N

N

Whistler envelope solitons. I. Dynamics in
inhomogeneous plasmas
C. Krafft, A.S. Volokitin

» To cite this version:

C. Krafft, A.S. Volokitin. Whistler envelope solitons. I. Dynamics in inhomogeneous plasmas. Physics
of Plasmas, 2018, 25 (10), pp.102301. 10.1063/1.5041055 . hal-01989769

HAL Id: hal-01989769
https://hal.sorbonne-universite.fr /hal-01989769v1

Submitted on 22 Jan 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.sorbonne-universite.fr/hal-01989769v1
https://hal.archives-ouvertes.fr

Whistler envelope solitons. I. Dynamics in inhomogeneous plasmas
C. Krafft and A. Volokitin

A self-consistent Hamiltonian model based on equations describing the coupled dy-
namics of whistler and lower frequency waves in inhomogeneous plasmas is built. On
this basis, different aspects of whistler turbulence are studied, concerning mainly the
development of modulational instabilities and the dynamics of envelope solitons in
irregular plasmas. Numerical simulations based on the model show that modula-
tional instability can lead to the generation of a beating of stable nonlinear whistlers
propagating with a speed near the group velocity. The whistler envelope soliton is
determined analytically and its propagation in plasmas presenting random density
fluctuations and weakly irregular density structures of different scales and amplitudes
is studied, showing that the envelope is very weakly affected by these inhomogeneities,
whereas the wavelengths and the amplitudes of the phase oscillations strongly vary.
Moreover, simulations show for the first time that two whistler solitons moving with
different but close velocities and colliding one with the other remain unchanged af-
ter this collision, independently of their initial amplitudes and velocities. Finally we
study the dynamics of sonic whistler envelope solitons and show that the propagation
of their lower frequency perturbation is governed by a KdV-type equation.



I. INTRODUCTION

The emission of whistlers excited by electron beams in the presence of very low fre-
quency acoustic-type waves and plasma inhomogeneities has been observed in several space
experiments. For example, low frequency electromagnetic waves identified as whistlers were
detected in the inhomogeneous solar wind plasma in association with Langmuir and ion
acoustic waves’?. The Wind spacecraft observed parallel propagating whistlers and Lang-
muir waves within a coronal mass ejection®, which were very good time-correlated with a
loss-cone electron distribution within a magnetic cloud. Whistler waves propagating along
magnetic loops during solar flares and generated by loss-cone distributions of relativistic
electrons have been shown to be responsible for the generation of fiber bursts in the solar
radio radiation*. Normal cyclotron mechanisms driven by temperature anisotropy have been
identified® to be the cause of lion roars, which are intense and narrowband whistlers of low
frequency, that are one of the characteristic features of the magnetosheath. Moreover, this
mechanism is responsible for whistler emission upstream of the Earth’s bowshock and at
interplanetary shocks®.

Bursts of narrowband and short-living whistlers have been frequently observed by
spacecraft’; most of these waves propagate in the electron foreshock quasi-parallel to the
ambient magnetic field, and are likely produced by electron fluxes through cyclotron reso-
nances and temperature anisotropy; they are more rarely observed in the solar wind, where
they are believed to propagate along the field lines and originate from distant sources (such
as interplanetary shocks®) or halo electrons presenting temperature anisotropy and carrying
heat flux®. The spacecraft Cluster observed in the solar wind narrow band coherent fluctu-
ations propagating quasi-parallel to the magnetic field, interpreted as whistler waves'®. The
specific problem of interaction between narrow whistler waves packets and warm electron
beams (i.e. with finite perpendicular and parallel temperatures) is particularly interesting.
Indeed, as whistlers excited by such beams present in many cases positive linear growth
rates only in narrow spectral bands!!(see also below), one can suppose that, even in the
quasilinear and nonlinear stages of the evolution, the waves with resonant velocities in the
corresponding narrow velocity domain should play the most significant role. In this case a
broadband packet is not necessary for producing an efficient interaction with electron fluxes
and a subsequent significant radiation. Such whistler waves, for example, can be generated
due to some natural physical processes, as evidenced by the space observations mentioned
just above, or be emitted in the magnetosphere by ground transmitters'2.

The coupling of large amplitude whistlers as those observed in space plasmas'® with lower
frequency waves as ion or electron acoustic waves can lead to various phenomena developing
in the nonlinear stage of the evolution, in presence or absence of resonant particles, as pon-
deromotive effects, modulational instabilities, formation of stable structures as solitons or
localized wave packets, etc. The satellite Ogo 5 observed isolated discrete whistler packets

in the solar wind!*. Observations by spacecraft revealed the existence of localized electric



fields and density structures in the high and low frequency ranges. Indeed, the satellite Freja
observed right-polarized wave packets accompanied by density cavities with depths of the
order of 1% of the background plasma, identified by the authors as envelope whistler soli-
tary waves'®. The space mission Cluster detected whistler emissions near the plasmapause,
correlated with density fluctuations aligned along the ambient magnetic field'®, which are
modulated structures associated with the density perturbations. Moreover, the satellite Fast
observed envelope solitary electron-acoustic waves propagating along the magnetic field lines
in auroral density cavities, in regions where two electrons populations, hot and cold, exist!.
Finally, some authors report the observations of envelope soliton fine structures observed in

solar radio metric-wave emissions occurring during solar radio bursts!®.

In order to explain such observations, we present hereafter a self-consistent Hamiltonian
model based on equations describing the coupled dynamics of electromagnetic whistlers and

1920 in randomly inhomogeneous plasmas. This model is used, owing

lower frequency waves
to an associated numerical code, to study the characteristic features of nonlinear structures
as solitons and physical effects as modulational instabilities, which can rise in space plasmas,
as mentioned above. The present paper extends and generalizes the existing studies?'2%, by
enlarging the domain of parameters’ validity (e.g. by considering the full range of whistler
frequencies, and not only the limiting case of very low frequencies) and by providing detailed
numerical simulations’ results on different aspects of whistler turbulence in inhomogeneous
plasmas. In particular and to our knowledge, the dynamics of the collision between whistler
envelope solitons is presented for the first time. Concerning modulational instabilities, we
also show how they can generate beatings between stable nonlinear structures. Moreover
the whistler soliton propagation is studied in plasmas presenting external preexisting ir-
regularities in the form of random fluctuations, which are particularly important as they
can strongly influence on the nonlinear effects at work, as it was evidenced recently for the

d?* 2", Note that the model provides useful

case of Langmuir turbulence in the solar win
invariants which allow to control the numerical simulations; moreover it can be completed
by adding populations of resonant particles interacting with the solitons, as discussed in the

companion paper>2.

II. INTERACTION OF WHISTLERS WITH LOWER FREQUENCY
WAVES : THEORETICAL MODEL

In a magnetized plasma, whistlers can couple nonlinearly to lower frequency waves, due
to the ponderomotive force and the interactions between their fields and the plasma fluid
density’s, velocity’s and magnetic field’s perturbations. In this frame, specific physical effects
can rise and influence strongly on the dynamics of the whistlers.

Let us consider the case of whistler wave packets propagating parallel to the ambient



magnetic field By; their magnetic field is assumed to be of the form
B = Re (B (z,1) g iwottikoz (x—l—iy)) , (1)

where B = B, — iB, is the slowly varying (with space and time) envelope of the right
circularly polarized wave; x and y are the unitary vectors along the axes perpendicular to
the direction z of the wave propagation and the ambient magnetic field By; B, and B, are
the coordinates of B along x and y; wy and kg are the central frequency and wavenumber
of the whistler packet. The dispersion relation is given by
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with the elements of the cold dielectric tensor
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where w,, and w, are the electron plasma and cyclotron frequencies, respectively. Note that,
contrary to previous studies?? which considered only waves with wy < w,, our model takes
into account the full range of whistler frequencies, i.e. w;, < wy < w., where wy, is the lower
hybrid frequency. Combining the Maxwell equations we obtain that
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where j is the current density involving the external currents j,; (which can be carried by
an electron beam injected in the plasma, for example). Using the Ohm’s law for the linear
current density, and taking into account the slow space and time variations of the magnetic
field envelope B, we obtain that D(w,k)B ~ 0 when j.,; = 0 (for more details see the
Appendix A). Performing a Taylor development of D(w, k) around (wq, ko) up to order two
(parabolic approximation) and keeping only the main terms, we can write
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where p = dn./ng and dv, are the perturbations of the slowly varying electron fluid density

and velocity; 0 B, is the slowly varying magnetic field perturbation along z; ng is the unper-
turbed plasma density at equilibrium. Then the equation of evolution of the wave magnetic

field envelope is obtained in the following form (see also the Appendix A)
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with

The right hand side of (6) consists of three nonlinear terms representing the coupling be-
tween the whistler field and the lower frequency perturbations of density, velocity and am-
bient magnetic field. Note that D = —wZef,, where &f, is the derivative of the dielectric

constant at (wo, ko). The group velocity and its derivative are given by vy = (dw/dk), =
— (0D /0k), / (0D/0w), = —2c*ko/ D}, and

d*w Vg0 V2, ww,
Y (i I I L R 8
fa0 (dk2)0 ko ( c? ( +(wc—cuo)3)) (®)

Below the term with B, in (6) will be omitted as the magnetic field By is considered here
to be constant. The evolution of the lower frequency oscillations of the electron density
on. and velocity dv. can be obtained by using the momentum conservation equation in the

steady state

9 B e 9 T, 9 E,
aéve + 61}6@51}6 = E&é@ — . &6716 + -

where d¢p is the low frequency potential; T., m, and —e < 0 are the electron plasma tem-

~ (),

perature, mass and charge, respectively. The ponderomotive force F},. of whistlers acting

on the particles is (see also the calculations of the non stationary part of the force in the
Appendix B)

F

pz —

(9)
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where E = (wg/cko) B; the expression (9) is similar to that obtained in another way

The ion dynamics is described by

0 0
0 0 e 0 T, 0O
ARG L ey vl e L (1

where 0n; (n; = ng + on;) and dv; are the proton density and velocity perturbations; 7; and
m; are the ion plasma temperature and mass. In the case of quasineutral low frequency
oscillations (p = dne/ng ~ on;/ny and consequently, due to charge conservation, V = dv, ~
dv;), one can get the low frequency equations in the form

%) w2  w, |B]? %) w2wo |BJ?
Ty e I (e p ~0, (12
ot ( (wo — we)? ko 16mngm;c? * 9z \ &P * k2 (wo — we) 16Tngm;c? - (12)

ot 0z

where the hydrodynamic nonlinear terms have been neglected and the ponderomotive terms

0, (13)

have been expressed as a function of the magnetic field enevelope B; ¢ is the ion sound
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velocity. Defining |B|> = |B|* /16mngm;c® and introducing the hydrodynamic flux ¥ in the

form )
ov Wew
oy BP? 14
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the equations (12)-(13) can be written as
or wiwo 2
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Adding the equation for the whistler envelope in the following form (§B, = 0)

oB 0B | vy 0*B w? kowe OV wlw?|BI’B a7
0z 2 022 (wo—we) D} (wo — we) 0z (wo — we)3 |7

Y - <w0pl3+ e B4

we get a system of three differential equations whose Hamiltonian can be expressed as (see
also the Appendix A)

dz dz

[_ (625 28 28

0z

* elBP K
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V2 L 22 18
2 0z 0z 2 (V)| (18)
where L is the size of the system and V' has been expressed using (14). The three first terms
of (18) represent the energy of the whistler waves, the fourth one the energy of interaction
between the whistlers and the lower frequency waves, and the two last the energy of the

lower frequency waves. Another invariant, i.e. the momentum P of the system, can be

deduced from (12)-(13)-(17)

_ oB* OB\ dz = 2k? dz  2w)  kow, 5 dz
_ e e @ _ =, 1
P Z/(Baz Baz)L+D6/va Dg(wc—wo)Q/p‘B‘ L (19)

The last invariant is the number of quanta

d
Hy = /MO‘B‘QTZ, (20)

which can also be added to (18). The two couples of canonical variables are (B,B*) =

(B, B*)//16mngm;c? and (¥,11) = (¥, —k2p/D;). One can check that the corresponding
Hamilton equations are given by

o §H 0V GH 0B §H

50 o s o s (21)



where ¢ is the functional derivative. This Hamiltonian system can used to study the inter-
actions of whistlers with ion sound waves, for example. Note that, due to (5), the model
is valid for the case of narrowband coherent whistlers propagating quasi-parallel to the
magnetic field lines. Such whistlers can be generated naturally in space or artificially in lab-
oratory experiments, using pump waves or particles’ fluxes, as discussed in the companion
paper of this article32.

Our purpose is now to solve the system formed by (18) and (21) (or (6), (12) and (13))
in order to understand the dynamics of a whistler packet interacting with ion sound waves.
A numerical code has been built which is based on the normalized model’s equations, which
are solved using pseudo-spectral methods, discretization schemes and Fast Fourier Trans-
forms (see the Appendix C for more details). Packets of 1024 — 4096 waves of wavenumbers
ko £k (0 < k < ko) and frequencies wg,1 are used, which present initially narrowband
spectra peaked at the central wavenumber kg at frequency wg. The one-dimensional simula-
tion box extends typically over a normalized distance Lw./c ~ 10% — 10°. External plasma
inhomogeneities can be introduced as initial perturbations. The accuracy of the calculations
is controlled owing to the model’s invariants, i.e. the number of quanta (20), the system’s
energy (18) and momentum (19).

IIT. MODULATIONAL INSTABILITY

As shown in previous studies?!, whistler waves propagating along magnetic field lines can
be modulationally unstable with respect to perturbations of the lower frequency range. On
the basis of the above presented Hamiltonian model we will first determine the growth rate
of such instabilities and then perform numerical simulations.

Let us express the magnetic field envelope as B = By, + Bpyq € " + By, _ e~ =+
where the amplitude of the Fourier component By, corresponding to the central wavenumber
ko is large compared to the amplitudes of the other components By, +.. So the density and
velocity perturbations satisfy p = p, e ¥ 4 p e =+ qnd V = Veina—i0 L)/ emirz it
From (13) one can deduce that Qp, = kV,.. Moreover, in the Fourier space the equations (6)
and (12) lead respectively to the relations

2,/ Wow

KV 2 K w k
+0 — 9 B o = v (4 __Fe 0 Vi.B 22
( T g0 2 ) ko D} (wo — we) (Q + Wo — Wewy ) TR (22)

and
w? We BZO Byytr + By, B;

QlV,— P
( (wo — we)® ko 16mnom;c? Wo — We) 167ngm;c?

(23)
where the asterisk indicates the complex conjugate. Combining the equations (22) and (23)
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we get
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v4 being the Alfven velocity; note that v, has the same sign as k. Then, searching solutions
of (25) for small k that satisfy Q =~ kvgo + iy with }HQU;O/2‘ < |Kvgo| , we get

> 8 Vgo K\’ | We kovgo ’ (27)
7= 2 — v ko (We — wo)  wo ’

which shows that modulational instability can exist for supersonic (vgy > ¢5) or subsonic

(vgo < ¢) whistlers only if vy, < 0 or v, > 0, respectively. Note that v is proportional to
| By,/Bo| through I'*. For the strongly supersonic case when Q2 > ¢?k? (i.e. vy > ¢;) we

get the growth rate
;172
v = T3 %)
Vg0 ko

K We Fovgo

(wc - wo) Wo

(28)

If vy0 = ¢s (sonic case), the growth rate given by (27) presents a singularity. However the
relations (?7) allow to write in this case that  (cs — vg40) = iy so that we get from (27) that

/ 1/3 2/3
kov
~ .1/3 F Ug(] 1 o wc 0 gO 29
e (%) ( (@e—wo) wo ) (29)

with '/ = 0.866 — 0.5i. Let us solve numerically the equation (25) and show in Fig. 1

the variations of the growth rates Im(€2/wp) as a function of the normalized wavenumbers
k/kq for three examples of space plasma parameters, i.e. for a very low frequency subsonic
whistler in the solar wind (Fig. 1, upper panel), a supersonic whistler and a sonic whistler of
high frequency (wp >~ w,) in the Earth magnetosphere (Fig. 1, lower panels). As expected by
the nature of the modulational instability, the calculated growth rates are rather weak, even
if at large B/By ~ 0.3 they can reach a significative value around 1073 (see Fig. 1, upper
panel) and can thus a priori compete with other nonlinear phenomena, as the three-wave
resonant interaction process where a whistler decays into a backscattered whistler and an
ion sound wave, for example. However, according to Ref. 28 where the authors considered
the different classes of parametric instabilities for whistlers propagating along magnetic field
lines in a dense plasma, these instabilities develop in different ranges of k. Moreover, in
the case of narrowband whistlers, different effects should not compete one with another in

narrow k ranges, for the same physical parameters.
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FIG. 1. Growth rate Im(Q2/wp) of the modulational instability as a function of the normalized
wavenumber x/ko. (Upper panel) : Subsonic case (vqs0 < ¢s), for parameters typical of the solar
wind : wp/we = 110, wo/we = 0.0013, cky/we = 4, ¢s = 0.0008, B/By = 0.28, vg0 = 0.00065,
"U;o > 0. (Middle panel) : Supersonic case (vg9 > cs), for parameters typical of the magnetosphere
D wp/we = 3, wo/we = 0.59, cko/w. = 3.7, B/By = 0.017, ¢; = 0.002, vgyo = 0.13, v;O < 0.
(Lower panel): Sonic case (vq0 =~ ¢), for parameters typical of the magnetosphere : w,/w. = 2,
wo/we = 0.96, cko/we = 10, B/By = 0.01, ¢s = v40 = 0.0073.

In Fig. 2 we present results of numerical simulations performed for the parameters of
Fig. 1 (middle panel). It shows that not only large amplitude whistlers but also smaller
ones (B/By ~ 0.01) may be subject to modulational instabilities; however, in the latter
cases, the actual observation of such instabilities in space plasmas could be difficult if not
impossible, due to the small value of Im(£2/wg). In the left column of Fig. 2 one can
see the profiles of the magnetic field envelope B/By (together with its real and imaginary
parts) for four moments of time, i.e. w.t = 1.7 10%,1.9 108,2.5 10%, and 3 10%. A modulation
instability develops near w.t ~ 10®, as expected from the growth rate values of Fig. 1 (middle
panel). Correspondingly, the right column of Fig. 2 shows for the same time moments the
profiles of the lower frequency perturbations, i.e. the normalized plasma fluid velocity V/cs.
The modulation instability manifests itself by the occurrence of nonlinear wave structures
forming a set of several soliton-like peaks, which are shown in the frame moving with a

velocity close to the group velocity vy where they are quasi-immobile. The distance between
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FIG. 2. (Color online) (Left column) Profiles of the magnetic field envelope B/By (thick black
curve), its real and imaginary parts (thin black and gray lines - blue and gray lines online -
respectively), for four moments of time, i.e. w.t = 1.7 108,1.9 10% 2.5 10%, and 3 10%. (Right
column) Corresponding profiles of the lower frequency fluid velocity perturbation V/cs, at the

same times. Parameters are those of Fig. 1, middle panel.

them (A ~ 3500c¢/w,) corresponds to the wavelength of the most unstable perturbation in
Fig. 1 (middle panel), i.e. to the wavenumber value k,,/ky = 0.00045 where the growth
rate is maximum; indeed one easily verifies that 27 /k,, ~ 3700c¢/w.. This distance A is not
very large in comparison with the normalized width of a soliton-like structure, which is of
the order of 1000c/w.. As a consequence, it is more reasonable to interpret the nonlinear
structures as a periodic nonlinear wave, and not as a soliton or a train of solitons. Moreover
the simulation demonstrates a more complicated picture: the growth of the modulational
instability leads to the generation of a superposition (or beating) of nonlinear waves which
are responsible for the large quasiperiodic oscillations of the ion sound energy density Wig

during its saturation stage, which starts near w.t ~ 1.5 10%, as shown in Fig. 3. Note that
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FIG. 3. Time variation of the normalized ion sound energy density Wrg (in logarithmic scale).

Parameters are those of Fig. 2.

during these oscillations the whistler wave modulation tends to disappear (see e.g. the third
left panel of Fig. 2 representing B/ By at w.t = 2.5 10%) as it is roughly 10 times smaller than
its maximum value at w.t ~ 3 108. An attempt to describe theoretically such interactions
between nonlinear waves was presented in Ref. 29.

IV. WHISTLER ENVELOPE SOLITON

This Section is devoted to determine the analytical form of a whistler envelope soliton and
then to study, owing to numerical simulations, its characteristics of propagation, i.e. mainly
its dynamics in a inhomogeneous plasma and its collision with another soliton. Therefore
let us find a stationary solution of the equations (6), (12) and (13). We suppose that the
whistler envelope soliton is moving with the velocity U and define the variable ¢ = z — Ut,
so that for a function f(z,¢) we can write that 0f /0t = —U0f/0z. Then (12) and (13)
provide that p = V/U and

p(B) = —= > (1 * oo ’foU> B (30)
(wo — we) K2 (U? — 2) (wo —we) wo /) 16mngm;c?

Moreover, searching stationary solutions of (6) in the form B = ® (§) e=?*+#* we get that

2 v
O+ - <)\ — g — MZ%‘)) D 4 bP* = 0, (31)
g0

where ®” = 92®/9*¢ and

2wy 2 . kU1
b - / / : 2 1.2 ;UO 2 (1 + » u ) 5" (32)
Vg Dy (wo — we)” Ko (2 =U?) Wo — We Wo 16mngm;c
One can find a family of solutions of (31) in the form ® (§) = B;sec (/1) with
=0 A=—o5 -z 33
2 U;o ) 213 +/J/Ugo+,u 9 ( )
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FIG. 4. Whistler envelope soliton (in thick lines) at three time moments w.t = 20,45000 and
90000 during its motion through a density depletion reaching dn/ng ~ —0.02 (dashed lines); phase
oscillations inside the envelope are presented in thin lines. Main parameters are : wy,/w. = 17,
wo/we = 041, cko/w. = 14.3, B/By = 0.015, ¢, = 0.00014, vgo = 0.0034.

and

2 10mnomic® (wo — we)” 2kovho kg (c; -U?) (1 +—e M) - (34)
B? wh Voo W Wo — We Wo

Then the lower frequency perturbations are given by p = p,sec? (£/l;) and V = Vysec? (£/1,) =

Upgsec? (€/1,) , where p, = p(Bs) (30).

Equation (34) shows that the whistler soliton exists only if v}, (¢ — U?) > 0. So the
condition vy, < 0 (resp. vy, > 0) has to be fulfilled for a supersonic whistler soliton with
U > ¢, (resp. a subsonic soliton with U < ¢s). One can see that the width [, of the soliton
is inversely proportional to its amplitude B;. For a supersonic soliton, p and V' propagate

in the form of density and velocity humps if

wo (wWe—wp) U
Wo We Z o) Y 35
cke  we < c’ (39)

and in the form of cavities for the opposite case. When the soliton velocity is equal
to the group velocity, i.e. U = v, one can show using (2) and (7) that the term
1 4+ wekoU/wp/ (wo — we) is always negative, so that the supersonic solitary whistler wave
presents in this case always density and velocity humps and the subsonic one always density
and velocity cavities. Note that the difference between U and the group velocity vy is
formal, as it becomes clear if one notes that a soliton moving with velocity U # vy gets a
correction p to its wavenumber (33); thus the soliton always moves with the group velocity
corresponding to its full wavenumber p + ko. But it is suitable to distinguish U and v,
when we consider the collision of two solitons (see below).

The questions arise whether a inhomogeneous plasma can support the propagation of sta-
ble whistler solitons and whether they can be accelerated or decelerated in such a medium,
as a linear whistler wave does, and if they can keep their identities when passing through
density gradients or randomly fluctuating plasma irregularities. So let us study the propaga-
tion of a whistler soliton in a depleted plasma with a density well of depth reaching 2% of the
ambient plasma density and a scale significantly larger than the soliton width. Numerical

simulations show that the solitary whistler propagating in this structure keeps its stability.
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FIG. 5. (Upper row) Whistler envelope soliton (thick black lines) at four time moments w.t = 500,
2.65 10%, 5.25 10%, 1.05 10° during its motion through a density hump with maximum én/ng ~ 0.001
(bottom row, thick black lines); the phase oscillations inside the envelope are presented in thin black
lines. (Bottom row) : Corresponding profiles of the external density (black lines) and velocity (gray
lines) perturbations. In all places where black and gray lines do not appear separately, they are
actually superposed. Main parameters are : wy/w. = 3, wo/w. = 0.73, cko/w. = 5.0, B/By = 0.03,
cs = 0.02, vgo = 0.079.

Figure 4 presents the profiles of the whistler envelope soliton B/By at three different times
and positions when propagating through a small density depletion. The envelope is not de-
formed during its travel but its phase exhibits oscillations with varying wavelengths; those
decrease more and more as the soliton approaches the bottom of the density well. The soli-
ton moves with a quasi-constant velocity, it decelerates (resp. accelerates) when it crosses
the negative (resp. positive) density gradient, in agreement with the behavior expected for
a linear wave. When it reaches the simulation box at w.t ~ 10°, its velocity has eventu-
ally increased by less than 1%. These variations are tiny due to the small corresponding

variations of the whistler frequency.

The dynamics of an envelope soliton crossing a density hump of comparable width is
shown in Fig. 5 at four time moments, together with the corresponding evolutions of the
density and the velocity external perturbations (the soliton’s lower frequency perturbations
are too small to be visible). When the soliton passes through the hump (see the second
column), the external density hump splits in two parts of identical size but of half amplitude

that are propagating further in opposite directions; moreover the corresponding velocity
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FIG. 6. (Upper panel) : Whistler envelope soliton B/Bj (thick lines) at five time moments w.t =
800, 300800, 600800, 1000800, and 1400800 during its motion through an inhomogeneous plasma
with random density fluctuations; phase oscillations inside the envelope are presented in thin
lines. (Lower panel) : Profile of the external density fluctuations dn/ng. Main parameters are :
wp/we =10, wo/we = 0.28, cky/w. = 6.3, B/By = 0.001, ¢s = 0.00015, vyo = 0.065.

perturbation is amplified and appears as a hump accompanied by a depletion of similar
scale and amplitude. Meanwhile the soliton envelope keeps its stability, even if its phase
strongly varies.

Moreover, the propagation of a whistler envelope soliton in a plasma with random density
fluctuations of comparable amplitudes and wavelengths has been studied, showing that the
soliton is very weakly affected by these irregularities. Fig. 6 shows the soliton profile at
five different time moments together with the density fluctuations’ profile dn/ng. Note that
such kind of plasma with random density inhomogeneities is typical of the solar wind. As
discussed above, only the phase of the soliton is strongly varying when it crosses successive
irregularities with negative or positive gradients, its envelope remaining very stable. The
soliton is not accelerated nor decelerated during its travel through the whole box, i.e. during
a time exceeding 1.5 10%w .

Finally, simulations show for the first time that two whistler solitons moving with different
but close velocities and colliding one with the other are not destroyed during this process
but propagate away with no changes after the collision is fulfilled, independently of their
amplitudes and velocities. Figure 7 presents the magnetic field amplitudes B/By of two
envelope solitons moving along the simulation box with different velocities (both very close
to the group velocity), at six different times during the collision. When the two solitons begin

to overlap, their envelopes as well as the oscillations of their phases are strongly modified,
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FIG. 7. (Color online) Time evolution of the collision between two whistler envelope solitons. Six
moments of time are shown, as indicated on each panel : w.t = 6 105, 8.4 106, 1.08 107, 1.32 107,
1.57 107, and 1.8 107. The first soliton, the fastest one, has the amplitude B/By = 0.03 (upper
left panel); the second soliton, the slowest one, has the amplitude B/By = 0.05. The envelopes
are shown in thick black lines, whereas the real and imaginary parts are presented in thin and
dotted (red online) lines. Main parameters are : wy/w. = 3, wo/w. = 0.49, cko/w. = 3, c¢; = 0.001,
vgo = 0.17.

interfering one with the other in a complex way. Note however that the wavelength of
the real and imaginary parts of the fields are not changed; the phase oscillations with the
smallest wavelength (belonging to the slowest soliton) modulate the phase oscillations with
the longest wavelength (the fastest envelope). At the time w.t ~ 1.08 107 when the solitons
coalesce, they exhibit a single structure with several peaks of wavelengths close to those of
the slowest soliton. After the collision, when the fastest soliton (i.e. that with the smallest
amplitude) has overtaken the slowest one (with the highest amplitude), both recover their
initial shapes and continue their motion without noticeable variations of their amplitudes,
forms and phases. The density and the velocity perturbations (not shown here) propagate in
the form of sec? (¢/1,) functions as determined analytically, following the whistler soliton with
the same speeds. However, similarly to the case of Langmuir solitons’ collisions, emission of
linear ion sound waves is detected after the collision is finished.

In a second example (see Fig. 8), the fastest soliton in its turn has the largest amplitude,
but the conclusions are the same as mentioned previously. Moreover we present in Fig. 9 the
time variations of the square maximum amplitude (Bpay/Bo)? of the overlapped structure
formed by the two solitons and of its position & = zpyax — Vg0t in the frame moving with the
group velocity, where z = 2.« for B = Bac. This shows that the structure moves with a

constant velocity and that its maximum amplitude oscillates weakly with time.
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FIG. 8. (Color online) Time evolution of the collision between two whistler envelope solitons. Six
moments of time are shown, as indicated on each panel : w.t =4 107, 5.12 107, 6.24 107, 7.36 107,
8.48 107, and 9.6 10”. The first soliton, the fastest one, has the amplitude B/By = 0.03 (upper left
panel); the second soliton, the slowest one, has the amplitude B/By = 0.01. The envelopes are
shown in thick black lines, whereas the real and imaginary parts are presented in thin and dotted
(red online) lines. Main parameters are : wy/w. = 3, , wo/we = 0.63, cko/w. = 4, cs = 0.001, vy =
0.117.

V. SONIC WHISTLER SOLITON

When the whistler group velocity vy is very close to the ion sound velocity cg, the width
ls of the soliton (34) becomes infinitely small and its amplitude Ej infinitely large. In order
to suppress this singularity, we have to take into account small additional corrections in the
low frequency equations (hydrodynamic nonlinearities and weak non quasineutrality). Let
us consider that v, =~ ¢s and combine the low frequency equations (10)-(11) as follows

@_28_2( +%>:§(Va_v_g(pv))7 (36)
otz m; 022 T; 0z 0z Ot
where we used the same notations V and p = dn;/ng = (n; — ng) /no as in the previous
Section; ¢ is the low frequency potential. The density n;, of the electrons, which are a hot
population compared to the ions, is

ny, = / (FO + D) dv, =0l +nf, (37)

—00

(0)

where n,”’ and ng)

are the zero and first order electron densities, corresponding to the
parallel velocity distributions f(© and f®:; néo) is obtained by writing that the resulting
force acting on the hot electrons (Coulomb, thermal and stationary ponderomotive forces)

is vanishing, which leads to

ngo) ~ Ny exXp (% — d 2] : (38)

Th  wo(wo — we) 16mngTy,
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FIG. 9. (Upper panel) : Time variation, during the collision, of the square maximum amplitude
(Bmax/Bo)? of the structure formed by the two overlapped solitons in Fig. 8. (Lower panel) :
Corresponding time variation of the position { = zmax — v40t in the frame moving with the group

velocity, where z = zyax for B = Byax. Parameters are those of Fig. 8.

where T}, is the temperature of the electron population and nyg is the electron density at
equilibrium. Considering the higher order terms provided by the thermal force and the non
stationary part of the ponderomotive force, we get similarly the derivative of the first order
electron density

ol WiWe ko @ |E? (39)
~n —_——
0z ho wo (WO — wc)2 Wo ot 167TTL0Th
The Poisson equation can be written as
92
a—f = —4me (n; — np,) = —4me (png — (ngo) + ng) — n[))) , (40)
z
which leads to
2
e P Nee e EP e Wy EP )
ho2) T, P wo (wo — we) 16Ty, 2 \ T wo (wo — we) 16707}, ng
(41)

where A} = T}, /4mnge? is the electron Debye length. Excluding ¢ in the right hand side of
(41) we get

2 2 2 2
0%N<1+)\28_)?+ wy (8 We k;08> |E| +10p (42)

02Ty, — "022 ) 0z wo(wo — we) 0z wo— wewo Ot ) 16mnT, 2 0z
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Then, using (36) we obtain that

Pp L Pp S P (Azazp T pz)

o2 o2 Se2\Ma2 Tt T T e

w? a(a We k;of)) |E|” a(av 0

_wo (wo — wc)& 9z (wo — we) w_oa 16mnom; N 9z VE ot (pV)) ’ 43)

where A2 = T\ /(T}, + T;). For waves propagating along one direction with the velocity U
we can write that p ~ p(7,§), where { = z — Ut, and suppose the slow dependence of p
on 7 (i.e. /0t ~ —U0/0z) . In the first approximation we get that V' =~ pU and, as we can
write that

0 ov. 0 3 5, 0%p? 5p d Op ,0%p
92 (Va A W)) U8 = WtV W

we can derive that

Op (P —)op, & 0 (0%, Xop?
or 2U 0z 2002 \"%022 X2

w? d we ko O |E? 3U 0p?
+ - Fe ™MZy_= L= IF
2Uwg (wo — we) \ 0z  (wo — we) wo Ot ) 16mngm; 4 0z

With the required accuracy we can write that U ~ ¢, and 0/0t ~ —¢,0/0z, so that we

0. (45)

obtain finally

Ip s 2Pp g 0 [2—U? A P> cx 0 |E)
90 Gy 0P G 9 (G o)y _exd By
or  27%923 20z 2 Pt A2 3 2 2 0z 16mngm;c?’ (46)

which is a KdV equation with a right hand side term describing the ponderomotive effects.
The high frequency equation (6) coupled with (46) can be written in the form

OB OB v, 0?°B wow? e kocs
i— +ivgp o+ - = ™ ) (1 e T0C > pB = a—QXpB, (47)

0z 2 022 Df (wo — we Wy — We Wo

where we note

wy w koc 2w?2
_ P 1+ c 0 s) : o= — 0. 48
X wo (Wo — we) < (wo — we) wo D; (48)

The system formed by the equations (46)-(47) has an Hamiltonian H, which is the sum of
three Hamiltonians, i.e. H,, H, and H;,;. Indeed, multiplying (47) by —0B*/0t, adding
the complex conjugate and integrating on space, we obtain the first part H, of the total

[ dz [dvg 0B* L,O0B Voo ?
Hw_/L(Q (Bé?z B@z)+2 ’ (49)
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which is the whistler wave energy. The KdV equation (46) provides the following Hamilto-
nian, which is related to the energy of the low frequency dynamics

dz ((E—=U2\ p2 X [(p\° ¥ ﬂ3
H, = Gy r_Zo (o
’ 0‘7/ L (< 2 ) 2 2 (az) +(A2+3> 6 )’ (50)

where v = 87(c?kZ /w?)nom;c?, whereas the interaction of the plasma fluid and the whistler

field is governed by the third Hamiltonian

ay [ dz 9
Hy,,=— [ —p|B|". 51
t 5 I p|B| (51)

The total Hamiltonian Hy = H,, + H;, + H, of the system is given by

dz [ ivgg 0B* 0B
H,=| —=|—-2|B - B*—
° /L(Z ( 0z 82)+ 2 >
dz [ ax 2 A —U>\ p* N [0p 2 Ty ik
— | —=p|B - — == — 2
+/L(2”| ‘“‘7(( o )2 2\e:) "\t ) ) B

where the canonical variables are the couples (B, B*) and (p, ), with ) = 2a7yp/c,, which

0B
0z

satisfy the Hamilton equations

0B 6H, 0B*  OH,
ot~ s ot B’ (53)

Op _ 0 (oH\ v 0 (oH, (54)
o oz\ oy ) ot  0z\dp )

In order to determine the form of the soliton which can propagate in the system, let us

define the variables 7 =t and £ = z — vt and write the equations (46)-(47) in the frame
moving with the group velocity as

dp ap s 0 (0% 1 () csx 0 |E) B
(e = v00) 3¢ 85 2 (9{' <>\08_§2 i) )\2 3 + 2 (9_5167m0mic§ =0, (59)

98 & _ ax
or 2 0 2

pE. (56)

Let us search in this frame stationary solutions in the form p = p(¢) and E = E, (£) e~ ™tei'2.

We get

2 (cs — vy0) 2(’)2,) 1/ X | Es|?
_— Ae—> 3 — =0 57
Cs P 0852 )\2 +3 )0 167rnomic§ ’ (57)
and 0 O*FE
Yg0 s a’x
Zg0 B, - 2XpE, =0 58
5 852 + w 5 i (58)

Note that the expected mutual compensation of dispersive and nonlinear effects is realized

in the higher frequency equation (58) but unlikely in the lower frequency equation (57),
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due to the smallness of the dispersive term )\362,0/ 0&?, which is typically 100 times smaller
than (v},/2)02E /0. In this case the nonlinear term proportional to p?, which could lead to
steepening effects and wave breaking, is compensated by the ponderomotive effects propor-
tional to | E,|*. The equations (57)-(58) have solutions in the form p (£) = p, sec? (€/1,) and
B, (§) = £Eysec (§/15) tanh (£/1,), with @w = —v, /212 and

6%0 ~ (cs — vg0) 4
axlz Cs  AL/AL A+ 3= 20X} /30l

Po = (59)
where the term 2 |ay/vly| Aj/3 < 1 in the denominator can be neglected compared to the

other ones. With the same accuracy we get also

|E8|2 8 (cs — UgO)Q
16mngmic2 — xc2 (A\g/Ar +3)’
¢ (es —vg) & 2ay

w22 ¢ w23ul (A/AL+3)

Note that o is positive whatever the parameters are and that x > 0 when v, ~ ¢;. One can
show that, similarly to p,, |Es| and 1/I? are proportional to ¢; — v, : when vy — ¢ the
soliton’s amplitude decreases and its width increases. If vy, > 0, the soliton exists whatever
the parameters are, it is slightly subsonic (v, < ¢s) and propagates with a density dip

po < 0. On the other hand, if vy, < 0, the soliton only exists if the following condition is

fulfilled
T, 20\

—Th+Ti 3> |U;o|'

vg0) and its density perturbation propagates as a

(60)

In this case, it is slightly supersonic (¢, <
hump (p, > 0). In both cases we have v, (c; — v40) > 0.

The variation of vy with wg/w. shows that the condition v,y =~ ¢, can be fulfilled in
two frequency domains : wg < w. or wy ~ w.. In the latter case, we get the following
)1/2 /

v ~

approximate expressions for a plasma with w, > w. : vy = 2¢ (we/wp) (1 — wo/we) '™, vy =

—8cPw,/wi/ (1 —wo/we) and ay ~ 2wy, (1 — wo/we) /? /e, where we note that vhy < 0;

then the condition (60) can be written as

Ty v wWo
1——=(1—— 3>0
Th‘i‘ﬂ( 02< We " ’

which is always true : solitons of the KdV equation exist for sonic whistlers with frequencies

near w.. Moreover their electric field amplitude is given by

|E8|2 -~ (cs — UgO)z Ew_g (1- WO/WC)5/2

= 22 ;
167nom;c? c? cswi  AG/An + 3

with the corresponding width and density dip

? (cs — vgo) wf’) (1 - WO/WC>1/2 ~ 4 (cs — vgo)

~

G227 6e @ X2ts T T2 s)
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The soliton is slightly supersonic and the density p propagates as a hump. No subsonic

soliton exists in this case.

VI. CONCLUSION

A self-consistent Hamiltonian model based on equations describing the coupled dynamics
of electromagnetic whistlers and lower frequency waves in inhomogeneous plasmas is built.
Based on this model, the paper extends and generalizes the existing studies by enlarging
the domain of their parameters’ validity and by providing detailed numerical simulations
controlled by the model’s invariants and involving various weakly inhomogeneous plasma
density structures. Different aspects of whistler turbulence are studied, concerning mainly
the development of modulational instabilities and the dynamics of envelope solitons in ir-
regular plasmas.

Modulational instability can develop for supersonic or subsonic whistlers, if the derivative
U;O = dvy/dk of the group velocity v, is negative or positive, respectively. Simple analytical
expressions of the growth rates are provided for the supersonic, subsonic as well as sonic
cases. Moreover numerical simulations show that modulational instability can lead to the
generation of a beating of stable nonlinear whistlers propagating with a speed near the group
velocity.

The whistler envelope soliton has been determined analytically by using the developed
model and its propagation in plasmas presenting random density fluctuations and irregular
density structures of different scales and amplitudes has been studied, showing that the
envelope is very weakly affected by these inhomogeneities, even if the wavelengths and the
amplitudes of the phase oscillations inside the envelopes strongly vary. As a linear wave, the
whistler soliton can accelerate or decelerate when crossing density gradients, these effects
remaining however very weak. Moreover, simulations show for the first time that two whistler
solitons colliding one with the other remain unchanged after this collision, independently of
their initial amplitudes and velocities.

The propagation of sonic whistler solitons is actually different from that of subsonic and
supersonic ones. Their lower frequency perturbation is governed by a KdV-type equation
where dispersive effects are however weak. But they are compensated by ponderomotive
effects due to the whistler fields which counterbalance the steepening and the wave breaking
processes due to the nonlinearity.
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VIII. APPENDIX A : MODEL’S EQUATIONS
A. Equation for the whistler field envelope

Using (1) we can write that OB/0t = (0/0t — iwg) Be~“ottikoz (xiy) /2 + c.c. Tak-
ing into account that the envelopes are varying slowly in time and space, we obtain that
O’B/ot? ~ (—2iwd/0t — w}) Be ™wottikoz (x tiy) /2 + c.c. and V*B ~ (2ik0/0z — k2) B
e~ wottikoz (x4iy) /2 + c.c. So we get from (4) that

1 . 0B . 0B 4 . .

C—2 (-22&105 — wgB) — <22]€0§ — k'gB) = 7 (V X JL + V x .]e:):t) s (Al)
where j;, is the linear current density corresponding to the plasma (nonresonant) particles,
which can be calculated using the Ohm’ law as j, = — (iw/4m) (é - ]A> E; & is the cold
dielectric tensor with the non vanishing elements e,, =€,y = €1, €., =1 —w]% Jw? and Egy =
—Eyz = 1; T is the unity tensor. Then Maxwell equations lead to
iw (é—f) 0B w? (02k2 D(w, k)

V X jp ~ — = ~ _ _ 1) Beiwottikoz . .
L= e ot  8mc \ w? w? ) ° (x+iy) +ec

When no external current density is included (je;r = 0), we get from (Al) that D(w, k)
B ~ 0, where D(w, k) can be presented in the form of a differential operator (5). Note that,
obviously, order two terms of D(w, k) in the small nonlinear terms including p, dv. and 05,
are neglected. Therefore we can write the equation for the magnetic field envelope as

(9P 0B _ (OD\ 0B _1((&°D\ &B _,(O0D\ &B  (&D\ 0°B
"Now ), ot ~"\or ), 0:  2\\au? ), o2 Okdw ), 0z0t | \ 0k2 ), 022
oD oD 5B, oD
o (a_p)oB””e (aav)oB* By (asz/Bo))oB‘O‘
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Dividing this expression by (0D /0w), and noting that vy = (dw/dk), = — (0D/0k), / (0D/0w),

as well as

e % 4 % ~ _ 82_2) _|_ 2 0D 492 02_1) / a_D
Y0 ok T 0w ok k0w "\ w2 ), ) \ow ),
and

0D\ FB_,(FD\ OB (DY FB_((PDY , (DY, (#D)) OB
0u? ), 0 "\ Okow ) oz0t \ok? ), 022~ \\ok2 ), T \okow ) T 0\ w2 ),) 922

we get finally (6), observing that

21+ )
w—kéve —w.(1+6B,/By)’

D (w, k) ~ k*c* — w® +

B. Hamiltonian of the system

In order to obtain the Hamiltonian (18) of the system of equations (12)-(13)-(17), let us
multiply (17) by 0B*/0t, add the complex conjugate and integrate over the plasma size L.
The first term is obviously vanishing. The second term can be expressed as follows, using
integration by parts and the fact that the field and its derivatives are vanishing at infinity

, dz (OBOB* 0B*0B g0 O oB* LO0B
/f(a_ I E a) —Ta/ (Baz B&) (A2)

For the same reasons, the third term can be written as

/ 2 * 2 1% / 2
o [ (FBO5 FEOS) _ ty0 [ ix|05 )
2 L \ 022 ot 022 Ot 2 0t 0z
For the fourth term we use the following decomposition
dz oB* oB 0 [dz 9 dz .o 0p
* e — | = —. A4
5 (’08615 B8 at) [ Cogir =5 [Cose- [T g
In the fifth term we insert the low frequency equations (15)-(16) so that we can write
dz (0¥ oB* oV _ 0B 0 [dz [0V dz o 0%
/f (&B o o at) 875/ (6z 5] ) / z Bl g (45)

Then, summing the two last terms of (A4)-(A5), replacing dp/dt using (16) and 9*¥/0tdz
using (15), we get that

9 8p kow, /dz s PW _k:g(wo —we) O /dz ow\*
wo/ 5] (wo —w.) ) L 1B ooz 2w?2 ot 0z )
(AG)
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Finally, for the sixth term we can write that

/f|3| (Bat +B§)—28t/LB|. (A7)

Gathering all the terms of (A2)-(A7) leads to the Hamiltonian
[ dz [dvg (0B .08 vy | OB
H‘/f(T(Baz B$)+7 9=

k‘g ov wcwg 2 ’ 2 2
22)6 ((5 + k‘o(wc - w0)2 |B| * ©sP 7

which is similar to (18) if one takes into account (14).

2 Wlwop|B?

(we — wo) Dy

IX. APPENDIX B : NON STATIONARY PART OF THE
PONDEROMOTIVE FORCE

Let us calculate the non stationary part of the ponderomotive force. The slowly varying
parallel fluid motion can be written as
v, 0 e (F) 1
Me—— + MV, —v, +eb, = —— ((v. x B = —~— (5.8, —73,B:),
ot 0z c (v 1):) ng ngc UaBy = 3y Ba)
where F, is the low frequency part of the parallel electric field and (F) is the ponderomotive
force per unit volume. At the first order, we can write the Newton equations for the electrons

in the perpendicular plane in the form

dv e e dv e e
- __—F,— —uv,B, 4 = —F +
dt Me mec Y 0 dt me © mec

’UxBo.

Let us define v* = v, +ivy, v~ = v, —ivy, ET = E, +iE, and E- = E, — iE,, which

provide the motion equations in the form
dv™* e
— = ——E* 4wt
dt Me

Searchig solutions proportional to e~™°! we get the velocity perturbations as a function of
the electric field perturbation

e OOE*
me (wo wC)Q ot

Svt = —

Keeping only the field £, as for whistlers we have E, = —iE,, i.e. ET =0, we get the real
values of the velocities

e 1

2m, wo — We

(Revy, Rev,) = (ImE~,Re E7),
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e 0
Re v, Re dv,) — 2 (“ReSE~. ImbE").
( € o0v e vy) Qme <w0_wc>28t( e m )

For the fields we get similarly the first order perturbations

ImdoFE ImdoFE
RedB, ~ —0cOImOE, b sp . RocOImOE,
Wo woﬁt Wo woat

The above equations allow us to calculate the ponderomotive force’s perturbation

OF
I [Rev, RedB, — Rev, Re 0B, + Re dv, Re B, — Re v, Re B, ]

N C

so that
oF 1 WiWe k o 2
o 8T wo (WO — wc>2 Wo ot *

Averaging on time, we get the non stationary part of the ponderomotive force as

(F) wiwe k9 (IE[)

Un wo (WO — wC)Q Wo (‘% 167 ’

X. APPENDIX C : NORMALIZED MODEL’S EQUATIONS AND
NUMERICAL SCHEME

Figures are presented using dimensionless variables. The time ¢, the distance z and the
whistler magnetic field B are normalized by the electron gyrofrequency w., by w./c and
by the modulus By of the ambient magnetic field, respectively. All velocities, as the group
velocity v,0, the ion acoustic velocity ¢, and the electron thermal velocity vy are normalized
by the light velocity ¢, except of the slow velocity V' of the electrons which is normalized by
¢s. The normalized forms of the equations (6), (12) and (13) are (the same name is given
to the normalized variables used below, and to the non normalized ones used in the body of
the text)

ZWjngoajL?@z? T W, (wo — we) Dy wo—wccs Wo

OB . 0B  vyudB wow? (p+ W, k:OV> B,

O (oo melBIY 0 (o me_ww |BIY
Ot \ " (wo—we)” mu 4k 02\ i (o —wo) 4R ) T
dp ov

o o
where w. = 1, p = 0n;/ng and V = dv./cs. The corresponding numerical scheme used for

~ 0,

integration of the equations is given by

(1 —17Q,/2)

Bn+1 —
a (14 i79Q,/2)

B+
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2

) wWow
-z S l(pB)ZH +(pB) +

N We Csk’o
(1 +479,/2) 2D} (wo — we)

(VB + <VB>Z)} :

Wo — We Wo
PZH = Px — % (Vnn+1 + Vﬁn) )
w1 _ (L= TR /4) —ITRCsP.

K (14 72K%¢5/4) " (14 72K%¢s/4)

1 - ((er:“ — (1BF), it (B, + (|B|2):>> ’

" (1 + 72K2¢,/4) kocs (wo — we) 4m; (wo —we) 2 "

where Q, = vgor+upor*/2 and € = 72K%c, /4; T is the time step ; p, V', BJ? are the Fourier
components at time n of the density, the fluid velocity and the magnetic field envelope.
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