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The paper studies the self-consistent interactions between whistler envelope solitons
and electron beams in inhomogeneous plasmas, using a Hamiltonian model of wave-
particle interaction where nonlinear equations describing the dynamics of whistler
and ion acoustic waves and including a beam current term are coupled with Newton
equations. It allows to describe the parallel propagation of narrowband whistlers in-
teracting with arbitrary particle distributions in irregular plasmas. It is shown that
the whistler envelope soliton does not exchange energy with all the resonant electrons
as in the case of whistler turbulence but mostly with those moving in its close vicinity
(locality condition), even if the downstream particle distribution is perturbed. During
these interactions the soliton can either damp and accelerate particles, either absorb
beam energy and cause electron deceleration. If the energy exchanges are significa-
tive, the envelope is deformed; its upstream front can steepen whereas oscillations
can appear on its downstream side. Weak density inhomogeneities as the random
fluctuations of the solar wind plasma have no strong impact on the interactions of

the whistler soliton with the resonant particles.



I. INTRODUCTION

Interactions between whistler waves and electron fluxes have been extensively studied

8-12

owing to space measurements®> ' and laboratory experiments® 2, as well as in analytical

works and numerical simulations'323.

Moreover, the interactions of whistlers with parti-
cles in inhomogeneous plasmas have been investigated theoretically and numerically. For
example, such interactions were studied®! in a plasma with a non uniform magnetic field,
considering parallel propagating coherent whistler waves interacting with energetic reso-
nant electrons. A lot of studies were focused on the problem of whistler chorus emissions
where the inhomogeneity of the ambient magnetic field plays an important role. However,
the influence of other types of inhomogeneities, as random plasma density irregularities, on
whistlers’ interactions with electron fluxes were only rarely investigated, in particular during
the occurrence of nonlinear effects; such plasma irregularities are present in the solar wind
or in other space plasmas. They are particularly important as they can strongly reduce the

efficiency of wave-particle interactions, as it was evidenced recently for the case of Langmuir

turbulence in the solar wind?®26,

Measurements by the satellite Helios have shown that whistler turbulence with wave
frequencies up to the electron gyrofrequency is present in the solar wind, together with
the occurrence of ion acoustic-like type oscillations?”. This observation was also confirmed
by the spacecraft Ulysses®® which detected an ubiquitous whistler wave background in the
solar wind, that can be the source of many wave-particle phenomena. When the whistler
waves’ intensities become sufficiently large, nonlinear effects can occur, and in particular
modulational instabilities which can give rise to soliton formation. Large amplitude whistlers
have been measured by the Wind and Stereo satellites® and a statistical study of such waves
and their association with energetic electron distributions was reported”. Localized whistler
wave packets were observed in the solar wind?® and the authors suggested they could be
soliton structures. Such packets were also detected by the spacecraft Freja and Cluster in
connection with density cavities, and were reported to be whistler envelope solitons3%3!. At
the same time, satellites detected different distributions of energetic particles in the plasma
regions where such observations were performed. Consequently the questions arise under
what conditions these whistler envelope solitons are able to interact with particles, whether

or not they can exchange a noticeable amount of energy and momentum with them and in



what extent they can loose their stability.

The interactions of Langmuir and ion acoustic solitons with electron fluxes have been
studied theoretically and numerically in non magnetized plasmas by different authors3?37.
They have shown that the solitons can damp and that, as a consequence, the kinetic energy
of the resonant particles’ population can increase. For electromagnetic waves in a magne-
tized plasma, the situation is obviously more complex and only very rare works have been
undergone on this subject. To our knowledge, only in Ref. 37 the case of whistler solitons
interacting with an electron beam is investigated; however the authors limited their study
to the case of whistlers with frequencies very small compared to the electron gyrofrequency
and a parallel beam velocity distribution modeled by a Dirac function. They only calculated
the rate of energy loss of the solitons to the beam in conditions typical for the solar wind,
using an approach involving a gas of solitons; they did not consider the possibility for the
soliton to gain energy from the particles and did not perform numerical simulations to study
the dynamics of the whistler envelope solitons interacting with the electrons.

In view of the above, we have built a Hamiltonian model describing the interaction of
whistler waves with electron fluxes in a inhomogeneous magnetized plasma, in order to
perform numerical simulations aimed to study various nonlinear phenomena. The model
involves in particular a parabolic-type equation including self-consistently a beam current
term, which is coupled to Newton equations describing the individual motion of the beam
electrons as well as to lower frequency equations taking into account ponderomotive effects*?.
This paper is aimed to present this model in detail and to apply it to study the interactions of
whistler envelope solitons with electron fluxes (in homogeneous or inhomogeneous plasmas),
i.e. to understand the dynamics, the stability and the energy exchanges of the soliton during
its interactions with the resonant particles. Such model can also be used to understand
whistler chorus modulation by density variations. As a first approach, we consider hereafter
coherent narrowband whistler waves propagating parallel to the ambient magnetic field and

interacting with arbitrary electron distributions.

II. LINEAR EXCITATION OF COHERENT WHISTLERS BY BEAMS

Most of whistler waves’ instabilities are driven by the free energy contained in anisotropic

electron velocity distributions as loss cones, rings, horseshoes or beams, which is released via



normal cyclotron resonant interactions, as well as in distributions presenting perpendicular
temperatures larger than parallel ones. For example, in the solar wind, the temperature

anisotropy and the electron heat flux instabilities of whistlers can likely occur.

Our study concerns narrowband whistler waves excited by beams and propagating par-
allel to the ambient magnetic field. In this view, studying the wave emission of a hot
anisotropic electron beam drifting along a constant magnetic field in a homogeneous cold
plasma for a wide range of parameters, some authors'® calculated the variation of the max-
imum growth rates v, of all types of waves emitted as a function of their propagation
angle 6, showing that for the electromagnetic whistler mode, v, reaches its highest value
at parallel propagation § = 0° and remains almost unchanged when 6 increases until 30°.
However, the electrostatic mode excited (with phase velocity in the direction of the drifting
electron beam) presents a larger growth rate for = 0°, even if it decreases strongly with
f to reach, around 6 ~ 30°, roughly the same value as that of the electromagnetic mode.
So, for quasi-parallel propagation (6 < 30°), both the whistler and the electrostatic modes
can be excited simultaneously. On the contrary, for strict parallel propagation, electrostatic
waves grow more fast, so that the beam electrons are trapped and diffused, reducing by the
way significantly the whistler growth rates. However, the whistler mode is excited via the
normal cyclotron resonances and the electrostatic one by the Landau resonances; therefore,
if the beam is not monoenergetic but warm, both modes, excited on different time scales,
are also characterized by different ranges of wavenumbers and frequencies. Indeed, at par-
allel propagation, the electrostatic and electromagnetic modes are uncoupled as they act on
different time scales, having different growth rates. But at oblique propagation their growth

rates can become comparable and they can act simultaneously.

In Ref.? it was shown that a cold beam should not be able to excite efficiently whistler
waves, due to the fact that electrostatic waves grow more fast than whistlers. However, a
sufficiently warm beam is able to radiate whistlers in spite of the diminution of their growth
rates during the quasi-linear electrostatic diffusion process. Moreover they estimated that
for a dense plasma the whistler instability can dominate if the beam pitch angle 6, =
tan~! ((v?)/ vg)l/ ? is large enough, i.e. if the perpendicular thermal velocity is large enough
(vp is the beam parallel velocity and (v?) is the square perpendicular velocity proportional to
the perpendicular thermal energy). For warm beams, the wavenumber width Ak wherein the

whistler growth rates are positive can be rather narrow (i.e. Ak/k < 1), as shown below (see
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14716) Tn this case the growth of narrowband whistlers occurs for a limited range

also Refs.
of frequencies and wavenumbers; note that, for such type of emissions, the ranges of £ where
normal cyclotron and Landau resonant velocities are lying are narrow and, for adequate
conditions, they can be well separated one from the other. This circumstance justifies the
possibility to consider intense parallel propagating whistler emissions and assume hereafter
that Ak/k < 0.1
Approximate expressions for the linear growth rate of whistler waves excited in a
cold plasma by a warm anisotropic non relativistic beam of velocity distribution func-
tion Fy(v.,v,) were determined?’, neglecting the parallel temperature effects compared to
the perpendicular ones. The parallel propagating whistler dispersion relation can be written
as follows, when the beam parallel thermal velocity vy, is very small compared to the
resonance velocity vg = (w — w.) /k (i.e. kvr,_ [/ (w —w.) < 1)
—i—@wi < w — kuy N k* (v?) . k? (v?) w, 3) ~0,
w—kup—we  2(w—kvy—w.)  2(w— kv, —w,) 0

w—w. MNo
where n;, and ng are the beam and the plasma densities; w and k are the frequency and the

Ak — W+ wf,

wavenumber of the whistler; w, and w. are the electron plasma and cyclotron frequencies;
() = [7 F.(v.)v2dv, and (v) = 27 [7° F\ (v.)v}dv, are the mean square velocities along
and perpendicular to the magnetic field, respectively, where F, and F'| are the parallel and
the perpendicular beam velocity distributions. This equation has been solved numerically
(see Fig. 1) when Fy(v,,v)) is a DGH (Dory-Guest-Harris) function!! of index v

1 vy v? Vy — U 2
Fy(v,,v)) = LV+2 exp (—UQ—L) exp (—(—b)> = F.(v,)F (v)),

3/2T (v/241) UT,,, U7, | T, v%bz
(2)

where vy, | is the perpendicular beam thermal velocity, with 27 fooo Fy(vy)vidv, =1 and

ffooo F.(v,)dv, = 1; v is an integer and I" is the Gamma function.

The beam drifts in the direction opposite to the ambient magnetic field By = Byz. The
interactions between the beam and the waves take place at normal cyclotron resonance
conditions kv, = w — w,. Using (2) one can calculate that (v}) = v7, (v/2+1). We define
in this case the anisotropy factor as A = (v + 1)T}, /Ty, which reduces to A =Ty, /Ty, for a
bi-Maxwellian, where T}, and T}, are the paralllel and the perpendicular beam temperatures.

Figure 1 shows the variations of the growth rate «y/w. of whistler waves as a function

of their normalized wavenumber ck/w,, for three different anisotropy factors A and typical
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FIG. 1. Linear growth rates 7/w. of whistlers as a function of their wavenumbers ck/w., for
different temperature anisotropy factors A, in the case of a DGH function with » = 1. (Upper
panel) Magnetospheric conditions with w,/w. = 5, ny/ng = 0.0001, vy/vr = —18, wp/w. =~ 0.32,
Te = 50eV, A = 50, 100, 200. (Lower panel) Solar wind conditions with w,/w. = 100, ny/ng =
0.00005, vp/vy = =8, wp/we ~ 0.03, T, = 20eV, A = 3, 30, 80. For both cases, the maximum
growth rate ~v,,,../we increases with A. T, and vy are the electron plasma temperature and the

corresponding thermal velocity, respectively.

conditions of the Earth magnetosphere (upper panel) and the solar wind (lower panel). The
maximum growth rate increases with A. One can see in both cases that the wavenumber
region Ak where 7 /w, is maximum is narrow, as Ak/k < 0.1. Therefore coherent narrowband
whistlers propagating parallel to the ambient magnetic field can be efficiently excited by a
warm anisotropic beam. Note that the maximum growth rates can reach values of the order
of v/w. ~ 0.01 even for weak beams (n;/ng < 107*) and rather small anisotropies. Then it
is of interest to develop a nonlinear model of coherent whistlers which takes into account the
interactions of electromagnetic waves with particle fluxes together with different nonlinear
effects : waves’ interactions with plasma inhomogeneities, soliton propagation, wave decay,

etc. Such model is developed in the next Section.



III. NONLINEAR HAMILTONIAN MODEL

Let us build a model describing the self-consistent interactions of coherent electromagnetic
whistlers with particles in a plasma presenting inhomogeneities, by following the approach

developed in our companion paper*?. The electric field of the whistler wave is given by
E = Re (E (z,t) e “0™ho7 (x+iy)) (3)

where £ = E, — iE, is the slowly varying (with space and time) envelope of the right
circularly polarized wave; x and y are the unitary vectors along the axes perpendicular to
the direction z of the wave propagation and of the ambient magnetic field By = Byz; F,
and E, are the coordinates of E along x and y; wy and ko = k¢z are the central frequency

and wavenumber of the wave packet. The whistler dispersion relation is given by

2
w, W
D (wo, ko) = k2% — w? + —2-"

~0. (4)

Wop — We
Then the equation of evolution of the wave electric field envelope is obtained in the form?*2

OF . OE v,0*FE wow?
Za‘i‘ﬂ)go—

We k‘ov
L - _ 7P — | E
0z + 2 022 (wo — we) D}y (p * Wo — We Wo ) ’ ©)

where p = dn./ng and V = dv, are the perturbations of the slowly varying electron density
n. and fluid velocity v., respectively; ng is the unperturbed plasma density at equilibrium,
and Dy = (0D/0w), = (0D/0w)

ko o=y (see also below a similar notation for other vari-

ables). The group velocity and its derivative are given by

dw (0D/ok),  2Pky d*w Vg0 vl - Wawe
v = _— = = v —= _— = — _ = R .
0= \dk ), (9D/dw), D, 9 \dk?), ko 2 (we — wp)’
(6)
In the case of quasineutral slow oscillations (p =~ on./ng ~ on;/ng, where dn; is the ion
density perturbation) and, consequently, due to the charge conservation at lowest order
(V' =~ v, =~ dv;, where dv; is the ion population’s velocity perturbation), one can obtain the

ion acoustic dynamics in the form*?

0 kowew? E|? ) w2 IoE
Oy ot E] + 9 (o4 p £ ~0 (7
ot wh (wo — we)” 16mnom; 0z wo (wo — we) 167n9m;

ot 0z

0, (8)
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where the hydrodynamic nonlinear terms have been neglected compared to the pondero-
motive terms, which include a stationary and a nonstationary part; cs is the ion acoustic
velocity and m; is the proton mass. Defining the hydrodynamic flux ¥ in the form
OV kowow? E|?
Ly B (9)

0z wi(we — wo)? 16mnem;’

and identifying the couples of canonical variables as (¥, —k2p/Dj) and (C,C*), with C' =

—iwot

ooFe , we get the Hamiltonian of the system without resonant particles as H, =

[, Hydz/L with

2

T oC* oC vl 10C
H,=-2|C—=—-C"— ===
2 ( 0z 0z * 2 |0z
21012 I ' o Kot w? E? 2
wow,p |C| / Nom; L ov r oW |E| | 10)
(we — wo) D 2 0z wj(we —wg)? 16mngm;

where we will show below that

Le;
2 0
oy = . 11
0= Tor (11)
ey = —Dj/wi is the derivative of the dielectric constant with respect to frequency, taken at

k = ko and w = wy; L is the size of the system along z. The Hamilton equations are then

given by
_k_g@_&]—[w k_gf)\lf_5Hw 80_ O0H,

D,ot o0’ Dyot  op ot~ eC

where § refers to the functional derivative. Note that the choice of the canonical variables

(12)

(C,C*) in the form C' = oyFe ™ot is due to the fact that they have also to be canonical
variables for the full system, i.e. the plasma where a flux of resonant electrons is now
introduced. This flux has a density n, which is small compared to that of the background
plasma, i.e. n, < ng. Let us determine the energy conservation law starting from the
electrons’ motion

dv, e e

= B 13
dt Me mecvp>< ’ (13)

where v, is the velocity of the particle p; m. and —e < 0 are the electron mass and charge.
The components of the electric and magnetic fields E and B along the axes x and y are
given by

E, = Re Z Evke—iwot+z’(kzo—i-k:)z7 Ey — Re Z iEke_int+i(k0+k)z7 (14)
k k
where k < ko, and
Ck?() Ck?() WemeC

B, = E,, B,=—F,, B.,=DBj=

Wo Wo (&

(15)



Then we can calculate that

1dv? e € wot+i
id_tp . (Vpu By + vpy Ey) = m. Re Z (Vp + ivpy) Eye oot Hihorh)z, (16)
e € k

which allows to write that

1d meV
p

with
1 . .
T = N Z (Upr - Z‘Upy) ewot_z(kOJrk)sz (18)
p

where z, is the coordinate of the particle p along z and N = Ln, is the number of macropar-
ticles representing the resonant electrons; v,, and vy, are the components of the velocity of
the particle p along x and y. As in a homogeneous plasma the equation of wave evolution

is of the form*?

Jk, (19)

we get the following energy conservation (17) in the absence of inhomogeneities

d ,|Ek
£<Z LZ Woey )—o. (20)

P

The wave energy density is given by

N ~h
om  wiw | 050167

where & 5 is the Hermitian part of the dielectric tensor &;; with elements

2 L9
w TWew
_ _ P _ _ “p
€3z = Eyy =1 — Exy = —€yz = ——5— 5+~ (22)

w? —w?’ w (w? — w?)

Therefore, the total Hamiltonian H; corresponding to the whistlers propagating in the in-
homogeneous plasma and interacting with the flux of resonant particles can be written in

the form
H,= H,+ H, = H, +Zh +Zw0|C’k : (23)
p=1
where the kinetic energy of a particle p is defined by (with the gauge ¢ = 0)
mev?2 1

_ P _ E E —iwot+ikozp . 2
hy = =5 = o (Pt TA0(5) + TRe (A1) (x+iy)) . (24)




C}, is the Fourier component of the canonical variable C' = gqEe ™", P, is the generalized
momentum of the particle p; Ay is the stationary part of the vector potential A; A is the
envelope of A. The full set of Hamilton equations is then provided by (12) applied to the
Hamiltonian H, (23) instead of H, (10)

_k_g@_éHt k_g@_\lf_éHt oCc  0H;

= - = — — = =l 25
DLot o0’ Dot op ot oC (25)

together with the two additional relations for each particle p
ap, — _@7 dz, — aHt, (26)

dt 0z, a 0P,

which provide the Newton equations. Using (25) in the Fourier space, the following relation

can be derived from the term H,, describing the wave-particle interaction in (23)

.0C,

k0 2
ZW = 5_6';; (;WO |Ck| ) = WOCk. (27)

For the first term h, of H, (23) we can calculate, using the relation C' = goEe ™0t =

iwoogAe~ 0! /¢, that

) ov
R

va 6((;* <P + A0 (zp)+ Re <M§JOC(zp,t) ikozp (X+zy))) (28)

which prov1des the following expression

8C’k ie ; —ikzyp ,—ikoz
i = Souoe Ep:vp C(x—iy) e e 0%, (29)

Taking into account (27) and (29), we obtain the evolution of the envelope C' in the form

oC

—iw 9 W —tkozp ,—ikzp ikz
ZE—WQC—ZG Ota (Ce Ot)_QOJDO'OZZVp x—iy) e~ oz o= thzp oikz (30)

where summations on all waves and resonant particles are performed in the right hand side

term. The parameter o can be determined by writing that (see (20))

, | Ex[?
LZ T ;WOWHQ = ;03000!1*71«\2» (31)

which leads to (11), so that (30) can be written as

3E 8me np
— § § v, - X Zy zwot 'Lkozpefzkzpezkz (32)
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Adding the terms provided by the Hamilton equations for H,, (10)-(12), we finally obtain
(32) in the form

ok OF vy O*E OJIQ, Smiewy ny, : o
t—F V0 ——+— = — — Vpy — 10 e*l(kJrko)Zpelwotelkz
(9t+ 9 8z+ 2 022 +£6w0 (wc—wo)p A N;;< P o) ’

(33)
which describes the interaction of the whistlers’ electric field envelope with resonant electrons
in a plasma with density and velocity inhomogeneities. The right hand side term represents
the current contribution of the beam electrons.

The full system to be solved self-consistently consists in the set of equations (7), (8), (13)
and (33). A numerical code has been written to solve these equations by using discretiza-
tion schemes, pseudo-spectral methods and Fast Fourier Transforms. The three-dimensional
motion of the individual particles is computed using a leapfrog-type integrator. Owing to
the approach used, a limited number N, of resonant particles (N, = 100000 — 500000) is
sufficient to provide clearly interpretable simulation results. Packets of 1024 — 4096 waves
of wavenumbers ko + k (|k| < ko) and frequencies wg, ., are used, which present initially
narrowband spectra peaked at the central wavenumber ky at frequency wg. At the initial
state, particles are distributed uniformly in space and described by arbitrary velocity dis-
tributions. The one-dimensional simulation box extends along z over a normalized distance
Lw./c ~ 3000 — 10000. More details concerning the numerical scheme are given in the

companion paper??.

IV. INTERACTION OF WHISTLER ENVELOPE SOLITONS WITH
PARTICLES

In this Section we present results of numerical simulations of whistler envelope solitons
interacting with electron fluxes at various conditions typical of the heliospheric plasmas.
Note that we present hereafter examples only for a few sets of parameters, but the same
qualitative conclusions can be stated for quite different plasma conditions, as shown by our
simulations’ results. This paper is not devoted to fulfill a parametric analysis but to evidence
and explain physical mechanisms. We consider weak and warm electron beams with initial
velocity distributions Fj (v,, v, ), that propagate in the direction opposite to the ambient

magnetic field with a velocity v, and a density n, < ng, and interact with the whistler
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solitons at normal cyclotron resonance velocities v,; = (Wro1x — we) / (ko + k) distributed
within a narrow velocity width Av around the central velocity v,g = (wg, — W) /ko. Initially
the wave packet is chosen in the form of a whistler envelope soliton*? moving with the group

velocity vy

B(z,t = 0) = B, sec (Z;Z()). (34)

s

The soliton is located at the initial position zy and propagates along a simulation box of

length L; its amplitude B, and width [, are related as I,B, = (1/f3) (cko/wo) with??

1 w v we  kovgo\’ 1 2
3= e () B I ar . (3)
167nom;c? (wo — w,.)” 2kovy Wo — We Wo (cs — vgo)

The corresponding density and fluid velocity perturbations®?; i.e. p(z,t = 0) = pysec® ((z — z) /1)

and V(z,t = 0) = Vysec? ((z — 29) /I5), are moving with the same velocity as the field enve-
lope. Note that in (35) the ratio vy /ko is always positive, as well as the term v}, (¢Z — v%);

the soliton is either supersonic (v, > ¢5) when v/

g0 < 0, either subsonic (vg < ¢;) when

vy > 0.

Figure 2 shows the damping of a high intensity whistler soliton when it interacts with
the tail of a Maxwellian electron velocity distribution centered at v, = 0. The slow decrease
with time of the energy density variation of the soliton, i.e. AW =W (t) — W (0) (Fig. 2a),

shows that it keeps most of its energy during several tens of thousands of cyclotron periods
-1,

C )

w, '; eventually the soliton has lost only a few percents of its energy (AW/W(0) ~ 2% at
wet ~ 35000). During its propagation the magnetic field envelope (34) is accompanied by
the slow fluid velocity and density perturbations V' and p which move with the same velocity
(see Fig. 3). The profile of the magnetic field envelope is only very slightly deformed (at
the bottom edge of the upstream front) after its travel along the whole box. Meanwhile
resonant particles are accelerated, as shown by the time evolution of the variations of their
parallel, perpendicular and total kinetic energy densities, i.e. AK, = K.(t) — K,(0) < 0,
AK, = K, (t) — K,(0) > 0 and AK; = K;(t) — K;(0) > 0, respectively (Fig. 2b). The
parallel kinetic energy of the particles is decreased whereas the perpendicular and the total
ones are increased. Moreover, AK; is shown on Fig. 2a together with AW as well as the
sum AK; + AW ~ 0 (dashed line) demonstrating the total energy’s conservation.

As the size of the simulation box is limited and the boundary conditions are periodic,

one has to take care in the frame of this study that all electrons should only travel one time
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FIG. 2. Soliton interacting with a Maxwellian tail. (a) Time evolution of the variations of the
soliton energy density AW = W (t) — W(0) (lower curve) and of the total kinetic energy of the
resonant electrons, AK; = K;(t) — K;(0) (upper curve), in arbitrary units; the dashed curve
represents the vanishing total energy variation AW+ AK; = 0. (b) Time evolution of the variations
of the parallel (lower curve), the perpendicular (upper curve) and the total (middle curve) kinetic
energy densities AK,, AK | and AK; of the resonant electrons, in arbitrary units. Main parameters
are : Lc/we = 3500, vr/c = 0.005, wp/we = 17, wo/we ~ 0.35, cko/w. = 12.6, ny/ng = 0.00002,

< —9.507.

~

—12.5vp < v

across the soliton. Therefore the parameters have been chosen so that the solitons have the
time to travel along roughly the full length of the box before they cross the counterstreaming
particles for a second time. When this moment is reached the simulation has to be stopped.
In order to understand how the soliton interacts with the particles, we examined the time
evolution of the resonant electrons’ velocity distributions in the plane v, — v, for three
different populations : (i) the first one corresponds to the particles located inside the soliton

region, (ii) the second one to those moving upstream the soliton (right part of the simulation
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FIG. 3. Whistler envelope soliton along the simulation box at different times. (Upper panel) :
Magnetic field envelope B/By. (Lower panel) : Fluid velocity perturbation V/cs. Parameters are

the same as in Fig. 2.

box) and (iii) the third one to those moving downstream it (left part of the box, where the
soliton is initially located). Note that the particles move with a negative parallel velocity and
the soliton with a positive one so that, at a given time, those located in the downstream (resp.
upstream) region have already interacted (resp. did not already interact) with the soliton;
moreover, the upstream population can contain some electrons that have been reinjected at
the right boundary of the box (due to the periodic boundary conditions) and are originating
from the downstream region. The beam velocity distributions F,(v,,v, ) are represented in
Fig. 4 for each population (columns) and for 3 time moments (rows). The first statement
provided by this analysis is that the soliton interacts locally with the particles; indeed, one
observes that the distributions upstream and downstream the soliton are only weakly affected
by their interactions with the nonlinear waves, contrary to those of the electron population
located in the soliton region, i.e. of particles with positions z,(t) satisfying the condition

|2,(t) — 20s(t)] S ls, where zp,(t) is the coordinate of the center of the soliton at time ¢. One
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FIG. 4. (Color online) Velocity distributions in the plane v, — v, at the times w.t = 213 (upper
row), 1021 (middle row), and 3016 (bottom row), for the three electron populations described
in the text. (Left column) : downstream electrons; (Middle column) : local electrons; (Right
column): upstream electrons. Velocities are normalized by the electron plasma thermal velocity

vp. Parameters are the same as in Fig. 2.
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FIG. 5. (Color online) Parallel velocity distributions F(v,) corresponding to the three electron
populations of Fig. 4, at the same three time moments w.t = 213, 1021, and 3016. For each
panel : local electrons (thick black lines), downstream electrons (dashed lines - red dashed online),

upstream electrons (thin black lines - blue lines online). Parameters are the same as in Fig. 2.
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FIG. 6. Soliton interaction with an electron beam. (a) Time evolution of the variations of the soliton
energy density AW = W (t) — W(0) (upper curve) and of the total kinetic energy of the resonant
electrons, AK; = K(t) — K(0) (lower curve), in arbitrary units; the dashed curve represents
the vanishing total energy variation AW+ AK; = 0. (b) Time evolution of the variations of the
parallel (upper curve), the perpendicular (lower curve) and the total (middle curve) kinetic energy
densities AK,, AK, and AK; of the resonant electrons, in arbitrary units. Main parameters
are : Lc/w, = 7000, vp/c = 0.006, wy,/we = 10, wo/w. =~ 0.25, cko/w. = 5.8, ny/ng = 0.00005,

’Ub/’UT = —17.

can clearly see in Fig. 4 that at times w.t ~ 1021 and w.t ~ 3016 particles have escaped from
the region —12.5v7 < v, < —9.507 of resonant velocities v, = (Wry1x — we) / (ko + k); they
have decelerated to velocities |v.x| < 9.5vr, as evidenced by the parallel velocity distribution
presented in Fig. 5.

If the interactions of the resonant electrons with the solitary structure occur mainly
locally, the soliton is however responsible for the perturbation of the particles’ distribution in
its downstream region which is modified by its passage, what is not expectable a priori. Note
that the position of the soliton is not connected with the resonance conditions (depending
on the velocities) that govern its interactions with the beam. The condition on locality is
not a sufficient condition for efficient interactions between the solitary structure and the
particles.

A second example shows the interaction of a whistler soliton of weak intensity with an

16



electron velocity distribution in conditions when the soliton can absorb energy from the
beam particles, as shown by the evolution of the energy density variation AW (Fig. 6a).
The energy growth occurs up to w.ts >~ 15000 where stabilization occurs. The electrons are
accelerated along the magnetic field (AK, > 0) whereas the perpendicular AK, and the
total AK, kinetic energy density’s variations decrease with time (Fig. 6b). The balance of
energy AK; + AW = 0 is represented by the dashed curve.

The dynamics of the interaction of a whistler soliton with a particle distribution in a
inhomogeneous plasma characterized by a density well of the order of 1% of the average
plasma density and a scale significantly larger than the soliton width has been studied.
One can observe in Fig. 7a that the soliton damps much more quickly than in the case
of Fig. 2a; it has lost almost half of its energy at time w.t ~ 35000 and, consequently, a
significative increase of kinetic energy (acceleration of particles) has occurred (AK; > 0 in
Fig. 7b, with AK, > 0, AK, < 0). Meanwhile the shape of the soliton experiences a strong
modification (Fig. 8) : the upstream front has steepened whereas oscillations have appeared
in the downstream region. The dissipation encountered by the soliton is strong enough to
lead to such structure. Moreover, we present in Fig. 9 the same kind of picture as in Fig.
4, i.e. the time evolution in the plane v, — v, of the velocity distributions of the three
electron populations (downstream, local and upstream). The conclusion is similar to that
stated previously : the soliton interacts mainly with the particles located in its vicinity at a
given time, the others participating only weakly. The same simulation has been performed
without the particles, but keeping the plasma inhomogeneity. All effects observed above are
no more visible : they are actually generated by the interactions with electrons and not by

the density inhomogeneity.

For comparison we present the case of a soliton traveling in an inhomogeneous plasma
with a density well but interacting with another distribution of particles. The velocity
distributions at three different times for the three electron populations mentioned above
(see Fig. 10) show that significative particle deceleration and perpendicular heating affect
the local population and perturb slightly the downstream one (see the middle and left
columns of Fig. 10). Meanwhile the soliton damps and has lost around 5% of its energy
at time w.t ~ 40000, i.e. much less than in the previous case. In spite of this small loss of
energy, the shape of the soliton is modified as the front has slightly steepened. Note that a

simulation performed with the same parameters but with a homogeneous plasma provides
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FIG. 7. Soliton interaction with an electron beam in a inhomogeneous plasma. (a) Time evolution
of the variations of the soliton energy density AW (lower curve) and of the total kinetic energy
of the resonant electrons, AK; (upper curve), in arbitrary units; the dashed curve represents the
vanishing total energy variation AW+ AK; = 0. (b) Time evolution of the variations of the
parallel (lower curve), the perpendicular (upper curve) and the total (middle curve) kinetic energy
densities AK,, AK, and AK; of the resonant electrons, in arbitrary units. Main parameters
are : Lc/w, = 7000, vp/c = 0.006, wy/we = 10, wo/w. =~ 0.25, cko/w. = 5.8, ny/ng = 0.00005,

vp/vp = —25.

the same results, showing that, as expected, the large scale inhomogeneity does not play a
significant role, even if the soliton experiences very small acceleration and deceleration when
it travels through it in absence of particles*?.

On another hand, the rate of exchange of energy (loss or gain) between a whistler soliton
and an electron beam can also be estimated analytically in the frame of the electromagnetic
quasilinear theory of the weak turbulence. However this approach has some limitations, due
partly to the fact that it can not take into account the local character of the interaction
evidenced above. Nevertheless we can determine by such calculation under what physical
conditions an envelope soliton of small or moderate intensity can loose or gain energy during

its interactions with the particles and quantify these exchanges. Moreover the estimation
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FIG. 8. Profile of the magnetic field envelope soliton B/By as a function of the coordinate & =
z — vgot in the frame moving with the soliton velocity vgo, at times w.t = 10500 (thin line) and

wct = 0 (thick line). Parameters are the same as in Fig. 7.
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FIG. 9. (Color online) Velocity distributions in the plane v, — v, at the times w.t = 213 (upper
row), 1021 (middle row), and 3016 (bottom row), for the three electron populations described in
the text. (Left column) : downstream electrons; (Middle column) : local electrons; (Right column):

upstream electrons. Parameters are the same as in Fig. 7.
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FIG. 10. (Color online) Velocity distributions in the plane v, — v, at the times w.t = 119 (upper
row), 1021 (middle row), and 5011 (bottom row), for the three electron populations described in
the text. (Left column) : downstream electrons; (Middle column) : local electrons; (Right column):
upstream electrons. Main parameters are : Lc/w. = 3500, vp/c = 0.005, wy,/we = 17, wo/we ~ 0.4,

Ck()/wc = 144, nb/no = 000002, Ub/UT = —0,

given below on the basis of such analytical study shows a rather good agreement with the
numerical simulations’ results based on the Hamiltonian model. Another more complex
approach, which consists in calculating the rate of energy exchange of a moving envelope
soliton only with those particles located in its vicinity at a give time, is currently under
investigation and will be the subject of a forthcoming paper.

In the frame of electromagnetic quasilinear theory, the slow time variation of the space-

averaged electron distribution function Fy(v,,v,,t) can be written in the form**

OFy(v.,vy,t)  we? 9
— o 2B
e i

% kﬂi_,_ 1— kv, iivL dwr—kv,—w,) k&i—l— 1— fuz) 9 Fy(v.,v,t),
wp 0V, wy ) Ovy
(36)
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where ¢ is the Dirac function. Note that |Ej|* in Egs. (36) and (14) have different dimen-
sions; here |E;€|2 is an energy density per surface whereas in Eq. (14) it is an energy density
per volume.Thus the time variation of the average kinetic energy density Wi of the resonant

electrons (of density ny) is given by

Wk menbv 8Fb weing
TR = Ek|
ot / ot Z| ol
kv kv, 1 0
/ / ( w: 0. <1 o ) Z%UL> (§(wp — kv, — we)G (v, v0,1)) (V] +vH)dv
(37)
where dv = 27v dv,dv, and
kv, O kv,\ O
t) = — 1-— — | F t).
Glonont) = (22 (1-22) 2 B 39
By integrating (37) on v, we get
GWK . ™ an ’Ek‘ kUL oG
8t 4 pno ZO Wi 8vz

(2 1R <1 B kvz0> <8(8U;LG)>UZ0 72’: (ai (Gu? ))] dvy, (39)
where v,9 = (wr — w.) /k < 0 is the normal cyclotron resonant velocity of the wave (wy, k).
Let us suppose that initially the resonant particles’ velocity distribution Fy (v,,v,,t = 0) is
a beam propagating along z in the direction opposite to the ambient magnetic field with an

arbitrary perpendicular distribution F'| (v,)
Fy (UZ,UJ_,t:()) :Fz(vz_vb)FJ_<UJ_)> (40)

where v, < 0is the beam velocity. The normalization is done according to 2w f v Fy (v))dv, =

1 and the mean perpendicular velocity square is given by

(v)=2m /000 v Fy(v))dv, . (41)

Performing further integrations on v, in (39), we get the time variation of the density of

kinetic energy in the form

3WK Wnb 2]:k:
~ O 42
LI (12
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where

k’2 U2 17 ! kvz
Fi = % (V3 FY (v20) = 2020 F.(v0)) + 4 (1 - wko) F.(vz0)- (43)
K

F!(v,0) and F”(v,o) are the first and the second order derivatives of F,(v,) with respect to
v,, at v, = v,9. As for the system of waves interacting with the resonant particles the total

energy is conserved in the considered plasma of size L, we can write for the wave (wo, ko)

0 ow, 2kl w2 |E|
~Lo Wi =0 = <1+ 2 +(WO_MC) 8t de, (44)

that

where the energy W, carried by the waves has been derived from (21) and £ = z —v,ot. Thus

the rate of change of the energy W, of a single soliton inside the box of size L is

|E|? 0 w ny *k? w o Fk
— | —df = =W,y = 1 L E T 45
ot 47 § ot T8 no " wh " (wo — wc Z| ' )

In the frame moving with the whistler group velocity v,o, the electric field of the whistler

envelope soliton satisfies E%(¢,t) = E?sec? ({/l;). The energy carried by a soliton of size

B[ ||
W = | ——dE ~ , 46
: / 47 ¢ 2w (46)

where 37! = E,l, (35). Then for the single soliton we can write that

1 (v i 7 (k — ko) ls
. =— = B S
k I /0 € s I ( 9 )

where we took into account the form of the electric field packet (3). Considering the quasi-

ly < Lis

monochromatic character of the wave packet, we get

B (7r (k — ko) zs> T2 B2

2
|E|” = T3 5 72 Okkos (47)

where the discrete Dirac function dyy, satisfies dpp, = 1 if & = ko and g, = 0 otherwise.
Thus, after summation on the wavenumber k in (45), the rate of energy variation for one

soliton inside the box is

a‘/Vsol o Y

_Wso 5 48
w0t We ! (48)

with the normalized growth/damping rate




The sign of the growth rate v depends only on the sign of Fy, (43). In the limit when the
whistler frequency wy is very low, i.e. when wy < w. < w, and the dispersion relation is

thus wy ~ chSwC/wg, we obtain

C

(F;@Zo) 4 Zw—l%;@zo)) + 4FZ(UZO>> lz (50)

Let us now consider N solitons distributed within the whole box of length L. Their resultant
energy is W = > N (Is, ko) Wsar (Is, ko) /N, where N (I, ko) is the number of solitons of
width I; and central wavenumber kg, and W (15, ko) is the energy of such a soliton (48). If
the solitons’ positions and phases are not correlated, the rate of the soliton energy density

variation is given by

W, N (s, ko) v Us, ko)
wcﬁt - Z N We

ls, 0

W (s, ko) - (51)

To use this formula one needs to know the distribution of the solitons’ characteristics as
a function of the scales [, (or amplitudes Fy) and the wavenumbers ky. Unfortunately it
is not the case. Nevertheless, let us compare the rate of energy variation of one soliton
within the box of length L, obtained owing to the numerical simulations, with the value
of v/w. calculated according to (49). Figure 11 shows the variation of v/w. (49) with the
resonant velocity v, = (w — w,) /k for the parameters of Fig. 2 (upper panel) and Fig.
6 (lower panel). For the former (latter) case the soliton has lost around 4% (has gained
around 8%) of its energy at the time w.t; = 35000. The initial resonant velocity domain of
the soliton is located, for the parallel velocity distribution of Fig. 2 (Fig. 6), in the region
—12 S v,0 £ =9 where y/w,. < 0 (=225 S v,0 S —19.5 where v/w, > 0 for —21.5 < v,9).
Estimates calculated using (48)-(49) are in good agreement with the numerical simulations’
results as one obtains in the first case, for N =1 and [5/L ~ 1/30, a relative loss of energy
of 4% and, in the second case, for N = 1 and I/ L ~ 1/40, a relative gain of energy of 19%.

Finally, let us mention that numerical simulations performed in the frame of this study
(but not presented here because the interactions between the solitons and the particles are
not efficient) have shown that whistler solitons can keep their shape and their stability
during time periods reaching up to 10 — 108w, ! and even more, depending on the physical
parameters, what corresponds to growth/damping rates 7 /w, significantly smaller than those

presented in Figs. 11a-b. Moreover, the occurrence during their travel of additional physical
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FIG. 11. Variation of v/w, (49) with the resonant velocity v.o. (Upper panel) : The parameters

are those of Fig. 2. (Lower panel) : The parameters are those of Fig. 6.

processes able to reduce the efficiency of the wave-particles interactions can increase this

range of time by one order of magnitude at least.

V. CONCLUSION

The paper studies the self-consistent interactions of whistler envelope solitons with elec-
tron beams in inhomogeneous plasmas, using a Hamiltonian model of wave-particle interac-
tions where a nonlinear whistler equation involving the beam current is coupled with lower
frequency fluid and Newton equations. It allows to describe the parallel propagation of nar-
rowband whistlers interacting with arbitrary particle distributions in magnetized plasmas.

It is shown that the whistler envelope soliton interacts mainly locally with the beam
particles, i.e. it does not exchange energy with all the resonant electrons but only with
those moving in its close vicinity, contrary to the case of particles’ interaction with whistler
turbulence. Interactions are efficient not only if the wave-particle resonance conditions on
the velocities are fulfilled, but also if the resonant particles satisfy a locality condition. Thus,
as the number of resonant particles involved in the interactions with the solitary structure

is smaller than in the case of whistler turbulence, the energy exchanged with them by the
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whistler soliton is also smaller. This double condition has a significative impact on the
stability of the soliton.
Indeed, estimates based on the numerical simulations show that whistler solitons can

remain stable during 10% — 108

w, !, depending on the physical parameters. Moreover, if
the particles moving in the vicinity of the soliton (local particles) are only intermittently
in resonance with it or if the free energy of their distribution is reduced due to any other
physical effect, it can propagate in the plasma during a range of time increased by one order
of magnitude at least, i.e. 10”7 — 10% !, travelling up to a distance of 10* — 10° times its
own width, and even more. On the contrary, the soliton can be totally damped within a
time ranging from several thousands of w_! to a few millions, depending on the physical
conditions.

During its interactions with the beam, the soliton can either damp and accelerate par-
ticles, either absorb beam energy and cause electron deceleration. If the energy exchanges
are significative, the soliton envelope is deformed; its upstream front steepens whereas os-
cillations appear on its downstream side. Weak density inhomogeneities as the random
fluctuations of the solar wind plasma have no strong impact on the interactions of the
whistler soliton with the resonant particles.

Electromagnetic quasilinear theory has been used in order to provide an estimate of the
loss of energy of a soliton interacting with resonant particles. A rather good agreement
is found between these analytical calculations and the numerical simulations based on the

Hamiltonian model.
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