@0(“5)\/ — @, for z ~ (a )+ (39)

and

£(x) = ev/2(po(z) — po(be) = er/ =24 (be)V/be — x, for x ~ (b))~
(3.10)
In particular U € X),. because the inverse of the square root is not square

integrable. Let e be in the range (3.7) and define

—2irk b
ok = tm for k € Z, t: = 2/ ps(s) " tds.
a

€
€ e

The factor 2 in front of the integral is because characteristics make a loop in
the central zone, see Figure 1. Define infinite vector almost everywhere in x
as follows. If z € (ag, bg) then

676

€ faE 'ue 1d5
Usela) = s o 2ka Uiy (311)
fai lue 1d8
g () O
and UZ, (x) =0 for z € [0,af) U (b, 1].

Proposition 3.6. Let e € (—c2¢, —e%py ) and k € Z. One has the regularity

USge € LP(DN for 1 <p <2 and AUZ,, . € CO(I)". Moreover ( koMb e)
is a generalized eigenpair of the operator iHf = —AO, + e?EyB in a weak
sense

(AUEICC7W/)+€ (IE()B[JEk)C7 )—)\ek( ek}c’W)’ VWEXO (312)

Remark 3.7. The identity (3.12) can be decomposed in a countable number
of differentiable (in a weak sense) relations between functions in LP(I) with
1 < p < 2. This is an important difference with (3.5) which is in strong form.

Proof. The proof proceeds in three steps.

e One has the decomposition U, . = (0, a0, a1,. .. ), cy With
T e -1
1  Jueni(s)7lds
00(a) = s e <2mk' )

ld
iz 7 ( kames> o)

for af <z < b% and a,(x) = 0 for z € [0,af) U (b, 1]. Since pg has a square
root singularity at a$ and bZ, then a,, € LP(I) for alln e Nand 1 <p < 2.
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e Next, as a consequence of (2.12), one has that

1 ;E ps(s)~tds
AUE o(z) = 7= &P <2i7Tk‘fe Upe (2)

€ ts

e
ops(s) s
(_ML

. exp e
e

(&

) U—ui(a:)v S (ai,bi).
One obtains component per component lim,_, 4e)+ AUZ ;. ()
= % (Uuz(az) - U—MZ(GZ)) = % (Ug — UOE) =0. Slmllarly

lim AU;k7c(x)

z—(bg)~

be _ be _
0 S () s S ) s
= exp 217T/€t7€ Upe (be) — €xp —217T/€t7€
e e e

!

te

Since UZ , .(x) = 0 for < af or bZ < x, one has the continuity of AU, _ at
at and bi.vTherefore AU . . 1s a continuous function, component wise.

e Since AU, .. is continuous, the derivative in the sense of distribution of

AU;,aC is almost everywhere equal to the point wise derivative, so (3.12)

holds for all test function W € X. The proof is ended. O

(-D)*Uy — (=1)*Up) = 0.

3.1.4. Fine properties of ¢;. This section is devoted to the study of the func-
tion e — ¢ which is the time spent by a particle which moves freely along
the characteristic with label e. In the plasma physics literature [3][page 5],
1/t is called the frequency and enters in the definition of the action-angle
variables [46]. This study is fundamental in the context of this work because
the monotony of ¢ allows to parametrize the different objects in function of
the spectral variable. Once again, we make assumptions 1.3, 1.4, 1.5 and 1.6
without restriction.
There is a natural rescaling with respect to e

1~ ~
te = “teser, te =t (3.13)
with
t. = fl —dz e € (—pg—,00)  called the first branch,

0 V2(etpo()
t. =2 fab: m, e € (—pd,—py) called the second branch,

(3.14)
where @, < b, are the two roots of the equation e + ¢o(xz) = 0, that is
e+ ¢o(ae) = e + po(be) = 0. One has by continuity Zi_%f =0, Ei_%+ =

b_<p0+ =z and b_%, =1.
The map e — . (and the inverse maps) are depicted in Figure 2. The
monotony of the time of travel is by definition for the first branch. The

major non trivial property which establishes the monotony in the second

Uﬂti(bi)
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branch (region of trapped particles) is proved in the sequel. The reason why
the time of travel is infinite for e = —¢, on both branches is because the
particles spend an infinite time in the region where v ~ 0 at the limit: refer
also to Figure 1.

first branch

second branch

second branc s5¢(A)

first branch

|
At —
—%0 %o €

FIGURE 2. On the left: the total time of travel along char-
acteristics versus the label. On the right: the label versus the
frequency (i.e. the inverse of the total time of travel along
characteristics).

Proposition 3.8 (Parametrization of the first branch, proof is in appendix A).
The branch e € (—pg ,00) can be parametrized as e = s(\) for A = i where
the function s : (0,00) = (—¢y ,00) has the properties

e The function is strictly increasing with the reqularity s € Cl[O, ).

e For large X\ >> 1, one has s(A) = O(A\?), s'(A) = O()), s"(\) = O(1) and
s"(A) = O(1/N).

e For small 0 < X, one has s(\) = —pg + Qg €Xp ( v %I(O)> (1I+0(N)

2

where o € C° with 0(0) = 0 and oy, > 0 is a constant. The derivative is

£/ #g (0
- 2X

exp( )
sM\) =0 — | forn>1.

Proposition 3.9. Under assumption 1.4, the function e — t. is strictly in-
creasing in (—og, —¢g )-
Proof. One has the decomposition v/2t, = [>° dz be dz___

/ P Vo = ki e Vetpo(®) * L Vet+eo(a)

study the second term f and show it is monotone. Set for conve-
\/e-i-tpo(w

nience € = e+pg € (0, of — )and¢( )= <P0( ) = #o(z0)—po(z) = 0.

With these notations one hab f \/m H(e) := ff; \/giifpﬁ' Set the
change of variable ¥(z) = eu? for g < z < b and 0 < uw < 1. Note that
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¥ >0, >0for zo < z < b, and ' (z)dx = 2eudu. So
2u
= ———gu(€)du 3.15
|| rt® (3.15)
_ Ve

T T
The derivative of g, is (z = 1~ (eu?))

with

TS TRNS AL C 0 w oW Wy (WSLICTIC
70w VT e e T wer )
One has (V) = 57 and 2(V)" = Y — 3 %0 = 3100 (1 -0 ).

It yields the formula

Fonle) = 2 LS (I = <wgs (Y. )

Therefore the strict concavity of /1 yields an strictly increasing e — gy (e),
S0

C%H(E) = / \/%%gu(é)du > 0. (3.18)

The same result for the second integral f . The proof is ended. [

\V P+<Fo
The monotony of e — . on the second branch e € ( —<p5r , —¢g ) implies
that there is a limit at both ends of the interval. The limit is infinite at —¢y,
and it 1s proved in Lemma A.5 that the limit at the lower bound is finite
t =21 More precisely it is proved that the inverse of the lower bound of

-5
the time of travel in the region of trapped particles is

0 o (o)
V2

Proposition 3.10 (Parametrization of the second branch, proof in Appendix
A). The branch e € (—¢§, —¢y ) can be parametrized as e = s.(\) for A = %

B:

where the function s. : (0,B) — (—pd, —¢y ) has the following properties
e The function is strictly decreasing with the regularity s. € C1 [0, B].

2

e For \ < B, one has s.(\) = —¢f + <2W2 %) A=B)’+0(\-B)?
and s,(A\) = O (A —B).

e for small X > 0, one has sc(\) = —py + ag,exp | —~ %/(0)) (1+ao(N)

4

where o is a continuous function with o(0) = 0. The derivative at ordern > 1

_\/wg’(m)

(n) exp(
sse’(A)=0 e
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3.1.5. Rescaled inverse fonctions. In view of (3.13) the rescaled inverse func-
tions are s° and s

5°(\) = e%s5(\/e) and s5(\) = 2s.()\/e). (3.19)

The rescaled inverse functions are defined over I = I¢ = (—&?p;, 00) and
I5 = (—%pf, —e%py ). Some inequalities uniform with respect to & can be
proved.

Lemma 3.11. One has the uniform lower bound

cAA?<s*(N) 0<Aand0<e<l1 (3.20)
and the uniform upper bounds
(s <CA 0< A (3.21)
and
(52 (V<CX 0< A< eB. (3.22)

Proof. By Proposition 3.8, there exists ¢ > 0 such that s§\)2\) > c for all .

It yields (3.20). By Propositions 3.8 and 3.10, there exists C' > 0 such that
[s"(A)] < CX and |s,(A)] < CA. It yields (3.21-3.22). The proof is ended. O

3.2. Completness
Theorem 3.12. Let U € X. The spectral decomposition holds

U=U-eeo+ Y. Z/ (U UE,.) US tode (3.23)
e

2 kez”ecl:
€
(U7 Ue,k,z)

Proof. The proof is performed for U € X, by a direct computation. By
density of Xy in X, it will prove the result in X. Notice that U € X has
only a finite number of non zero components which are all in H'(I): since

ek € LP(I)N for 1 < p < 2, it is enough to get the integrability and

2
with the Plancherel identity |U||* = (U, 60)2+Zz Yowez Joere tsde.

summability needed to give sense to (U, U gk) The formulas (3.23) and the
Plancherel identity are equivalent, that is why we will prove only the first one.
A last remark is that (3.23) can be checked for different lines independently
one to the other: indeed U,U¢, ,... are infinite vectors. The method of
the proof is by successive changes of variables and the completeness of the
Hermite functions.

For U € Xg, we begin with the analysis of the integral in the zone
77Z — _|_77

Ky = Z/ (U U 1) Ul 4 (2)tode

5

! RO RO %;I&J 10l dy de
:/ Z/ Uy) - Uuzwe e ) V@ ey
s 0 AW pe ()
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” 9

The notation is understood as the scalar or hermitian product of a
complex valued vector U(y) which has only a finite number of non zero com-
ponents since U € X and the infinite real valued vector U, (,). We make

a change of variable y5 = foy #d(s such that dyg = tsjw We also set
75 = é N Mg(ss). Using the Dlrac comb formula (1.12), one has that
1 y ds
HE(s) dy
kEZZ/O U(y) - Ups (y) €xp (217rk ti > )

1
=" [ U0) Uyt exp 2ink @5 — 52)) i = Ule) - Uy
0

One obtains K = fla Upe (@) 2@ (w) u (x)
Tps(z)? —e%po(z) =, ylelds dpé(z) = Hg(z) for every x. We write A = pué(z)

yde. The definition of ug, that is

with the bounds A € (5 2(po(x) — ¢ )s oo) in the first branch. Therefore

1= fsoo 2 ro@)—p0) U(x) - U\UxdX where Uy has been defined in (2.12).
Similarly the integral in the zone ”z = —", one has

Ky =3z f[i (U, Uf,k,_) Uf,k - fls U_ U_xd\ rewritten

as Ko = f__:OV 2eo(@)=e0) U(zx) - UxUxdA. With a little more technicalities
detailed in the next proposition, the integral in the zone ”z = ¢” is
eV 2(po(@)—wg )
K3 = U(x) . U)\U,\d/\. (3.24)

—ev/2(po(2)—¢q)
Using the orthonormality properties of the Hermite functions, one gets Ki +
Ko+ K3 = ffooo U(z) - UyUxdX = U(z) — U(x) - egeg from which the claim is
proved. (I

Proposition 3.13. The formula (3.24) holds.

Proof. We note 0 < aZ < b2 < 1 the boundaries of the interval (3.9-3.10).
Since Uy is now defined in (3.11) as the difference of two terms, full expansion
yields four contributions. So

217rk—jag ne(s) Jag g(ss) dy d€

K3 = U(y) - Ue e 7 Y MU,
3 /1 Z/a ) Uiz w) ) | V0@

c kEZ

&

be [z gy e
e _2irk e ug(ﬁ) af pg(s) dy de
+/ > / UW) - U_peine 2 ——L | U_pee)——

1= | 5 Hew tene(y) | )

=Dy



Scattering structure for linearized Vlasov equations 21

be pimk 28 () "o il %tf‘%# dy de
+/1 Z/ Uy) Uz e e | V@ ey

= tens(y) pe ()
=D3
e 8+ 55
ikl e et me T gy de
o ey | e
it kZ a Vrw teue(y) | (@)
=D,
We consider the change of variable § = fg 55 pE ( ), with dyg = tsi‘f?(’y). No-
tice that = € [0, 1]. The same notation is used for zZ €[0,1].
o It yields for the first term Dy = $ 3, ., fo Uy () exp (ink(ZZ — U2)) dye -
Splitting between even and odd k, one has
Z/ = (y) €xp (2imk(Z7 — ¥Z)) dy;
kEZ
+ exp (—inz Z/ y) exp (iny;) exp (2ink (25 — ¥Z)) dye.

keZ
Use the Dirac comb: Dy = %U(x)'Uui(w)Jr% exp (—inZ) (U(x) - Uye (2 exp (in)) =
U(2) - Upe (a)-
e One has for similar reasons Dy = U(x) - U_ ¢ (4)-
e The same change of variable in the third term yields

> / Uy ) exp (irk (3 + 7)) 42

kEZ

*Z/ Uy () exp (2imk (—(1 — 35) + 7)) diic

kEZ

+ exp (inZ5) / Upis () ©xp (in32) exp (2imk(—(1 — T5) + %)) dE.
keZ
The change of variable is such that there exists T € (ae,be) (a priori T #

mE _ 2 —
x) such that 7¢ = 2 sz+a5_z e (S Sol—75 =1-— fba_;'_aa_r FHO
ds 2 b +ag—T gs S

2 pbotai—T ds 2 be _ds _

te Jag ug(s) ot Jag pE(s) T otg fbeﬂf*z we(s) — e Jaz THON
D3 = %U(bi +ag —7T) Uy pe(be+as—7)
+3 exp (inZ) U (b + a5 —T) - Upye (e +az —7) €xp (ir(1 — Z)) = 0. Similarly Dy =

e

e Final proof of (3.24). One can write

de de
K:/UZE'U21U6w7+/U$‘U_swU_sa;7
2=, @) Upe@) Unz) 723 g @) Unpe)Unze) 12
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0
—ev/2(wo(z)—¥g )

/8\/2(%(1')—%)

0

/6\/2(%(90)—%)
—&v/2(po(z) =g )

The results proceeds by summation of Dy, Ds, D3 and Dy. So the proof. [

4. Spectral reduction of iH*

The next step is the construction of the generalized eigenvectors of iH*®.
These new eigenvectors will be denoted as V7, . with the same indices as for
the U ., and they will be constructed by perturbation of the UZ, .. This
approach follows a classical approach in abstract scattering [49] and without
surprise a Lippmann-Schwinger type equation shows up. A dedicated study
will show the Lippmann-Schwinger equation is well posed in LZ(I) for small
€ > 0. We will make use of elementary identities which are somehow pivotal
in this section.

Lemma 4.1 (Case k = 0). One has the identities where the right sides are
constant with respect to x

exp(—s/2)

oxp (e%00/2) Usg 4 €2 = & c
Eg] ats

, o and Ugy .- e2 =0. (4.1)
Proof. Consequence of the definitions of the eigenvectors U,y , for k =0's
(3.4), (3.6) and (3.11), and of the definition of the second component of these
cigenvectors which uses ¥;(v) (2.5). It yields exp (e2po(2)/2) USg 4 (2) - €2
= exp (e2po(w)/2) tiué(w) “SOEI) exp(—pus(z)?/4) = %15/2) using (3.2) for
the last simplification. The two other relations are obtained similarly. The
proof is ended. O

In a first stage we will construct explicitly the eigenvectors and gener-
alized eigenvectors in the null space. In a second stage we will consider gen-
eralized eigenvectors associated with non zero eigenvalues. This construction
evidences the role of a specific Lippmann-Schwinger type equation. Once the
Lippmann-Schwinger equation is solved, the construction becomes essentially
explicit.

4.1. The null space

Vectors in the null space satisfy iH*V = 0. We distinguish two cases.

4.1.1. Vectors with finite norm. Let us construct a null finite eigenvector
V(z) = f(z)eo + acg(x)er. One has

0=1iHV = (—A0, + e*Eo(z)B + D) (f(2)eo + acg(z)e;)
=eDf(z)eo + € (A0, + *Eo(2)B) ag(z)e;.
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In view of the definition of the matrices D, A and B, one gets the identity

= —ov/m@)f(x)es — g/ (v)es — 5= Folr)ag(a)es
( Vino(@) f(z) — ¢'(z) — %62]50( )g (5”)) €2

rewritten as exp (e2po(2)/2) f(z) = —¢'(z) + 3¢} (z)g(z). Since f,g and

o are l-periodic functions, one has f= (exp( € @0/2) )/. Notice that
f has necessarily a zero mean value. For f € L§(I), g € H),(I) is defined by
integration through the above condition. We set

Vi(z) = f(z)eo + agg(x)es, x el (4.2)
The previous construction can be summarized as follows.

Lemma 4.2. Assume f € L3(I). Then VieX and iH*Vy = 0.

Proposition 4.3. Assume U € X is orthogonal to null eigenvectors VieX
for all f € LE(I). Then U satisfies the Gauss law (2.3).

Proof. Using the decomposition (2.9), one has that for all f € L3(I)

0= (.7) = [ (- (e (-a(0)/2) @) F@) + az(oun(o)) do

_ /I (exp (—2p0()/2) F'(z) + ac /R Texp (—f) u(x,v)dv) g(x)da

It shows that F’(z) = —cexp (e2po(z)/2) [ exp (—%) u(x,v)dv, which is
the Gauss law (2.3). The proof is ended. d

4.1.2. Generalized vectors. From (4.1) one gets

iKUS,, =1" (5 exp(po/2)U¢ o 62)60:0.

Since all infinite vectors Ug, , are also in the null space of iHg, then it is
natural to set

S0,2 = Ug o, with the property iH*

e,0,z

= 0. (4.3)

€
e,0,z

Proposition 4.4. Assume g € L*(I x R) satisfies assumption 1.6, that is it
has zero mean value along the characteristic curves of the transport operator
00y — e Eo(x)dy,. Then the corresponding U € X is such that (U,UZ, ) =0
for all z and almost all e.

Proof. The proof is performed in strong form. One has

W00 = [ X [atewne) i

oyt tepe(x)

R e

neN
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The representation of the Dirac mass with Hermite functions yields

dzx 1 dzr

00 =5 [, Jote et =5 [ st

Along the characteristic curve CZ with label e, the Velocity is pé(x). So one
can make the change of variables v = pué(x) and dt = i (x) d‘T . Therefore

one has the formula (U,U¢, ) = L f(w necs g(x,v)dt where the integral is

proportional to the mean value of g along the characteristic curve. So the
claim is just a convenient reformulation of Assumption 1.6 and the proof is
ended. 0

4.2. Non zero spectrum and Lippmann-Schwinger equation

We study a way to construct solutions of the generalized eigenequation iH*V =
AV for a non zero generalized eigenvalue A € iR*, by means of a perturbation
technique starting from UZ k.- Let us remind the exact representatlon for-

mula (3.23) for U e X U =U -egeo+ ., > U, U, tids

PEZL selj,( spz) 8,p,2' Vs
where 2/ = +, —, ¢ is the index of the zone. The main idea is to start from a
perturbation of U S ,» under the form

Ves,k,z( ) ekz( )+a€kz €0+Z / s,p,2" spz( )tids (44)
2! p€eZ e,k,z
where the function z — af , _(2) and the functions s — b, are the un-
e,k,z

knowns. The method consists to plug formally the representation (4.4) in the
eigenequation and to determine what constraints af , . and b, must sat-

e, k,z

isfy. It is possible to decompose these vectorial identities into many scalar
identities, all of them making sense under usual integrability conditions.
The whole construction will be justified in section 5 where the existence
of ag . , € L?(I) is established after studying summability of the series.

One gets by formal calculations

s ITEY/E __ STJEY/E . € _
iH VeJm =iH;V; kz‘HfKVe,k,z =

ek,z

__\¢ e =3 £ £ £
=XiUch.+ / b A pUs p o tsds
z' pEZ SEI e k,z
s 1>
+HeKag y, e0 +ieKU;, , +ie E / b, KUsp otd
2 p€EZ SEI e,k,z

By definition (2.10) iKe, = exp(e®c?po/2)De, = exp(e?po/2)a(d, 260 —
dp,0€2). Using in the previous expression, it yields

iHaV::k,z = )\E k k Z+Z / 5,P, Z/)\E ng z sds g exp (5 900/2) ae k,zeQ

2! p€eZ e,k,z

+eal® | exp (e%p0/2) U, Sroe2texp(e %00/2) ZZ/ c Uz, - eatids
Koz

2! peZ €

€0.
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On the other hand one has

e € __ ¢ E 5
)‘e7k‘/e,k,z - /\e k z + )‘e kae k, 2€0 + / bs,p,z’ e,k s p z’tsds
z' p€Z e.k,z

So the eigenequation iH® "k Ve, recasts as

ek,z —

S5 [t 0 )Vt e (o)
,k
1 [ € * 2 €
+a E)‘e,k:a’e,k:,z(x)_gl (exp(s @O/Q)Ue,k:,z'eQ)

—52 / b, /1* exp(s <p0/2) s pa 62)t§ds €o.
2 pEZ SEI e,k,z
The right hand side is a finite linear combination of eg and es, so is a priori
a function in X. Therefore the above equality is identified as an equality
between functions in X for which the spectral representation (3.23) applies.
The equality of the coefficients writes
Vg (Nop = o) = £ (a0 (%00/2) 0y ce2. Uy )

e, -3

*)\ek Sk 52 / ’pz eXp(E cpo/Q) e eg)tids
2! p#£0 , ek,z
=el* (exp (e%¢0/2) U chiz” 62) .
(4.5)
The double sum in the second equation is for p # 0 since all terms for p = 0
vanish in view of the identity (4.1). The solvability of this system is an issue.

For a given € > 0, the unknowns are the functions x — ag ., and s — bS e

e,k,z

for all admissible values of the parameters (e, k z) To continue the discussion

) 2 .
one eliminates b z, = s(aae e f\xp(_e/\f()/ JUip.s) . It is mandatory that

ANop —Aep #0 for thls formula to make sense. Let us plug in the second
equation of (4.5). Tt yields the formal 1ntegral relation

)‘ek ekzi€22 /

2/ p#£0 GIE

x1* (exp (e <po/2) e 62) tds = el” (exp (5 @0/2) k" 62) )

This integral equation is only formal at this stage for many reasons. A first
reason is one must provide a treatment of vanishing denominators Aj , —
Atr = 0. The second reason is that a sum with respect to p shows up so
one needs to prove the summability. This will justified a posteriori by the
completeness of the eigenvectors.

To answer the first question the integrals with respect to s will be defined
as principal values [51] or Hilbert transforms. The notation P.V. will denote
a principal value. Since it has been proved in Section 3.1.4 that A, is a

Ozae k262 €XD (6 <p0/2) cp z/)
/\Z,p - Az,k
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monotone function of s, this makes sense.
The summability will be proved in a second stage: it is conditionally conver-
gent to a specific reordering of the various terms, cf. Remark 5.8.

In summary the construction of V) . amounts to solving the series of
problems:

For k # 0, z € {+,—,c} and e € IZ, solve the integral equation for
a=a:,  €L3I)

e,k,z

T =
)\s,p - )‘e,k
x1* (exp (6 #0/2) Us 0 - €2) tids
=e1* (exp (5 </Jo/2) eJc,z ‘€2

(4.6)

By comparison with the general theory of scattering [49] [page 98], we
refer to this integral equation as the Lippmann-Schwinger equation of the
problem.

5. The Lippmann-Schwinger equation

The well posedness for small ¢ of the Lippmann-Schwinger equation is es-
tablished for the equivalent weak form, using a combination of elementary
analytical techniques which are somehow independent of the method that
was used to derive the equation. The key is to obtain ”good” L estimates
in Section 5.1. The completeness of the whole family of generalized eigenvec-
tors will be proved with ”good” L? estimates in Section 5.3. So far, no clear
physical interpretation has been found for these estimates which are based
on hard analysis.

5.1. Variational formulation

Some symmetry hidden in the strong form of the Lipmann-Schwinger equa-
tion is revealed by the variational (or weak) formulation. To obtain more com-
pact notations where the kernels in (4.6) are decomposed between a ”space”
part which depends on x and a "integral” part which does not depend on z,
we define

x € —1
exp (:I:217Tp o P (t dt)
Jaz ns t) 1dt>

zones £ @ wvg, ()
zone ¢ 1 v, (%) = 2il4ecpcpe)sin (27rp
If oo =0ore=0, then v,  (z) =v; _, (z) = exp(2impzr) are both equal
to the same Fourier mode. In the general case which is our concern from now

on, one gets using the identity 1u2(z) — e2po(z) = s

exp(—s/2)
e “’”(”)/QUE’Z,! (w) - eq = v, (:C)itsa . (5.1)
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The variational form of the different terms that arise in (4.6) writes after
integration against b € L3(I) a

S
< (1) PV/ ,p, ( ) exp(s—s)ds
’ EIE 7:“ ts

—I—P.V./ (a,v& p;—) (’Ui,—p,—vb) exp(—s) ds
sel® >\S,—p — /u ti

and similarly

) (05,p.c:b) exp(=s)
e pv/ i) () 09,
elg s,p H s
€ b _
o [ ) (et v
el —p T H ti
Feyo(p) and G, (1) are blhnear forms with respect to a,b € L3(I). We
define also a linear form
exp(—¢/2)

I5(b) = T(v;k’w b) for b € L3(I). (5.2)

e

A variational form of the Lippmann-Schwinger (4.6) is as follows:
Take k # 0, z € {+,—,c} and e € I; for p = A7, # 0, find a € L3(I)
solution of the variational Lippmann—Schwinger formulation

pla,b) =2y Fy (u) — €2y Gy (1) =clf(b), Vb€ Li(I). (5.3)

p#0 p>0

It is clear that the issue is to obtain good bounds on the series of
FZ, (1) and on the series of G, (), since then, the coefficient &> will
be enough to get the coercivity of the bilinear form.

5.1.1. Properties of I, (u). The F;, (u) correspond to the two regions of

non trapped particles, and it appears that the estimates below are natural.

Lemma 5.1. Let pu € iR* and p # 0. One has Fg, (1) = wiyzfawy (%)

where ( ) ( )
a, v Ve b
€ —_PV. ) Us,p,+ s,p,+7 —5)d 5.4
) / et Degads (54)
a,vg _p, ) (V5 _p—»b
+P.V./ ( L )E< s )exp(fs)ds.
T
Proof. With the notation cf , = (a,vsp +) ( Sp#,b) = (a,v;fpﬁ) (v;fpﬁ,b)
which takes the same value in zone z = + and z = — , one has the identity
cip exp(—s) % Cs
P.V./ 2P ds + P.V/ — P _exp(—s)ds
sers Aip —H 15 (2mp)? 1z 1/t5 —ip/2mp
= LPV/ Cgi’pex (=s)(AS )ds = e ¢S exp(—s)ds
S 2mp T Jee X2 — P sp — HIOS= 2mp sels sp P .
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Similarly
s exp(—s) i (6
P.V./ 5P ds— P.V./ ———F —_exp(—s)ds
sere As—p—H 15 (2mp)? sere —1/t5 —ip/2mp (
ey [ )0 mds = o [ (s
=—PV. —F exp(—s)(\S _,—p)ds = — ¢S exp(—s)ds.
27Tp sel® )‘i—p —H P 27Tp sel® »

The sum of these two identities yields the results because I¢ = I¢ and the
proof is ended. O

Lemma 5.2. Let i € iR* and p # 0. The function Jabp 18 a Hilbert transform

< b\
fanp(1t) =—P.V./ MappM) o

R A—ip

where the kernel is

My () = (@05 () pussnn ) (25010 psiencn) ) exp(=s=(AND) () (1A]).

(5.5)
Moreover the kernel is uniformly square integrable: there exists a constant
C > 0 (independent of p and e € (0, 1]) such that Hm‘S < Cllall 2|16l z2(1)-

a,b,p

L2 (R)
Proof. The kernel Mgy, 1S just a convenient compact way to recast (5.4)

in combination with (3.13) the change of variable s = s°(\) = &2s(\/e).

2 2 e e\/ 2
vy < (1l 012y exp(=25° (D) (A7)

£
a,b,p

One has Hm

that is Hm;b

< 2|la]72 sy IIBll72(p) i(€). One has that the integral

P L2(R)

i(e) = [+ e=2"s(Me)g2¢/ () /e)2dA is continuously defined for & € (0,1]. By
means of the Lebesgue dominated convergence theorem and Proposition 3.8,
one has lim,_,o+ i(e) = [, exp(—A?/2)A%dA. So there exists a constant C
such that i(e) < C for all € € (0, 1]. It ends the proof. O

Proposition 5.3. There exists a constant C' > 0 (independent of p # 0 and
0 <e<1) such that

H(mi,b,p)/HLQ(R) < C|pH|aHL2(1)”bHL2(1)

Proof. The calculations are given for A > 0. By definition v5. )  Goue(y) (x) =

exp <—2i7Tp)\f0w %) S0
d . . Toodt
a”if(/\)w,sign()\) (z) = —2impexp (—217rp)\/0 W)

</0w pse o (t) "Nt + A(SE)/()\)CZ/OJC T~ (t)ldt> ’
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Recall that 1/\ = t§ = fol [5e ny(H) 1t So IN f5e ny ()~ dt < 1/X. Moreover

e d [t
—1/X\% = (s )/(/\)£/0 e (t) " tat st ()
Since %Ni (v(t) < Oforall0 <t <1,onegets that |(s® dst Hoe(n) )’1dt’ <
E 4
‘(S Vi Jo et ‘ < 1/7% Therefore }ﬁ 95(>\)p€lgn(>\)(x) < 5

Since mqpp (5.5) is the product of 4 terms, the derivative can be expressed
as the sum of 4 contributions. In view of (5.5) one gets

Hdd)\mi’b’p()\) L2(R)
< anbllalg x Dlea < ([ pes-2 e ()P0
bl % dmlblee x o 5pem -2 A)E) (N
o P O LI CUREY
ol x Bl < ([ enCaeanE) i)

By a method similar to the one of Lemma 5.2, all integrals in parenthesis
are naturally bounded uniformly with respect to € € (0,1]. The proof is
ended. (]

5.1.2. Properties of G, (). The G7, (u) correspond to the region of
trapped particles. Some of their properties are easy to obtain, but the last one
Proposition 5.6 is much more technical because the differentiability of some
Abel integrals is delicate: in this work they are characterized in Hoélderian
norm, see Appendix B.

Lemma 5.4. Let pp € iR* and p # 0. One has G, (1) = ﬁgg,b’p (ﬁ)

where

(a vs ) (ve b)

€ —_PV. ) Usp,e) \Us,pie _s)d

ga,b,p(u’) /e]a 1/t§ — z,u eXp( 8) §

e) (V5 —peb)
+PV/ 2 L exp(—s)ds.
els *1/15E —ip (=)

Proof. The proof is fundamentally the same as the one of Lemma 5.1. It uses
the identity ( a, vs pc) (v;pyc,b) = (amS —p, C) (v;fpyc,b). ]

Lemma 5.5. Let o € iR* and p # 0. The function gg ,, , is a Hilbert transform

g 5.5(A)
e —_PV. a,9,p
ga,b,p(/’d) V/]R A\ — I/IJ dA

N

N

2
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where the kernel ng, , () is for A € [-eB, eB]

Ngbp(A) = <G7Uss(\A|),sign(A)p,c> (Uiiﬂ)\\),sign()\)p,wb) exp(—sc(IA))(s8) (IA])
(5.6)

and ng , p( ) =0 for A & [—eB, eB]. Moreover the kernel is uniformly square

integrable: there exists C > 0 (independent of p and € € (0,1]) such that

‘ ne < CVellallpz(nllbllpz(r)-

a,bm‘

L2(R)

Proof. The boundedness is as follows

£ 2 13 15
125 0l 72 ) < / (hall2 =y 10122y exp(-255(AD)(55) (A2 dA

< 2\|a||iz(1 1Bllz2ry 3(0)
where the integral j(e) = [;(s2)"(N)2d\ = €2 [, sh(A/e)?d\ =€ [, sL(A)*dA <
Ce. The proof is ended O

The important technical result which gathers most of the difficulties of
this part is the following. Indeed for reasons explained in Appendix B, one

cannot calculate a full derivative of na bp-

Proposition 5.6. Let p # 0 and 0 < € < 1. One has the Hoélder-continuity

5.0 < ClplvEllallz2n 1Bl 2

CO:1/2(R)

Proof. Using the rescaled quantities (3.19), one can write ng , ,(A) = eQ(\/¢)
with

QN = (@050 rp sianpe) (VE2ec1rD sizncrperb) €op(=2se (AD)L(A)
=h())

=7\ =g(\)

for A € [-B, B]. The function f()\) is studied in Appendix B, g(A) has similar
properties and h(\) is known thanks to Proposition 3.10. For 0 < A < u < B,
one has the telescopic decomposition

QN)=Q(k) = (F(N)=f(1)g(MhN)+(g(X)=g(1)) f (1) h(N)+F (1) g (1) (R(A)—h(p))-
Proposition B.1 yields

QN) — Q)]
N
< Clpllallza o x Clbllaay % 152V
\/ tpo(aécu)) sﬂo(béc(x)))

+ Clp|lb al x  Clla X |sL(n

Pl P Cllalin % IO
+  Cllallz2(p x COlbllg2ry < [N = plllsellwree.
It appears that 1 |s..(A)| € L*(0, B) is view of Propo-

V/min () @se3) 26 (Bee ()
sition 3.10 and the rough bounds (B.2-B.3). One gets that Q € C%1/2[0, B
is Holder, with a continuity constant C|p|||a||r2(r)l|pl|z2(r). Since Q is ex-
tended by continuity by 0 outside [B,00), then @ € C%/?(R*) is Holder
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over RT with the same norm. Additionally @ is continuous at A = 0 and is
also Q@ € C%/2(R™). So Q € C%/2(R). Same property holds for ng p , with
a rescaling parameter by /. The proof is ended. O

5.1.3. Well posedness of the variational Lippmann-Schwinger equation. Af-
ter elimination of Fy, (u) and G ;, ,(n) in function of f;, (u) and g5 , (1)
and division by p which is non zero, the variational Lippmann-Schwinger

equation (5.3) admits another formulation.

Find a € L3(I) such that for all b € LZ(1)

2
(a’ b) + Zp#o lefszﬁf;b,p (271'13) + Zp>0 4p2 71'2 ga ,b,p (2ﬁp) = /%ls(b)
(5.7)

It is clear that the terms p% are amenable for the convergence of the series. It
remains to estimate the other terms. It poses no real difficulty for the terms
fapp» but needs a little more technical efforts for the terms Japp Which
correspond to the region of trapped particles.
The L2-continuity of the Hilbert transform yields
1£5 00l 2y = ™ 1Ml 2 ey < Cllalzzn 1Bz
and
!/
() 2y = 7 I 0) [ 2y < Clplllall Lz 18] 2y

By Sobolev imbedding and interpolation

3
Hf;,b,pHLoo(R) < C”f;,b7p|’H%(R) < CHfE b,pHLz (R) H a,b,p HEQ(R) < ap|%”a’||L2(I)Hb”L2(I)

Therefore

1. 1
Z — Hfa,b,pHLoo(R) <C Z =71 | Cellallznlbllzzy < dllallznlbllz2 )
pro P p>1 P

The other terms are bounded as follows. The length of the support of nf , |

is equal to eB. One has the bound ‘n < Cellall 2 lIbll 22y <

a,b,p Lo (R)

CVellallLz(r) 10l L2 (1)- One has the decomposition g, ;, (1) = ffo_oh ni}f’%":)\)d)\—i—
p+h ng ()\) ng (M) ng pp(N)
S N s 00 gy poe s gy 5o

M A—p
u—h 1
960s 0 < Ifaplimey [ San
pth 1 wth+B 4
Hringloni [ o bl [ 5

< 2an,b,p

| Lo (ry log(1 + B/h) + 4anﬁb,pllco'1/2(R)\/ﬁ'
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Let us take h = B/p? for p > 1. One gets |g5, ,, ,(1)| < Cv/e(1+log [p])llall L2 1] 2 (1)
It holds for all u € R so [|g; ,, (1) || ry < CVe(L+log p|)llall Lz l1bll L2 (r)-
The log |p| is now sufficient for the convergence of the series

D

p#0

1 1+ logp
g2 Mol < OVE | 2 | eellallizbllzay  (58)
p=>1

< Dvellall2(n 16l L2

With the above material, it is easy to formulate and prove the

Theorem 5.7. There exists €, > 0 such that: for 0 < e < e, the variational
problem (5.7) is coercive for all values of z € {+,—,c}, k # 0 and e € I.
The unique solution is denoted as ag ;. , and there exists a constant C' > 0
(which depends solely on ¢g) such that

cexp(—e/2)

o ko (5.9)

llag k- ll2y < C
Proof. The bilinear form (5.7) on the left and side of the variational problem
(5.3) is coercive provided ¢ is less that some positive threshold: this is uniform
with respect to . The rest of the proof is evident: let C' be an upper bound
of the inverse of the bilinear form; the bound (5.9) comes from

e 2exp(—e/2) < Ceexp(—e/2)
te - | k| '

€

S k2llz2er) < Ce/ulllE®)||L2(ry- < C

€
e,k

O

The interpretation of the summability in (4.6) needs a comment. Indeed
the algebra of Lemma 5.1 shows that F ,  is obtained from (4.6) as the sum
of two terms which are individually a convergent principal value proportional
to p~2 (which poses no problem) plus a simple integral proportional to p—!.
These simple integrals yield a series which is not studied in this work. Actually
a simple interpretation is possible in the case ¢y = 0 or € = 0. In this case,
v, 4 (x) = v _, (x) = exp(2impr) are both equal to the same Fourier
mode.

Remark 5.8 (Interpretation of the double sums). The above discussion shows
that double sums like }: ., _ > ;7p,- should be interpreted after re-

arrangement as > o (Yp,+ +V=p,—) + 250 (Ve + V=pe)-
5.2. Definition the V¢

ek,z
Now that af ; _ is defined for k # 0, one plugs in (4.4) which is now written
as ‘/;E,k,z(x) = Uek z( ) + ae k, z( )60 + Re k, z( ) where

€

RE . ( —EZZPV/ RS, (x)tsds (5.10)

z' p#0 e,k,z
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with R (x) = (oo, zczfxvp(_skfyopwé B )Ufpz (x). The weak form

ek,z
definition of ka . writes

(Vi) = (vs,”,v) (o0 )

+EZZPV/ aapkz627exp(5 L100/2) spz/)

£ _ g
2 p£0 5615 /\s,p )\e,k

(US,.,U) tds.

(5.11)
Another notation is the following. For p # 0 define the integrals

F5 =PV / (R;M,U> tsds + P.V. / (Ri,pA,U> teds
e,k,z sEIS ek,z sels e,z

and G5 =PV, fselg (Rs,p,(‘, > tsds+P.V. fs€I§ <R§ e ) t¢ds. Then

ek,z ek,z e,k,z

the formula (5.10-5.11) yield the identity
(Vigs = Uy U) = (aSp.(2)e0,U) +ed F5 (N +ed Gi (V)

(5.12)
with the notation e = s5(\). The terms in the right hand side of the expansion
(5.12) are studied in way which allows to study the norm (5.14).

The integrability is interpreted as a principal value with the same method
as in the previous section, using also that (UZ pa U ) is well defined since
Uspo € LY(I)N for all s,p, 2’ and U has a finite number of non zero com-
ponents, all of them in L°(I). The summability can be established with
the same methods as in the previous section (taking U € X, greatly simpli-
fies this issue). Looking carefully to the Lippmann-Schwinger equation (4.6),
an immediate result for the third component of the vector Vij . is that
Veskz. —aexp(—s 900/2) e,k ekz ELQ(I)
5.3. Completness the V7,

We concentrate on proving that the whole family ( ik z) . completed by
%) k40

the vectors in the null space defined in (4.2) an (4.3) is a Hilbert basis in X.
For a scalar function ¢ defined for e € I, we denote the weighted L? norm

as
1
2
s = ( | @ tide> . (5.13)
Let us define the norm

11 = | S 10w+ 25 (1) ) (5.14)

k0

N
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where one reintroduces the vectors in the null space which are: V5, , for all
possible e and z defined in (4.3); and V{ = V¢ defined in (4.2) for

exp(2imka)
k € Z*. Since the norm |||U]||¢ is the square root of the sum of non negative
terms, there is no need to reorganize the sums as in Remark 5.8. We also
define the semi-norm

1
2 3
Ul = (||U2 Y feelg (’(U, U;O’Z)E) tide) . The completeness is a
consequence of the following result.
Theorem 5.9. There exists a constant C > 0 independent of € such that

U]|IE < (14 Ce)||U|| for allU € X. Moreover there exists e, > 0 such that
U < (14 Ce)|||U|||F for allU € X and 0 < & < g,.

Proof. The proof is established at the end of Section 5.3.4, after proving
various estimates in Sections 5.3.1 to 5.3.3. (]

5.3.1. A preliminary manipulation. For convenience, a unification of nota-
tions is possible by taking s§ = s° = s°. We extend by continuity the
functions s = s by 0 so that

(s2)'(A) = (s2)"(A\) =0 for A <0. (5.15)
We also extend by continuity the function s€ by constants so that (s¢)'(A) =0
for A <0 or A > eB. Now 55 € C1(R) for all 2.

Lemma 5.10. One can write

[ 1 g (i, )
o= ~PV. __HI\BT) 1
ke /zelf %) (w V/#GR DirkA — 2ipp ) M (5.16)

where f and g are defined in the proof. A similar reformulation holds for
G5 after convenient redefinition of g.

ek,z
Proof. Use (5.10) and (5.1), denote e = s5(\) and s = s°(u) and notice the
identity toe() = 1~ 1. One can write

(a;]meg, ot exp(€2<p0/2)U§7p,+)
<R§7p7+, U) - (U=, .U

s e _ )& s,p,+
e,k,z /\s,p )\e,k

U:, ., U)vs x)exp(—s/2
— / ai k z(x) ( S,p,+ .) ,p,—i—(' ) p( / )dx
zel 2impu — 2imkA

One obtains after integration with respect to s € I7

PV. < §7p7+7 U) tids
selfr

ek,z

Us ,U e T 6—3/2
[t (e [ e,
zel sels 2impp — 2imkA




Scattering structure for linearized Vlasov equations 35

B (Usi(u),p#’ U) vif(/t)m,—&-(:C)eiss(u)/2 (s%) (w)
= ae,k,z(z) PYV. 2i — 9ink\ d,u dx.
z€el u>0 TP 17

Note the the principal value is correctly defined under mild conditions even
if A = 0 since (s°)'(u) vanishes at exponential rate near p = 0. A similar
identity holds for the second term with s = s°(—pu)

PV. / (Ri,_p,_,U) t<ds
sels e,k,z
Us _ _,U v xe—s/Q
R L
zel sele 2impu — 2iTkA

_ / 0t () (PV.
xel
/ (U o U) Ve e @) D2 (=)
n<0

du | dx.
2impu — 2imkA e

One can now add the two terms. Denote e = s5(|A|) and s = s°(|p|), and
define the functions f(\, x) = af; () and

91y @) = =TV () . sign() (¥) (5.17)

% (£ SV ) psn U) 30— (D) /2)(5°) (1)

Note that ut;(u)sign(,u) = 1 so that one can simplify the product pg(u, x):
this notation is convenient for the next lemma 5.12. O

5.3.2. Bounds for large |k|. Due to the power |k|~2[p|~ 2, the following bounds
are good ones for large values of |k|.

Lemma 5.11. For all z, one has the bounds

S
foe Ce € c
]S (1Ws s O + 102 D))
€
e C € €
e ‘G?k,z 2 = \k\%\ep\% (‘(U§57P7C’U) ¢ ‘(USE s =Ps c’U) C)-

Proof. For z = ¢, one can gain an extra £2 in the right hand sides. It is suffi-
cient to prove the first estimate. We will make use of the technical inequality
of Section C. One has

e\ 2 2
(7, | ) = |rer B GO ) (2P e st

e,k,z L3 (R)
where the integral over I¢ is extended over R using (5.15). Using a basic in-

equality (in Appendix C) and the fact that Hvs ». Z||L°c(1) < 2, one gets
N (|A) ‘ d
< ek:z z> kp|/H s (|)\\ | ekz L2®) i
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(5.18)

(Vi U) expl=s QAU

The terms on the right hand side are bounded as follows. On the one hand

using (5.9) 2
/H tii(\M)(32)/(‘)‘|)a27k72($)‘L2 (R)
/‘

e2C c

€ <9 = —s2(A)
o (65 (AN < 25 [ 502ty
Using (3.20)-(3.21)-(3.22) one has the technical bound for all z and € € (0, 1]

1 _
/ exp(—s5 ()< (s2) (N\)dX < C. (5.19)
R+ A
For z = ¢, this bound can even be improved --- < eC. One gets

/H\/ sa(|)\\) |>\ ekz ‘ 2(R

One the other hand (3.20)-(3.21)-(3.22) yield also that for some universal
constant C' > 0 exp(—s(A))(s°)'(A) < C'5. It can rewritten as

dx

SE(|)\\ k:z ‘

82
r<Cop. (5.20)

exp(—5 (N)/2)(7) (V) < € (Y Wiy ) (5.21)

and it is used in the remaining term in the right hand side of (5.18). It yields

[ (Ve 0) expl=s 0025 )

L3 (R)
€ € 2
sc(!(vss,p,+,v>\+) +0 (|5 D))
Plugging (5.20-5.22) in (5.18) yields the first inequality of the claim.
The second inequality of the claim is proved by the same method. It does

not change (5.20), only (5.21)-(5.22) which are written for z = ¢. The proof
is ended. O

(5.22)

5.3.3. Bounds for large |p|. Due to the power |k|~2|p|~ 2, the following bounds
are good ones for large values of |p|.

Lemma€5.12. One has the bounds
5 | <o (ir+ i) (105000 + 105 0))

k2|,
€ _ )
< 1 <. 65 |
= <|k| B * kpl) (|(v%0e0) . +|(Use e U) )

Proof. 1t is sufficient to prove the first estimate. The proof starts by showing
a particular decomposition of (5.16) (still with e = sS(|A|) and s = s°(|p]))

Eg / AfON, ) ( PV. Mdu)dm

e,k,z per 20Tk — 2ipp

217Tp/ f\2) ( /MERQ(/J,x)du) du

and ‘G?,
k,z
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from which the claim is deduced by methods similar to the previous lemma.
The only technical difference is that [ is replaced by Af and pg replaced by

g. So (5.19) is replaced by Jer €7=MIN(s ) (A\)dX < C and (5.21) is replaced
by e=s"M/21(s%)'(A) < C ((35) ()\)t;()\)) . The proof is ended. O

5.3.4. Proof of the completness Theorem 5.9. The first estimate establishes
that V,’fkg — Ufk’z is small for small e.

€
Proposition 5.13. There is C > 0 such that ‘ (ka)z - Ufk)z) ,U)’ < 5%|U‘5.

Proof. The proof is a combination of elementary steps with the use of the
bound (5.9) in combination with the inequalities of the previous Sections
5.3.2 and 5.3.3.
e By (5.9) one has
of z and k # 0.
e Cutting the sums for 0 < |p| < |k| and for |k| < |p|, one gets

‘ C e
< Y e (|, O |05 L, )

2 ocipi< K12 1]

a; .. (T)eo, < 6%"'|U\5 where d, > 0 is independent
z

1 1 . .
# 3 (g + gy ) (02 )+ (02 D))

IkI<p] ||
Ce A .
§O<Z W(’(Uss,p,+7U)| +|(Us - u,,U)]_)
p|<|K|
1 1 )
Ce| — + — Us ., G U
+|k;| (|k||p + |kp|> (|( s€,p,+ )’ |< P, )|_)
pl
Ce 1 . ]
SMZ(M (’(Uss,p,+a )‘ ‘( 55, — p’7U)|_)>
p#0

< T E 3 [ (WD) < 0

750 p#0
e A similar inequality is proved for the other sum in (5.12) So the proof. O

The second estimate yields that Vi — exp(2irkx)eg is small for small e.
Lemma 5.14. One has the inequality |(V; — exp(2inkz)eq, U)| < %HUH

Proof. By definition (4.2) for k € Z*, one has V(z) = exp(2irkz)ey +
aeg(x)e; where — exp(—po(2)/2)g(z) = 57 exp(2irkz). End of proof. [

The final proof of the completness Theorem is now an easy task.
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Proof of Theorem 5.9. The first inequality |||U]||* < (1 + C¢)||U]| is proved
as follows. Proposition 5.13 yields (0 < ¢ < 1)

S (v 0f) <S5 (el Cor)

z k#0 z  k#0

<A+e)d > (](Ufk’z, ey . |2 (|U)%)?

z k#0 k#0

2
<ZZ( < }i) + Ce(|Uf)? (5.23)
From Lemma 5.14, one gets similarly

SN g o)

z k#0

< (14+6) 30 Y (I(exp(2imka)eo, U)[3) + Cel|U|P < |[U - eo* + Ce U]
z k#0
(5.24)
2 2

By construction 3., (| (i, U)|7) = 2. (|(U%,..0)[7) - The addition is
this equality to the two inequalities (5.23-5.24) yields the first inequality of
the Theorem.
The second inequality can be proved as an inverse inequality. Take U € X
€ C and (V§,U) = of € C for k # 0. The
comparison estimates of Proposition 5.13 and Lemma 5.14 yield a way to
determine U directly from the ag i, and the aj. Indeed using the represen-

tation of the identity, one obtains the linear equation U = —T°U + b® where
T*¢ is the operator defined by

and note (VE,W,U) = af

e, e,k,z

T°U = (U, Vg — exp(2irkz)eq) exp(2irkz)eq (5.25)
k0
+ZZ/ Uv ekz_ ekz)tgde
z k#0
and the right hand side is b° = 3, _; af exp(2imkz)eo+3°, >, [1. af . tede.

The estimates of Proposition 5.13 and Lemma 5.14 and a Cauchy-Schwarz
inequality yields the boundedness ||T¢|| < Ce. Therefore the operator I+7¢ is
invertible with a continuous inverse under the non optimal sufficient condition
that Ce < 1/2. That is U = (I + T°)7b°. Since ||b°|| = |||U]|[¢, one gets
IU| < (1 — Ce)"Y||UJ||°. Tt yields the second inequality of the claim for
0 < € < e, and the proof is ended. (I
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6. Proof of the main Theorem 1.7

It is merely a consequence of a spectral representation with the V7, . A
last but necessary step is needed to make sure that the V5, , = U¢ , do not
show up in the final representation formula (6.2) or (1.10). Indeed if the index

k=0 shows up in the series, then the exponential term would be constant

ereot = e0 = 1: in this case no phase mixing is possible.

Let us define
X;={UeX: (UVj)=0VfeLi), (UV.) =0VzandecI}.

The hermitian products (U, V) = 0 mean that the Gauss law is satisfied,
Proposition 4.3. In view of the equivalence of norms of Theorem 5.9, define
the bounded operator L® : X — X

L°Z = ZZ/ L) Vg tide (6.1)
z k#0

This operator is a kind of modified wave operator [55].
Lemma 6.1. Im(L?) is closed for all 0 < € < e,.

Proof. We provide the proof for the completness of this work. The adjoint
operator is (L°)*Z = >3_ > 20 ;- (Z Vir Z) U x tede and we use the char-

acterization of Theorem 2.19 in [12]. Take a sequence Z,, € X and assume
Y, = (L)*Z, - Y € X as n — oo. We need to show that there exists
Z € X such that Y = (L°)*Z. In view of the representation of the iden-

tity (3.23), it is sufficient to find Z € X such that (Z Vi Z) =agy, =

(Y U z) for k # 0. Decide that (Z, Vo Z) ==ag g, =0 for k=0 and that

(Z,exp(2inkz)ey) := af = 0. Then U = (I + T°)~'b° defined with (5.25) is
the solution that is seek for. It ends the proof. ([
Proposition 6.2. Im(L°) = X¢ for 0 < e < &,.

Proof. Since Im(LE) is closed, then [12] Im(L?) = Ker((L®)*)* where (L¥)*Z =
D2 Dokt0 ( ok Z) U¢ ... The spectral representation (3.23) shows that

Ker((L°)*) = {Z €X: (Z Ve ) =0Ve,z and k # 0}. Take Z € Ker((L°)*)

ek,z

and define for technical reasons Z = Z—=Vj..,- By construction Z-eq = Z-eg—
Zoeo=0and (Z,V.) = = (Vieg Vir.) = =5 (Vi 1HEVEL.) =
~ €

<1H0VZ ot Ve Z) = 0 for k # 0. By Proposition 5.13 (Z U?y Z))‘ <

\kl \Z\E Since Z - ¢g = 0, one obtains by summation with respect to k and

another Cauchy-Schwarz inequality |Z|° < Ce|Z|5. So Z € Ker((LF)*) is
equivalent to |Z| = 0 (for small enough ¢). In view of the definition of the
semi-norm one gets Z € Ker((L9)*) <= Z = Y. f[a a.(e)Ug tede which
equivalent to Z = Vi + 3. f[g a(e) tsde where f= Z ep. One has

eOz
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U € Ker((LF)*)* <= (U,Z) = 0 for all Z € Ker((L?)*) <= (U, Vi) =0 for
all f e L§(I) and (U, VS, ) =0 for all z and e € I <= U € X£. This is the
claim. g

Let us consider now Uy € X:. Proposition 6.2 yields the existence of
Zo € X such that LcZy = Uy.

Proposition 6.3. Assume 0 < & < e,. The solution of U'(t) = iH°U(t) with
the initial data U(0) = Uy € X is U(t) = . Syso 1z (ZO, . ) LRVE tode

e,k,z%

(which is convergent in X ).

Proof. The initial condition is satisfied (6.1). One has

ZZ/ ZO7 (’kz t)\i’k/\e VEOztpde

z k#0

_ZZ/ Zo,US ), ) eer (IHVE, ) tide = iH7U(t).
z k#0
The relation iHVS, . = A7 V<, . is because it is equivalent to (4.5). A
separate proof in the weak sense is in Lemma D.1. This relation is fully
justified using arguments which are standard in scattering theory [33, 38, 29,
55, 25, 49]. O

Theorem 6.4 (Linear Landau damping for non constant Boltzmanian states.).
Assume 0 < & < e,. Let V. € X. Then one has lim;_,o, (U(t),V) = 0.
Moreover the electric field E = U - e is such that lim¢—,oc [|E(t)|| po ) = 0.

Proof. One has

Z Z / UOa e, k z t)\p”k (Vzo,z? V)tide (62)

z k#0

where the sum is convergent in view of theorem 5.9. The terms eer are

complex numbers of modulus one, which oscillate more and more as t — oo
since A¢ , = —2imkA € iR". One can make the change of variable e — A in
the 1ntegrals it reveals one more time the importance of the monotony of the
time of travel with respect to the label: using the Riemann-Lebesgue lemma,
one obtains the first claim.

Indeed the Gauss law yields control of the electric field E(t) in H'(I),
that is [0, E(t)||2() < C < co. By compactness of the unit ball in L§(I) N
H(I) into L3(I), one gets that there exists a limit E,, such that E(¢) tends
to Ex as t — oo. The limit is by subsequences. Take V(z) = E(z)eg in
the weak limit. One gets that at the limit that E,, = 0 in L3(I). Since
the limit is the same for all subsequences, one gets lim—oo [[E(t)|| 12() = 0.
Interpolation between L?(I) and H'(I) yields convergence in the L>°(I) norm
and the proof is ended. O



Scattering structure for linearized Vlasov equations 41

Remark 6.5. Estimates of the regularity with respect to e of all terms in the
representation formula (6.2) yield estimates of the rates on the decay of the
electric field. In theory, it is possible to justify the regularity and summability
of all terms, and p integration by parts yield terms like O(¢~?) in usual norms.
The technical issue is near the separatrix.

Appendix A. Monotony of the the time of travel
A.1. First branch: e € (—¢,, c0)

We distinguish the behavior for large e >> 1 in Lemma A.1, near the lower
bound e = —¢, + s for small s > 0 in Lemma A.2 and the monotony in
between in Lemma A.3. It allows to define properly the inverse function in
Proposition 3.8.

Lemma A.1 (Evident). One has t, = f +0 < ) for large e >> 1.

Lemma A.2. There exists a constant C' € R such that

~ 1
= _logs+C+0(), 3>0. (A1)

t - -
T V/e0)

1
Proof. One hast ——dz _____ Consider A= [? —42
/- —po 5 fo \/2(5-"—9@0(2) ) fo V2(5+po(z)—¢q )
d
which is decomposed as A = / i
\/2 54 207(0)22)
—A,
z 1
+ / dz. Make the change of
o \/265+¢0(2) — ¢ \/2 (5 + 340
—A,
: _ 25 o — /I _ 1 as  dy _
variable z =  / 2755y and denote az = 1/(24/25/§(0)),s0 A1 = Tawh e =

mlog(as—i— 1—|—a§>.So A= - logs + dy, + O(3) for some

constant dg,. So A = —

WA

log5+e,, 4+ O(5) for some constant ey,,. The

1

24/¢5 (0)

integral B = [ ll ——492 _____ has the same asymptotic behavior. It yields
2 V/2(5+po(z)—¢g )

the claim after summation of A and B. O

Lemma A.3 (Evident). In interval (—py ,00), € — t. is monotone decreasing

from 400 to 0.

Proof of Proposition 3.8. The first point is evident. Second point: let us shift
for convenience the functions 5(A) = s(A) + ¢, and ¥(t) = p(t) — ¢, . The
expansion of s(\) is immediate from Lemma A.1. By successive derivations

of the first equation of (3.14) one obtains —i S ( ) s'(N),
a 3.1 o <A)+w<t)>z *)



42 Bruno Després

2V2 —_1 1 dt 7// =/ A 2 d
T (fo <s<A)+w<t>)3> (fo e ))‘2’)8( )\ en

_6v2 1 T dat N\N=m A
A 2 (fo <s<A>+w<t>>z>5 )

49 "\ u 15( )/Ag.F 1 A
i <f0 (s( >\)+w(t))2>s( )5"(A fo G0 +w(t))% 5'(\)3. For large

the estimates s on @ = s, 3 = s’ and 3" = s" are obtained one after

the other, and so on for increasing order of derivation. Third point: for small

Y 0)
0 < A, the expansion 3(\) = ay,,e” = (1+o()N)) is obtained from (A.1).
Moreover we note that there exists a > 0 and 3 such that at? < (t) < Bt?
on the interval ¢ € [0,1/2]. Therefore for small 7> 0 and p > 1

1 1 1
O 32/2 i pS/ i p§2/2 LB
07 =2 R mE S Sy ae)E S Grad) S re

S(A)

for some constants ay, and 3, > 0. It yields the first bound [3'(\)| < 1%
and it is sufficient to insert this expression in the other identities to obtaln
the results for the first derivatives. ([

A.2. Second branch: e € (—pd, —pp)
We note e = —p; — s <= 35 = —e — ¢, for small s > 0.

Lemma A.4. There exists C' € R such that t—vJ == m logs+C+v(3)

for <Po — @y >35> 0, where limg_,o+ v(5) = 0.

Proof. The proof is similar to the one of Lemma A.2. in (3.14). One cuts the
d integral (3.14) in t d study the first A=2
second integral ( ) in two pieces and study the first piece f W

where (z) = po(z) — ¢y and " (0) = ¢(0). One has

Wo ' (0) Y'(2)
2 w(z / 2 2«/1&(2
A0l =" =)
=A =As
Note that ¥ (a.) = wo(@e) — ¢y = —e — ¢y = 5. A change of variable

P(z) = su? (the differential is 21/’\//%(& = /3du) in the first integral yields

A = ffl u2 %log (c+\/c2— ) with ¢ = /9(xg)/3. So there

exists a constant k% such that A, = f logs + kg, + 0(5). Concerning
20 (0) ' (2) - ,
As, we notice that D(z) := : w(i; vE) o V2 ((;)f((j))fw @) But P(0) =

¥'(0) = 0, ¥"(0) > 0 and 9 is of classe W3>°. Therefore D € L>(I) and
Ay admits a limit as s — 07 Ay = aio D(z)\/ﬂj ”Jz(zj,dz = C + 0(3).

One obtains the asymptotic expansion of A = A; + Ay = 2—\1/§log§ +
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C + 0(3). Adding a similar contribution for the second part of the integral
_ 9. /et (be 4o
B =2y/%0 fxo e ends the proof. O

Lemma A.5. Under assumption 1.4, one has

i __Vn +4ﬂﬂ(_(7ﬁ)”(x°))\/§+o(é%

t +45 = 3
TR o (20) (¥")(w0)?

where limg_, o(€)/e = 0.
(A.2)

Proof. With the notations of Lemma 3.9, consider (3.15) and make a local

expansion of ug,(€) for small €. One has eu® = ¥(z) = 29" (z0)(z — z0)? +

O(z — x9)? and ¥'(2) = " (20)(2 — z0) + O(z — x9)?. So one has ¥'(z) =
v/ 2ey" (zg)u + O(€). Plugging in (3.16), one gets
Ve 1

S, (@) = ey = ey (A.3)
One has (3.17), so one obtains also
— d _ 2 1 " =
Ve gu(e) = ey i Y@+ o(Ve). (A4)

Use (A.3) and a primitive of (A.4), so ug, (€) = \/21;,(10) + (wiz 3 (—tpz (x0)) e+
0

O(e). Plug this Ansatz in (3.15) one gets
- 1 2 1 4u 1 "= — s

H(e) = : (= du= ——T"
@ =Jy = (\/wwxo) e (¥E (@) \/E+0(e)> u= et

ﬁ(—d)é (z0))"v/e+ O(e). Adding the contribution which corresponds
"(z20)) 2
to [2° ... yields the claim. O

Proof of Proposition 3.10. The first point is just a rephrasing of the previous
results. The second point is the reciprocal expansion to the one of Lemma
A5 Tndeed 1 — L = av/e ields ¢ = G550 = Q57

0. Indeed § — 5 = « e+ ... ylelds e = W—i—u- = 2B + ...
The coefficient in front of (A — B)? in the Proposition is precisely —zr. The
estimate for the derivative can be obtain (as before) by differentiation — 5 =

sL(A) L <2 ff" dm) ()\). The derivative is O(1/4/s.(\) + ¢F) by

e /2(e+po(2))

means of (3.18)-(A.4). Therefore with A\ ~ B, one gets s.(\) = O(1/s.(\) + o) =
O

O (A — B). The proof of the last point is similar to Prop. 3.8.

Appendix B. A technical result

The technical result below is an essential step to characterize, in Proposition
5.6, of the regularity of the ng ,  which are the bilinear forms in the region
of trapped particles. The proof is elementary, however it is reasonable to
think that it solves a fundamental issue. Indeed trapped particles, also called
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electrons hole, generate Abel type integrals [31][equations (5) and (6)] which
need specific treatment to control their singularity.

We use the notations of Section 3.1.4. For 0 < A < B and @, (n) <
x < /l;sc(,\), let us define f()\) = ;Sf((;; sin (2mpAya(z)) a(z)dz and yy(z) =
ff ——dt ___ Our goal is to investigate the regularity of f, with the

Asc(N) v/2(5(AN)+po(t))

constraint that the regularity constant must be expressed in terms of the
quadratic norm of a. The key issue is that it is not possible to have such a
bound for the full derivative. Indeed, dropping non essential terms, one has

. N —= .
the local expansion yy(x) = oy VT~ s y + ... from which one gets

Lys(z) = \/%ﬁ . The problem is that \/7 ¢ L*(I) so is not

convenient to obtain good bounds with respect to |lal/z2(7). One is forced to
characterize in a weaker space, typically a Holder space. In the following we
focus on 1/2-Holder continuity with a weight which depends on .

Proposition B.1. There exists a constant C' > 0 independent of p, \, u € [0, B]
and a € L*(I) such that

~

~ A —
[ty — F| < Clollall o A= 4

min (<p6 (@s.n), %(bscm))

, A< p.

The proof is is a corollary of Proposition B.3 and Lemma B.4 below.
The starting point is the following simple inequality. By definition (3.14), one
has i =Y\ (ZSC( »)). For convenience we extend by continuity the fonction yy
in the entire interval [0, 1] setting y(z) = 0 for 0 < x < @, () and ya(z) =
1/(2)) for b, .0 < < 1. Using the inequality [sin o —sin 3| < [a — 3|, one

gets from the definition ‘f — f()\)‘ < 2nplllal| L2 ()| Ayx — 1yl Lo (1)

Lemma B.2. For 0 < A < p < B, one has
||)‘y>\ - :u‘y#”LOO(I) = Amax (yk(asc(u))a % - y)\(bsc(u))> .

Proof Spht the interval [0, 1] = [0,@, (\)] U [@s.(x), s, ()] U |?1\SC(H),ESC(M)] U
[b L(M),b .U [b .\, 1] for 0 < A < p < 1. By construction, the derivative
of g = Ayx — py, is zero in (0, _(»)), positive in (@, (), s, (u)), Positive in
(Z (1) ZSC()\)) and zero in (gsc(,\),l). In the interval (ESC(M),ZSC(N)) one gets

A u o .
that ¢'(x) = T Toe®) \/Z(SC(NH%(I)). Proposition 3.10 yields that

s¢ is decreasing function. Since A < g, then s.(A) > sq(p). So ¢’(xz) < 0 in

this central interval. Therefore ||g||z(;) = max (g(asc(ﬂ)),—g@sc(m)). So
the claim. 0
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Proposition B.3. There exists a constant C > 0 independent of p, A\, € [0, B]
and a € L?(I) such that for A < p

SC(P‘) |
©0(bs.(n))

(@5, 0) = s | [bs.) — 0

©0(s.(\))

‘ o~ -~

Flw) = F| < Clplllall ) max

(B.1)

Proof. One studies yx(ds,(,)). By symmetry it will be sufficient to get similar
estimates for the other term 1 5 —Uxn(bs, (u))- A first estimate is Ayx (s, () <
Next = € [ZL\SC()\), xo} one can rewrite yy(z) = dt

fas M /2000 (1) =00 (@s.(x)))
Let a5, (n) < d <t < @, (), one has the expansion ¢o(t) — wo(@s.(r)) =

@6(d)(t - Zisc(,\)). So one has for asc()\) <t< asc(“)

eo(t) > (20(@s,(x) = C (@s, ) — Ts () (E = s (n)
where we used the boundedness of the second derivative to lower bound
©p(d) = b (@s,(x)) — C (s, () — s, (n)) With C' > 0. Assuming that p is suf-

ficiently close to A, one gets another estimate

1 © dt V20— )

ya(z) < - — = .
( ) \/%6((1%(;))—0(356@)—asc(u)) fas“(*) V2. (n) \/%(as(;@))—C(asC(A)_asC(w)
Combine the two estimates and use the notation g(u,v) = min (1, vfgu>:

s0 Yx(@s, () < g (686(@ — s, (\) @6(636(”)). The function ¢ is homogenous

of degree 0 and g(w,1) < C'y/w for some constant C. It yields Ayx(@s,(,)) <

a*c(M) asc()\)
©0(@so (1))

of the claim of Proposition B.3. O

. A similar bound bound for the other term ends the proof

Lemma B.4. The functions A — d_ (n) and X BSC(,\) are uniformly differ-
entiable for A € [0, B].

Proof. The proofis provided for the first function. One has s.(A\)+wo(as,(n)) =
0so &a, () = m for A € (0, B) where s.()\) € C1[0, B]. Assumption
1.4 yields that ¢p(A) > 0 for 0 < A < B. The issue is the limit of the above

expression for 07 and B~.

e For small A, Proposition 3.8 yields s.(\) = O <exp (— Y §§(0)>/)\2>. For

[V

Nl=

small z ~ 0, one has that ¢ (x) = O(po(z) + ¢g )
©0(@s.(x) = O(po(@s. () + %0)
\/wé'(0)>

=0 (exp (—S;I?/\(O)>> ' (B.2)
0 exP(‘ I

12 for small A. So limy_,q+ %ESC(A) =0.

d -~ _
and Os.(N) =

e For A ~ B, Proposition 3.8 yields s.(A\) = O (A — B). For z = x¢, one has
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that ¢g(x) = O(po(z) + ¢4 )%

[N

0(@s.(x) = O (#0(@s.n) +¢5)* = O(A = B). (B-3)
Therefore one has a limit limy_,z- %ESC(A) < 00.
e Since %ESC(A) € 090, B), the proof is ended. O

Appendix C. A useful inequality

For p, g € R*, one has the estimate

2
)

Jeer ) (LPV. [, 0 S5 dp) cz:cHLi

< ﬁfwel ||f||i§dx X [oer HgH2 dz where L3 = L3 (R) is the quadratic norm

is with respect to the variable )\ € R. The proof which uses the fact that the
Hilbert transform is an isometry in L? is left to the reader.

Appendix D. Verification that V7, _ is a generalized
eigenvector

We provide a separate algebraic proof that V7,  is a generalized eigenvector
of iH®. The proof is in the weak sense, assuming convergence of the sums and
integrals (refer to Remark 5.8). It yields a direct verification of the conditions

(4.5).

Lemma D.1. One has (V. AW') + (Ve 2 EoBW ) + (Vi ., DW) =
A (V;),C,Z, W) for all W € X,.
Let us start from (5.11). One has for all W € X,
( ekz’AW/) ( ek:z7AW> ( ekz('r)eo’AW/)
) 2 s,p,z’/
JrEZZP.V./ i zez;xp(gAfO/ o, (U2, AW') t2ds
s,p -~ ek

2! p#£0 SEI;,
and

(Vipa e BoBW) = (Ufk 2 EBW) + (a2, Z(x)eo,g2EoBW)

€ €

+€ZZPV/

z' p#0 EIS

(> k 2627 exp(zs <p0/2) S,p,%
)‘g,p - /\i,k

(US .2 Eg BW) tds.

S,D,%

(D.1)
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Summation of (D.1-D.3) and the use of (3.12) which is satisfied for all e, k, 2
yields

(Vi AW') + (Vig o e2EoBW)

= (U AW") + (Uz 022 B BW)

+ (ae k(@ )eo,AW’) + (ai i Z(:E)eo,EQEOBW)

+EZZPV/ aaekze27exp(5 900/2) spz)

€ _ £
2 p#£0 EIE )\s,p )\e,k

2o (Us W) tids.

s,p,z’

So
Vekz,AW’) ( € EOBW> — (I/'ekz,W)

= ekz7AW/) (Uekz’g EoBW) — Ak (Uekz’W)
+ (ad.(z )eO,AW> + (aekz( )eo, € EOBW) — Aok (aekz( )eo,W)
+

SZZ aaekz627exp(5 900/2) $,p,2’ ) (Ujpz W) tids

2 p#£0 sel?,
= 0-X, (az’k’zeo, W) +e (exp(52<p0/2)aaz7k7zeg, W) (use the identity (3.23)).

Let a € L3(I) and ¢ € L?(I) denote the first and third component of the
infinite vector WW. One recasts this as

( e,k,z? AW’ ) ( :,k,z’ EQEOBW) - Z,k (Ves,k,zv W) (D'Q)

== Z,k (ai,k,z, ) +ea (eXP(5 vo/2)ag Qe k; zaC) .
On the other hand another use of (5.11) yields

(Vip.. W) = (Uj,”,DW) + (a5 1.0, D)

Y B )

A — )\E (US Dy 2
z' p#0 SEIE/ s,p e,k

7y DW) tEdS

(D.3)
One can write DW = aexp(po/2)aes — al*(exp(vo/2)c)eg. So

(ij Z,DW) = (Ué,“ -eg,aexp(52<p0/2)a) - (aikZeo7a1*(exp(€2<p0/2)c)eo>

aag ;. ea,exp(e®po/2)US .
sy Yorv. | v

A — )\ p,2 €25 exp(EQSDO/Q)(l) tids
2/ p#0 s€IZ sp T ek

Since ag . , € L3(I) is the unique solution to (4.6)-(5.3)-(5.7), one obtains
( e,k,z? DW) (U:,k,z * €2, eXp(€2@0/2)a’) -« (az,k,za eXp(€2¢0/2)C)

1
+g)‘z,k(az,k,z7 a’) (exp(€ 4100/2) ek,z €2, a) .



48 Bruno Després

One adds to (D.2). So (Vj}k)z, AW’) + (V;k)z, €2EOBW) —Aek (Ves,k7z’ W) +
e (Vin. DW) =o.
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