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Abstract: We discuss here under which conditions a periodic line with a twist-symmetric shape can
be replaced by an equivalent non-twist symmetric structure having the same dispersive behavior.
To this aim, we explain the effect of twist symmetry in terms of coupling among adjacent cells through
higher-order waveguide modes. We use several waveguide modes to accurately derive the dispersion
diagram of a line through a multimodal transmission matrix. With this method, we can calculate
both the phase and attenuation constants of Bloch modes, both in shielded and open structures.
In addition, we use the higher symmetry of these structures to further reduce the computational cost
by restricting the analysis to a subunit cell of the structure instead of the entire unit cell. We confirm
the validity of our analysis by comparing our results with those of a commercial software.

Keywords: dispersion analysis; higher symmetry; periodic structures; twist symmetry;
transmission matrix

1. Introduction

A higher symmetric periodic line is characterized by its invariance under a geometrical transformation
other than a translation. The higher symmetry resulting from a combination of a rotation and a
translation is called twist (or screw) symmetry [1–4]. In an N-fold twist symmetry, if the period
is p, a subunit cell (1/N of the entire unit cell) is translated p/N along the periodicity axis and
twisted 2π/N radians around the same axis. Figure 1a,b shows 2-fold and 4-fold twist symmetric
lines, respectively.

Recent studies on higher-symmetric structures have revealed interesting characteristics such as
a reduced dispersion and wider and stronger stop bands [5–12]. These characteristics have led
to numerous applications in different areas such as wideband lens antennas [13], cost-effective
gap-waveguide technology [14,15], leaky-wave antennas [16], and leakage reduction in waveguide
transitions [17]. All these studies use commercial software to perform periodic analyses on a unit cell
of periodicity. Despite its accuracy, this approach is not valid if the structure is open (radiating line)
and does not give any physical insight about the impact of the twist operation on the periodic line.
Only in Reference [5] was an equivalent circuit proposed for a line based on a coaxial cable. However,
that circuit considers the interaction between adjacent cells only through the fundamental TEM mode
of the coaxial line. In this paper, we will show that such an approach can fail if dense lines are studied.

As proved in those papers, the advantages of higher-symmetric structures over simpler periodic
ones stimulate now the urge to understand where the difference between the two categories arises,
for instance, to explain the source of different dispersive behaviors of the structures in Figure 1a,c
on the basis of fundamental electromagnetic theory. In addition, there is a need for fast and efficient
analysis methods for higher symmetric structures. This paper answers both of these needs by first
showing the different coupling mechanism occurring in higher-symmetric and non-higher-symmetric

Symmetry 2019, 11, 620; doi:10.3390/sym11050620 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0003-4754-338X
https://orcid.org/0000-0003-4372-2858
http://www.mdpi.com/2073-8994/11/5/620?type=check_update&version=1
http://dx.doi.org/10.3390/sym11050620
http://www.mdpi.com/journal/symmetry


Symmetry 2019, 11, 620 2 of 11

structures and then by formulating a Bloch analysis method that only takes into account a partial unit
cell, thus accelerating the calculation procedure.
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Figure 1. Pin-loaded coaxial transmission lines: (a) 2-fold twist-symmetric, (b) 4-fold twist-symmetric,
(c) non-twist symmetric with 2 pins, and (d) non-twist symmetric with 4 pins. (d1 = 2.4 mm,
d2 = 4.84 mm, d3 = 2.4 mm, and h = 2 mm).

In this work, we first classify periodic structures with twist symmetry into two groups: reducible
and irreducible. The former group consists of structures that are equivalent to periodic structures with
a reduced period and no twist symmetry, while the latter group consists of those of which the higher
symmetry cannot be reduced to an equivalent periodic structure with a reduced period. We show that
the couplings between cells through higher-order modes are the cause of the difference between these
two groups. We quantify this effect by defining a multimodal transmission matrix to formulate a Bloch
analysis. Finally, we formulate, for the first time, the eigenvalue problem based on a twist symmetry
operator [4] by means of a transmission-matrix approach. This restricts the problem to a subregion of a
unit cell and, therefore, reduces the computational cost of the analysis. It also helps to explain how the
higher-order modes affect the reducibility of the structure.

2. Reducibility of Twist-Symmetric Structures

In this section, we define the reducibility of twist-symmetric structures to non-twist periodic lines.
We will state under which assumptions this property holds by means of a multimodal transmission-matrix
approach capable to perform accurate Bloch analyses also for tightly coupled adjacent cells.

2.1. Reducible and Irreducible Twist Symmetries

A periodic structure with an N-fold twist symmetry is invariant under the twist operator SN,pẑ:

SN,pẑ : (ρ, φ, z)→ (ρ, φ +
2π

N
, z +

p
N
) (1)

It is easy to observe from Equation (1) that a composition of N twist operators gives Tpẑ,
the translation operator of length p along z (SN

N,pẑ = Tpẑ). This confirms that a twist-symmetric
structure (“twisted structure” in the following) is also a periodic structure. Figure 1a,b shows the
unit cells of twisted coaxial transmission lines loaded with circular pins, with a 2-fold and a 4-fold
symmetry, respectively.

For each twisted line, we define an associated non-twisted periodic line by suppressing the
rotation in Equation (1). The twisted structures in Figure 1a,b are then associated to the non-twisted
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periodic lines in Figure 1c,d, respectively. While p is the period of the N-fold twisted structure,
the associated non-twisted structure has a period of p/N.

We define “reducible” a twisted structure which has the same dispersion diagram as its
corresponding non-twisted one in a certain range of frequencies. Irreducible structures are those
without such characteristic. In other words, in a reducible line, the rotations of the subunit cells do not
affect the dispersive behavior, while in an irreducible line, the rotations change the dispersion behavior
with respect to the associated non-twisted periodic line. Figure 2a shows the comparison between the
dispersion diagram of a 2-fold twisted structure as in Figure 1a and its non-twisted associated structure
as in Figure 1c. The results are obtained with the CST eigensolver tool (CST ES) [18]. The structure
in Figure 1a is reducible to a non-twisted periodic line, since the two dispersion curves are perfectly
superimposed. The rotation of its subunit cells does not have an impact on its dispersion diagram.
Figure 2b depicts the dispersion diagrams of similar structures as in Figure 1a,c but with different
parameters (a shorter period of p = 7 mm). This time, the twisted line is irreducible, since it has a
different dispersion diagram with respect to the non-twisted one. Figure 2c depicts the dispersion
diagrams for a 4-fold twisted structure as in Figure 1b and its associated non-twisted structure as in
Figure 1d with p = 15 mm. The comparison of the diagrams suggests that the 4-fold twisted line is
irreducible at higher frequencies, while it can be reduced to a simple non-twisted structure with a
smaller period in the lower frequencies. Figure 2d depicts the dispersion diagrams for the the same
structures where the twisted line has a smaller period of p = 10 mm. The difference between the two
results in this case demonstrates that this 4-fold twisted line is irreducible even at low frequencies.

We want to show that the difference between a reducible and an irreducible twisted line is due
to the relevance of higher-order modes of the unloaded line in the coupling between adjacent cells.
In order to prove this, we present a rigorous multimodal Bloch analysis and we apply it to different
twisted lines.

(a) (b)

(c) (d)

p

p
p

p

p

p

p

p

Figure 2. A dispersion diagram comparison of the twist-symmetric and their non-twist symmetric
structures shown in Figure 1: (a) with 2 pins (p = 15 mm), (b) with 2 pins (p = 7 mm), (c) with 4 pins
(p = 15 mm), and (d) with 4 pins (p = 10 mm).

2.2. Multimodal Transmission-Matrix Method

It is well-known that a periodic structure can be studied by limiting the analysis to its unit cell.
Considering a 1-D periodic structure with period p along the z direction, Floquet boundary conditions
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can be written for the unit cell periodic boundaries. This results in an eigenvalue problem for the
translation operator Tpẑ:

Tpẑ [E (ρ, φ, z)] = E (ρ, φ, z + p) = e−jkz pE (ρ, φ, z) (2)

of which the eigenvalue provides the propagation constant of a Bloch mode (kz) and of which the
eigenvector is the modal electric field. In general, the propagation constant (kz = β− jα) is a complex
quantity. Its real part β is the phase constant, and the opposite of its imaginary part α is the attenuation
constant. An equivalent boundary condition could also be written in terms of the magnetic field
H. However, we will write all the subsequent conditions in this paper in terms of E for brevity.
Monochromatic quantities are assumed throughout the paper, of which the time dependence ejωt is
suppressed for simplicity.

In order to study the impact of higher-order modes on the cell coupling, we consider on the two
periodic boundary planes of a unit cell n modes of the unloaded line (“background modes” in the
following). Since the background structure has a circular section, the radial component of the electric
field of the background modes has the following profile:

Ψ(m,i),e/h
(±) (ρ, φ) = fm,i (ρ) e±jmφ (3)

where fm,i are suitable linear combinations of Bessel functions expressing the radial dependence of
each mode. The index m represents the order of angular dependence (e±jmφ), the index i is the radial
dependence, and e and h in the superscript stand for TM and TE modes, respectively.

We associate to each mode a voltage and a current. Different definitions are possible for the
equivalent transmission lines associated to a waveguide mode, either based on line integrals of the
transverse electric and magnetic fields or as quantities proportional to the transverse fields [19].
The method presented here can be used with either one of the formulations as long as a coherent
definition is kept throughout the computation. Therefore, we define the following vectors at each
cell boundary:

V =



VTEM

...

V(m,i),e/h
(±)

...

V(M,I),e/h
(±)


and I =



ITEM

...

I(m,i),e/h
(±)

...

I(M,I),e/h
(±)


(4)

One or more TEM modes exist if the background line is a multiconductor line (e.g., a coaxial cable),
while they are absent if the background line is a single-conductor circular waveguide. In this paper,
a coaxial cable is used as background line as shown in Figure 1, and a TEM mode is, therefore, present.

Therefore, the unit cell can be viewed as a multiport network: Each port corresponds to a mode at
one of the periodic boundaries. We can define a multimodal generalized transmission matrix (or “T
matrix”) T, relating the voltages and currents on one cell boundary to the voltages and currents on
the other cell boundary [20]. The Floquet condition from Equation (2) can be stated in terms of this T
matrix as

T ·
[

V
I

]
= e−jkz p

[
V
I

]
(5)

The T matrix is a generalization of the well-known ABCD matrix, used for two-port networks.
The ABCD matrix and the usual Bloch analyses treated in Reference [19] are recovered here if the
fundamental TEM mode is the only retained mode in Equation (4). Next, we apply Equation (5) to
the previous twisted lines to confirm the connection between irreducibility and cell coupling through
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higher-order modes. In all the following examples, the CST frequency-domain solver is at first used to
calculate the scattering parameters in the frequency range 0–20 GHz. Then the scattering matrix is
transformed into the T matrix as explained in Reference [20], and Equation (5) is solved. Note that
a different definition of voltages and currents associated to each mode would change the numerical
values of the scattering matrix and then would change the transimission matrix, but this would not
modify the results of the eigenvalue problem in Equation (5).

Figure 3a depicts the dispersion curves obtained with Equation (5) for the 2-fold reducible twisted
cell studied in Figure 2a. It also plots the dispersion diagram obtained with a CST ES for comparison.
We observe that, in this case, a monomodal T matrix (1 mode) is already enough to match the results
obtained by CST ES. The results for a T matrix with 3 modes (m = 0,±1 and i = 1 in Equation (3)) also
matches the monomodal T matrix and the CST ES results. This demonstrates that adding an extra
set of modes does not vary the already converged results. Figure 3b shows the same results for the
associated non-twisted line. Also, in this case, one single mode is sufficient to reach convergence.
This confirms that in a reducible case a single mode is sufficient to accurately calculate the dispersion
diagram of both the twisted and non-twisted lines.

(a)

(c)

(b)

(d)

p

p

p

p

Figure 3. A dispersion diagram of 2-fold twist-symmetric structures in Figure 1 derived from the
T-matrix method and CST ES applied to their unit cells: (a) Twisted p = 15 mm, (b) associated
non-twisted p = 15 mm, (c) twisted p = 7 mm, and (d) associated non-twisted p = 7 mm.

Figure 3c depicts the dispersion diagram of the irreducible (p = 7 mm) 2-fold twisted unit
cell studied in Figure 2b together with the dispersion diagram calculated with the CST ES. Here,
a monomodal T-matrix method leads to the correct dispersion curve in the lower range of frequency.
At higher frequencies, at least 3 modes are required. The results for 5 modes (m = 0,±1,±2 and i = 1)
are also sketched in the figure to further emphasize the convergence. Figure 3d shows the same results
for the associated non-twisted line. In this case, one mode only is not enough even at low frequencies.
This confirms that the irreducibility of a twisted line is related to the presence of coupling through
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higher-order modes either in the twisted line or in its associated non-twisted line. These higher-order
modes interact with each other differently in the presence or absence of twists and lead to different
dispersive behaviors.

Figure 4a depicts the dispersion diagram for the 4-fold twisted cell irreducible at high frequencies
studied in Figure 2c; Figure 4b shows the associated non-twisted line. Again, in the frequency ranges
where the twisted line is irreducible, the presence of higher-order modes is necessary in at least one of
the two lines (in this case the non-twisted line). This confirms that the difference between the lines
arise from the presence of higher-order modes.

The same results are confirmed in Figure 4c,d (4-fold twisted cell irreducible over the entire frequency
range): Higher-order modes are important in the non-twisted line over the entire range.

(a)

(c)

(b)

(d)

p p

p p

Figure 4. A dispersion diagram of 4-fold twist-symmetric structures in Figure 1 derived from the
T-matrix method and CST ES applied to their unit cells: (a) Twisted p = 15 mm, (b) associated
non-twisted p = 15 mm, (c) twisted p = 10 mm, and (d) associated non-twisted p = 10 mm.

These results confirm that, while reducible structures need a single fundamental mode, irreducible
structures have a more complex modal interaction: Either they or their associated non-twisted line
needs a multimodal T matrix. In this specific structure, the proximity of the pins is the key parameters
that makes higher-order modes relevant. The more tightly coupled the pins are, the more relevant the
higher-order modes become. For instance, a reducible twisted structure in Figure 1b could become an
irreducible structure by decreasing the period and increasing the size of the pins since these changes
will move the pins closer to each other.

We have shown that, in this context, modelling a unit cell with a multimodal T matrix is required
for accurate dispersion results. This approach is also an effective alternative to retaining multiple
unit cells as in Reference [21]. Finally, we stress that this method leads to accurate results also when
eigenvalue tools of commercial software are currently not available, for example, in the case of open
structures, where the attenuation constant α can be related to radiation (e.g., leaky waves).
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3. Twist Symmetry Conditions on a Subunit Cell

In this section, we exploit the twist symmetry in order to reduce the computational domain of the
periodic problem. In periodic lines, Bloch modes are eigensolutions of the translation operator Tpẑ,
as shown in Equation (2). By virtue of the twist symmetry, Bloch modes are also eigensolutions of the
twist operator SN,pẑ [4]:

SN,pẑ [E (ρ, φ, z)] = λE (ρ, φ, z) (6)

where λ is the relevant eigenvalue. Note that the twist operator acts here on the observation point
and does not rotate the E field. Since SN

N,pẑ = Tpẑ, from Equation (2), we can state that λN = e−jkz p

and that
λ = e−jkz

p
N (7)

where the different Nth roots merely correspond to different Floquet harmonics, so that they do not
appear in Equation (7).

The new eigenvalue problem in Equation (6) with λ given in Equation (7) determines the Bloch
modes. However, we are interested in formulating an eigenproblem for the translation operator T p

N ẑ
rather than the twist operator. In fact, commercial software can easily compute a sub-cell transmission
matrix, which describes the translation of fields and not the twist transformation. To overcome this
problem, we first define the rotation operator:

R 2π
N ẑ [E (ρ, φ, z)] = E (ρ, φ + 2π/N, z) (8)

and we express the translation operator T p
N ẑ as a composition of the symmetry operator SN,pẑ and the

inverse rotation operator R−1
2π
N ẑ

= R− 2π
N ẑ:

T p
N ẑ [E (ρ, φ, z)] = R−1

2π
N ẑ

SN,pẑE (ρ, φ, z) = e−jkz
p
N R−1

2π
N ẑ

E (ρ, φ, z) (9)

The T-matrix formulation requires the expression of the Bloch mode as a composition of the
modes of the background structure. This is a convenient basis when dealing with rotations, since each
background mode in Equation (3) satisfies a simple property:

R−1
2π
N ẑ

[
Ψ(m,i)
(±) (ρ, φ)

]
= e∓jm 2π

N Ψ(m,i)
(±) (ρ, φ) (10)

(The e/h polarization is not stated for simplicity). If the transmission matrix of a single subunit cell
of an N-fold twisted structure associated to the translation operator T p

N ẑ is T1/N , the conditions in
Equations (9) and (10) lead to the following eigenvalue problem:

T1/N

[
V
I

]
= e−jkz

p
N

[
Q 0
0 Q

]
·
[

V
I

]
(11)

where V is the voltage and I is the current vector defined in Equation (4). The matrix Q can be
written as

Q =


1 0 · · · 0

0 q(m,i)
(±)

. . .
...

...
. . . . . . 0

0 · · · 0 q(M,I)
(±)

 (12)

where q(m,i)
(±) = e∓jm 2π

N and 0 is the null square matrix.
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Solving the generalized eigenvalue problem in Equation (11) gives the propagation constant kz

starting from the simulation of a subunit cell of the twisted line. This formulation reduces the volume
of the computational domain of the periodic problem by a factor N.

However, commercial electromagnetic software often calculates scattering parameters by means
of waveguide modes with an angular dependence of the trigonometric forms cos (mφ) or sin (mφ)

rather than the exponential form of e±jmφ. Therefore, a generalized eigenvalue problem based on these
functions is useful for a practical implementation of the method. The radial components of the electric
fields of these trigonometric modes are

Ψ(m,i),e/h
cos (ρ, φ) = ge/h

(m,i) (ρ) cos(mφ)

Ψ(m,i),e/h
sin (ρ, φ) = ge/h

(m,i) (ρ) sin(mφ) (13)

where ge/h
(m,i) are suitable radial functions. Applying the inverse rotation operator to these electromagnetic

fields gives the following (note again that the rotation is performed on the observation point, not on
the vector field):

R−1
2π
N ẑ

[
Ψ(m,i),e/h

cos (ρ, φ)
]
=

[
cos

(
2πm

N

)
Ψ(m,i),e/h

cos (ρ, φ) + sin
(

2πm
N

)
Ψ(m,i),e/h

sin (ρ, φ)

]
(14)

R−1
2π
N ẑ

[
Ψ(m,i),e/h

sin (ρ, φ)
]
=

[
− sin

(
2πm

N

)
Ψ(m,i),e/h

cos (ρ, φ) + cos
(

2πm
N

)
Ψ(m,i),e/h

sin (ρ, φ)

]
(15)

It is interesting to note that the rotation (and then also the twist condition) is no more diagonal in
the trigonometric basis: Rotating one mode gives a combination of two degenerate modes, with the
only exception occurring for m = 0, where only the cos term exists. This means that we have to retain
both the cos and the sin modes for each m 6= 0.

The generalized eigenvalue in Equation (11) changes to

T1/N

[
V ′

I′

]
= e−jkz

p
N

[
Q′ 0
0 Q′

]
·
[

V ′

I′

]
(16)

where the primed voltage and current vectors V ′ and I′ are defined based on the trigonometric
background modes:

V ′ =



VTEM

...

V(m,i),e/h
cos

V(m,i),e/h
sin

...

V(M,I),e/h
cos

V(M,I),e/h
sin


and I′ =



ITEM

...

I(m,i),e/h
cos

I(m,i),e/h
sin

...

I(M,I),e/h
cos

I(M,I),e/h
sin


(17)

The definition of the primed matrix Q′ is also given here:
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Q′ =



1 0 · · · · · · · · · · · · 0

0
. . . . . . . . . · · · · · ·

...
...

. . . cos
( 2πm

N
)

sin
( 2πm

N
)
· · · · · ·

...
...

. . . − sin
( 2πm

N
)

cos
( 2πm

N
)
· · · · · ·

...
...

. . . . . . . . . . . . 0 0
...

. . . . . . . . . 0 cos
(

2πM
N

)
sin
(

2πM
N

)
0 · · · · · · · · · 0 − sin

(
2πM

N

)
cos

(
2πM

N

)


(18)

Figure 5a plots the normalized phase constant of the 4-fold twist-symmetric structure shown in
Figure 1b (p = 15 mm) derived from Equation (16) and compares it to the results given by CST ES.
It is observed that a single mode does not provide the correct dispersion diagram at high frequencies,
whereas considering 3 modes (TEM mode and the first two degenerate higher-order modes) leads
to the accurate diagram, which matches the CST ES results over the entire frequency band shown.
To further emphasize the advantages of the T-matrix method, the normalized attenuation constant of
the structure is also given in Figure 5b where it is easy to notice that the stopband predicted with a
single mode is not correct while using 3 modes correctly predicts the frequency range of first stopband.
These results could not be compared to CST ES since the commercial software does not provide such
information. The results with inclusion of 5 modes are also plotted in these two figures, and they
match the results of the 3-mode T-matrix method. It is important to note that even though we have
used the pin-loaded transmission lines in Figure 1 to verify our method, the eigenvalue problems in
Equations (11) and (16) are general and they can be applied to any structure with a twist symmetry.

Furthermore, the method is also valid for a larger class of structure, characterized by the invariance
under the twist transformation of Equation (1) with non-integer N. In this last case, the structure is
no more periodic and, therefore, cannot be studied with available commercial software. The present
approach still holds and, to the best of the authors’ knowledge, is the only formulation available for a
rigorous solution of the problem.

(a) (b)

Figure 5. Dispersion diagrams derived with the T-matrix method on the subunit cell of the structure in
Figure 1b (p = 15 mm): (a) The normalized phase constant βp/π vs. frequency and (b) the normalized
attenuation constant α/k0 vs. frequency (k0 being the free-space wavenumber).

Finally, it is interesting to compare the solving time of the T-matrix method applied to a sub-cell
and the CST ES in an entire unit cell. To do so, we consider the more complex case of the 4-fold
twist symmetry where 3 modes were needed in the T-matrix method. To make this comparison, we
choose 76 points on the first passband and solve the problem for this frequency range. For the CST
ES, an adaptive mesh refinement with a maximum of 1% relative error in frequency is defined
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using tetrahedral meshes. As a result, the cell is meshed with 19,850 tetrahedrons. For the CST
frequency-domain solver, a relative error of 1% for scattering parameters is defined in the adaptive
mesh refinement routine with tetrahedral meshes, resulting in a total of 14,310 tetrahedrons for the
entire cell and 4016 tetrahedrons for the sub-cell. We have used a computer with 128 GB of RAM and
an Intel(R) Xeon(R) CPU with 6 cores and a base frequency of 3.60 GHz for its CPU cores.

The computation time for these methods are included in Table 1. A quick comparison for the case
of a single frequency point shows that even though the T-matrix method with a unit cell has a higher
computation time compared to CST ES, the T-matrix method with the subunit cell is slightly faster than
CST ES. It should be noted that a higher computation time of the unit cell formulation may be justified
since the T matrix generally produces extra information on the attenuation constant of the Bloch waves
and can be applied also to open structures. As we consider a large frequency range, the computation
time difference changes dramatically. The T-matrix method has a shorter computation time for both
the unit cell and subunit cell formulations (88 and 21 s, respectively) compared to CST ES (780 s).
This occurs because the computation of the scattering parameters is accelerated significantly by the
broadband sweep techniques. The rest of the computation (solving the T-matrix eigenvalue problem)
is executed very fast. For instance, this part was executed in less than 2 s for 76 frequency points and
3 modes for both the unit cell and the subunit cell formulations. This is a significant reduction in
computation time compared to the CST ES.

Table 1. The computational time for solving the periodic structure in Figure 1b.

1 frequency
point

T matrix
(subunit Cell)

T matrix
(unit cell)

CST
(eigensolver)

Time (s) 12 19 13

76 frequency
points

T matrix
(subunit cell)

T matrix
(unit cell)

CST
(eigensolver)

Time (s) 21 88 780

4. Conclusions

In this paper, we have discussed a transmission-matrix method for periodic structures with
a higher symmetry. We have enhanced its accuracy by including higher-order modes and have
demonstrated through a set of examples how the inclusion of these higher modes increases the
accuracy of the method. Furthermore, we have used higher-order modes to explain how some twisted
structures with symmetry can be equivalent to non-twisted structures with a reduced period. We also
applied the twist operator to a transmission matrix method for the first time. This resulted in a new
formulation that applies to a subregion of a unit cell for structures with a twist symmetry with a lower
computation cost.
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