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Abstract

In single-spacecraft observations the Taylor frozen-in-flow hypothesis is usually used to infer wavenumber spectra
of turbulence from the frequency ones. While this hypothesis can be valid at MHD scales in the solar wind because
of the small phase speeds of the fluctuations in comparison with the solar wind flow speed, its validity at electron
scales is questionable. In this paper, we use Cluster data to verify the validity of the Taylor hypothesis in solar
wind turbulence using the test proposed in Sahraoui et al. based on the assumption that the spectral breaks occur at
ρi and ρe. Using a model based on the dispersion relation of the linear whistler mode and the estimated ratios of the
spectral breaks of the magnetic energy observed in the free-streaming solar wind, we find that 32% of the events
would violate the Taylor hypothesis because of their high frequency (in the plasma rest frame) compared to the
Doppler shift k·V (|ωplas/k·V |>0.5). Furthermore, the model shows that those events would correspond to
whistler modes with propagation angles θkB�68°. The limitations of the method used and the implications of the
results on future spacecraft measurements of electron-scale turbulence are discussed.
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1. Introduction

In the solar wind, high-time-resolution electric and magnetic
field observations from different spacecraft such as Stereo,
Cluster, and THEMIS provide good opportunities to investigate
turbulence cascades from magnetohydrodynamic (MHD) scales
down to electron scales (e.g., Kiyani et al. 2009, 2015, Sahraoui
et al. 2009, 2010a; 2013, Alexandrova et al. 2012; Salem et al.
2012; Chen et al. 2013). Nevertheless, a longstanding problem in
analyzing single-spacecraft observations is the so-called spatio-
temporal ambiguity, i.e., the difficulty of separating space and
time variations, which are entangled in the measured data on
board spacecraft. More specifically, in turbulence studies the
difficulty is inferring the wavenumber spectra, which are generally
predicted by turbulence theories, from the frequency spectra
measured on board spacecraft. Indeed, the general formula
relating the observed frequency on board the spacecraft ωsc to
the corresponding one in the plasma rest frame ωplas is given by

w w w q= + = +· ( )k V kV cos , 1kVsc plas plas

where θkV is the angle between the wave vector k and the solar
wind flow V . To unambiguously determine ωplas it is necessary
to estimate the k-spectrum at each observed frequency ωsc,
which requires using multi-spacecraft data and appropriate
techniques such as the k-filtering technique (e.g., Sahraoui et al.
2003, 2010a, 2010b, Tjulin et al. 2005; Huang et al.
2010, 2012; Narita et al. 2010).3 Due to the supersonic and

super-Alfvénic nature of the solar wind, the Taylor hypothesis
is often used to derive wavenumber spectra along the plasma
flow direction from the observed ones in the spacecraft frame
(ωplas=k·V ωsc∼k·V =kV cosθkV). While this assump-
tion is likely to be valid at MHD scales, it may totally fail at
electron scales where dispersive modes that have phase speeds
comparable or higher than the flow speed Vf may exist, e.g., the
quasi-parallel whistler (Lacombe et al. 2014). Despite this
limitation, and given that no multi-spacecraft mission with
separation of the order of the electron scale (∼1 km) exists so
far, the Taylor hypothesis has been also applied to sub-ion and
electron scales (e.g., Bale et al. 2005; Sahraoui et al. 2009;
Alexandrova et al. 2012;Kiyani et al. 2013). At those scales
only stationary structures or very-low-frequency fluctuations
such as high oblique kinetic Alfvén waves (KAWs) can fulfill
the Taylor hypothesis (e.g., Saito et al. 2010; Sahraoui et al.
2012; Howes et al. 2014; Zhao et al. 2014; Chen & Boldyrev
2017).
In the absence of multi-spacecraft data that would allow us to

unambiguously identify the nature of the plasma modes
carrying the turbulence cascade at electron scales, it is
important to develop alternative tests of the Taylor hypothesis.
Such a test was proposed in Sahraoui et al. (2012), based upon
estimating the ratio between the ion and electron break
frequencies observed on the magnetic field spectra measured
on board the spacecraft. This test is recalled below.

2. Methodology

2.1. Taylor Hypothesis Test Method

Spacecraft observations in the solar wind showed that the
power spectral densities (PSDs) of the magnetic fluctuations in
the frequency range ∼[10−3, 102] Hz generally have three
ranges of scales with different slopes separated by two
breakpoints occurring around the ion and the electron gyroscale
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3 In fact, estimating ωplas requires only measuring one component of the
k-vector, namely the component parallel to the flow V . However, once ωplas is
determined the full k-vector is needed to determine 3D dispersion relations,
i.e., ωplas=ωplas(k).
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scales ρi and ρe (e.g., Kiyani et al. 2009, 2015, Sahraoui et al.
2009, 2010a, 2013, Huang et al. 2012, 2014, 2017). Based on
the observational results, Sahraoui et al. (2012) proposed a
simple test to check the validity of the Taylor hypothesis. Here,
we recall briefly its principle. Let us assume that two
breakpoints occur in the turbulence energy spectra at the ion
and electron gyroscales in the plasma rest frame and that these
two breaks are observed at the frequencies fbi and fbe on board
the spacecraft (the letter “b” stands for “break”), as illustrated
in Figures 1(b) and (c). If the Taylor hypothesis is valid, then
these break frequencies should correspond to the frequencies
resulting from Taylor-shifting the scales ρi and ρe, namely:
fbi∼fρi=V cosθkV/2πρi and fbe∼fρe=V cosθkV/2πρe,
where it is assumed that the angle θkV does not vary
significantly between the ion and electron scales. The ratio
between the two break frequencies yields
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On the other hand, if dispersive modes are present at electron
scales then the electron breakpoint will correspond to a higher
frequency in the spacecraft frame, while the ion break will still
correspond to fρi. This is shown in Figure 1(a) for the case of
the whistler mode at different angles of propagation. In this

case Equation (2) will not be fulfilled. More specifically, if the
two rhs terms of Equation (1) are positively defined one obtains
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Typically, in the solar wind, for quasi-parallel whistler modes
one obtains fbe/fbi∼fce/fρi∼140>43 (assuming fce∼
200 Hz, fρi∼0.5 Hz and βi∼βe∼1 and fbe∼fde estimated
from Equation (4) below). From this discussion it appears that
Equation (2) can provide a quantitative test of the validity of
the Taylor hypothesis at electron scales. In Figures 1(b) and (c)
one can note additionally the effect of dispersion on the slopes
of the energy spectra observed on board the spacecraft:
shallower spectra are obtained when the dispersive term ωplas

dominates over the Doppler shift on the rhs of Equation (1)
(Klein et al. 2014). A complete study of this effect will be
published elsewhere.

2.2. Spectra Fitting Method

Since the test is based on estimating the ratio between two
spectral breaks, which is a difficult task to achieve in spacecraft
data, we discuss in this section the iterative method that we

Figure 1. (a) Dispersion relations of whistler modes for three different propagation angles: 88°. 6 (blue curve), 75° (green curve), and 58°. 7 (magenta curve), which
correspond to the values 0.1, 1.0, and 2.0 of ωpla/ωflow at ρe (see the text); the red line is the Doppler curve ω=k·Vf . (b) A simulated power-law wavenumber
spectrum with slopes of −1.66 in the inertial range, −2.8 between ρi and ρe, and −4.0 below ρe. (c) The resulting spectra in the spacecraft frame using Equation (1)
(see the text) and the linear solutions given in (a). The same color code applies. The power spectral density is conserved when transforming from the plasma to the
spacecraft and frames. The two dashed vertical lines correspond to the frequencies resulting from Taylor-shifting the scales ρi and ρe in (c).
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developed to obtain the best estimate of the spectral breaks, i.e.,
obtained with the least statistical errors.

The method uses the double power-fitting function to obtain
the spectral break fb by the intersection of two straight lines that
fit each of the sub-ion and sub-electron ranges plotted on log–
log scales (see Sahraoui et al. 2013; Duan et al. 2018). To
define the fitting ranges, lower ( fmin) and upper ( fmax) bounds
are first defined to delimit the full range of frequencies to fit.
Then, two initial frequencies, f1(i=0) and f2(i=0), defining
the range that is assumed to contain the spectral break, are
chosen (i.e., fbä[f1, f2]). Note that the choice of f1 and f2 can
be arbitrary because the method is iterative. However, to reduce
the convergence time of the algorithm, a visual inspection of
the spectrum to identify the approximate location of the break
can be used. A first determination of the break can be obtained
from the intersection of the two straight lines fitting the ranges
[fmin, f0] and [f0, fmax], where f0 is a given frequency in the
interval [f1, f2] (see Figure 2(a)). Varying f0 within the interval
[f1, f2] allows us to construct the PDF (probability distribution
functions) of the slopes of the two power-law fits and the
resulting spectral break fb. The maximum of the PDF provides
the retained value of the spectral break fb(i=0) (see

Figure 2(b)), while the standard deviation yields the corresp-
onding statistical errors. An iterative method is further used
by varying the frequencies f1 and f2 through the formulas
by f1(i+1)=f1(i)+δf and f2(i+1)=f2(i)−δf, where δf=
0.8*min([abs( fb(i)−f1(i)) abs( f2(i)−fb(i))]), i.e., the mini-
mum frequency between absolute value of fb(i)−f1(i) and
absolute value of f2(i)−fb(i). When the absolute value of
( fb(i+1)−fb(i))/fb(i) is smaller than 0.001, the iteration stops.
Through this choice, we ensure reducing the volatility in the
determination of the spectral breaks. The method is first tested
on a synthetic spectrum that has a double power law, before it
is used on real data. The results are shown in Figure 2 for the
double power law with a 20% amplitude of random noise. One
can see that the method captures both the slopes of the
spectrum and the spectral break. An application of the method
to a real case study is shown in Figure 3.These results indicate
the robustness of our method to determine the slopes of the
spectra and the corresponding spectral break.

3. Results

After validating the method as explained above, we apply it
to the same data set as in Sahraoui et al. (2013) measured in the

Figure 2. (a) Synthetic double power-law spectrum with 20% random noise, and (b) histogram and the probability distribution function (PDF) of the spectral break fb
resulting from the slopes at sub-ion (c) and sub-electron (d) scales.
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free-streaming solar wind. The magnetic field fluctuations in
the frequency range [1, 180] Hz were measured by the STAFF/
SC (Cornilleau-Wehrlin et al. 2003); the electron and ion
plasma data were measured respectively by the PEACE
(Gustafsson et al. 1997) and the CIS/HIA instruments (Rème
et al. 2001). In addition to the data used in Sahraoui et al.
(2013), we used the magnetic field data measured by the FGM
instrument (Balogh et al. 2001) to cover the inertial range
∼[10−3, 1] Hz. Merging the STAFF/SC and the FGM data
near 1 Hz allows us to cover about five decades in frequency
that span the inertial, sub-ion, and sub-electron scales (e.g.,
Sahraoui et al. 2009). However, as shown in Sahraoui et al.
(2013), the electron physics may vary very rapidly (within a
few seconds) compared to the MHD or ion-scale physics. In
particular, it has been shown that the frequency of the electron
break can vary over a few seconds, and that computing the
spectra over much longer time intervals results in smoothing
out the spectral breaks, which yields curved-like spectra. This
led us to performing a statistical study of the break frequencies
over short intervals of ∼10 s. On the other hand, to capture the

inertial range and the ion breaks, longer time intervals are
required (a minimum of a few minutes is needed to capture part
of the inertial range). To overcome this difficulty, we analyzed
15 data sets of 10 minute duration from the Cluster mission
(Sahraoui et al. 2013), each of which includes several spectra
computed over ∼10 s that showed clear breakpoints at the
electron scale. We assume that the ion break frequency does
not vary within the interval of 10 minutes. An example of the
analyzed spectra is shown in Figure 4. For each individual
spectrum computed over 10 s we estimated the ratio fbe/fbi,
where fbi is the break observed on a spectrum computed over
10 minutes. The statistical results are shown in Figure 5. Within
the assumptions described above all the points (black dots) that
lie far from the curve = 43

f

f

T

T
be

bi

i

e
(dashed line) do not strictly

satisfy the Taylor hypothesis. Under the same assumptions, the
points that are below the dashed line satisfy the condition

< 43
f

f

T

T
be

bi

i

e
and can be observed only if the two rhs terms of

Equation (1) are not positively defined. Figure 5(a) shows the
same results when a single spectrum is considered for the

Figure 3. (a) Spectrum from real data measured by Cluster from 2004 January 10 about 06:18 UT on, and (b) PDF of the spectral break fb for 11 iterations ( fb and the
standard deviation retained are from the last iteration). (c) and (d) Histograms of the resulting slopes at sub-ion and sub-electron (d) scales for the last iteration. The
dashed gray curve in (a) is the sensitivity of the STAFF instrument.
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whole 10 minute interval. Considering that the spectral breaks
get smoothed out in this case (see Figure 9 in Sahraoui et al.
2013) we used the hybrid (power law and exponential) function
Af−α exp(−f/fd) introduced in Alexandrova et al. (2012) to fit
the spectra computed over 10 minutes. In this model the
“dissipation” frequency fd plays the role of the frequency fbe.
The ratios between fd and fbi shown in Figure 5(a) (magenta
diamonds) indicate some spread away from the curve of the

equation = 43
f

f

T

T
be

bi

i

e
(dashed line). However, this spread is

less important than that given by the individual ratios fbe/fbi
given by the break model, meaning that the Taylor hypothesis
is less violated in this case. This is expected since time-
averaging reduced the volatility of the spectral breaks.

In order to quantify the departure from the Taylor hypothesis
reported in Figure 5(a), i.e., to estimate the ratio ωpla/ωDopp=
ωpla/k·Vf , we used an empirical model based on the dispersion
relation of the whistler mode that is assumed to cause the
spectral breaks (Lacombe et al. 2014), and that is more likely to
violate the Taylor hypothesis than the oblique KAWs (Klein
et al. 2014). The dispersion relation of the used whistler mode
used is given by Saito et al. (2010):

w
q w

b w
w=

+ +( )( )
( )

k c

k c
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, 4pla

2
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2
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e
2 2
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where k, θkB, c, ωpe, βe, and ωce are respectively the wave
vector, the angle between the wave vector and the ambient
magnetic field, the speed of light, the electron plasma
frequency, the electron plasma beta, and the electron cyclotron
frequency.

Figure 6 shows that the dispersion relation given by
Equation (4) follows the fast (magnetosonic) mode for small

propagation angles, and the intermediate mode (i.e., the
extension into high frequencies of the shear Alfvén mode)
for high oblique angles (close to 90°) derived from the two-
fluid theory (see Sahraoui et al. 2012 and Zhao 2015 for a
complete discussion of these properties). The dispersion
relation of Equation (4) is used to infer the propagation angles
and the ratios ωpla/ωDopp(ωDopp=k·Vf) at the scale kρe=1 of
the whistler modes that are consistent with the observed ratios
fbe/fbi shown in Figure 5(b). We considered the flow speed
measured on board Cluster for each time interval of 10 minutes
and assumed an angle θkV=45°, which is consistent with the
results reported in Sahraoui et al. (2010a, 2010b) using the k-
filtering technique on the Cluster data.
Using the dispersion relations (4) and the plasma parameters

measured between 16:00 and 16:10 UT on 2003 March 3
(B=12 nT, ne=10 cm−3, βe=0.4, and Vf=410 km s−1)
we deduced the propagation angles corresponding to the ratios
ωpla/ωDopp∼0.1, 1.0, and 2.0 for the wave vector k=1/ρe.
The obtained angles are respectively 88°.6, 75°, and 58°.7,
and the corresponding dispersion relations are those given
in Figure 1(a). It is worth noting that even for relatively
high oblique propagation angles (θkB=75°), the two rhs terms
of Equation (1) are of the same order, i.e., ωpla/ωDopp=1,
meaning that the Taylor hypothesis fails in this case (the
error in estimating the frequency would then be 100%).
The error drops down to reasonable values ∼10% or smaller
(i.e., ωpla/ωDopp<0.1) only at very high oblique angles,
θkB=88°.6.
Figure 5(b) shows that the observed ratios of fbe/fbi are

consistent with the estimated values −0.5<ωpla/ωDopp<1
derived from our model based on the averaged parameters of
each event, which correspond to propagation angles 41°<
θkB<112°. The events that had |ωpla/ωDopp|�0.1, i.e., those
for which the Taylor assumption would be strictly valid at
electron scales (with an error ∼10%), represented only 20% of
the total analyzed intervals, and would correspond to whistler
modes with propagation angles θkB�85°. This percentage
rises up to 68% if the validity condition of the Taylor
hypothesis is relaxed to |ωpla/ωDopp|�0.5, which would
correspond to modes with propagation angles 68°�θkB�
112°. These results suggest the possible existence in our data of
fluctuations that have phase speeds near kρe∼1, comparable
to the solar wind speed.

4. Discussion

The validity test of the Taylor hypothesis discussed above is
based on several assumptions that need to be discussed. First,
this test assumes that the spectral breaks occur near ρi and ρe,
which is still an unsettled question. At ion scales, the breaks
could occur at the cyclotron resonance scale (Bruno &
Trenchi 2014) or at the ion inertial length (resp. Larmor
radius) at low (resp. high) plasma beta (Bourouaine et al. 2012;
Chen et al. 2014). Other authors suggested that none of the
scales are relevant (Perri et al. 2010). At electron scales,
Sahraoui et al. (2013) and Huang et al. (2014) found a higher
correlation between the spectral breaks with the electron
gyroscale than with the electron inertial length. If the relevant
scales are di and de, there will be no change to Equation (2)
other than dropping off the term Ti/Te. As can be seen in
Figure 5, the statistical results remain generally valid.
However, if the breaks occur at different characteristic scales,

Figure 4. Example of the magnetic field spectra measured from 16:00 to 16:10
UT on 2003 March 3. The solid gray curve is the FFT spectrum calculated from
the merged STAFF and FGM data, while the blue curve shows the spectrum
from the FGM instrument, and the green curve is the spectrum of 9.1 s from
STAFF instrument. The dashed gray curve is the sensitivity of STAFF
instrument. The arrows indicate the spectral breakpoints.

5

The Astrophysical Journal, 876:138 (7pp), 2019 May 10 Huang & Sahraoui



e.g., ρi and de (we will not discuss here the theoretical
foundations of such a possibility), then Equation (2) will be
modified by a factor bi or be . In the present statistical study
βi varies within the interval ∼[0.5, 4], meaning that a factor
0.7� bi �2 should be considered in the spread observed in
Figure 5 but only for a small number of events. This is because
the bulk of the distribution of βi is near the value ∼1 (see

Figure 2 in Sahraoui et al. 2013), which implies that ρi∼di
and the previous results would not change significantly (in fact
only 6% of the total events have either b < 0.5i or
b > 1.5i ).Even when different uncertainties in the test

method are considered and the criterion of the validation of
the Taylor hypothesis at the electron scale are relaxed to
|ωpla/ωDopp|�0.5, 32% of the studied intervals would violate
the Taylor hypothesis.
Another limitation that should be considered is that the

spectral breaks may not strictly speaking occur at ρi or ρe but
rather near those scales. If we assume that the breaks occur at
the scales α1ρi and α2ρe, Equation (2) remains valid as far as
α1∼α2. If the two constants are different (even by a factor of
∼2–3), then again this will introduce an intrinsic spread in the
plot of Figure 5 that would not be caused by the violation of the
Taylor hypothesis.
Despite these caveats, the test presented here gives a

quantitative check of the validity of the Taylor hypothesis at
electron scales in space plasmas, but the conclusions should be
considered within these various caveats. In the absence of
multi-spacecraft missions with separations of the order of the
electron scale ρe in the solar wind, the present test presents a
good alternative to quantifying the relative importance of the
Doppler shift with respect to the wave frequency in the plasma
rest frame. This test will be useful for the analysis of upcoming
Parker Solar Probe and Solar Orbiter data. Finally, note that
recent works have emphasized the possibility of violating the
Taylor hypothesis in solar wind measurements (Matthaeus et al.
2016) and the possibility of using the shape of the measured
spectrum to investigate that violation (Bourouaine &
Perez 2018).

5. Summary

The Taylor hypothesis is usually used in the solar wind
turbulence to infer wavenumber spectra from frequency spectra

Figure 5. (a) Observed ratios of the breakpoint frequencies fbe and fbi as a function of 43 T

T
i

e
(black dots). The magenta diamonds represent the ratios between fd and

fbi using the hybrid model to fit the spectra (see the text). (b) The magenta, cyan, green, and red triangles show the values −0.5, −0.1, 0.1, and 1 of ωpla/ωDopp at ρe
deduced from Equation (1) and the measured solar wind parameters. The ranges of θkB correspond to the variations of θkB for all events when the values −0.5, −0.1,

0.1, and 1 of ωpla/ωDopp at ρe respectively. The dashed lines in (a) and (b) represent the equality = 43
f

f

T

T
be

bi

i

e
.

Figure 6. Comparison between the dispersion relations of the kinetic whistler
mode (thick solid and dashed lines) derived in Saito et al. (2010) and the linear
solutions from two-fluid theory (thin solid and dashed lines) at different
propagation angles based on the averaged plasma parameters measured
between 16:00 and 16:10 UT on 2003 March 3.
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because the characteristic phase speeds in the solar wind
(VA∼Cs<100 km s−1) are much smaller than the plasma
flow velocity (typically 400∼600 km s−1). However, as the
turbulence cascade approaches the electron scale, dispersive
modes with phase speeds comparable to or larger than the flow
speed may exist, which makes the validity of the Taylor
hypothesis questionable. The test presented in Sahraoui et al.
(2012), based on the assumption that the spectral breaks occur
at ρi and ρe, was applied here to test the applicability of the
Taylor hypothesis at electron scales in near-Earth space
plasmas before future multi-spacecraft space missions with
separation comparable to the electron scales could resolve
unambiguously this problem. The results showed that not all
events rigorously satisfy this hypothesis, implying the
existence of fluctuations with non-negligible phase speeds
with respect to the solar wind speed at electron scales. Using a
model based on the dispersion relation of the linear whistler
mode and the estimated ratios fbe/fbi from the Cluster
observations, we found that only 20% of the events would
strictly satisfy the Taylor hypothesis (|ωpla/ωDopp|<0.1) and
correspond to propagation angles θkB�85°.7. This percentage
rises up to 68% when relaxing the criterion of validity of the
Taylor hypothesis to |ωpla/ωDopp|�0.5. However, the results
suggesting the possible existence of fluctuations with phase
speeds (near kρe∼1) comparable to the solar wind speed,
should be considered within the limitations of the test method
discussed above. Nevertheless, the results reported here
emphasize the need to consider high-frequency observations
in the solar wind with some caution with respect to the validity
of the Taylor hypothesis at electron scales and to the actual
frequency of the fluctuations in the plasma rest frame. They
also emphasize the need of a future multi-spacecraft mission
with separations of the order of the electron scale ρe(∼1 km) in
the solar wind to resolve unambiguously these important issues
for turbulence and dissipation studies. The new multi-space-
craft mission Debye, proposed recently to solve electron-scale
turbulence and dissipation in the solar wind, is expected to
fulfill that goal.
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