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Abstract. The hyperfine splitting of the ground state of three-electron ions is studied in detail with the
help of the Multi-Configuration Dirac-Fock method. We study the role of the magnetic electron-electron
interaction and of the negative energy continuum. An all-order evaluation of some vacuum polarization
corrections is performed. The Bohr-Weisskopf effect is evaluated in a simple model.

PACS. 32.10.Fn Fine and hyperfine structure — 31.30.Jv Relativistic and quantum electrodynamic effects
in atoms and molecules — 31.25.Eb Electron correlation calculations for atoms and ions: ground state

1 Introduction

With the use of high energy storage rings [1,2] and Electron-
Beam Ion traps (super-EBIT) [3], it is now possible to
measure the hyperfine splitting of the ground state of
heavy ions. Up to now several hydrogen-like ions have
been investigated (1%°Re and '37Re [4], 1%°Ho [3], 2°"Pb
[2], 299Bi [1]) by laser or optical spectroscopy. A measure-
ment of the hyperfine splitting of lithium-like Bi has been
performed by resolving the two components of the 1s?
2p3 /2 — 1s* 2s1 /5 4 keV X-rays transition. The aim of the
study of the hyperfine structure of few-electron heavy ions
is to investigate the magnetic sector of strong field QED,
while the study of the 1s or 2s Lamb shift in heavy ions
probes QED in strong Coulomb fields.

One of the main difficulty in the interpretation of the
experiment in term of QED is connected to the knowl-
edge of nuclear effects. The Bohr-Weisskopf [5] effect rep-
resents the change in the hyperfine structure energy due
to the distribution of magnetic moment of the nucleus,
and cannot be evaluated very precisely, due to the lack
of knowledge of the nuclear wave function [6-8]. In a re-
cent paper Shabaev et al. [8,9] show that a simultaneous
knowledge of the hyperfine splitting of the ground state
of one- and three-electron ion with the same Z and A
can provide better information to distinguish between the
Bohr-Weisskopf and the QED corrections.

As shown in Ref. [4], the study of isotopic series can
also help disentangle the two effects. An understanding of
the nuclear magnetization distribution is also important
for the study of the nuclear anapole moment recently ob-
served in a parity non-conservation experiment [10] or for

the search of a proton electric dipole moment (see Ref. [4]
and references therein).

In this paper, we calculate many-body effects for the
hyperfine splitting of the ground state in the lithium-like
sequence by the Multi-Configuration Dirac-Fock method
(MCDF). We study the influence of Gaunt correlation and
negative energy continuum, following Refs. [11-13]. To
be complete, and provide experimentalists with reason-
ably good splitting energy we include approximate Bohr-
Weisskopf and QED corrections.

The paper is organized as follows. The principle of the
calculation is outlined in Sec. 2. We describe the correlated
wave function in Sec. 3 and our results are given in Sec.
4. In order to assess the quality of our Bohr-Weisskopf es-
timates we calculate the hyperfine splitting of the ground
state of hydrogen-like ions and compare it with recent ex-
periments. Finally we give our conclusions in Sec. 5.

2 Principle of the calculation
2.1 The MCDF method

The MCDF method [14,15] is the relativistic equivalent of
the Multi-Configuration Hartree-Fock method (MCHF).
In order to get a correct relationship between the MCDF
method and QED [11,16-18], one has to use the no-pair
Hamiltonian

N

Moo =" Hp(r) + > V(e — 1)), (1)
i=1 i<j

where Hp is the one electron Dirac operator and V is

an operator representing the electron-electron interaction.
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This comes from the one-photon exchange diagram in QED
and is gauge dependent. We can use either V;; = V;; or
Vij = A;;JFVMA;;"’ where A;;Jr A;-"A;r is an operator
projecting onto the positive energy Dirac eigenstates. The
expression of V;; in Coulomb gauge is

1 o TN o7 BN e PRN 071
Vii=— — J J ) — 1
LA i i [cos(wijri;) — 1]
cos(w;;rij) — 1
e Voo v ) 2Ly
ij i
where r;; = |r; —r;| is the inter-electronic distance, w;;

is the energy of the photon exchanged between the two
electrons, and «; are the Dirac matrices. The first term
represents the Coulomb interaction, the second one is the
Gaunt (magnetic) interaction, and the two last terms are
the retardation operator. In this expression the V oper-
ators do not act on the following wave function but only
on the 7 .
The atomic wave function is obtained by solving

)5 (3)

with the aid of a variational principle. Here W7 j ps(..., Iy, -..)
is an eigenfunction of the parity I7, the total angular mo-
mentum J? with eigenvalue J and its projection on the
z axis J,, with eigenvalue M. In the MCDF method, we
construct this total wave function as a superposition of
configuration state functions (CSF) :

H P gm(oo s riy. o) =EnggmPmam(... T,

Pran) =Y colvITIM). (4)

The CFS are also eigenfunctions of IT, J? and J,. The
label v stands for all other numbers (principal quantum
number,...) necessary to define unambiguously the CFS.
For a N-electron system, the CFS is a linear combination
of Slater determinants

P (r1) - Py (r1)
WwITIM) =Y "di| o (5)
b Pi(ry) - Py (rw)

where the @ are the one-electron wave functions. In the rel-
ativistic case, they are the Dirac four-component spinors

_ l [ ) P'rm(r)Xﬁu(ea ?)
r 'Lan(T)an,u(ov ¢)

with x,.(6, @) the two component Pauli spherical spinors
[15) and P, (r) and Q. (r) respectively the large and the
small radial components of the wave function. The coeffi-
cients d; are determined by requiring that each CFS is an
eigenstate of J2. The functions Py (1), Qnk(r) are the so-
lutions of coupled integro-differential equations obtained
by minimizing Eq. (3) with respect to each radial wave
function, while the coefficients ¢, are determined by diag-
onalization an Hamiltonian matrix (for more details see,
e.g., Refs. [14,15,19]).

Prusou (r) (6)

2.2 Hyperfine structure calculation

The hyperfine interaction comes from the interaction of
the electron and nucleus magnetic moments. The relativis-
tic hyperfine Hamiltonian is given by

Hpps = Z M*) . T(k), (7)
k

where M(*) and T(*) are spherical tensor of rank k, rep-
resenting, respectively, the nuclear and the atomic parts
of the interaction. We calculate the hyperfine splitting in
the ground state which has a total angular momentum
J = 1/2. In this case, for angular reasons, only the mag-
netic dipole term (k = 1) is non-zero. Hence the hyperfine
matrix element W (J, J') is written

W(J,J') = I,J,F,MpMO . TO|T J F,Mg), (8)
where [ is the nuclear spin and F' the total angular mo-

mentum of the atom. Equation (8) may be rewritten as
(see, e.g., Ref. [20])

I JF
WJ,J’ = (—1)I+J+F{J/ I 1 }

(LMD N TW]T). 9)
The nuclear magnetic moment p; in units of the nuclear
magneton uy is defined as

111
prpn = (IIIMSV|1T) = (101) (M), (10)

where un = eh/(mpc) and the 3j symbol is given by

I 11 I
(_101): CI+1){I+1)" (11)

The atomic operator Tgl) can be expressed as a sum

of one-electron operators tgl) [21], as

1 1
I
8w oa YY) (#)
= Z—ze -,
- 3 T
J

in which e are the Dirac matrices, Yﬁ;’ (F;) is a vector
spherical harmonic [22] and j represents the jth electron
of the atom. Explicit formulas for the matrix elements of
tgl) are given in Ref. [23]. This operator is only valid for
point-like magnetic moment distribution in the nucleus.

The radial part of this operator is given by [23]

(12)

[rk}m = /OOO drrF (P (1) Qi (1) + Qo (1) Ppr s (1))

(13)
with k = —2.
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2.3 Nuclear structure corrections

For heavy elements, a change between a point-like and an
extended nuclear charge distribution strongly modifies the
wave function near the origin. Since the hyperfine inter-
action is a short distance interaction, this effect must be
accounted for precisely. One nuclear contribution is eas-
ily calculated by using a finite charge distribution in the
differential equations from which the wave function are de-
duced. For atomic number larger than 45 we use a Fermi
distribution with a thickness parameter ¢ = 2.3 fm and a
uniform spherical distribution otherwise. We use the table
in Ref. [24], unless more precise nuclear radii are available
(see,e.g., [25] and references therein). We also use [25] for
deformed nuclei. For isotope not found in Ref. [24] or [25]
we modify the nuclear radius using the fitted formula [24]
R — R=0.836 (A’1/3 - A1/3) (14)
where the ’ denotes the isotope not found in the table.

In contrast it is very difficult to account for the Bohr-
Weisskopf effect [5] due to the magnetization distribution
inside the nucleus. This distribution is not known in gen-
eral. It depends on the wave function of the unpaired nu-
cleons and on the correlation between nucleons wave func-
tions. Extended calculations have been performed with
different models, but agreement between these models is
poor [4,7,6,8]. As our main purpose here is a study of
correlation effects, we use a much simpler model. We sup-
pose that the magnetic moment of the nucleus is spread
over a Fermi (or uniform for Z < 45) distribution, with
the same mean spherical radius as the charge distribu-
tion. This approach gives result in reasonable agreement
with more sophisticated models, although it was shown
recently on a study of two isotopes of Rh, that the charge
and magnetic distribution radii can differ [4].

The formalism we use in this case was derived in Ref. [26]
for calculation of the hyperfine anomaly in muonic atoms.
In that formalism the Bohr-Weisskopf correction is ob-
tained by replacing the radial part of the matrix element
for a point nucleus, defined in Eq. (13) by

Rnuc s
:/ ds SQpMag(s)/ drr*
0 0

X (Prw(r)Qnrwr (1) + Qui (1) Porier (1)) . (15)

In Eq. (15) R... is the radius of the nuclear distribution,
which is infinite in the case of a Fermi distribution, and
Puag 1S the magnetic moment density,

P

nkn’'k’

1 m

PMag (T) (16)

r—c

 pipn 14 exp S

where ¢ and ¢ are the Fermi model radius and skin depth
and m is defined so that the integral of p,., over the
nuclear volume is equal to prpy.

2.4 QED effects

There has been lately several all-orders calculations of ra-
diative corrections to hyperfine structure of the ground

state of 1-electron ions [27-29], and of the ground state
of 3-electron ions [8]. These calculations are in first order
in « and to all orders in (Z«) and are well adapted for
high-Z systems. A complete evaluation of radiative correc-
tions is beyond the scope of the present work. However the
effects of the Vacuum polarization in the Uéhling approx-
imation, which comes from changes in the bound-electron
wave function, can be relatively easily implemented in the
framework of the MCDF method. In practice one only
need to add the Uéhling potential to the nuclear poten-
tial, to get the contribution of the vacuum polarization to
the wave function to all orders. This happens because the
MCDF method is based on a direct numerical solution of
the wave function differential equation. Many precautions
must be taken however to obtain this result as the vacuum
polarization potential is singular close to the origin, even
when using finite nuclei. The method we used is described
in the next subsection.

2.4.1 Self-consistent Vacuum Polarization

The logarithmic singularity of the Uéhling potential at the
origin for a point charge cannot be easily incorporated in
the numerical Dirac solver of our code. We have chosen
to limit ourselves to the case of uniform and Fermi charge
distributions, for which the singularity is milder. We follow
here the formalism of Klarsfeld [30]. For a spherical charge
distribution an angular integration of the expression of the
Uéhling potential gives [31]
2aZa 1

Vii(r) = — 3 7"/0 dr’ ' p(r')

<P lr—=r") = xa@2|r+r" )

where the nuclear charge distribution p(r) = pn/Z is nor-
malized by

(17)

47r/0 p(r)rédr = 1. (18)

The function ys belongs to a family of functions defined
by

> 1
_ —xt,, —n -
Xn(x) = /1 e Ty <u +

The expression of the potential at the origin is given by

L ) Vuz—1du.  (19)

2u3

8aZa [
V) =222 [Craipae), @)
0
while it behaves at large distances as [32]
2aZa 1 2
= - —xa@2r) + 2 <r? > xo1(2
V) = - 252 @) + 5 <% > xa(2n)
2 4
+1—5 <rt>x_s(2r)+ ... (21)
where ~
(r*m) = 471'/ 22 p(r)dr (22)
0
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are the moments of the charge distribution.

For a Fermi distribution of parameters ¢ and ¢, we inte-
grate numerically Egs. (17), (20) and (21). To increase pre-
cision the integral is performed with Gauss integrations,
and is split into three pieces : from 0 to ¢ — ¢t (Gauss-
Legendre), from ¢ —t to ¢+t (Gauss-Legendre) and from
¢+t to oo (Gauss-Laguerre). This enable to take into ac-
count the fast variation of the nuclear charge distribution
between ¢ — t and ¢+ ¢.

In the case of an homogeneous distribution of radius
R, Eq. (17) has been integrated analytically by Klarsfeld
[30], with the result

Vi (r) = ;‘FZRO; ! 27" +o(2(R +1))
~e2R-1)] (< R) (D)
Vir(r) = — ot o2 + B)) — 920 — )
FR(Q( = R)] (> B) (24
where 1 1
p(2) = 5Rx3(2) + xal2). (25)

In the same way Eq. (20) gives

alZo
 TR3 5

For both distributions the functions y,, are evaluated
numerically by using this development in terms of modi-
fied Bessel’s functions Ky(z) and Kj(z), and of the inte-
gral Bessel function Kiq(2) :

Vi (0) = - Rxa(2R) — 5xsCR)| . (26)

1440x4(2) = (2252 — 482% — 2°) Ky (2)
—(3512% — 462" — 2K (2)
+(225 + 40522 — 452* — 20Ky (2),  (27)
240x3(2) = (332% 4+ 2 Ko(2) + (962 — 3123 — 2°) K/ (2)
—(1352 — 302° — 2°)Ki1(2), (28)
48x2(2) = — (212 + 2*)Ko(2) + (192 + 2*) K1 (2)
+(27 — 1822 — 2M)Kiy(2), (29)
12x1(2) = (12 + 2%)Ko(2)
—(102 4+ 2*)K1(2) + (92 + 2*)Kiy(2), (30)
X-1(2) = 3Ko(2) + <1 - 5) Ka(2)+ ZKin(2), (31)
) = SEo(e) + (55 + 52 ) Kinlo) (32)

Ky(z) and K;(z) can be evaluated using programs from
Ref. [33] and Ki1(z) is obtained from

- /0 Ko(x)dz  (33)

Kii(z / Ko(z)dx = Ki1(0

where Ki1(0)
- _ T\ o~ (x/2)%
/0 Kolw)dw = - (7 in 5) z}; (KD2(2k + 1)

o (z/2)**
+$;;) D2(2k + 1)

e $/22k
Z )2(2k + 1)
X (1+§+...+%) (34)

where v = 0.57721... is Euler’s constant.

Adding the Uhling potential in the nuclear potential
amounts to evaluate the contribution of all diagrams with
one or several vacuum polarization loop of the kind dis-
played on Fig. 1, for both one and two-electron operators.
For the exact signification of these diagrams see, e.g., [27,
29,35]

= /2 and [34]

--X

Fig. 1. Feynman diagrams obtained when the Uhling potential
is added to the nuclear potential. The dashed lines starting
with a X represent the hyperfine interaction, the double line a
bound electron wavefunction or propagator and the wavy line
a retarded photon propagator

2.4.2 Other QED corrections

--X
(a) (b) (©)

Fig. 2. Feynman diagrams for other radiative corrections to
the HF'S energy. See Fig. 1 for the signification of the symbols

We add all other QED corrections of order « (Fig. 2).
The first diagram (a) represents a vacuum polarization
contribution as given by Schneider et al. [27]. Diagrams
(b) and (c) are self-energy corrections. We use the values
calculated by Blundell et al. [29]. To get values for ar-
bitrary Z we need to interpolate between Blundell et al.
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values. We make use of the known expansion in (Za) and
In(Za) =2 given by [36,37] :

1 1
AES® = %AEHfs {5 + (1n2 - 13) m(Za)

4 [% In?(Za) =2 <% — %m 2) In(Za)™2 + 17.1} (Za)®
+ <g In2— %) m(Za)* In(Za) ™% + O((Zoé)g)} (35)

where AE"™"* is the hyperfine energy transition without
self-energy correction. To get good agreement at high-Z
we then add higher-order terms the coefficients of which
are obtained by a linear fit from Blundell’s et al. . We
obtain :

O((Za)?) = — (2.95 + 0.109251n*(Za) %) (Za)?

—19.798(Za)* + O((Za)*) (36)

3 Evaluation of the correlated wave function

The MCDF wave function is optimized using the energy
as the functional minimized during the self-consistent field
(SCF) process (variational process). The most important
configurations contributing to the correlation energy of
heavy three-electron ions, with spin-orbitals of principal
quantum number n < 3 were determined several years ago
[38]. However there is no reason why the most important
configurations for the determination of the level energy
would be the most important ones for the determination
of other operators like the hyperfine structure. We have
thus done a complete reanalysis of the configuration set
to get the best correlation contribution to the ground state
hyperfine energy.

Since we are interested in high-Z ions we had also
to include all relevant relativistic effects. In the last few
years the importance of including the magnetic interaction
in the SCF process, and the role of the negative energy
continuum have been studied in detail for two-electron
ions [11] and radiative transition probabilities [12]. Re-
cently the conclusions of [12] have been confirmed by an
independent Relativistic Many-Body perturbation theory
calculation [13]. We have thus done a detailed study of
the relative importance of these effects for the Li-like ion
ground state hyperfine energy.

Our zeroth-order hyperfine energy is computed with
the hyperfine Hamiltonian given by Eq. (7) and a wave
function composed of a single configuration (1s? 2s), with
only the Coulomb interaction in the SCF process. In the
next level of approximation we add the magnetic interac-
tion to SCF process. The effect of correlation is taken into
account by adding extra configurations to the ground state
one. Configuration added one by one, to find the most im-
portant ones until all configuration state functions (CSF)
originating from all possible combinations of orbitals of
principal quantum number 1 to 3 are included. This gives
25 s configurations or 78 jj ones in the case of the ground

Number of jj

Configurations
LS configurations

152s53s 2
2s3s°
153s?
1s2p3p
252p2
ls3p2
152p2
25%3s
253;02
1s3d>
253d>
1525

2p23d
2p3s3p
2p3p3d

V]

)

M

i)

(Y

S}
OUTWWHUIN WHHKFOF WWWHEWWWOR =

b
[C

Total number (jj)

Table 1. List of the LS configurations included in the calcu-
lation of the correlation energy, by order of importance, with
the number of jj configurations they generate.

state 152 2s. The list of configurations is presented in Ta-
ble 1, in order of the importance of their contribution (for
Z = 83). We found that the largest contribution comes
from the 1s52s3s configuration, while this configuration
gives an almost negligible contribution to the ground state
energy correlation. This is expected since it differs only by
one spin-orbital from the main configuration (Brillouin’s
theorem). The relative contribution of the 1s2s3s configu-
ration to the total hyperfine correlation energy in the case
of a pure Coulomb wave function is presented in Fig. 3.
This configuration alone contributes 58% at Z = 3 and
98% at Z = 92.

100

LT e
g\cl L - 4
o 20
S [ ]
8 /
((Y,)') 80 | /’r/ -
& [/ 1
a ¢ :
g 70 r “q‘ ]
5 g 1
g 607 ]
Q L i
O [ ]
50 L | | | 1
0 20 40 60 80 100

Atomic Number Z

Fig. 3. relative contribution of the 1s2s3s configuration to the
total hyperfine correlation energy in the case of a pure Coulomb
wave function.
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(a)
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L x + -

(b)

Fig. 4. Feynman diagrams for the ladder approximation :
(a) Magnetic interaction in the SCF process, (b) Coulomb-
Magnetic mixed terms.

There are other differences with respect to the evalu-
ation of the level energy. When computing energy to an
approximation beyond first order, care must be taken to
exclude the negative continuum, in order to really be in
the no-pair approximation [17,25]. For one-electron op-
erators like the transition rate or hyperfine splitting it
has been recently shown that the correlation contribu-
tion must be evaluated with a wave function which in-
clude contributions from the negative energy continuum
[12,13,39], in order to get high accuracy. We have thus
evaluated the ground state hyperfine energy with wave
functions evaluated with or without projection operators.
At high-Z, calculating the MCDF wave function without
projection operators induces severe convergence problems
during the variational process where the energy is mini-
mized. We thus have to reduce the number of correlation
configurations for Z > 45. We conserve only configura-
tions containing orbitals 1s, 2s, 2p and 3s. This is not
however a very strong limitation, due to the dominance of
the 152s3s configuration in the correlation.

Up to this point, we have treated the Gaunt interac-
tion and the retardation term in (2) as perturbations. For
the retardation we must continue to do so because w;;
can be defined only for occupied orbitals, i.e., 1s and 2s,
for which the diagonal Lagrange parameter in the Dirac-
Fock equation, used to insure normalisation, can be inter-
preted as an approximate binding energy, due to Koop-
mans’ theorem (see Ref. [11]). However we can include
the Gaunt term in the self-consistent process. This gives
two kinds of extra contributions. The first kind amounts
to include more and more of the magnetic ladder diagrams
(Fig. 4(a)), and shows up mostly as the contribution of ex-
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+--- Coulomb Correlation x - VPHfs
-- -0~ -- Gaunt Corr. + Neg. Conti. -+ - SEHfs(?)
—a- - VP Tota
— & -BW(9)
10% 71— T T S
- r
=)
1]
o
Q0
T 1% -
< r
ks
X
£
g 0.1% -
5
©]
0.01% - '

0 20 40 60 80
Atomic Number Z

100

Fig. 5. Summary of all contributions presented in the present
work. Absolute values of the ratio of each contribution to the
total HE'S energy is plotted. Correlation: Coulomb correla-
tion. Gaunt Corr. + Neg. Conti.: Sum of the Gaunt cor-
relation and Negative continuum (Coulomb and Gaunt part)
contributions. VP: Effect of self-consistent vacuum polariza-
tion. BW: Bohr-Weisskopf effect. VP Hfs, SE Hfs: radiative
corrections (Vacuum polarization and Self-energy to the hy-
perfine interaction. Total: Sum of all correlation. The quink
in the Total curve corresponds to a change of sign.

tra magnetic terms in the Hamiltonian, while the second
represents Coulomb-magnetic mixed diagrams (Fig. 4(b))
and shows up through changes of the radial wave functions
due to magnetic contributions to the Dirac-Fock differen-
tial equations.

4 RESULTS AND DISCUSSION
4.1 atomic effects

The total ground state 1s? 2s hyperfine transition energy
for lithium-like ions 3 < Z < 92 (stable isotopes) are pre-
sented in Table 2, with all corrections discussed in the
preceding sections. The nuclear magnetic moments come
from Raghavan’s table [40] and from Refs. [41,42] in the
case of 9°Ho%*. We have listed separately the hyper-

fine transition AEfif * and the Bohr-Weisskopf correction

AEBWV. AEfif * includes correlation (Coulomb and mag-
netic) and the self-consistent vacuum polarization (see
Sec. 2.4.1). VPZ.fS and SEp; are the QED corrections
given by Refs. [27] and [29] respectively (see Sec. 2.4.2).
The total transition energies AFE; are expressed in eV
and the wavelengths Ar; in nm.

We can follow the evolution of all the corrections as a
function of the atomic number Z (Fig. 5). The sum of all
corrections computed in the present paper increases the
hyperfine transition energy by about 6% at Z = 11 but
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Label

Hf
ABL; °

ABBW

hf
VP s

SEL;

ALi

Li
"Li
9Be!
10p2+
112+
ISC:H»
144+
154+
1705+
19F6+
21 Ne7+
ZSNa8+
25M 9+
27 o110+
298i11+
31P12+
SSSIBH»
350114+
37Cll4+
39K16+
41K16+
430a17+
45g 18+
47Ti19+
49Ti19+
513720+
530r21+
55Mn22+
57F623+
590024+
61 Ni25+
GSCu26+
65Cu26+
67Zn27+
69Ga28+
71 Ga28+
73Ge29+
75ASSU+
77SeSl+
7QBr32+
813,32+
SSKr33+
85Rb34+
87Sr35+
89Y36+
91 Zr37+
93Nb38+
95M039+
97M039+
99TC40+
101 Ru41+
99Ru41+
103pp42+
105Pd43+
107Ag44+
109 p 44+
11145+
1130d45+

1
3/2
3/2

3
3/2
1/2

1/2
5/2
1/2
3/2
3/2
5/2
5/2
1/2
1/2
3/2
3/2
3/2
3/2
3/2
7/2
7/2
5/2
7/2
7/2
3/2
5/2
1/2
7/2
3/2
3/2
3/2
5/2
3/2
3/2
9/2
3/2
1/2
3/2
3/2
9/2
5/2
9/2
1/2
5/2
9/2
5/2
5/2
9/2
5/2
5/2
1/2
5/2
1/2
1/2
1/2
1/2

0.8220473
3.2564268
-1.177492
1.800645
2.688649
0.702412
0.403761
-0.283189
-1.89379
2.628868
-0.661797
2.217656
-0.85545
3.641507
-0.55529
1.1316
0.643821
0.821874
0.684124
0.391507
0.214893
-1.317643
4.756487
-0.78848
-1.10417
5.148706
-0.47454
3.468719
0.090623
4.627
-0.75002
2.227346
2.38167
0.875479
2.016589
2.562266
-0.879468
1.439475
0.535042
2.1064
2.270562
-0.970669
1.357
-1.093603
-0.137415
-1.30362
6.1705
-0.9142
-0.9335
5.6847
-0.7188
-0.6413
-0.0884
-0.642
-0.11368
-0.130691
-0.594886
-0.622301

9.1745%107°7
3.2306x 10796
5.1603x10796
1.7604x1079%
3.0040x 10795
2.3500x 1079
1.7668x1079°
1.6522x1079°
1.0574x107%4
3.6608x107 %4
8.7631x1079°
4.0346x 1074
1.8672x107%4
1.0338x10793
3.3469x 10794
8.5374x107%4
3.9927x 107 %4
6.2028 x 10794
5.1630x 10794
4.2339x107%4
2.3239x107%4
1.4416x10793
6.0934x10793
1.2329%x 10793
1.6443x10793
8.8551x10793
1.0931x107%3
8.2115x10793
4.0626x107%4
1.3407x107°2
2.8558 10793
9.5160x10793
1.0175x107°2
3.7634x10793
1.0734x 10792
1.3638x 10702
4.3339%x107°2
9.4302x10793
5.8093x10793
1.6805x 10 %2
1.8113x10792
7.0961x10793
1.1755x 107 %2
9.6062x10793
2.3744x10793
1.4744x10792
7.0377x10792
1.2245x10792
1.2502x 1092
7.6536x10792
1.1332x107°2
1.0111x10792
2.5150x10793
1.1855x 10792
3.7786x10793
4.3437x107%3
2.1334x10792
2.2316x10792

-8.6713x 10~ 1
-3.1694x 1071
-7.3064x107 10
-2.9010x 1079
-5.0747x107%°
-4.9809%x 1079
-4.4337x1079°
-4.2312x1079°
-3.2902x 10798
-1.3528%x10~°7
-3.8071x10798
-1.8906x10~°7
-9.9180x 1078
-5.9006x10~°7
-2.1368x10°7
-5.9983x 107
-3.0898x 10797
-5.2402x 10797
-4.4275%x107°7
-4.1982x10~°7
-2.3356x10°7
-1.5704x107%¢
-7.0247x10796
-1.5204x 10796
-2.0510x107%¢
-1.1624x1079
-1.5448x 1096
-1.2333x1079°
-6.5094x10~°7
-2.2754%x 1079
-5.1714x 10796
-1.8338x 10798
-1.9774x1079°
-7.8078%x107%¢
-2.3295%x 10798
-2.9826x 107 %
-1.0038x1079%
-2.2994x 10795
-1.4890x 107 9%
-4.5342x 1079
-4.9202x10798
-2.0103x107°%
-3.5304x1079°
-2.9759x1070%
-7.7686x10°¢
-5.0795%x107%%
-2.5452x 10 %4
-4.6578x 10795
-4.7820%x1079°
-3.0820%x 10 %4
-4.7805%x 10795
-4.2433x1079%
-1.1138x1079%
-5.5361x1079%
-1.8615x1079°
-2.1497x1079
-1.1031x10~%*
-1.1589x 10 %

3.8675x10 1!
1.3618x 1071
3.1775%x 10710
1.4136x 10799
2.4122x107%°
2.3343%1079°
1.9517x1079°
1.4459%1079°
1.4459x 10708
5.6820x107 08
1.5209% 10798
7.7388x107%8
3.9208x 1078
2.3579x 10707
8.2376x 10708
2.2550x 10797
1.1263%x10~°7
1.8610x10°7
1.5490x10~°7
1.4220%x10~°7
7.8049x 10798
5.0998 x 10707
2.2648x107¢
4.8037x107°7
6.4064x107°7
3.6092x107°¢
4.6519%107°7
3.6426x 107
1.8756x 10~ °7
6.4326x 10796
1.4221x 10796
4.9125x107°¢
5.2526x 10796
2.0118x107¢
5.9358x107 ¢
7.5416x 10796
2.4766x 10796
5.5643x107 ¢
3.5363x 10796
1.0545%x1079°
1.1367x1079°
4.5872x107°6
7.8223%x 10796
6.5765x107°¢
1.6713x10796
1.0664x107°°
5.2281x107%°
9.3374x107°¢
9.5339% 10796
5.9884x1079°
9.0936x107°¢
8.1137x10796
2.0689x107¢
9.9943x107°¢
3.2632x107°¢
3.7512x107°¢
1.8866x1079%
1.9734x1070°

4.8535x107 10
1.7091x 10799
2.3523%1079°
6.0722x107°°
1.0362x10798
5.1640x 10799
1.4962x1079°
1.3992x 10799
-5.9160x 10729
-7.3172x10798
-3.0302x 10798
-1.9885%x 107
-1.1962x10~°7
-8.1533x10~°7
-3.1355%x107°7
-9.2625%x10°7
-4.9223%x107°7
-8.5628x10°7
-7.1274%x107°7
-7.0910x10~°7
-3.8920x 107
-2.6258x107%¢
-1.1990%x 10798
-2.6060x 10~ ¢
-3.4754x107%¢
-2.0006x107°%
-2.6284x 10796
-2.0935%x1079%
-1.0945%x 10796
-3.8055%x1079°
-8.5177x107%¢
-2.9751x1079%
-3.1811x 1079
-1.2307x1079°
-3.6645%x 10795
-4.6559x1070%
-1.5417x 10798
-3.4898x 10795
-2.2331x1079°
-6.7004x1079%
-7.2222x1079
-2.9311x1079%
-5.0240x1079%
-4.2436x 10795
-1.0830x1079%
-6.9371x1079°
-3.4126x 10 %4
-6.1142x1079%
-6.2428%x 1079
-3.9324x10 %4
-5.9867x 107 %%
-5.3416x107°
-1.3652x 10795
-6.6085x107%
-2.1617x1079°
-2.4849x 10795
-1.2518%x 10~ %4
-1.3094x 10 %

9.1789x107°7
3.2321x107°¢
5.1623x 10796
1.7608x 10795
3.0048x1079°
2.3503%1079°
1.7667x107°°
1.6521x1079%
1.0571x107%4
3.6593x 10704
8.7578x 1079
4.0315%x107%4
1.8654x 107 %4
1.0326x 10793
3.3424x107%
8.5244x 1074
3.9858 x 1074
6.1909% 1074
5.1530x 10794
4.2241x107%4
2.3184x 107
1.4379%x107 %3
6.0767x10793
1.2293x107 %3
1.6394x10703
8.8271x10793
1.0894x 1073
8.1819%10793
4.0470x 10704
1.3353x 10702
2.8436x 10793
9.4728x10793
1.0129%x 1092
3.7453% 10793
1.0680x 10792
1.3570x 102
4.3109%10793
9.3779x 10793
5.7756x 10793
1.6703x 10702
1.8003x 10792
7.0512x10793
1.1677x 10702
9.5406x1073
2.3575x107 93
1.4635x 10702
6.9834x10792
1.2146x 10792
1.2402x 1092
7.5895x 10792
1.1234x10792
1.0023x 10702
2.4923x10793
1.1743%x10792
3.7417x10793
4.3011x10793
2.1118x 10792
2.2088x 10792

1.3508x 10199
3.8360x10108
2.4017x10108
7.0413x10107
4.1263x 10107
5.2753x101°7
7.0179% 10107
7.5045% 10107
1.1728x 10197
3.3882x 10106
1.4157x107°7
3.0754x10106
6.6464x10106
1.2007x 10196
3.7094x 10106
1.4545x 10706
3.1106x 10106
2.0027x10106
2.4060x 10106
2.9352x10106
5.3478x 10106
8.6227x1010°
2.0403x 101095
1.0086x 10706
7.5629x1010%
1.4046x 10195
1.1381x 10196
1.5154x 10195
3.0636x10106
9.2853x10104
4.3602x 10198
1.3088x 10195
1.2241x 1019
3.3104x1019°
1.1608x 10195
9.1369x101%4
2.8760x101°%
1.3221x10195
2.1467x10102
7.4230x10104
6.8868x 10104
1.7583x 10705
1.0618x1070°
1.2995x 10195
5.2591x 10195
8.4720x 10104
1.7754x 10194
1.0208x 10195
9.9975x1010%4
1.6336x 10194
1.1037x 10195
1.2369x1070°
4.9747x10105
1.0558x 10195
3.3136x1010°
2.8826x 10105
5.8711x 10104
5.6131x 10104

Table 2. Hyperfine transition energy AFEr; in [eV] and in wavelength Az; [nm)].
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Label

I

Hf
ABL; °

ABBW

hf
VP s

SErL;

ALi

1137,46+
1157,,46+
115,47+
117G 47+
119,47+
121G} 48+
123g},48+
12349+
12549+
12750+
120y .51+
131y 51+
133 52+
135,53+
137,53+
1387 .54+
1397 .54+
141p 56+
14357+
145 57+
147g, 59+
149g,, 59+
151,60+
153,60+
15561+
155 61+
159 1,62+
161y 63+
163,63+
165 17,64+
16517, 64+
167 .65+
169,66+
171,67+
17367+
1757 1,68+
1767 1,68+
177 169+
179 [ 69+
180, 70+
181, 70+
183371+
185,72+
187 Re72+
187 )73+
189 )73+
191,74+
193,74+
195y 75+
197 A 76+
199 77+
201y, 77+
203 78+
205 78+
207 p1,79+
207 p1,79+
209 3;80+
2351789+

9/2
9/2
1/2
1/2
1/2
5/2
7/2
1/2
1/2
5/2
1/2
3/2
7/2
3/2
3/2

7/2
5/2
7/2
7/2
7/2
7/2
5/2
5/2
3/2
3/2
3/2
5/2
5/2
7/2
7/2
7/2
1/2
1/2
5/2
7/2

7/2
9/2

7/2
1/2
5/2
5/2
1/2
3/2
3/2
3/2
1/2
3/2
1/2
3/2
1/2
1/2
1/2
1/2
9/2
7/2

5.5289
5.5408
-0.91883
-1.00104
-1.04728
3.3634
2.5498
-0.736948
-0.888505
2.813273
-0.777976
0.691862
2.582025
0.837943
0.937365
3.713646
2.783046
4.2754
-1.065
-0.656
-0.8148
-0.6708
3.4717
1.533
-0.33726
-0.33726
2.014
-0.4803
0.6726
4.132
4.173
-0.56385
-0.2316
0.49367
-0.67989
2.2323
3.1692
0.7935
-0.6409
4.77
2.3705
0.117785
3.1871
3.2197
0.064652
0.659933
0.1507
0.1637
0.60952
0.148158
0.505885
-0.560226
1.622258
1.638215
0.58219
0.592583
4.1106
-0.38

1.1873x107°1
1.1898x 10791
3.8252x 10792
4.1670x107°2
4.3592x107 02
9.0352x10792
6.5228x 10792
3.5465x10792
4.2754x107°2
8.7239x 10792
4.3154x10792
2.5582x10792
8.7752x 10792
3.5607x10792
3.9828x10792
1.3941x 10~ %!
1.0854x 10701
2.0045x10791
5.0838x 10792
3.1311x10792
4.4373%x10792
3.6527x10792
2.1188x10~°!
9.3550x 10792
2.4406x10792
2.4406x 10792
1.5554x 107 %%
3.5582x10792
4.9821x107%2
3.1082x10791
3.1390x 10791
4.5195x107 02
3.4629x10792
7.8611x10792
6.4948x 10702
2.1619x10791
2.8773x10791
8.1893x 10792
6.4296x 10702
4.8435%x10791
2.6059x10791
2.4112x107°2
4.1693x 10791
4.2111x107°!
1.5001x 10792
1.0206x 10~ %%
2.4813x10792
2.6949x 10792
1.6028x 1071
2.7629x 10792
1.5065x 10!
1.1120x 1079t
5.1412x107°!
5.1906x10~°!
1.9635x 107!
1.9985x 10!
8.1967x107°!
1.3721x107%!

-6.4175x10 %%
-6.4585%x 10 %4
-2.1446x 10794
-2.3462x 10 %4
-2.4646x 10 %4
-5.3753x10 %4
-3.8961x10%*
-2.2037x107 %4
-2.6670x107 %4
-5.6634x 10 %4
-2.9125%x10 %4
-1.7330x 10 %4
-6.2120x 10 %4
-2.6223x10 %4
-2.9435%x107 %
-1.0759%x 1073
-8.3912x 10~ %4
-1.6835%x107 %3
-4.4606x 10 %4
-2.7560x 10 %%
-4.2792x 1074
-3.5331x107%
-2.1435%x10793
-9.4915%x 10794
-2.5758x107 %4
-2.5758%x 10 %4
-1.6961x107 %3
-4.0916x 10~ %
-5.7442x 107 %%
-3.7196x 1073
-3.7565x 107 %3
-5.6566x 10 %%
-4.4844x 10794
-1.0654x 1073
-8.8239x 10 %4
-3.0823x107 %3
-4.1069x 1073
-1.2032x10793
-9.4686x 10 %4
-7.3630x107 %3
-3.9659x 1073
-3.8423x 107 %4
-6.8741x 10793
-6.9581x 10793
-2.5809%x 10 %4
-1.7597x 1073
-4.4391x10~%*
-4.8310x107%*
-2.9739x107 %3
-5.3617x10 %%
-3.0356x 1073
-2.2449%x 10793
-1.0789x 10792
-1.0913x 10792
-4.2943%x 10793
-4.3710x10793
-1.8675x10792
-4.4915%x 10793

1.0748%x 10704
1.0770x 10~ %%
3.5432x107°°
3.8598x1077°
4.0378x1079°
8.5614x107°°
6.1808x1079°
3.4367x1079
4.1431x1079°
8.6431x1079°
4.3699x1079°
2.5906x 1079
9.0802x1079°
3.7640x1079°
4.2102x1079°
1.5051x 107 %4
1.1718%x 107 %4
2.2560x 1074
5.8398 %1079
3.5967x1079°
5.3068x1079°
4.3684x1079
2.5849x 1074
1.1413x 10794
3.0366x 1079
3.0366x107°°
1.9733x107 %4
4.6022x1079°
6.4440x1079°
4.0980% 10794
4.1386x 10794
6.0730x1079°
4.7417x1079°
1.0967x107%4
9.0610x1079°
3.0726x 1074
4.0892x107%4
1.1855%x 10 %4
9.3074x1079
7.1404x 10794
3.8416x 1074
3.6197x107%
6.3723x 10704
6.4363x 10704
2.3340x1079°
1.5880x 10 %4
3.9297x1079°
4.2679x1079°
2.5834x 1074
4.5318x1079°
2.5141x107%4
1.8557x107 %4
8.7292x 10704
8.8131x107%4
3.3912x107%
3.4518x 10704
1.4400% 10793
2.7948 x 1074

-7.1417x107%*
-7.1565%x 10 %%
-2.3574x107%
-2.5681x10 %%
-2.6865x 10 %%
-5.7025x 10 %4
-4.1169%x 10~ %4
-2.2913x 10~ %4
-2.7623x107 %
-5.7673x107 %%
-2.9180x 10~ %*
-1.7298x 10 %4
-6.0669x 104
-2.5162x10%*
-2.8144x 10794
-1.0065x 1073
-7.8366x 10 %%
-1.5095%x 10~ %3
-3.9081x10 %
-2.4070x 10~ %%
-3.5520x 10 %4
-2.9239x10 %
-1.7302x 10793
-7.6389x10 %4
-2.0324x 10794
-2.0324x107 %4
-1.3207x107 %3
-3.0799x 10 %
-4.3125%x107 %4
-2.7422x 10793
-2.7694x 1073
-4.0633x 107 %%
-3.1721x 10794
-7.3357x107 %4
-6.0608x 10~ %%
-2.0549x 1073
-2.7348x107 %3
-7.9274%x107 %4
-6.2240%x 10794
-4.7742%x 10793
-2.5686x 1023
-2.4200x 10~ %%
-4.2599x 1073
-4.3027x10793
-1.5602x 10~ %%
-1.0615%x107 %3
-2.6268x 10 %4
-2.8528%x 10 %4
-1.7268x 1073
-3.0293x 107 %4
-1.6807x 1073
-1.2406x 1073
-5.8362x 10793
-5.8923x 10793
-2.2677x107%3
-2.3082x 10793
-9.6310x10793
-1.8780x 1073

1.1749%x 10791
1.1773%x 10791
3.7837x10792
4.1218x10792
4.3117x10792
8.9330% 10792
6.4489x 10702
3.5050x 10792
4.2253%10792
8.6182x10792
4.2614x10792
2.5262x 10702
8.6615x107°2
3.5131x107°2
3.9295x 10792
1.3748x 107!
1.0703x 10791
1.9748x 100!
5.0059% 10792
3.0830x10792
4.3643%107°2
3.5925x 10792
2.0827x10~ !
9.1951x 10792
2.3976x 10792
2.3976x107 92
1.5272x 10791
3.4911x107°2
4.8880x 10792
3.0477x107%L
3.0779% 1070
4.4284x10792
3.3911x107°2
7.6921x10702
6.3550x 10792
2.1136x107%%
2.8129x 107!
8.0016x10792
6.2820% 10792
4.7292x107°!
2.5444 %1071
2.3522x 10792
4.0643x107%1
4.1050x10~ !
1.4610%x 10792
9.9399% 10792
2.4146x10792
2.6223x10792
1.5584x 107!
2.6835x10792
1.4618x 1091
1.0790x 100!
4.9837x10~ !
5.0314x10~ !
1.9012x 1091
1.9352x 10791
7.9280x1079!
1.3112x 109t

1.0553x 10104
1.0532x 10104
3.2768x 10104
3.0080x 10104
2.8755x 10104
1.3879x 10104
1.9226x 10104
3.5374x 10104
2.9343x 10104
1.4386x 10104
2.9094x 10104
4.9080x 10104
1.4314x 10704
3.5202x 10104
3.1552x 10104
9.0186x 101093
1.1584x 10104
6.2782x10103
2.4767x 10104
4.0215x10104
2.8409x 10104
3.4512x 10104
5.9531x10103
1.3484x 10704
5.1713x 10194
5.1713x 10104
8.1182x 10103
3.5515x 10104
2.5365x 10104
4.0682x10103
4.0282x10103
2.7998x 10104
3.6562x 10104
1.6118x107%4
1.9510x 10104
5.8659x 10103
4.4077x10103
1.5495% 10104
1.9736x 10104
2.6217x10103
4.8729x10103
5.2710x 10104
3.0506x 10103
3.0203x10103
8.4863x 10104
1.2473x 10104
5.1348x 10104
4.7281x10104
7.9560x 10103
4.6202x10104
8.4815x10103
1.1491x107%4
2.4878x 10103
2.4642x10103
6.5213x10103
6.4069x10103
1.5639% 10193
9.4560% 10103

Table 2. (Continued)
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Fig. 6. Increase with Z of the 1s2s3s configuration relative
contribution to the correlation hyperfine energy.

reduces it by about 4% at Z = 92. The electron-electron
Coulomb interaction dominates by two orders of magni-
tude all other corrections at low Z. Coulomb correlation
stays an essential contribution at high-Z, but it is over-
come around Z = 55 by both Bohr-Weisskopf and radia-
tive corrections which increase strongly with the atomic
number.

The change in hyperfine energy due to the Coulomb
correlation is very large for small values of atomic number
Z and decreases roughly as 1/Z when Z increases. For
illustrate this point, we have plotted (Fig. 6) the 152s3s
configuration relative contribution to the correlation hy-
perfine energy. This represents more than 25% of the total
hyperfine transition energy at Z = 3, about 15% at Z =5
and just 6% at Z = 11. As we have seen in Sec. 3, the
15283s J = 1/2 configuration is the most important con-
tribution to the correlation. Its relative contribution to
the total correlation energy varies very slowly with Z ex-
cept for very low Z. For Z > 45 no other configuration
contributes by more than 1%. This is a very interesting
feature of heavy lithium-like ions, enabling to reach high
accuracy with a limited set of configurations, particularly
for the more advanced calculations with negative contin-
uum, for which it is very hard to reach convergence. The
situation is very different for neutral Li or light ions, for
which a very large number of configurations is needed, and
convergence as a function of the number of configurations
is both slow and highly oscillatory [43].

Magnetic correlations (Fig. 4) and negative contin-
uum contributions (Fig. 7) are plotted in Fig. 8. The ra-
tio of these corrections to the hyperfine energy is small
compared to the other corrections (Coulomb correlation,
Bohr-Weisskopf or QED) even if they become more impor-
tant at high Z (=~ 0.15%). We have regrouped these terms
in Fig. 5 but we can follow their relative importance in
Fig. 8. To get their values we do 4 different calculations.
In the first two ones the magnetic interaction is neglected.
One calculation is performed without projection opera-
tors, and one is done with them. Both calculations are re-
peated with a self-consistent magnetic interaction. We can

and

Fig. 7. Feynman diagrams with negative continuum on the
magnetic part of the Gaunt interaction contribution to the hy-
perfine structure of a three electron ion. When including pro-
jection operators, the right diagram is suppressed. We include
the same diagrams for the Coulomb interaction.

thus obtain by differences the mixed Coulomb-negative
continuum term and the Gaunt-negative continuum term.
At low Z the Gaunt-negative continuum mixed contribu-
tion is much larger than the Coulomb-negative continuum
and both contributions approximatively cancel at high Z.
These two terms and Gaunt correlation are small but not
negligible if one needs a high accuracy calculation.
Finally we examine the precision of our calculation for
low-Z. Because of the way we treat magnetic corrections
and negative continuum, we are limited in the number
of configurations we can include in the calculation. Cal-
culations with thousands of LS configurations have been
performed for Li and light ions and it is instructive to
compare our results with both experiment and theoreti-
cal calculations. For instance, our hyperfine structure con-
stant Ay o for "Li and Be are respectively 390.804 MHz
and -624.113 MHz while the most precise measurements
give 401.7520433(5) MHz and -625.008837048(10) MHz
respectively (Ref. [44] and references therein). The dif-
ference between theory and experiment is thus 2.73% for
"Li and 0.14% for °Be, which correspond to a difference
in correlation of 14.7% and 7.3% respectively. If we add to
our calculations all the possible configurations containing

Gaunt Correlation . e Gaunt negative continuum
-~ Coulomb negative continuum & - Tota

0.2 ¢
P L 4
8 , ]
2 015 gt ]
& ; e 1
T  o01- U .
0] r - *
= i S
= i R ]
X 0.05 ¢ u/XVAAA”wA»*'A"/\'”A B
£ Lo
c 0 - ]
i) [
B : e
£ -005 '\' P
O r —e—0 &

0.1 L PR P [ L L

0 20 40 60 80 100

Atomic Number Z

Fig. 8. Relative contribution of each term: magnetic
(Gaunt) correlation, Coulomb-negative continuum, Gaunt-
negative continuum and total correction of this three correc-
tions.
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a 4s orbital, we find A, /,= 376.309 MHz (Z = 3) and
Ay = —625.008 MHz (Z = 4). The difference with the
experimental results increases. The reason is the slow, os-
cillatory convergence as a function of the number of config-
uration at low Z [43]. We have estimated the uncertainty
on our correlation contribution at high Z with a fit of this
correction adjusted on the "Li and °Be experimental val-
ues. We find ~ 5% at Z =5, 1% at Z = 46 and 0.1% at
Z =92.

4.2 Bohr-Weisskopf effects

Because of its large size and large uncertainty, and be-
cause it does not really depend on the atomic part of
the calculation we discuss the Bohr-Weisskopf effect sepa-
rately. In order to assess the reliability of our very simple
Bohr-Weisskopf model we compare calculations we per-
formed for the ground state of hydrogen-like ion with
experiment and other calculations in Table 3. The com-
parison with other calculations can also provide a check
of our self-consistent calculation for vacuum polarization
correction. Our vacuum polarization (Uéhling SC) is in
good agreement with the equivalent terms in other cal-
culations, which shows that contributions with two and
more loops, which we include, but which are not included
in direct QED calculations, have a very small contribu-
tion as expected (they are of order a compared to the
one loop correction). The difference between our vacuum
polarization (Uéhling SC) and the other calculations [2,
3,28,45] (normalized to our results) is smaller than 2%
for '5Ho%+ and 8"Re™*, 5% for 2°"Pb3* and 4% for
2098182+ All these vacuum polarization calculations [2,
3,28,45] include the Wichmann-Kroll contribution while
ours include only Uehling approximation. The correspond-
ing variations on the total theoretical result are respec-
tively 0.005%, 0.007%, 0.024% and 0.019%. In conclusion
our QED term (vacuum polarization and self-energy cor-
rections) are in agreement with all other calculations in-
cluding recent results Ref. [46]. Yet the different calcu-
lations of the Bohr-Weisskopf effect are not in agreement
(variation of about 10% to 50%). There is no clear trend in
the comparison between experiment and theory enabling
to select a theoretical model for the Bohr-Weisskopf ef-
fect, and our very simple model is completely equivalent
to more sophisticated ones.

For lithium-like ions the lack of experimental data at
high-Z does not allow to do a detailed comparison. We
can only compare our calculation with the measurement
of the hyperfine transition in lithium-like Bi [47]. Our the-
oretical value is slightly outside experimental uncertainty.
We find a transition energy of 792.804 meV to be com-
pared to an experimental value of 820(26) meV (Table 4).
In a first paper V.M. Shabaev et al. [48] found a simi-
lar result with 800(7) meV. In a second paper [8,9], af-
ter a reevaluation of some terms, they give 796.9(2) meV
(inside the error bar) which differs from our calculation
by 0.5%. One can compare more precisely the different
terms between Ref. [8,9] and our result. Of course we are
in agreement for the point nucleus value of 958.49 meV.

1.40 ‘ ‘ 1
1.20 |
w L ;
= 1.00 fooie
g r ‘ : : 1
> 080 [ ]
N Fos 3 3 1
g os0 S S
L : : : ]
g 040 i Thiswork | B
020 b b X V.M. Shabaev | . {
0 20 40 60 80 100

Atomic Number Z

Fig. 9. Ratio between hyperfine transition energy in
Hydrogen-like and Lithium-like ions. V.M. Shabaev is Ref. [§].

Our nuclear size correction is -108.42 meV for a Ref. [8,
9] value of -113.8 meV. This last correction -113.8 meV
does not include the nuclear-size correction of 4.43 meV
to the inter-electronic interaction effect which is in the to-
tal inter-electronic interaction contribution of -29.45 meV
in Ref. [8,9]. The total resulting difference for the nuclear
size correction appears to be .95 meV. The Dirac-Fock
contribution (-43.02 meV) is the difference between a cal-
culation with MCDF orbitals and hydrogen-like orbitals.
If we add the Coulomb correlation to this term, we ob-
tain -35.8 meV. This corresponds to the Coulomb part
(-36 meV) of the inter-electronic interaction in [8,9] (see
also [47,48]). For the total value, we must compare our
Dirack-Fock term, correlation terms and negative contin-
uum terms (-34.53 meV) to Ref. [8,9] value (-29.45 meV).
We find a difference of 5.08 meV which corresponds mostly
to the nuclear size correction on the magnetic correlation
(4.43 meV see above) and QED part for 0.38 meV. Thus
our total QED term is -4.06 meV for -4.44 meV in Shabaev
(One-electron QED -4.6 meV and Inter-electronic interac-
tion QED 0.16 meV). This is because we have not sepa-
rate the vacuum polarization due to the introduction of
the Gaunt potential in the self-consistent process. In fine,
if we use the same Bohr-Weisskopf correction our total
results differ only by 0.68 meV (0.95 meV on the nuclear
size correction and -0.27 meV on correlations terms) which
correspond to 0.09% !

To obtain a better evaluation of the 2s Bohr-Weisskopf
correction, it is possible to use the method proposed in
Ref. [8], using experimental data for hydrogen-like ions.
For this reason, we give in appendix the value of the
ground-state hyperfine splitting for hydrogen-like ions (Ta-
ble 5), with the same details as for lithium-like ions (Ta-
ble 2). This method make use of the normalized ratio
n = 8AFE;/AEy of the lithium-like to hydrogen-like en-
ergy. The ratio that we obtain is compared to the one of
Ref. [8] on Fig. 9. Agreement between both calculation
is very good except for the highest Z. Finally we plotted
the total hyperfine splitting in wm as a function of the
atomic number Z for hydrogen-like and lithium-like ions
on Fig. 10. They are two area for which spectroscopy can
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be performed : the first above 10%um by hyper-frequence
spectroscopy (3 < Z < 19) and the second below 10um by
laser spectroscopy (48 < Z < 92). Among this two values,
experimental measurement are more complicated.

5 Conclusion

In this work we have studied relativistic effects and some
radiative corrections on the ground-state hyperfine struc-
ture of three-electron ions with the MCDF method. We
have also proposed a simple model for the Bohr-Weisskopf
effect.

We have investigated the role of the magnetic inter-
action and negative energy continuum in the correlation.
We have shown that contrary to what has been observed
in the case of the relativistic M1 in helium the negative
energy continuum plays a small role and is sizeable only
at high-Z. The magnetic correlation correction is small
compared to the Coulomb correlation, even at high-Z.

The effect of Feynman diagrams with vacuum polar-
ization loops modifying the wave function has been com-
puted to all orders by including the vacuum polarization
potential into the MCDF procedure. The result of this
calculation is in good agreement with perturbative calcu-
lation.

Finally we showed that our very simple model for the
Bohr-Weisskopf effect can be used as reliably (or unreli-
ably) as model based on nuclear model calculations. Very
little advance can be expected in our understanding of
the hyperfine structure in heavy ions until a much bet-
ter procedure to handle the the Bohr-Weisskopf effect is
proposed.
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[eV] 165 11,66+
this work [3] [45] this work [3]
nr [pn] 4.132 4.132 4.132 4.173 4.173
Zeroth order 2.1953 2.1957 2.2171 2.1987
Bohr-Weisskopf —0.0247 —0.0195 —0.0249
Vacuum polarization (Uéhling SC) 0.0063 0.0064 0.0064 0.0064
Vacuum polarization [27] 0.0029 0.0030 0.0030 0.0030
Total Vacuum polarization 0.0093 0.0094 0.0094 0.0094 0.0094
Self-energy [29] —0.0196 —0.0193 —0.0197 —0.0198 —0.0193
Total 2.1602 2.1675 2.1659(66) 2.1817 2.1888
Experiment [3] 2.1645(6)
Exp.-Tot. 0.0043 —0.003 —0.0014 —0.0172 —0.0243
[eV] 185 R o 74+ 187 R T4+
this work [45] this work
w1 [un] 3.1871 3.1871 3.2197
Zeroth order 2.7981 2.7977 2.8262
Bohr-Weisskopf —0.0429 —0.0341 —0.0434
Vacuum polarization (Uéhling SC) 0.0103 0.0105 0.0104
Vacuum polarization [27] 0.0043 0.0044 0.0044
Total Vacuum polarization 0.0146 0.0149 0.0148
Self-energy [29] —0.0290 —0.0290 —0.0293
Total 2.7408 2.749(10) 2.7683
Experiment [4] 2.719(2) 2.745(2)
Exp.-Tot. —0.0218 —0.030 —0.0233

Table 3. Comparison between different theoretical calculations and experimental values in the hydrogen-like ions.
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[eV] 207 pp,81+
this work [2] this work [28] [45]
pr [pn] 0.58219 0.58219 0.592583 0.592583 0.592583
Zeroth order 1.2529 1.2566 1.2754 1.2752(2) 1.2751
Bohr-Weisskopf —0.0252 —0.0400 —0.0257 —0.0340 —0.0534
Vacuum polarization (Uéhling SC) 0.0057 0.0058 0.0061 0.0059
Vacuum polarization [27] 0.0022 0.0022 0.0022 0.0023
Total Vacuum polarization 0.0079 0.0082 0.0080 0.0083 0.0082
Self-energy [29] —0.0147 —0.0142 —0.0150 —0.0148 —0.0150
Total 1.2208 1.2105(24) 1.2427 1.2347 1.215(5)
Experiment [2] 1.2159(2)
Exp.-Tot. —0.0049 0.0054 —0.0268 —0.0188 —0.0009
[eV] 209 382+
this work [45] [28]
wr [un] 4.1106 4.1106 4.1106
Zeroth order 5.1908 5.1906 5.1917(10)
Bohr-Weisskopf —0.1087 —0.0612 —0.107(7)
Vacuum polarization (Uéhling SC) 0.0243 0.0250 0.0253
Vacuum polarization [27] 0.0093 0.0093 0.0093
Total Vacuum polarization 0.0335 0.0343 0.0346
Self-energy [29] —0.0619 —0.0621 —0.0614
Total 5.0537 5.101(27) 5.058(8)
Experiment [1] 5.0840(8)
Exp.-Tot. 0.0303 —0.017 —0.026

Table 3. (Continued)
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209380+
Point nucleus (Hyd. orb.) 958.49
Dirac-Fock correction -43.02
Nuclear size correction -108.42
Bohr-Weisskopf -18.68
Correlations (Coulomb) 7.22
Correlations (magnetic) 1.21
Negative continuum (Coulomb) 0.42
Negative continuum (magnetic) -0.36
Vacuum polarization (Uéhling SC) 4.13
Vacuum polarization [27] 1.44
Self-energy [29] -9.63
Total 792.80
Experiment [47] 820(26)

Table 4. Value of the ground state hyperfine splitting of 2°°Bi*** (in meV).
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Label

Hf
AEHRSs

AEEBW

hf
VPL*

SEn

AE

Al

6Li%t
Li%t
9Be3t
10p4t+
11pd+
ISC5+
146+
15N6+
17O7+
19F8+
21 N69+
ZSNa10+
25M 11+
27A112+
298i13+
31P14+
33815+
350116+
37Cllﬁ+
39K18+
41K18+
430a19+
45G 20+
47Ti21+
49Ti21+
51V22+
530r23+
55Mn24+
57F625+
590026+
61 Ni27+
GSCu28+
65Cu28+
67Zn29+
69Ga30+
71 Ga30+
73Ge31+
75 A g32+
77SGSS+
7QBTS4+
8134+
SSKr35+
85Rb36+
87Sr37+
89Y38+
91 Zr39+
93Nb40+
95 \Modlt
97MO41+
9942+
101R 43+
99Ru43+
103 pp44+
105Pd45+
107Ag46+
109A 464
111 Cd47+
1130d47+

1
3/2
3/2

3
3/2
1/2

1
1/2
5/2
1/2
3/2
3/2
5/2
5/2
1/2
1/2
3/2
3/2
3/2
3/2
3/2
7/2
7/2
5/2
7/2
7/2
3/2
5/2
1/2
7/2
3/2
3/2
3/2
5/2
3/2
3/2
9/2
3/2
1/2
3/2
3/2
9/2
5/2
9/2
1/2
5/2
9/2
5/2
5/2
9/2
5/2
5/2
1/2
5/2
1/2
1/2
1/2
1/2

0.8220473
3.2564268
-1.177492
1.800645
2.688649
0.702412
0.403761
-0.283189
-1.89379
2.628868
-0.661797
2.217656
-0.85545
3.641507
-0.55529
1.1316
0.643821
0.821874
0.684124
0.391507
0.214893
-1.317643
4.756487
-0.78848
-1.10417
5.148706
-0.47454
3.468719
0.090623
4.627
-0.75002
2.227346
2.38167
0.875479
2.016589
2.562266
-0.879468
1.439475
0.535042
2.1064
2.270562
-0.970669
1.357
-1.093603
-0.137415
-1.30362
6.1705
-0.9142
-0.9335
5.6847
-0.7188
-0.6413
-0.0884
-0.642
-0.11368
-0.130691
-0.594886
-0.622301

3.5044x 10795
1.2340x 10794
1.0582x 107 %4
2.7674x107%4
4.7225x107%4
3.2005x10794
2.1931x107%
2.0509x 10794
1.2297x107 %3
4.0559x107%3
9.3502x 10794
4.1771x107%3
1.8859x 107 %3
1.0227x107°2
3.2528x10793
8.1710x10793
3.7702x10793
5.7874x10793
4.8172x107%3
3.8702x10793
2.1242x10793
1.3060x 107 %2
5.4753x10792
1.0994x 107 %2
1.4662x 10792
7.8403x10792
9.6136x10793
7.1761x10792
3.5289x 10793
1.1579x 10~ %!
2.4527x10792
8.1290x 10792
8.6918x10792
3.1982x 10792
9.0762x107°2
1.1532x 10791
3.6464x 10792
7.8959x10792
4.8410x107°2
1.3938x 10~ %!
1.5024x107°1
5.8585x107 92
9.6601x10792
7.8586x10792
1.9337x107°2
1.1953x 10~ %!
5.6799x107 91
9.8377x10792
1.0045x 10~ %%
6.1214x107°!
9.0227x 10792
8.0504x10792
1.9934x 10792
9.3538x10792
2.9678x10792
3.4116x10792
1.6679x107°1
1.7446x 10791

-3.3367x107 %9
-1.2156x 10798
-1.4665x 107 %8
-4.4669x 1078
-7.8116x107%8
-6.6670x10 %8
-5.4423x107%8
-5.1827x 10798
-3.7844x107°7
-1.4858x 10796
-4.0386x 10 %7
-1.9480x 107 %
-9.9815x10°7
-5.8177x1079¢
-2.0701x 107 %
-5.7216x 10~ %6
-2.9070x 107 %
-4.8693x107%6
-4.1141x10796
-3.8177x1079¢
-2.1238x 10796
-1.4145%x1079°
-6.2716x1079%
-1.3463x 107 %%
-1.8160x 107 %%
-1.0213x107%4
-1.3474x1079°
-1.0682x 107 %4
-5.6000x 102
-1.9449x 10794
-4.3927x107 %
-1.5482x 10794
-1.6695x 10~ %4
-6.5528x 107 %2
-1.9436x 10794
-2.4886x 107 %4
-8.3276x 107 %%
-1.8967x 10 %4
-1.2213x107%4
-3.6985x 107 %4
-4.0133x107%4
-1.6307x 10 %4
-2.8479x 107 %4
-2.3874x 10794
-6.1982x 10795
-4.0303x107%4
-2.0083x107 %
-3.6551x107%4
-3.7525x 107 %4
-2.4050x 10793
-3.7096x 10~ %4
-3.2928x 10 %4
-8.5945x1079%
-4.2482x 10794
-1.4203x 10794
-1.6402x 10794
-8.3681x 10794
-8.7915x 10~ %4

1.9953x10799
7.0259x10799
8.0059x10799
2.6086x 10798
4.4515x107%8
3.6089x107%8
2.8766x107 %8
2.6901x10798
1.8382x107°7
6.8022x107°7
1.7379x10~°7
8.5200x 10797
4.1870x 10797
2.4545x10796
8.3909%10797
2.2542x107%6
1.1076x 10796
1.8037x107%
1.5014x 10796
1.3446x 10796
7.3798 %1097
4.7709% 10796
2.0981x1079
4.4099% 10796
5.8813x10796
3.2855x1079%
4.2015x107%6
3.2656x1079°
1.6697x1079¢
5.6884x1079°
1.2496x 107 %%
4.2900x107%°
4.5871x1079°
1.7465x 107 %2
5.1238x1079%
6.5099 %10~ 9°
2.1260x1079°
4.7507x1079°
3.0033x1079°
8.9097x1079°
9.6035x1079%
3.8560x1079°
6.5424x107 %2
5.4733x1079%
1.3841x1079%
8.7889x1079°
4.2878x107%4
7.6211x1079
7.7814x1079°
4.8642x107%4
7.3509x1079%
6.5588 %107 °°
1.6644x1079°
8.0015x107%°
2.5999x1079°
2.9887x1079%
1.4958x 10794
1.5647x107%4

2.5040x 10798
8.8172x107 %8
5.9268x 10798
1.1206x10~°7
1.9122x10°7
7.9838x10798
2.0622x10798
1.9285x107%8
-7.5211x107%8
-8.7598x 1077
-3.4625x10°7
-2.1893x 107 %
-1.2774x107 %
-8.4874x10796
-3.1939x 107 %6
-9.2596x 10~ %6
-4.8407x10796
-8.2993x 107 %6
-6.9080x 10 %6
-6.7049x 10796
-3.6801x 107 %
-2.4564x1079°
-1.1108x 10794
-2.3924x1079°
-3.1906x 107 %%
-1.8212x 10794
-2.3739x 107 %
-1.8768x 107 %4
-9.7435x1079¢
-3.3652x 107 %4
-7.4842x1079°
-2.5982x 10794
-2.7781x107 %4
-1.0685x 10~ %4
-3.1632x 10794
-4.0190x 10 %4
-1.3234x107%4
-2.9795x 10 %4
-1.8965x 10 %4
-5.6612x 10794
-6.1021x107%4
-2.4639x 10 %4
-4.2020%x 10794
-3.5317x107%4
-8.9692x 1079
-5.7171x 10794
-2.7988x 10793
-4.9903x10%4
-5.0953x 107 %4
-3.1942x10793
-4.8395x10 %4
-4.3180x 107 %4
-1.0983x 10~ %4
-5.2908x 10794
-1.7223x107%4
-1.9799x 10 %4
-9.9253x 10794
-1.0382x 10793

3.5068x1079°
1.2348x 10794
1.0587x107%4
2.7683x107 %4
4.7241x107%
3.2010x 10794
2.1931x107%
2.0509x 10794
1.2294x 10793
4.0542x107%3
9.3444x107%4
4.1738x107°2
1.8841x107 %3
1.0215x10792
3.2484x10793
8.1583x10793
3.7636x10793
5.7760x 10793
4.8077x107°2
3.8610x10793
2.1192x10793
1.3026x 107 %2
5.4601x 10792
1.0961x107°2
1.4618x 107 %2
7.8152x10792
9.5806x10793
7.1499x10792
3.5152x10793
1.1531x 10791
2.4421x10792
8.0918x 10792
8.6519x 10792
3.1827x10792
9.0303x10792
1.1473x107 %!
3.6269x10792
7.8518x 10792
4.8128x107°2
1.3853x 10~ %!
1.4932x107°1
5.8214x 10792
9.5962x10792
7.8049x 10792
1.9199x 10792
1.1864x 10791
5.6361x10~°!
9.7588x10792
9.9640% 10792
6.0703x10~°1
8.9445x107 02
7.9809x10792
1.9755x 10792
9.2664x 10792
2.9390x 10792
3.3784x 10792
1.6511x107°1
1.7270x 10~ %!

3.5356x 10107
1.0041x 10107
1.1711x 10707
4.4786x10106
2.6245x10106
3.8734x 101096
5.6534x10106
6.0454x 10106
1.0085x 10106
3.0582x1010°
1.3268x 10196
2.9705x 101095
6.5807x1010°
1.2138x101%°
3.8168x1010°
1.5197x 1019
3.2943x1010°
2.1465x 10105
2.5789x 10105
3.2112x1019°
5.8507x 10105
9.5179x 10104
2.2708x 10104
1.1311x 1079
8.4814x 10104
1.5865% 10104
1.2941x 1019
1.7341x107%4
3.5270x1010°
1.0752x 10104
5.0770x 10104
1.5322x 10104
1.4330x 10104
3.8956x 10104
1.3730x 10104
1.0807x 10104
3.4184x 10104
1.5790x 10104
2.5761x 10104
8.9497x 10103
8.3033x10103
2.1298x 10104
1.2920% 101%4
1.5885x 10104
6.4578x 10104
1.0450% 10104
2.1998x 10103
1.2705%x 10104
1.2443x107%4
2.0425x10103
1.3861x 10104
1.5535x 10104
6.2762x 10104
1.3380% 10104
4.2187x10104
3.6699x 10104
7.5093x 10193
7.1792x 10193

Table 5. Hyperfine transition energy AEg in [eV] and in wavelenghts Ay [nm].
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Label

I

Hf
AEHRSs

AEEBW

hf
VPL'*

SEn

AFE

Al

113,48+
1157,48+
115g,,49+
117 g, 49+
119G, 49+
121G}, 50+
123g},50+
12351+
12551+
12752+
120y .53+
131y 53+
133 54+
135,55+
137,55+
1387 56+
1397 .56+
141p 58+
143 159+
145359+
147g, 61+
149g 61+
151,62+
153,62+
15563+
155 363+
159 1,64+
161y 65+
163,65+
16517,66+
16517,66+
167 .67+
169,68+
171~/1,69+
173169+
1757 4,70+
L1767 4,70+
17T 71+
179 ppf71+
180, 72+
181, 724
183373+
185 074+
187 ReT4+
187 )75+
189 375+
191776+
193,76+
195 py 77+
197 A 78+
199 79+
201,79+
20380+
205180+
207 p1,81+
207 p1,81+
209 ;824
2351791+

9/2
9/2
1/2
1/2
1/2
5/2
7/2
1/2
1/2
5/2
1/2
3/2
7/2
3/2
3/2

5
7/2
5/2
7/2
7/2
7/2
7/2
5/2
5/2
3/2
3/2
3/2
5/2
5/2
7/2
7/2
7/2
1/2
1/2
5/2
7/2

7/2
9/2

7/2
1/2
5/2
5/2
1/2
3/2
3/2
3/2
1/2
3/2
1/2
3/2
1/2
1/2
1/2
1/2
9/2
7/2

5.5289
5.5408
-0.91883
-1.00104
-1.04728
3.3634
2.5498
-0.736948
-0.888505
2.813273
-0.777976
0.691862
2.582025
0.837943
0.937365
3.713646
2.783046
4.2754
-1.065
-0.656
-0.8148
-0.6708
3.4717
1.533
-0.33726
-0.33726
2.014
-0.4803
0.6726
4.132
4.173
-0.56385
-0.2316
0.49367
-0.67989
2.2323
3.1692
0.7935
-0.6409
4.77
2.3705
0.117785
3.1871
3.2197
0.064652
0.659933
0.1507
0.1637
0.60952
0.148158
0.505885
-0.560226
1.622258
1.638215
0.58219
0.592583
4.1106
-0.38

9.2392x10~ %!
9.2584 %10~ !
2.9625x107%1
3.2273x10~ %!
3.3761x10~ %!
6.9645x10791
5.0280x10~ !
2.7206x10~ !
3.2798x 10791
6.6600x 10~ %1
3.2783x10~ %!
1.9434x 10791
6.6335%x107 91
2.6782x10~ !
2.9957x 1070
1.0432x 10100
8.1223x10~ %!
1.4846x 10100
3.7453x 1070t
2.3067x107°1
3.2340x 1079t
2.6621x107°!
1.5358x101°0
6.7807x 10701
1.7591x 107!
1.7591x 10791
1.1147x 1010
2.5355x1079%
3.5502x10~ !
2.2019% 10190
2.2238x 101090
3.1828x10 !
2.4240x 107!
5.4692x 10701
4.5187x10~ !
1.4949x 107100
1.9895x 10100
5.6266x10°!
4.4176x107%L
3.3064x 101090
1.7789x 1010
1.6354x 100!
2.8090x 10190
2.8372x10100
1.0039x 100!
6.8302x 1079t
1.6492x 10791
1.7912x 10791
1.0579x 10100
1.8109% 10791
9.8030x107%1
7.2359x107 %%
3.3212x10100
3.3532x10100
1.2589x 10100
1.2815x 1010
5.2168x 10100
8.1170x 1079t

-4.8403x10793
-4.8712x10793
-1.6081x10792
-1.7592x 10793
-1.8480x10793
-4.0068x 10793
-2.9042x10793
-1.6328x10793
-1.9761x107 %3
-4.1711x10793
-2.1320x10793
-1.2686x 1072
-4.5193%x107 2
-1.8959%10793
-2.1281x10793
-7.7300x10793
-6.0286x 10793
-1.1941 %1092
-3.1431x10793
-1.9420x 10793
-2.9753x107%3
-2.4566x 10 %3
-1.4803x1092
-6.5548 %1072
-1.7666x 10 %3
-1.7666x 10793
-1.1553x 107 %2
-2.7673x107%3
-3.8850x 1079
-2.4978x 107 %2
-2.5226x 10702
-3.7712x10793
-2.9679x107 %3
-6.9993x 10793
-5.7968x 10 %3
-2.0097x 107 %2
-2.6778x107 %2
-7.7861x10793
-6.1271x10793
-4.7281x10792
-2.5467x107°2
-2.4482x10793
-4.3454x 10792
-4.3986x 1092
-1.6185x10793
-1.1035x 107 %2
-2.7614x10793
-3.0051x10793
-1.8348x 107 %2
-3.2807x10793
-1.8419x 10792
-1.3621x 10792
-6.4910x 10792
-6.5655x 1092
-2.5634x 107 %2
-2.6071x107°2
-1.1042x107°1
-2.4435x 107 %2

8.4802x 10794
8.4978x 10794
2.7819x107%4
3.0306x 10794
3.1703x 10794
6.6889x 10794
4.8290x107%4
2.6717x107%
3.2209x 10794
6.6855x107 94
3.3631x107%4
1.9937x107%4
6.9525x 10794
2.8671x107%4
3.2070x 10794
1.1405x 10793
8.8797x107 %4
1.6914x 10793
4.3547x107 %4
2.6820x 10794
3.9139x 10794
3.2218x 10794
1.8958x 10793
8.3701x107%4
2.2144x107%4
2.2144x107%
1.4307x107%3
3.3174x107%
4.6450x107%4
2.9364x10793
2.9656x10793
4.3256x107%4
3.3567x107 %4
7.7158 %1074
6.3749x 10794
2.1482x 10793
2.8590x10793
8.2353x107%4
6.4658x 10794
4.9282x107%3
2.6514x10793
2.4819x107%4
4.3401x107%3
4.3838x107%3
1.5789x 10794
1.0743x107%3
2.6402x 10794
2.8674x107%4
1.7235x107 %3
3.0021x107%4
1.6535x10793
1.2205x 107 %3
5.6992x 10793
5.7540x 10793
2.1975x10793
2.2369x10793
9.2617x10793
1.6707x107 %3

-5.6350x 10793
-5.6467x10793
-1.8509% 10702
-2.0163x10793
-2.1093x10793
-4.4553x107 %3
-3.2165x10793
-1.7813x10793
-2.1474x10793
-4.4611x10793
-2.2457x10793
-1.3313x107 %3
-4.6453x107 %3
-1.9166x107°3
-2.1438x107°2
-7.6271x107 %3
-5.9382x10793
-1.1317x107°2
-2.9143x10793
-1.7949x 10793
-2.6197x107 %3
-2.1565x107 %3
-1.2689x 10792
-5.6025x 107 %3
-1.4822x10793
-1.4822x10793
-9.5756x 107 %3
-2.2201x10793
-3.1086x 10793
-1.9649x 10~ %2
-1.9844x 10792
-2.8941x10793
-2.2456x 107 %3
-5.1610x 107 %3
-4.2641x10793
-1.4367x107°2
-1.9121x107°2
-5.5070x 107 %3
-4.3237x107%3
-3.2951x 107 %2
-1.7728%x 10792
-1.6593x 10 %3
-2.9014x 10792
-2.9305x 10792
-1.0555x 1079
-7.1811x10793
-1.7648x 10793
-1.9167x10793
-1.1521x 10792
-2.0068x 1079
-1.1054x 10792
-8.1591x 10793
-3.8104x 10792
-3.8471x107°2
-1.4694x 10792
-1.4958x 10792
-6.1945x 10792
-1.1226x 10792

9.1429x 10701
9.1617x10~°!
2.9307x10791
3.1926x10~°!
3.3397x10791
6.8866x107 91
4.9716x10~°!
2.6891x10~°!
3.2418x 107!
6.5804x107 0!
3.2379x1070!
1.9194x 10791
6.5488x 10791
2.6429x10701
2.9562x10791
1.0290x 10790
8.0115x10~°!
1.4630x 10700
3.6891x10791
2.2720x107°!
3.1819x1079L
2.6192x107 !
1.5102x 1019
6.6675x10791
1.7289x 10~ %!
1.7289x 107 %1
1.0950x 10790
2.4889x10791
3.4849x 10701
2.1602x 10190
2.1817x101°0
3.1205x107°!
2.3752x10791
5.3553x107 91
4.4244x1071
1.4625x 10700
1.9464x 10190
5.5019x10~°!
4.3195%x10791
3.2311x101°°
1.7383x1019°
1.5968x 10!
2.7408x101°0
2.7683x101°°
9.7873x10792
6.6588x 10701
1.6066x 10~ °!
1.7448x107°1
1.0298x 10700
1.7610x 10~ %1
9.5248x 10701
7.0303x10791
3.2239x 10100
3.2549x 10100
1.2208x 10700
1.2427x 10190
5.0537x101%°
7.7771x10791

1.3561x 10793
1.3533x 10193
4.2305%10103
3.8835x10103
3.7124x10103
1.8004x 10103
2.4939x10103
4.6106x10103
3.8245x10103
1.8842x101%3
3.8291x10103
6.4594x 10103
1.8932x 10103
4.6912x10103
4.1941x10103
1.2049% 10103
1.5476x 10193
8.4747x10102
3.3609% 10103
5.4570x 10103
3.8965x 10103
4.7337x10103
8.2100x 107102
1.8595x 10103
7.1715x10193
7.1715x10193
1.1322x 10193
4.9814x10103
3.5578x10103
5.7394x 10102
5.6830x 10102
3.9732x10103
5.2199% 10103
2.3152x10103
2.8023x10103
8.4773% 10102
6.3699x 10102
2.2535x10103
2.8703x 10103
3.8372x 10102
7.1323x10192
7.7647x10703
4.5236x 10102
4.4787x10102
1.2668x 10104
1.8620% 10103
7.7171x10193
7.1058x 10193
1.2040x 10193
7.0405x 10193
1.3017x101%3
1.7636x 10103
3.8457x10102
3.8092x10102
1.0156x 10103
9.9767x 10102
2.4534x10102
1.5942x 10193

Table 5. (Continued)
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