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ABOUT THE ENTROPIC STRUCTURE OF DETAILED BALANCED
MULTI-SPECIES CROSS-DIFFUSION EQUATIONS

ESTHER S. DAUS, LAURENT DESVILLETTES, AND HELGE DIETERT

ABSTRACT. This paper links at the formal level the entropy structure of a multi-species
cross-diffusion system of Shigesada-Kawasaki-Teramoto (SKT) type (cf. [I]) satisfying the
detailed balance condition with the entropy structure of a reversible microscopic many-
particle Markov process on a discretised space. The link is established by first performing a
mean-field limit to a master equation over discretised space. Then the spatial discretisation
limit is performed in a completely rigorous way. This by itself provides a novel strategy
for proving global existence of weak solutions to a class of cross-diffusion systems.

1. INTRODUCTION

We consider the population dynamics cross-diffusion system model coming out of the
classical paper by Shigesada, Kawasaki and Teramoto [I] (SKT model) for n > 2 species
without reaction term. For clarity, we suppose that the species live on the torus T = [0, 1)

with periodic boundary conditions. Thus, the density u; := u;(t,z) of species i = 1,...,n
evolves as
j=1

with diffusion constants D; > 0, self-diffusion coefficients A;; > 0 and cross-diffusion
coefficients A;; > 0 fori,j =1,...,n.
For this system ({I), Chen, Daus and Jiingel showed in [2] that

(2) H(u) == /TZ i [uilog(u;(x)) — ui(x) + 1] dz
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with positive constants m; > 0 for i = 1,...,n is an entropy (Lyapunov) functional if the
following condition holds
(3) WiAij:TrjAji for z',jzl,...,n,

which for n > 3 gives a constraint on the cross-diffusion coefficients A;;. Under this
condition (they called it detailed balance condition), the authors were then able to construct
global weak solutions to (Il) for an arbitrary number of population species with the help
of the gradient estimates coming from the entropy production of the entropy (2I).

The motivation of this work is to understand the origin of the entropy (2)) under the
condition (B]). In particular, we wanted to link the condition (3]) to the detailed balance
equation of finite-state Markov chains, where the detailed balance equation has been iden-
tified as necessary and sufficient condition for the existence of a gradient flow structure
with respect to the relative entropy [3], 4} [5].

In this work, we establish the formal link between the entropy structure of (Il) and
the entropy structure of a microscopic many-particle Markov process on a discrete space.
The link is established in two steps. In the first step, we perform a formal mean-field
limit keeping the spatial discretisation fixed. The resulting system is a quadratic master
equation. In the second step, we then refine the spatial discretisation and arrive at the
cross-diffusion system ([I).

In this many-particle derivation, the condition (B]) enters as a natural necessary condition
for the construction of a reversible Markov process and the constants 7; can be interpreted
as relative portions in the many-particle model.

In both limits, the entropy structure is preserved and, in particular, the master equation
on the discretised space has the corresponding entropy structure. This allows us to perform
the spatial discretisation limit in a rigorous way, which is an interesting result by itself
(which will be discussed after the statement of our main Theorem [§in Section [B]).

Note that the transfer of the entropy structure from a microscopic model towards a
mesoscopic model has been extensively studied for equations belonging to other classes.
The spatially homogeneous Boltzmann equation is for example a model in which many
results have been proven (cf. [6]). It shares some features with the SK'T model (quadraticity
of course, but also diffusive properties when the angular cutoff of Grad is not performed).

For the second rigorous limit from the space discretised master equation to the SKT
cross-diffusion system, similar discrete in space approximation schemes for the SK'T model
were studied in [7), 8 @], but they are not necessarily entropy preserving. Very recently, an
entropy preserving numerical scheme was proposed in [10], though not for the SKT model,
but for a volume-filling type cross-diffusion system.

Other approaches have been proposed for obtaining cross-diffusion equations of SK'T type
out of microscopic models. First (stochastic) approaches from particle models to reaction-
diffusion systems trace back to Oelschlager [11] in the late 1980s. Recently, Fontbona
and Méléard [12] managed to prove the convergence from realistic individual-based models
in a suitable limit towards non-local (convoluted w.r.t. space) SKT-type systems. Note
that because of the lacking evidence of existence and uniqueness of strong solutions to
the limiting model, it looks difficult to provide a rigorous proof of passage to the limit
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towards the full (i.e. nontriangular) local multi-species SKT system when one starts with
a microscopic model (whether on a discrete set of positions or on a continuous set of
positions, using a nonlocality which disappears in the limit). Note, however, that very
recently, Moussa [21] manged to prove the convergence in the case of strictly triangular
limiting local SK'T model with bounded coefficients starting on a continuous set of positions
with a nonlocality which disappears in the limit by using duality techniques (introduced
for instance by Pierre and Schmitt in [I3]).

2. FORMAL MEAN-FIELD LIMIT

For the microscopic derivation, we first consider a many-particle system on a fixed spatial

discretisation. The spatial discretisation consists of M positions given by
k

(4) Qy={xp:k=0,....M -1} with xk:M:kh,

which is understood in the periodic setting, and where we set h = M.

Given the relative fractions mq, ..., m, with m; > 0 between the species, we consider the
many-particle system with |m; V| particles of species ¢ = 1,...,n, where |m; V| denotes
the largest integer smaller than m; N. The aim of this section is to obtain a suitable master
equation when N — oc.

The microscopic configuration is given by

x = (11,... ,x%mNJ,x%, e :L’%MNJ, ...... Jak o kN e QQAZ(WNH'"HW"NJ) = QY
and this configuration is set to evolve in time as a time-continuous Markov chain.

The distribution over the microscopic configurations at time ¢ is given by a density
pl¥ € P(Q4)). In terms of statistical physics, this means that we consider an ensemble over
the microscopic configurations.

We assume that the particles within a species are indistinguishable. The class of such
measures is denoted by P,(Q};) and defined as follows:

Definition 1 (Indistinguishability). A measure u € P(QL;) is in P(QL)) if and only if
for all permutations oy,. .. ,0, of resp. {1, .., |m N[}, ..., {1,.., 7N |} and configurations
x € Q) it holds that

MN(xi"l(l)’ o ’x<171(L7r1NJ)7 xgz(1)7 o ’Igz(berJ)’ _____ Lz gon(imN)y
- MN(I%’ T ’z\iW1NJ’$%’ R x%ﬂzNJ’ """ 7$}L7 e )x’]l’_LﬂnNJ)~

By the indistinguishability, the distribution of a typical particle is given by the marginal
distribution. For this, we first introduce the following notation for projections.

Definition 2 (Projections). Let p = (p1,...,pn) and N be such that p; < |mN]| for
1=1,...,n. We define the projection

PN P(QY) s PQETP)
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by
PN N () = Z Z Z Z ...... Z Z
mleGQM :crlm €Qunr mgﬁleﬂM :chmNJ €Qunr i ey i M e
uN(x%,...,:L'FlNJ,x%,...,atgmNJ, ...... L Th, ,xTLL’T"NJ)
for
= (a1, .., g, ah b ab).

For ™ € P(Q3)}), we denote the marginal by
IUN;(:D) _ I[DN;(p)luN c P(Q%pl+"'+p7l)).

We then expect to recover the master equation from the first marginals
u; = MN§(ei)’
where ¢; = (0,...,0,1,0,...,0) denotes the unit vector with n components, where the 1 is
at the -th component.

The quadratic terms are expected to originate from a binary interaction in the particle
model. The diffusion is the result of a random walk and the nonlinearity given in the SK'T
model () is expected to come out from jumps of particles interacting at the same position.

The entropy structure is expected to be linked to the reversibility of the Markov chain.
We therefore introduce a binary interaction which happens in a reversible way. This can
be realised by imposing the same jump for the interacting particles.

This leads us to consider the following class of particle models, describing the evolution
of the microscopic configuration.

Definition 3 (Reversible particle model). Let D; and D;; be nonnegative constants such
that D;; = Dj; fori,j =1,...,n. For a fivzed N, define the time-continuous Markov chain
on QY by the transitions

zoztelte Dy;
- - = with rate 64 a)£(j)0pe—ph —
T —x+ el

- T with rate D;

g—)g—gi

fori,j=1,...,nanda =1,...,|mN|, b =1,...,|m;N|, where ef is the vector with
components of value zero at all places, except for the ath particle of species i, where the
value is h = 1/M. The Markov chain is defined to have no other transitions.

Remark 1. The transition rates are well-defined if and only if D;; = Dj;, which will lead
to condition (3.

From the construction, we directly see the reversibility.
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Lemma 2. The Markov chain given in Definition [J is reversible and the stationary dis-

tribution 1s the homogeneous distribution, where each x € QY has the same probability
QN [~1 = MmNt ]),

Proof. This can be obtained by a direct computation. O

We now suppose that the microscopic configuration evolves according to the Markov
chain. Then the distribution pV solves the following linear ODE:

(5)

n 7I'1NJ

Z Z Dy (@ + ) + 1V (z — ef) - 21" ()]

Here we used that z¢ = :zb holds after the pairwise interaction if and only if it holds before,
so that we can factor it out (that is, 0 20—t = 5(w+e D=(ztel)t = Oz et e)o=(z—e! )b)
J

We further suppose that the particles are mdlstmgmshable which is propagated in time.

Lemma 3 (Propagation of indistinguishability). Suppose that u~ is the distribution for
the Markov chain given in Definition @ If uV € Py(Q3}) initially holds, then it also holds
at all later times.

Proof. Tt follows directly from the definition of the transition rates, which respect the
indistinguishability. U

We now write explicitly the formula emphasizing the entropy structure of our reversible
Markov process, we recall that due to [4], the time-reversible many-particle continuous
time Markov chain is a gradient flow of the relative entropy with respect to its stationary
distribution.

Lemma 4. We assume that D; > 0, and D;j = Dj; > 0 for all 1 < ¢,57 < n. We also
assume that p? is initially strictly positive. Then, the entropy functional defined by

N
P (z)
(6) Z’u lOg < (L7T1NJ+---+L7rnNJ))

1s decreasing with respect to time, 1i.e.

%Q(MN) <0 forallt>0

along the flow of ().

Proof. Note first that the strict positivity of p is maintained in the evolution of the
process, so that the logarithm of pV is always well defined.

%ZZZZ(S po10gmay 2 [ e+ ) 4 e ) — 20 ()]
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The proof works in a totally analogous way as the proof of (I4]), where the entropy decay
is shown on the macroscopic level. For completeness, we sketch the proof also here, by
using the following notation for any function f : Q% — (0, c0):

Aea(f(@)) = flz+e) + flz—¢) - 2f(2),
Agryen(f@) = flz+el +e) + flz—el — ) - 2f(2),
Vien(f(@) = flz+gf) - f(z),
oo (f@) = fz+ ¢ +¢) - f@)

Here el is the vector with components of value zero at all places, except for the ath particle
of spemes i, where the value is h = 1/M. This coincides with the notation of a discrete
Laplacian and discrete gradient up to positive scaling constants. We will introduce them
more rigorously on the level of the master equation in Section 3l Thanks to the periodicity

of the domain and to a discrete integration by parts (see detailed formulas at the beginning
of Section [), it holds that

(;it’H( Ny =" (log " (z) + 1) % (" (

(E

z))

n |_7TZNJ

=> > "> D (log (@) + 1) A (¥ (2)

gzlal

n  |mN] [7;N]

D;
+5 Z Z Z Z O(i,a)#(j,b) 5zg—z§ NJ (log,u ( ) + 1) A(g;.urg;) (MN(Q)

z 4,j=1 a=1 b=1

n 7r'LNJ

= =330 > DV (g (@) - Vi (1" (@)

gzlal

n |_7TZNJ 7|—JJVJ

- a5 Z Z Z Z 5(za )#(4,b) 6 f—:c ]\Z[] Vt“-ﬁ-eb (log ,UN(g)) : V?;a+eb) (,UN(g))

z i,j=1 a=1 b=1 -

<0,
thanks to the monotonicity of x +— log x. O

The evolution of the marginals is given by the BBGKY hierarchy.

Lemma 5 (BBGKY hierarchy). Suppose that pV € P,(Q3)) is the density evolving ac-
cording to ([B)). Then the marginals evolve as
d

@) = T+ I+ 111,
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where

n

Di
I=D;y [Pz +e) +pP(z—ef) — 26V P (),
i=1 a=1
1 n pi n Pj D..
=3 Z Z Z Z 0i.a)#(j.b) Ozo =zt N] NP (2 + el + b)) + pV P (z — ef — ) — 26 P ()],

i=1 a=1 j=1 b=1

with e defined as the vector of size py + - - - + p,, with all coordinates with value 0, except
the coordinate of index py + - - - + pi_1 + a, which value is 1/M = h. Finally,

B |7 N —pj
7855 SiD S LA

1
i=1 a=1 j=1 fﬁEQl

[MN;(erej)(@#ij )+ &+ e:v]+1) + MN;(p+6j)((£#x§j+l) — éi;j-i-l) . 2MN;(p+ej)((£#ij+1

with

pi+ly _ /1 D1 1 p; _pi+l 1 Djt1 1 D
(x#xy ) = (21,2 P % T TR PRI Tyyeon, i),

i.e. x with x?jﬂ added between = and x|, and where & is defined as the vector of size
pr+--+(pj+1)+- -+ p, with all coordinates with value 0, except the coordinate of index
p1+---+p;j+ 1, which value is 1/M = h.

The term [ is the standard linear diffusion. The term II is the quadratic interaction
between the considered particles, which should be negligible as N — oo. The term 11 is
the interaction between the considered particles and the averaged particles, which leads to
the quadratic term. The interaction between the averaged particles does not appear in the
projection.

Proof. Take the projection PY:®). The terms I and I follow directly. The third term
appears as

n |mN]

oYYy Y ot PPN (@ 4 4 ) + (- € — ) - 2V (@)

i=1 a=1 j=1 b=p;+1

where we ordered the pair (i,a) and (j,b) so that the factor 1/2 is not appearing there.
Thanks to the indistinguishability, this takes the claimed form. O

Thus, as usually in the BBGKY hierarchy (tracing back to [14]), in order to compute
the evolution of the one-particle marginals u;, we need the knowledge of the two-particle
marginals, whose evolution in turn requires the three-particle marginals.

In order to close an equation on wu;, we thus need an additional assumption. This
assumption has been identified as chaos by Kac [15], in a mathematical setting following
the famous StoBzahlansatz by Boltzmann (first suggested by J. Clerk Maxwell in [16]). It
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states that in the limit N — oo, the different particles are becoming independent. In terms
of the measure pV, it means that

:UN(CEL...,CE%HNJ 5172,... x%mNJ’ ,,,,,, "T}w---,ZL}LZT"NJ)
(7) 1 [m1 V] 1 | 72N | ) 5]
~un(@y) - ua () ua(@s) - ua(ag )EERERS U (@) -, (N,

as N — oo. The formal idea is that the interaction between two particles is scaled as
N1 so that the correlation between two particles should also be scaled as N~!. Therefore,
as N — oo, the particles become independent in the limit. In a way for a rigorous
mathematical treatment, Kac suggested to initially assume the factorisation and then prove
that this is preserved in time with an error going to zero as N — oo (propagation of chaos).

Proposition 6. Formally, as N — oo we have under the Stoffzahlansatz that the marginals
u; evolve as

() %ul(x) = D; [uz(x + h) +u;(z — h) — 2u;(x)

+ Z Dy |u [ © + R)ug(x + h) + wj(@ — h)wi(w — h) — 2uj(:c)ui(x)] .

Proof. This follows from Lemma [Bl where in the term [11, we see that W — 7, and
we reduce the two-marginal density as a product by (). O

This gives the desired quadratic master equation with the final rate A;; := D;;m;. This is
equivalent to the detailed balance equation (3]), which follows from the symmetry D;; = Dj;
in the following way:

miAij = mDijm; = m;Dymy = mjAj forall 1 <i,j <n.

Thanks to the chaos assumption, we can relate the relative entropy of uV to the relative
entropy of the u; using the following proposition.

Proposition 7. Assume

p (2, . :L'FlNJ 1’2,...,I£W2NJ, ...... Lxh, . almN
= uy (2}) g (2 MY g () - - ug (25N wn(@h) - - - up (2N,
then
€ 1 & i)
ZM log( (L,TINH...JFLMNJ)) =N 2 2 | N |u; () log( i )

Proof. This follows from expanding the logarithm as product and using that the wu; are
probability distributions. O

When N — oo, this last quantity converges towards S27 m Yoo o ui(xy) log (M)

Because of Lemma [ and Proposition @, we expect that this quantity decreases along the
flow of eq. (). We shall indeed prove this in the next section, thus establishing the link
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between the entropy structure for eq. () (and its limit when the discretisation step h
tends to 0) and the classical relative entropy of Markov chains.

3. RIGOROUS DERIVATION TO THE CROSS-DIFFUSION SYSTEM

Starting from the Markov chain defined in Definition Bl we showed in the last section
how performing the mean-field limit on the formal level leads to the spatial discretisation
[®) of the SKT system (). In fact, we expect this particular discretisation to preserve the
entropy structure of the Markov chain. In this section we shall check this property and use
it to pass rigorously to the limit when the discretisation step h tends to 0, thus recovering
the existence of weak solutions for the SKT model.

For this, we recall the discretisation Qy; = {z, =kh:k=0,...,M — 1} with h = M~!
from (). Moreover, we introduce the discrete derivatives and discrete Laplacian by

(Vi) o= TN IO (g gy gy = L2 T2,

_ _ flx+h)+ flx—h) —2f(x
(Au)(a) = (Vi (Vi DI(e) = [V (V5 ) = LEH RS2 1) 2 27()
We now rewrite () together with its initial boundary conditions (and A;; := w; D;;), after
a suitable rescaling in time (such that 0, is replaced by h?9;). This yields

(9)
Oui(t, x) = D; [Apuy(t, )| (zx) +

Ah <u2(t, ) iAijuj(t7 ))] (Ik), k= 0, .. .,M—l,

u; (0, 1) = ud(z1) >0, k=0,....,M—1, i=1,...,n,
Ui(t,xo) = Ui(t,SL’M), ui(t,x_l) = Ui(t,l’M_l), Vt, 1= 1, s, N

Given the values (w(zg))k=o,. am—1 over {2y, let @ : T +— R be the linear interpolant (P
discretisation), which can be defined by

M-1

(10) w(z) =Y wlxy) T(x — x3) + w(ze) T(x — 1),
where :
(11) T(z) = (1 = |2l/h) Ijja|<n)-

With this we can state our main theorem.

Theorem 8. Let D; > 0 and A;; > 0 be coefficients satisfying
(1) Ai; > 0 (strict positivity of self-diffusion),
(11) m;Aij = m; Ay for some constants m; > 0 (detailed balance equation).
We also assume continuous positive initial data uf := u?(x) >0 on T for all 1 <i < n.

Then for all M € N, there ezists a unique global solution wu; := u;(t,zy) > 0 of class C*
to the discrete system (9) with h :=1/M.
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Denoting [a;]M the interpolant obtained from u;(t, zy) by formula (1), then there exists
a subsequence such that the following holds: [u;]™ — e u; in L*75([0,T] x T) for all
T >0 and e > 0, where u; € L*([0,T] x T) N L*([0,T], H(T)) is a weak solution to the
SKT system Oyu; = A(D;u; + Z;;l Ajjuiug) (with initial data u) and periodic boundary
conditions), in the following sense: For all p € C?([0,00) x T) and for alli=1,...,n,

_/Tui(O,x)SO(O,:c) dx_/omAUi(ta$)3t¢(t,x) Qo dt
- /OOO /T [Di wlt.) + 3 Ayt us, x)] Agp(t,x) dz dt.

Jj=1

The existence of weak solutions to the SK'T model has been known for a long time in the
case of two equations, and it has been studied more recently in the case of more than two
species, under the detailed balance condition (cf. [I7,2]). We do not go beyond the existing
theory of existence in this paper. We, however, present an approximation procedure which
is extremely simple (it consists only in discretizing w.r.t. the space variable) compared to
most previous procedures (cf. for example [18, [19]).

Though this approximation procedure is presented here only in the specific case of the
quadratic SK'T model without reaction terms under the assumption of detailed balance in
dimension 1 and in the presence of self-diffusion, our feeling is that it can be easily extended
to more general cases. First, one can introduce (not too quickly increasing) reaction terms.
Second, one can go to higher space dimensions d > 1 keeping periodic boundary conditions.
In a third step, by introducing a reasonable grid, one can expect that the same procedure
works for any reasonably smooth domain with Neumann boundary conditions. Moreover,
one can also think of non quadratic cases, provided that a good Lyapunov functional is
known, or of the quadratic case without self-diffusion when the standard diffusion term or
the reaction terms are sufficient to guarantee the equintegrability. It is less clear if duality
arguments (cf. for example [20]) are compatible with this approximation (as they are when
time discretisation is performed, cf. [21]): this issue will be investigated in future works.

The possibility of extending the formal results of the first part to more general systems
(thus giving a microscopic background for an entropy structure which is known to exist
at the macroscopic level) will also be studied further, especially in the direction of non
quadratic systems, and systems presenting exclusion processes, see for instance [22], 23] 24].

We now begin the

Proof of Theorem [8}

We first observe that there exists a unique global solution t € Ry — (uq(t, xx), . .., u,(t, xx))
with u;(t, ) > 0 to the ODE system (@)). We briefly sketch the proof of this result, which
uses standard theorems for ODEs.

We denote by 77 > 0 the maximal time of existence for the equation (obtained thanks
to Cauchy-Lipschitz theorem), and by 75 €]0, 7| the maximal time for which u;(¢, z) > 0
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for all 4,k and t € [0,73[. Note that 7o > 0 because all initial data are assumed to be
strictly positive.

On the interval [0, T3], we use the conservation of the total number of individuals (of

each species)
M—1
(Z uz t Ty ) = 7
k=0
fort=1,...,n, and get that

(12) Vvt €]0, Ty, i=1,..,n, k=0,..,M —1, 0 < wu(t,m) < C,

where C' 1= sup,_; {Zk 0 Yui (0, 21) -
Then, we observe that on the interval [0, T3],

h? Oyuy(t, x1) = Dy [us(t, xp + h) + wi(t, op — h) — 2u;(t, 2]

+ 3 Ay (i) (8 g + b) + (wsg) (8, 2 — h) = 2(ugu;)(F, )]

Jj=1

_2Dz ui(t, l’k) -2 Z Aij (uﬂL]’)(t, zk)

J=1

v

> —2(D; + CZ Aij) ui(t, o),
j=1
and consequently

D; +CZAU

2
wi(t, x) > u;(0, x) exp ( 7w ) >0 foralltel0,Ts].

Then Ty = T7, and finally thanks to estimate eq. (I2), T} = oo

3.1. Discrete system. We start by studying the discrete system and establishing the
main a priori estimates, which are uniform with respect to the spatial discretisation M.
Those estimates are a direct consequence of the entropy structure of our models.

Lemma 9. Under the same assumptions on the coefficients and initial data as in Theo-
rem [8, the unique solution to the system (Q) satisfies the following a priori estimates, for
some constants Cp > 0 depending only on T', the initial data, and the coefficients m;, A;;
and D;:

n T M-1
(13) Z/ h Z [(Viu) (t, ) |2dt < O,
i=1 70 k=0

and

(1) SHu(t, ) <0, swp HMult, ) < Or.
te[0,7
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where

n

(15) H" (u) = Z h Z_ i {ul(:ck) log(u;(zx)) — wi(xy) + 1| .

i=1

Remark 10. The normalised entropy described at the end of Section 2 differs from H" in
(I3) only by terms which are constant with respect to time ¢ (due to mass conservation),
thus the entropy dissipation of those terms is 0.

For the proof, we rely on the following elementary properties for the discrete derivatives:
(i) Discrete integration by parts: For all 1—periodic functions p,q : R — R,

M-1
(16) > (Vi) (k) g Z p(xy) k)3
k=0
(ii) Discrete product rule: For all functions p,q: R — R,
(17) (Vi (9)(2) = p(x + 1) (Vyg)(2) + (V;p)(z) q(z).
Proof. By using the abbreviation @;; := m;A;; (and therefore assuming that a,; = a;; for
all i,5 € {1,...,n}), we can compute
n M-1
—?—[h( Z Z h; Opu; () logu, ()
i=1 k=0
n M-1
= Z Z h; (Ah Dju; + u; ZAwuj ) xy) log u;(xy)
i=1 k=0
n M-1 n M-1
=hY Y Dymilogui(ae) (Apui) (k) +h Y Y aiy logu(xy) (An(u;uy)) (k)
i=1 k=0 ij=1 k=0
n M-1 n M-1
=—hY Y Dy (Vi (logu)) (@) (Vi (w))(@e) = h Y Y g (Vi (logwi)) (@) (Vi (u; ) ()
i=1 k=0 ij=1 k=0
n M-1 h n M-1
=—hY Y Dy (Vi (loguy)) (i) (Vi (u:)) (@) — 3 SO (Vi (log(ui uy))) () (Vi (1)) (k)
i=1 k=0 ij=1 k=0
n M-1 n M-1
< —4n > Y D |V (V) (k)P = 20 Y Y | Vi (Vi) (a) P < 0.
=1 k=0 i,j=1 k=0

We used above the elementary inequality (z — y)(logz — logy) > 4(y/x — /y)? for all
x>0,y >0.

We end up the proof of estimate (I4]) by noticing that all terms above are nonpositive
and by integrating between 0 and 7. Estimate ([3]) is obtained by using only the self
diffusion terms (that is, the ones corresponding to a;;, for i = j) and also by integrating
between 0 and T'. U
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Next, we introduce for 1 < p < oo the discrete norm for (w(wy))g=o....p—1 by defining

.....

(18) Jwlf,, = Z ()

With the help of the following lemma, we can switch between the discrete norm and the
norm of the continuous linear interpolant @ of w defined in ([I0):

Lemma 11. For 1 <p < oo and w(xy) >0, k=0,.., M — 1, it holds that

p+1 N
(19) @70y < llwlly, < ——[l@l%

(20) IV ) = VEwlF

where ||w||n,, s the discrete norm defined in ([I8), and @ is the linear interpolant defined
m

Remark 12. The factor2/(p+1) is necessary, as can be seen from the case when w(xy) = 1
for k=1 and w(xy) = 0 otherwise.

Proof. Note that the linear interpolant w can also be rewritten as
M—1

(21) @(z) =) (ak(fv)w(xk) +(1- Oék(x))w(mﬂ))H[xk,xm)(x),

k=0

where w(z),) := w(xg) and

Tpy1 — T

—

For © € [xg, xp41) With k= 0,..., M — 1, we know thanks to (2I]) that
w(z) = ag(x)w(zg) + (1 — ag(x))w(xgr).
Since x — zP is convex, we see that
[@(2)]" < ar(z) [wze)|” + (1 — ax(2)) Jw(@e),

so that integrating between z; and z,,, we get
Tetl h h
[ P ds < Slu@P + Slot)p
Tk

which shows the first part of (I9).
In the other direction, we find that

Thtl 1
| aErdn=h [ ) + (1= pua)rs

_h [l - w(@)]
p+1  w(@g) — wlzg)

ag(x) =
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> )l + el |
where we used the elementary inequality
Ap+l _ prl
(22) ﬂ Z AP -+ B?  for all A, B Z 0.

This elementary inequality is easily proved (by considering A/B). This finishes the proof

of (9.
For (20), we see that for k =0,..., M — 1,

Vi(z) = (Viw) (zg) for x € (xy, 2p41).

This implies

M=1 g, M-1
Vil = [1Va@F o= 3 [ 96 dy= 3= 8(vFw) @l = 197wl
k=0 YTk k=0

O

3.2. Uniform a priori estimates for the linear interpolant. From now on, when
we interpolate functions which depend on ¢, we systematically write @(¢,x) instead of

—_——

w(t,-)(z). We also use the notation Cr for any constant depending on the time 7", on the
inital data and the parameters 7, A; ; and D; of the problem, but not on the discretisation
parameter h = 1/M.

Combining Lemma [O and Lemma [[Il we obtain for @; with ¢ = 1,... n that
(23) sup /ﬂi(t,x) dx < Crp,
tef0,7] JT

T
(24) / /|Vﬂi(t,x)|2 dedt < Cy.
0 T

Using the Gagliardo-Nirenberg inequality, this implies for p € [1,4] that

T
(25) / / (¢, 2)|? dar dt < Cr.
0 T

Note that in the estimate above, when the dimension d = 1 is replaced by a more general
dimension d, the maximal value 4 of p is replaced by 2 + 2/d.

Indeed, the Gagliardo-Nirenberg interpolation allows to estimate ||| z»(r) by ||V, ||(22(T) || H}Z;(QT)‘
Choosing fp = 2, means that § = (2d(p —1))/((d+ 2)p) € [0,1] so that p =2+ 2/d. With
this choice, we find

T
HaileP([O,T},LTJ(T)) :/0 HaiHiP(T) d

T
~ 10 ~ (-6
<c / V75 o 1
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T
1-6)p =019
< CHUZHEOO ([0,T),L1(T)) / HVUZHLPQ(’]T) dt

1— 0
< Cllaall (2 oy 1V 1320 17

Using Lemma [T1] we can relate the estimate back to the discrete system as
T M-1
(26) / Rt zy)[” dt < Cp,  for all p € [1,4].
0 k=0
We now show that for all ¢ € Wh>(T),

(27) /O o, /T (. 2) o) do

Indeed, performing a discrete integration by parts in xj (cf. (I6)) and performing the
translation x — x 4 h inside the integral over T, we get that

dt < Cr |6 llwro.

3 [V (Dot + 3 At >u]<t,->)]<xk> [T g,
k=0 Jj=1 T

_ [w (Douste +2Aw uilt ))} (1) /T T(o — o) [Vi 6)(z) do

By the discrete product rule (7)), this can be estimated as

/T 0 /dz(t x) ¢(x)dx

/Tle {w (Diuitt +ZAUU, ))}(xk)

dt

/T (e — ) [V )(x)| da dt

T M—-1
SNy > [v+ (Diuite +2Awul >)}<xk> i
T M-1 n

< |V} 6l / BSOS Aglult g+ )] |9 us(t, ) ()| di

k=0 j=1
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T M-1 n
+HVZ¢HOO/O ey > Ailug(t, e [[Vius(t, )] (a)] dt
k=0 j=1

T M-1

+nvzmua/’ > D[Vt N
T M—-1 1/2 T M—-1 1/2
< ||v;¢||ooz,4ij(/ h Z |ui(t,xk—|—h)|2dt) (/ h Z [V, (¢, xk)pdt)
=1 0 _ 0
n T M-1 /2 T M-1 1/2
+ IIV;[QSHOOZAU(/ h Z |u;(t, ox |2dt) (/ h Z [V ui(t, )] (z) |2 dt)
j=1 0
T M-l /2 T M-1 1/2
+ ||V 00D (/ Ry 1)dt) (/ h Z [ Vit :):k)|2dt)
0 k=0

T M-1 1/2
< Cr [nmaXAZ] +maxD] [Pl w100 () [T1/2+max (/ h Z lu;(t, xy, | dt) }
0
S CT>

where we used estimates ([[3]) and (20]).

3.3. Compactness. In order to stress the dependence w.r.t. the spatial discretisation, we
denote by [@;]™ the interpolant associated to the discrete system on §2y;.

The classical Aubin-Lions lemma shows with the estimates (24]), (25) and (27]) that there
exists a subsequence such that

[ — 0100 u;  strongly in L*~2([0,T] x T)
for some u; € L*([0,T] x T) N L*([0,T], H'(T)).
3.4. Passing to the limit. We now show that the limit is a solution in the weak formu-
lation stated in Theorem
We first find that the interpolation [@;]* of the discrete solution on €2, satisfies for all

test functions ¢ := p(t,z) € C.([0,4+00) X T) and ¢ = 1,..., N that
(28)

~ [ 00 0 dr— [ [0 et 0)
= D, /OOO/T[di]M(t,x) App(t, x) d:cdt—i—iAij /OOO/T[m]M(t’I) Ano(t, ) da dt,

where [u;u;]M is the interpolant (in the sense of (I0)) of u;u; from the values on 2.
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Indeed, differentiating the interpolant [@] in time, we find from the ODE system (@)
that
M-1
(29) O falM(t, ) =

Ay <D wi(t, ) + Z Ajju(t, ))] (xp) T'(x — xp)-

Multiplying with the compact test function ¢ and integrating shows that

/[ JM(0, ) (0, x) dx—/ /ul Oy dx dt
/ /T Ay, (D it +ZA,JU, ))

- /OO/ Z_: _D ui(t +ZAZJUZ )} () AR [T(z — )] (xr) p(t, x) de dt
o Jri=

k=0

()T (x — zp)p(t, x) de dt

oo M—1

- /0 Z {D it +2Awu2 )] (zx) /T T(x — 23)(App) () dz dt
_ D, /O /T WMt ) Ao (t, ) dxdt+2::Aij /0 ' /T M (t, ) Anep(t, ) da dit,

so that ([28) holds.

Next, we use the following result explaining how the linear interpolation behaves on
products:

Lemma 13. Under the assumptions of Theorem[8, the following estimate holds:

/0 /T HUﬁIj]M(t, z) — @™ (¢, z)[a;)M (¢, x)‘ dzdt < Crh.
Proof. For z € [z}, xx11) the representation formula (21]) shows for ¢ = 1,...,n that
(@l (t, ) = aw(@)ui(t, i) + (1 — an(@))uilt, T11),
(a7, ]" (1, @) = ar(@) [(uiwy) (¢, 2x)] + (1= ax(@)) [(uig) (F z00)]
(

where we recall that ax(z) = (zx41 — x)/h. Then, for x € [z, x41):

[ ™ (¢, ) — [@]™ (¢, @) @] (¢, x)

ag(x) [(uiuy) (& 2p)] + (1= on(@)) [(wig) (¢ 2141)]

- ([am)ui(t,m (1= (@)t 2] fow @)yt ) + (1 — (@) (1 250 ) \
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< (@) (1 = ag()) (W(t, ax) + ui(t, xk+1))

Consequently, we get that

/ /}uuj ;] M}dxdt

< / (Z /:k+1 () (1 — (@) d (Jus(t, zp)| + Jui(t, Tpp)]) ‘uj(t,:ckﬂ) — u,(t x@‘) dt

T M—-1
/ Z R (Jwi(t, )| + Jui(t, een)]) [yt 2g) — wy(t, 2 | A
L e 12 aq 1/2
< g/ (Z h |ui(t,93k)|2> <Z hluj(t, Tprr) — Uj(t,ifk)|2) dt
0\ k=0 k=0

T M-1 1/2 T M-1 1/2
= %h < i Z h |ui(t,xk)|2 dt) ( i Z h }(V;uj(t, ))(xk)}2 dt) )

This conclude the proof with the estimates (I3) and (2]

Uj(t, S(Zk_H) — Uj(t, LL’k) .

O
Thanks to the lemma above, the weak formulation (28)) of the discretised system implies
that for all ¢ := ¢(t,2) € C.([0,7) x T) and i € 1,...,n,

(30)

_A[ﬂi]M(0,~)¢(0,~)dx— /OOO/T ([ai]M O + {Di ()™ + éAij[ai]M[aj]M] AW) dzdt = O(h).

We end up the proof of Theorem [§ by observing that the limit satisfies

—/ui(O, ) (0, - dx—/ / <Uzat30+ [D; uﬁ—ZAwulu] Ago) dzdt = 0.
T

7=1
Indeed,

‘—/ui(O, ) o( / / <u28tg0+ [D; “ﬂLZAw“ u; Ago) dx dt
T

< [ hust0,) = (0. o0, d+ / / \u — ]| |orgp| da
+ZAW/ /\ — u;u;| |App|dz dt + D; / /\

/ /|D uﬁ—ZAU wiug| |App — Ap| dzdt + O(h).

7=1

— u;| | Apgp| da dt
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The first integral tends to 0 because u;(0,-) is continuous on T. The second and fourth
integrals converge to 0 because [;]™ — w; strongly in L', the third integral converges to 0
because [1;]* — u; strongly in L?, and the last integral converges to 0 since ¢ is smooth.

This concludes the proof of Theorem &
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