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Abstract

We define two nonlinear shell models whereby the deformation of an
elastic shell with small thickness minimizes ad hoc functionals over sets of
admissible deformations of Kirchhoff-Love type. We establish that both
models are close in a specific sense to the well-known nonlinear shell model
of W.T. Koiter and that one of them has a solution, by contrast with
Koiter’s model for which such an existence theorem is yet to be proven.
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1 Introduction

A shell is an elastic body in the three-dimensional Euclidean space that lies
within a thin tubular neighbourhood of a surface, hereafter referred to as the
“middle surface of the shell”. The objective of this paper is to introduce a well-
posed minimization problem that predicts the deformation of shells in reponse
to applied forces independent of time. It is valid under the following set of
assumptions.

We assume that the elastic material constituting the shell is homogeneous,
isotropic and frame-indifferent, so that its constitutive law in a stress-free ref-
erence configuration of the shell is governed by two Lamé constants

A>0and p>0.



We assume that the middle surface of a stress-free reference configuration of
the shell is a surface with boundary defined by

S :=0w) C E?,
where
wCR?

is a bounded and connected open subset of R? with a Lipschitz-continuous bound-
ary (in the sense of [16]), and where

0cC 1(@; E3)
is an immersion such that

010 A 020

- 1= m3
as = 9,6 1 0,0] e C(w;E°)

(here, and in the sequel, y = (y1,y2) denotes the Cartesian coordinates of a
generic point in @ and J,, := 9/0Yy,).
The assumption that @ is an immersion means that the two vector fields

Qo = 0,0 € CO'(@;E?), a=1,2,

are linearly independent at each point of w; hence, for each y € @, the vectors
ai(y) € E? and az(y) € E? form a basis in the tangent space to S at the point
O(y) € S, and the vector az(y) is unit and normal to S at 8(y) (i.e., |as(y)| =1
and az(y) - aq(y) =0 for all a = 1, 2).

We assume that the shell has constant thickness

2e >0,

where the parameter ¢ is small enough compared with the radii of curvature of
S, so that the mapping o
© € CH(QF;E?),
defined by
OF = wx] —e,¢|
and
O(x) = 0(y) + wsas(y) for all v = (y,as) € @ x [, <],

is an immersion at all points of Q¢. That such small € > 0 exists has been proven
in Ciarlet [5, Theorem 4.1-1]. Then the (stress-free) reference configuration of
the shell with middle surface S and thickness 2¢ is the closure of the open set

e(9°) C B3

We assume that the shell satisfies a boundary condition of place on a subset
O(T§) of its boundary, where

TG :=v0x%x] —¢,¢],



and vy C Jw is a non-empty relatively open subset of the boundary of w, and
that it is subjected to body forces whose densities per unit volume in @(2°) are
the vector fields

f € LY(Q5E?).

Note that surface forces can also be added on the lateral face @(Owx] — ¢,¢[)
of the shell with minor modifications of the ensuing analysis, but we do not
consider them here for simplicity.

We assume that the deformations of the shell, henceforth denoted

0: 0 - E?’,
satisfy the boundary condition of place
© =0 onTl%,

and that they are of Kirchhoff-Love type; this means that there exist two vector
fields 0 : w — E3 and 17 : w — E3 of class Whi(w; E?) C CY(w; E?), satisfying
the conditions

7] =1inw and 77-8,0 =0 a.e. in w,

such that ~ B
O(z) := 0(y) + x3M(y) for all x = (y,z3) € Q°.

In Sect. 2, we assume that the vector fields 6 and 7 satisfy in addition (see
Definition 1) R 3
(010 AN D20) -7 > 0 a.e. in w,

or equivalently, that

ai N as

1 =as: a.e. in w.

©Jag A ag|

In Sect. 3, we assume that the vector fields 6 and 7 satisfy in addition (see
Definition 3) } }
(81@ AN 82@) -1 >0a.e. in Q°,

or equivalently, that B
det VO > 0 a.e. in Q°.

Finally, we assume that the (second Piola-Kirchhoff) stress tensor field asso-
ciated with the deformation ©, whose contravariant components are henceforth
denoted

(S9)2 2, :0° = S,
is of F. John type; this means that the stress tensor field inside the shell is planar
and parallel to the middle surface, so that % = %3 = 0 for all i = 1,2,3 (cf.
Refs. [11, 12]).

A shell satisfying all these assumptions can be modeled by the nonlinear shell
model of W.T. Koiter (Sect. 2). But this model does not necessarily possess a



solution; in fact, an existence theorem is yet to be proven and has been an open
problem for a long time.

In this paper, we remediate this situation by introducing two new shell mod-
els (Definition 1 and Definition 3), both of which are proven to be close in
a specific sense to the nonlinear shell model of W.T. Koiter (cf. Sect. 2 and
Sect. 3), and one of which is proven to have a solution (cf. Sect. 4).

We conclude this introduction by specifying the notation. All scalars used
in this paper are real. E? denotes the three-dimensional Euclidean space. MF**
denotes the spaces of matrices with k& rows and ¢ columns,

M = M,

M? = {F € M"; det F > 0},
S":={FeM"; F' = F},

ST := {F € S"; F is positive-definite},

where F7" denotes the transpose of the matrix F. The notation (Fj;) designates
a matrix whose component at the i-th row and j-th column is F;;. Likewise, the
notation (F ;) designates a matrix whose component at the ¢-th row and j-th
column is F.

The Euclidean inner and vector products of two vectors u = (u;)3_; and
v = (v;)?_; are denoted and defined by

u-v = g wv; and u A v:= (ugv3 — UzVa, UzV] — ULV3, UL V2 — ugvy) T

(3

The inner product of two matrices A = (A%) and B = (Bj) is denoted and
defined by
A:B:= Z A;B;
,J
The Euclidean norm of a vector v and the Frobenius norm of a matrix F' are
respectively denoted and defined by

[v| :=+vv-v and ||F| :=VF:F.

Throughout this paper, vector-valued functions and matrix-valued functions
are respectively referred to as vector fields and tensor fields; they are denoted
by boldface letters, to distinguish them from (scalar) functions, vectors, and
matrices.

A vector field v = (v;) : w — E? belongs to the Sobolev space WP (w; E3),
where k € N and 1 < p < oo, if v; € WFP(w) for all i; then its norm is defined

by
1/p
ol = (3 [ 100wl dy) ",
la| <k “¢
where @ = (a1,a2) € N x N is a multi-index, |a| := a1 + ag, and v :=
(8(0‘)112-):11, where 9@y, := 8%‘?% if | > 0, and 9(®v; = v; if |a| = 0.
1= Y1 Yo



Likewise, a matrix field F = (F};) : w — M" belongs to the Sobolev space
WHhP(w; M") if Fj; € WEP(w) for all 4,5 = 1,...,n; then its norm is defined by

1/
Da—— ::(Z/Ha(a)F(y)dey) 3

la]<k /¥
where X F = (a<a>Fij)jj:1.
The L>®-norm of a vector field v or matrix field F is defined as the L®-norm
of the corresponding scalar functions |v| and ||F||.
Strong and weak convergences in Lebesgue and Sobolev spaces are respec-
tively denoted by
— and —.

Partial derivatives of the first order, in the classical or distributional sense,
are denoted by (recall that y = (y,) denotes a generic point in @ and x = (y, z3)
denotes a generic point in €2¢)

0 0
Op = —, a=1,2, and 03:= —.
« 8ya7 P 3 8.733
If not otherwise specified in the text, Greek indices range in the set {1,2},
Latin indices range in the set {1,2,3}, and the repeated index summation is
systematically used in conjunction with these rules.

2 First nonlinear shell model of Kirchhoff-Love
type

The objective of this section is to define a nonlinear shell model (Definition 1),
similar to the nonlinear model of three-dimensional elasticity of Saint Venant -
Kirchhoff, but that is simpler and is valid only for deformations of Kirchhhoff-
Love type. To this end, firstly, we will replace the Saint Venant - Kirchhoff
stored energy function Wgyk by a new stored energy function W€ by using
an argument inspired by one in [15, Sect. 6], and, secondly, we will restrict
the minimization set to deformations of Kirchhoff-Love type. Then we will
prove that this new nonlinear shell model coincide to within the first order to
the nonlinear shell model of W.T. Koiter (Definition 2) by means of formal
asymptotic expansions with explicit estimates for the higher order terms.

With the immersion © defining the reference configuration of the shell (see
Sect. 1), we associate the symmetric positive definite matrix fields (g;;) and
(g") in C°(92%;S2) and the function g € C°(QF) by letting

gij = 81(9 . 8]‘@, (g”) = (gij)_l and g = det(g”)

Note that the functions g;;, resp. g%, are the covariant, resp. the contravariant,
components of the metric tensor field associated with the immersion ®, and



that \/g(z) dx is the unit volume element in the reference configuration ©(°)
of the shell.

Consider a shell satisfying the assumptions of Section 1. Assume in addition
that the constitutive law of the elastic material constituting the shell is linear,
in the sense that the stress tensor field (X% (®)) : Q° — S® and the strain tensor
field (E;;(®)) : Q°F — S? associated with an arbitrary (i.e., not necessarily of
Kirchhoff-Love type) deformation ® : Q¢ — E? are related to one another by
the Saint Venant - Kirchhoff formula:

(@) = (Ag g™ + g™y + 9" ™)) Eve(@).

where 1
Ekg((I)) = 5(8,51) . 3@‘1) — gkl)'

Then, according to the three-dimensional elasticity theory, the deformation
®* of the shell arising in response to applied body forces with density f should
be a minimizer of the functional

JSVK(Q) = 0 WSVK(Q’)\/EdZ’ — /QE f q)\/gdl‘,

where
Wsvk (@) == *E”(‘I))Ezg(q’),
over the set
Usvi (Q°) := {® € WH4(Q%E?); @ = © on T§}.

Using the definition of the immersion ® defining the reference configuration
of the shell (Sect. 1), which implies in particular that g3 = ¢g3® = 0 and ¢33 = 1,
one deduces from the above Saint Venant - Kirchhoff formula that

1
Euz = —gapX?(®
3 QMQQ (@)

d
b Fga(®) = — (5%(@) = A" Eqr (@)
>\+2u oT b)
then that
1
Jsvi (®) ::1/ gaBUTEUT(@)Eag({))\/gdx—/ f - ®/gdx
£ QE
1
to- | 9037 (@)TF(@) g da
B Jqs
1 2
_ »3 (P d
+2(/\+2u)/95< ( )) vgde,
where .
afor . _ K o o7 92 ao [37’ aTt ,8(7 in QF
-/\+299+u(9 +9 ) in Qe



Together with the assumption (made in Sect. 1) that the stress tensor field
inside of a shell should be of John’s type, this particular expression of Saint
Venant - Kirchhoff functional Jgyk motivates the introduction of the following
constitutive law for Kirchhoff-Love deformations of a shell: The stress tensor
field (7)) : Q° — S? and the strain tensor field (Eyj) : Q° — S? associated with
a deformation © : Q° — E3 of Kirchhoff-Love type, i.e., a deformation of the
form (see Sect. 1)

O(x) = 0(y) + wsas(y) for all x = (y,x3) € O,
D10 A 9,0

where az ;= ———
|810 AN 829|

a.e. in w,

are given by the relations
N 1 -
xoh = igaBUTEm-,

nad — 8.

33 .= 0,

and

Eos = E3q =0, (1)

~ )\ga'T ~ ~
=0 (9,606 - )
2()\ n 2,[1,) ( o T 9or
Remark 1 The strain energy density corresponding to the above stress and
strain tensors is defined by

~ 1~ ~ 1 ~ ~
WE(@> = izaﬁEaﬁ = ZQQBUTEUTEO&ﬂa

where the fourth-order tensor field g*?°™ is defined in Definition 1 below. O

Remark 2 The above expressions of i Eij and W¢ are particular cases of
the corresponding expressions given in [15, Theorem 6.1] for more general de-
formations of type

O(z) = 0(y) + x37(y) a.e. x = (y,x3) € QF,
obtained by letting = ag (as is the case for Kirchhoff-Love deformations). O

Thanks to the above definitions, we are now in a position to define a min-
imization problem that constitutes a mew monlinear shell model. Then we will
show how this new model is related to the well-known nonlinear shell model
of W.T. Koiter. Recall that ag is defined in terms of 0 by a3 := %
(see Section 1), and that it coincides with the (unique) unit normal vector field
7 : w — B3 to the surface (w) that satisfies

(819 A 629) ’F) >0 a.e. In w.



Definition 1 (first nonlinear shell model of Kirchhoff-Love type) Con-
sider a shell with middle surface 8(w) C E? and thickness 2 > 0 that satisfies
the assumptions of Sect. 1. The Lamé constants of the elastic material consti-
tuting the shell being denoted by A > 0 and p > 0, let

afoT = 4>‘M
A+ 2u

979" + 299" + g°7 ") in Q.
Define the set
Ulw) := {0 € WH(w;E®); 910 A 920 # 0 a.e. in w,
as € W1’4(w;E3), 0 =0 and a3 = a3 on Y},
then the set
={O0 e WH(Q%;E%); 30 € U(w) such that
y,3) = 0(y) + w3a3(y) for all (y,z3) € O},

®1\/
—~~

Given any © € U(QF), let
1 _ .
Eas =5 (aa@ 950 — gaﬁ) e L2(Q),

let
~ 1 -~
WE(Q) = ZgaBUTEoTEO(ﬁ € Ll(Qs)v

and let
JH(@) = Ws(é)\/ﬁdx—/ f-©ygds € R.
Qs

Qe
Then the unknown deformation ©* : QF — E3 of the shell can be found by
solving the minimization problem:

Find ©* € U(QF) such that J*(©%) < J5(O©) for all © € U(QF).

In order to define the nonlinear shell model of W.T.Koiter, we briefly recall
a few definitions from differential geometry of surfaces. With the immersion
0 : T — E3 defining the middle surface of the reference configuration of the
shell (Sect. 1), we associate the functions

Qap = Qq * g,
bag := —a, - Ogaz = —0qa3 - ag,
Cap = 0qa3 - Ogas,
which are precisely the covariant components of respectively the first, second,

and third, fundamental forms of the surface 8(w). Note that (aqs) € C°(w;S2),
(bap) € C'(w;S?) and (cap) € C°(w; S?).



Then we define the contravariant components a®? of the above first funda-
mental form and the mixed components b3 of the above second fundamental
form by

(a®?) := (anp)~' and b3 == a"byp.

Finally, we let

a = det(aag),

so that v/ady is the unit area element along the surface 6(w). Note that
lai Aas] =+Va and cap = baoa’ brp in @.
With a mapping 6 € Wh4(w; E3) that satisfies
@y ANag #0ae inw and as € Wh(w; E?),
we likewise associate the functions

(ap = Qq - A8,
bap = —@ - Dplz = —nas - ag,
Eaﬁ = 6ad3 . (9563.

Note that (das) € L?(w;S2), (bap) € L?(w;S?) and (Eap) € L2 (w;S?).
Then the nonlinear shell model proposed by W.T. Koiter in 1966 (Ref. [13])
reads as follows:

Definition 2 (nonlinear shell model of W.T. Koiter) Consider a shell with
middle surface @(w) C E® and thickness 2¢ > 0 that satisfies the assumptions of
Sect. 1. The Lamé constants of the elastic material constituting the shell being
denoted by A > 0 and p > 0, and the density of the applied body being denoted
by f € LY(Q5;E3), let

4\
aaBaT . ﬁaa,ﬁazﬂ' + Qu(aaoaﬁf + aom—aﬂ’a) c CO(E)’

and let

€

pe = F(,x3)\/g(,x3)des € Ll(w;]Eg),
q° = /6 T3 f(~,x3)\/de3 € Ll(w;Es).

—&

Define the set (also used in Definition 1)
Ulw) := {0 € WH(w;E®); 910 A 920 # 0 a.e. in w,
as € Whi(w; E®), 0 =0 and as = a3 on Yo}

Given any 0 € U(w), let

0 € oT (= ~
Wi () := éao‘ﬁ (Gor — or)(Gap — Gap)
3
e ~ ~
+€aa607—(ba‘r - bor)(bab’ - baﬂ)a



and let
J5:(6) :=/W&(B)\/&dy—/(ps-9+q5-ds)dy-

Then the unknown deformation 8% : w — E? of the shell can by found by
solving the minimization problem:

Find 0% € U(w) such that J5(0) < J5(0) for all 8 € U(w).

We now compare the nonlinear shell models of Definitions 1 and 2. To
this end, we use formal asymptotic expansions with respect to the transverse
variable x3 € [—e¢, £] to identify the leading terms of the functional J¢ appearing
in Definition 1. This is legit since the shell is assumed to be thin, so e, hence
T3, is as small as we wish.

Using the definition of the immersion © : Q¢ — E3 in terms of the immersion
0 :w — [E3 (see Sect. 1), we deduce that, for all x3 €] — ¢, €],

Gap (-, 23) = aap — 223bap + x%caﬁ in @,
which in turn implies that
g“ﬁ(-, x3) = a®® + 2250 byra”’ + gcgao“’cwaTﬁ + ... in @,

where the dots replace the usual remainder in the Taylor power expansion of

B
ga ('7'773)'

Using these relations in the expression of the fourth-order tensor g*%°7 (see
Definition 1), we deduce that, for all z3 €] —¢,¢[ and a.e. in w,

(W2 (©)v5) (23) = 1 (6% (. 23) /3T 75) ) Bor - 23) B ()
1

4 (aaﬁm\/& + P (., $3))EUT('7 23)Eap(- 73),

where a®??7 is the fourth order tensor appearing in Definition 2 and
T‘QBUT(',.’Eg) = (gaB”\/ﬁ)(-,xg) —a*?"\/a inw. (2)

Note that, for all y € @, (a*??7(y)/a(y) ) is the first term of the Taylor series
of the function

T3 € [_676] = gaBUT(y7$3) g(y,.TS) € Rv

so that r®#°7(y, x3) is nothing but the remainder term; therefore it is “negli-
gible” in the above expression of (W¢(@),/g), in the sense that there exists a
constant C' = C/(gg, 0) such that, for all 0 < & < gy and for all z3 € [—¢, €],

sup [r*?°7 (y, x3)| < Caz < Ce. (3)
YyEW

Furthermore, since the Lamé constants A and p are positive and since (aq5) €
CO(w;S2), there exists two constants 0 < ¢o < ¢; < oo such that

coll(tag)|* < iaaﬁ”(y)tmtaﬂva(y) < e1ll(tap)[? (4)

for all y € w and for all matrices (t,5) € S*.

10



Remark 3 Inequalities (4) hold in particular for
. )\min(y)l/2 s )‘maX(y)l/2
O R T i )T

where Amin(¥) < Amax(y) are the two eigenvalues of the positive definite sym-
metric matriz (aqs(y)) € S2. O

It follows that, on the one hand,

(W*(®)v3) (5, 75) = 107" (5) B (1, 05) B9, 23) /) .

1 N -
+ Zr‘”g‘”(y, 23) Eor (y, 23) Eap(y, 23),
and, on the other hand, there exists a constant €9 > 0 such that, for all ¢ < g,
all z3 €] — g,¢[, and a.e. y € w,

(W*(©)va) (,3) = Dl (Bas(y.x)

(W*(8)v5) (9, 3) < 21| (Easly, ws) 1>

Using these inequalities and estimate (3) of the coefficients r*#77 (y, z3) to
estimate the last term in the right-hand side of (5), we deduce that the functional
J¢ appearing in Definition 1 satisfies, for all 0 < € < gg,

Ja(é) = i/s aaﬂUT(y)Ea‘r(yvx3)Eaﬁ(y7x3) \% a(y)dw - AE .f ' é\/gdx
+ ¢ R5(©),

where the last term in the above right-hand side satisfies
|R7(©)] < O||(Eap)|720eg2): (6)

for some constant C' independent of ¢ and ©; this means that the term “cR°(©)”
apearing in the right hand side of the above expression of J E(@) is negligible
with respect to the first term of the same right hand side.

Next we infer from the definition (see Sect. 1) of the immersions @ : Q¢ — E3
and © : Q° — E3 in terms of the immersions 6 : @ — E3 and 6 : w — E3 that

the strain tensor field E,z defined by (1) satisfies, at each 3 €] — ¢, ¢[,

1 ~ N ~ -
Eop(- 23) = 3 <3a(9 +x3a3) - 05(0 + z3a3) — gaﬁ)

1, ~ x3 . (™)
= 5(%‘5 — aa@) — xg(baﬁ — bag) + ?(Ca,ﬁ — Cag) a.e. In w.

Then a series of straightforward computations based on the Fubini integral
formula, on the symmetry of the interval | — ¢, [, and on the symmetry relations

11



a®Be7m = 778 show that

~ 1 € -
W5(0) =1 [ a7 (0) Bor (v25) Bualy, ) /aly) day

—&

~ 3
=W (8) + 550" (@or — ar) Fas — Cap) (8)
5

g ~
+ Eaaﬁo"r (Ca'r CUT)(CQB - CozB)v

where W£-(0) is the function defined in Definition 2. 3
Using this relation in the previous expression of J¢(®), we finally deduce
that

J%é%i/wamwwy—/@eé+qﬂ@a@+awxn

~ 3
= J®) + (@) + 5 [ a7 or — a0r) s — coplady ()
w
55
0 / QBUT Co'r - CUT)(Caﬂ - Caﬁ)fdy

The last equality shows that the functional Jj of Definition 2 is obtained
from the functional J¢ of Definition 1 by dropping the last three terms of the
right-hand side of (9). The reason from dropping ERE((:‘)) has been explained
before: see (6) above. The reason for dropping the last two terms of (9) is
that the third fundamental form of a surface is completely determined by the
first and second fundamental forms of the same surface by means of the relation
Cap = baca”"b:pg in the case of the surface 6(w), and ¢, = l;ag&‘”gﬂg in the case
of the surface @(w). This implies that (this formula has been used previously,
in the proof of Theorem 4.3 in [7])

(504,8 - Caﬂ) = Bg(ga,ﬁ - baﬁ) + (BQT - b(m—)bg - i)a‘rbg + ggbaﬁ
= BZ(EU,@ - bU,B) + (Boc‘r - bom')bg - Bg(dor - ao"r)bgv

where I;; = 47%bye and (@™) := (aqp) ', which in turn implies that

| = cas)ll < CUGHID (1@as = aas)l + 1Gas —bas)ll ), (10)
where the constant C (H(Eg)”) appearing in the right hand side is given by

CUEIN = 1B+ (1 + 1)) G-

As a consequence, given any constant M > 1, there exists a constant C' =
C(g0,0, M) < oo such that, on the one hand,

53 oT ~ ~ 7
50 gy = 07) (Fap = cas)| < O (el @ap = aas) 12 + ¥ (Bas — bas)I?)

12



and
e’ aBoT (=~ ~ 2 ~ 2 30 (7 2
50 Crr = o) Fap = cap)| < C2 (el — aap)|I® + €% (Bas = bas) ),
for all € < gg and for all immersions 0 that satisfy
13 = oy < M.
Since, on the other hand,

Wi (6) > W(suw — )P+l bas — bap)l?) (1)

(thanks to the coerciveness inequality (4) satisfied by the tensor field ;a*#°7\/a),
it follows that the last two terms of the right-hand side of (9) are “negligible”
with respect to the integral [ W (0)\/ady that appears in the definition of

the functional J% (0).
Thus, we showed by means of formal asymptotic expansions that the non-
linear shell models in Definitions 1 and 2 coincide to within the first order.
Note that both models are minimization problems that share the same set
of admissible deformations, since

OcU() & 0cU(w),

and the same linear form modeling the applied forces, since

f ~@\/§dx:/(p6~é+q5~d3)dy-
Qe w

Thus the sole difference between these two models is the deﬁpition of their re-
spective two-dimensional strain energy density, viz., ffa W#(©),/gdxs for the

shell model proposed in Definition 1, and W () for Koiter’s model (Defini-
tion 2). More specifically, since in view of (5) and (7) we have

£ B _ 3

W#(©)vgdas = Wi(B)Va+ ™ (dgr = yr)(@as — Cas)

—€
&b 1 (¢ -~

+ EaaﬁaT(éUT — CUT)(éaﬁ - Caﬂ) + Z / TaBJTEaTEaﬂ d$3,

—€

where r*797 is the function defined by (2), the difference between these strain
energy densities is given explicitly by

€ €

~ ~ 1 ~ ~
We(©)y/gdzs — Wi (0)Va = 1 7P B, Eo.pdrs
—€ —€
53 afoT (~ ~
+ Ea (aa‘r - ao’T)(CaB - Caﬁ)\/&
55 afor ~
+ %(L (CO'T - Cor)(cab’ - Caﬁ)\/&-
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Note that the right hand side is “negligible” with respect to Koiter’s stored
energy function W§ (@)y/a since the estimate (3) of 7777 and the coerciveness
inequality (4) of a®?°7 together imply that there exists a constant C'; depending
only on gy and 0 such that

9
’/ T‘QBUTEUTE@,E dl‘g < 016
—&

1 [ S 0
1/ a®?°" By, Eogy/adas| = Cre W§(0),

where W¢(0) is defined by (8). Combined with the previous estimates of the
last two terms of the right-hand side of (8), this shows that, for all € < &g and
for all immersions 6 € U(w) such that

H(i)g)HLw(w;M% <M,

the difference between the two-dimensional strain energy densities of the shell
models proposed in Definition 1 and Definition 2 satisfies

[ We @) vadas — Wi B)a| < e Wi (B)Va (12)

where the constant Cy depends on gg, @ and M.

The two nonlinear shell models presented in this section (Definitions 1 and 2)
are the simplest nonlinear shell models that can be used for any type of shell,
irrespectively of the geometry of their middle surface and of the boundary con-
ditions of place used in the definition of the minimization set U(w) (simpler
models exists for particular kind of shells: see. e.g., Le Dret and Raoult [14],
Friesecke, James, Mora and Miiller [10], Bunoiu, Ciarlet and Mardare [4], Cia-
rlet and Mardare [8, 9]). For this reason, Koiter’s nonlinear shell model and its
linear counterpart are probably the most commonly used shell models in theo-
retical and computational mechanics. But for Koiter’s nonlinear shell model no
existence theorem have been established so far. In fact, an existence theorem
for this model, or even for the shell model of Definition 1 for that matter, seems
unlikely at the present state of the theory. The main difficulty is that both
models use the vector field

819 A\ 829
1010 A 0,0

which makes it unlikely for the minimization set to be closed for any reasonable
(for a minimization problem) weak topology. This is the reason why we define
in the next section another nonlinear shell model, similar to that of Definition 1,
but for which we can prove an existence theorem; cf. Section 4.

3 Second nonlinear shell model of Kirchhoff-Love
type

The objective of this section is to define a new nonlinear shell model (Defini-
tion 3) that is similar to the one in Definition 1, but with the additional property

14



that it possesses at least a solution; cf. Theorem 1. To this end, we will replace,
firstly, the stored energy function W¢€ in Definition 1 by a new stored energy
function Wy of the form

Wi =W* +hot,

where “h.o.t.” stands for higher order terms with respect to the strain tensor
field Eag than those of W€, and, secondly, we will replace the minimization set
U(QF) in Definition 1 by a new minimization set Uy(Q°) whose elements © are
orientation-preserving, i.e.,

det VO > 0 a.e. in QF.

Note that the assumption that the mapping © : Q@ — E? is orientation-
preserving is desirable from a physical point of view. In fact, it would be desir-
able to impose in addition that the mapping Ois injective, since this means that
no interpenetration of matter occurs; but this would be detrimental to proving
an existence theorem, so for this reason we drop this assumption.

The strain energy function Wﬁf(@) that we are introducing in Definition 3

below depends on the unknown deformation @ € U;(£2%) of the shell by means
of the functions } 3
Jap = 0,0 - 030 a.e. in °.

Note that these functions are precisely the covariant components of the projec-
tion on the tangent planes to the surface 8(w) of metric tensor field associated
with © : Q¢ — E3. The other covariant components of the same metric tensor
field are given by

000 - 030 = 930 - 9,0 =0 and 9:0-9;0 =1 ae. in OF,

as a consequence to the definition of the mapping ©asa mapping of the form
(cf. Sect 1)

O(y, x3) = O(y) + 3n(y) for all (y,z3) € O,
where the vector field 8 and 7) belong to the space W1 4(w; E?) and satisfy
|7l =1inw and 7-9,0 =0 a.e. inw.
Note also that the definition of the matrix field (gag) : 2° — S? implies that
det(Gup) = det(@a@~ : aﬁé{) = det(@i@; 9,0) (13)
=det((VO)T'VO) = (det VO)? > 0 a.e. in 0,

which in turn implies that the matrix field (9 go) : Q° — M?, where (¢9°7(z)) :=
(gao (z)) 71 for all x € QF, satisfies

det(9*Gop) > 0 a.e. in Q°.

We are now in a position to introduce our new nonlinear shell model. The
choice of the strain energy function is inspired, but different, by a previous
example in three-dimensional elasticity by Ciarlet and Geymonat [6] (see also
Ciarlet and Mardare [9]).
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Definition 3 (nonlinear shell model of Kirchhoff-Love type) Consider a
shell with middle surface (w) C E® and thickness 2¢ > 0 that satisfies the as-
sumptions of Sect. 1. The Lamé constants of the elastic material constituting
the shell being denoted by A > 0 and p > 0, let

.. 2
N2

Define the set

Uy(w) :={(6,7) € W (w; E?) x WHH(w; E?); |7 =1 in w,
7-0,0 =0 a.e inw, =0 on~, 71=as ony},

then the set

y23) = 0(y) + 23n0(y) for all (y,23) € O,
det VO > 0 a.e. in Q°}.

Uy(Q°) := {© € WY*(Q5;E%); 3 (0,7) € Uy(w) such that
9(

Given any © € Uy(Q°), let

Jop = 0a© - 930 € L*(QF),

let
£/ @ 1% af ~ * Qo =
Wi (©) =3 (6%7Gag)” + (A" — 1)y det(9°7Gop)
A*
iy log det(¢““ gop) + % — A" a.e in QF,
and let

J5(©) = /Q W (©) g di — /Q F-©yGdr € RU{+o}.

Then the unknown deformation ©* : QF — E3 of the shell can be found by
solving the minimization problem:

Find ©* € Uy(Q) such that J{(©*) < J5(©) for all © € Uy(€¥).

In what follows, we will first compare the above nonlinear shell model with
the previous ones introduced in Definition 1 and Definition 2, then we will prove
that it possesses at least a solution (Section 4).

Firstly, note that the nonlinear shell models of Definition 1 and Definition 3
share the same linear form modeling the applied forces.

Secondly, the minimization sets, U(€°) in Definition 1 and Uy(Q°) in Defi-
nition 3, are not comparable, in the sense that, on the one hand,

U(Q°) & Uy(°)
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since a mapping OcU (©27) is not necessarily orientation preserving at almost
all points of Q°, and, on the other hand,

Uy(°) € U(°)

since a mapping © € Uy(Q°), which is of the form ©(y,z3) = 8(y) + x37)(y) for
all (y,z3) € Q°, does not necessarily satisfy 77 = as. However, note that both 7
and ag are unit vector fields orthogonal to the vector fields a, := 0,60. Hence,
if in addition © is of class C! (instead of only W'?), and if the assumption
det VO > 0 is now satisfied at all points of Q¢ (instead of only a.e. in QF), then
7 = ag.

Thirdly, the strain energy densities, W€ in Definition 1 and Wﬁs in Defini-
tion 3, coincide to within the first order with respect to the strain tensor field
(Eup), as we now show.

To begin with, we recall that the functions E~’a5 appearing in Definition 1
are related to the functions g,s appearing in Definition 3 by

1. o
Eup = i(gaﬁ — gop) a.e. in 0°.

Thus ~
gaﬂ = Gap + 2Eo¢ﬁa
which next implies that
gaoggﬂ — 5% + QQQUEaﬁh

where 5g denotes Kronecker’s symbol.

Under the assumption that the strain tensor field Eag is sufficiently small
(it suffices that [|(¢%7 Eyp)|l < 1/2 a.e. in QF), we deduce that

det(g°7 Gop) = det(65 + 297 Eqp)
= 1429 E,p + 4det(g°7 Eyp)
= 1429 Eap + 29" Eap)® — 29°° 9" Eor Eag

(the last equality is proved by using Cayley-Hamilton formula for the matrix
field (¢*“E,3)). Consequently, by using the Taylor expansions v/1+t =1+
3t —2t>+ O(Jt]*) and log(1 +t) = ¢t — 3t* + O(|t|*), we infer from the previous
relation that

~ af 7 1 af 7 ao BT I n Qo T7
\/det(997Gop) = 1+ g* Eag + 1% PEa)? = 9% 9" Eor Eag + R1(9%" Eop)

and

log det(gaagoﬁ) = QQQBEN‘a,@ - 29aUQBTEaTEaB + R (gaaEUﬁ)’
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where Ri(9°"Eq5) = O(l(9°" Eop)|I’) and Ra(9°7Eqp) = O(|(9°° Eop)lI*)-
Next, using the above relations in the definition of the stored energy function
Wi (©) (Definition 3), we deduce that, a.e. in Q°,

~ ILt o ~
WE(©) = 4 (149 Fp)?
* af 17 1 af 17 aoc BT I n
+ (O = ) (14 g7 g + 5 (6% Eap)? — g7 EorEop)
- )‘* (gaﬁEaﬂ - gagg'BTEUTE(xB> M >\* + RB( 06)

then that, using in particular the symmetry relations EQB = Eﬂa,

*

. A . . .
W () = X (¢ Bup)? + ng* 0" Bur By + Rola™ Eo)
1 * Qv oT oo T T [ea
= §<)\ g 5 + (g B +g 6 ))EGTEaﬁ+Rd( 05)

1 L - -
= ZgaBUTEUTEaB + R3(gaUEJ )7

where the tensor field ¢g*#77 is precisely that defined in Definition 1 and

*

n * Qo I7 A Qo T, Qo T,
R3(9% Egp) == (X" — ) R1 (9" Eqp) — ?R2(9 Eo5) = O(ll(g E05)||3)~

Combined with the definition of the strain energy density W¢(@©) of the
nonlinear shell model of Definition 1, the above relation shows that

Wi (©) —W9(®)| = |Rs(9°" Eqp)l = O((9° Eqp)|®).

Hence the two nonlinear shell models of Definition 1 and Definition 3 coincide
to within the first order with respect to the strain tensor field (Eag) inside the
shell, as claimed.

Finally, in order to compare the nonlinear shell model of Definition 3 with
Koiter’s nonlinear shell model (Definition 2), we assume in addition that © is
of class C! and satisfies det VO > 0 in Q°, so that © € Uy(Q°) implies that
© € U(QF). Then we can use the estimate (12) between the strain energy
densities in Definition 1 and Definition 2 to deduce from the above relation that

’ @)\/gdxs — W (8 f) / |R3(g%% Byp)|\/g das + Cac WE(8)Va

for all 0 < & < gy and for all mappings @ € Uy(Q°) N U(Q°) that satisfy
[(68) | oo (wizy < M (the constant Cy depends on &g, 6 and M). Furthermore,

using that |Rs(9°7 Eng)| = O(]|(9°7 Eag)|), that

. 1 - 2 .
Eup(- x3) = §(aaﬁ —aap) — 23(bap — bap) + ?S(cag —Cqp) a6 inw
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for each z3 €] — ¢,¢[ (cf. Sect 2), that

[(Cap = cap)|l < C(II@%‘)H)(II(&M — aag)|l + ll(bap — baﬁ)”)

(cf. (10)), and that the coerciveness inequality (11) holds for Koiter’s strain
energy density W (0), we deduce from the previous inequality that

‘/EE Wf(é)\/ﬁda% - Wf{(é)\/a‘ < Coe Wi (B)Va,

where the constant C3 depends on ¢g, 8 and M.

We conclude this section by stating an existence theorem for the nonlinear
shell model of Kirchhoff-Love type of Definition 3, the proof of which is given
in the next section.

Theorem 1 Consider a shell satisfying the assumptions of Sect. 1. Then there
exists a mapping ©* : Q° — E3 such that

O™ € Uy(Q) and J(©*) < J5(O) for all © € Uy().

4 Proof of the existence theorem

For clarity, the proof is broken into five sections, numbered Subsections 4.1
to 4.5. It is inspired by the proof of the existence theorem of John Ball for the
three-dimensional model of nonlinear elasticity (Ref. [2]) and by the proof of the
existence theorem of Ciarlet and Mardare for a specific nonlinear shell model
with “two direction fields” (Ref. [9]).

4.1 The functional J; : Uy(©2°) — RU {+o0} is well-defined
Let (gij) € C°(02¢;S2) be the matrix field whose coefficients
9ij ‘= 819 . ('9]@ in W

are the covariant components of the metric tensor field associated with the im-
mersion ® € C'(€°; E?) defining the reference configuration of the shell (Sect. 1),
and let (g% (z)) := (g;j(x))~' € S2 for all z € Q¢. Then

o3 = g3 =0 and g3z =1 in QF,

which next implies that the matrices (gas(x)) € S* are positive-definite for all
x € ¢, which in turn implies that

(9°?(x)) = (gap(x)) "t €S2 for all z € QF.
Therefore the matrix

(u*(x) = (g°"(2))"/* € 82
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is well-defined, for all 2 € Q¢ (the notation A'/? designates the square root of the
matrix A; if A is symmetric and positive definite, it is well-known that there
exists a unique symmetric and positive-definite matrix B such that B? = A;
hence AY/? := B is well-defined).

Let © € Uy(9°) and let the matrix field (Jag) € L2(Q°;S?) be defined by

Jap = 0,0 - 950 € L*().
Then the matrix field
(gaagaﬁ) c LQ(QE;M2)
has the following properties a.e. in 2°:
det(g°% o p) = det(u®™u"" gop) = det(u™ Gopu’™) > 0,
and
9P Gap = t1(9° Gop) = tr(u®Tu"" Gop) = tr(u’ Gypu’®) > 0.

Since, a.e. x € Q°, the matrix (u®?j,,u™?)(x) is symmetric and positive
semi-definite, there exists a 2 x 2 orthogonal matrix P(z) and a 2 x 2 diagonal
matrix D(x), with components A (z) > 0 and Az(x) > 0 on its diagonal, such

that
(W GopuP®) = PTDP ace. in Q°.

We then infer from the previous three relations that, a.e. in QF,

det(g°7 §op) = det(u™ Gogu’®) = det(PTDP) = A\ My
2 1 2
< (Al i A2) - —(tr(PTDP))

=\ 2 4
1 2 1 2

= 1 (0 Gasu®)" = (41067 509))
1

_ = af ~ 2
4(9 gozﬁ) :

Therefore (recall that we have proved that det(¢%°g,5) > 0 and g’ gz > 0

a.e. in Q°):
- 1, .5- .
det(99g,5) < = (g Bga,g) a.e. in QF°.

Besides, since logt < 2(t'/2 — 1) for all ¢t > 0 (the log function is extended at
the origin by log 0 := —o0), we also have

log det(g%° Gop) < 21/det(92Gop) — 2 < g*PGas — 2 ae. in QF.

Next, the inequalities above imply that the stored energy function Wﬁs((:))
defined in Definition 3 satisfies, a.e. in Q°,

® afl ~ * ~ A" oo ~ *
Wi (@) = B (9% 5a5)> + (A — )/ det(g27Gop) — 5 log det(9 gop) + % - A

8

H af ~ 2 ‘)\*—/.L| af ~ )‘*( af ~ ) H *
> 3 (9% as) 5 (977 9a) = 5 (9% Gap = 2) + 5

H ~ « M ~ H
> g( aﬁgaﬂ>2 —(A +§)(gaﬁgaﬂ>+ 97
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from which we deduce that Wua((:)) satisfies the following inequality:

~ 1
Wg(©) > % (9°P Gap)? — Coﬁ a.e. in Q°, (14)
©

where Cy := ( + &) L

Since g*# e L (Qa) and \f € L*°(QF) (thanks to the boundedness of the
set w, which implies that Q° is bounded too) and gos € L?*(Q), the above
inequality implies that the (clearly measurable) function

(V)

Wf((:))\/ﬁ 0F - RU{+o0}

is bounded from below by a function in L!(Q¢); hence the integral
/ Wi (© 9)\/gdz is well-defined in R U {+00}.

Besides, since f € L'(QF;E?) and since the Sobolev embedding theorem implies
that ©® € WH4(Q%; E?) C L*°(QF; E?), the integral

f -©\/gdzr is well-defined in R.
Qe

Hence the functional J : Uy(©2°) — RU {400} is well defined.

4.2 Coerciveness inequality for the functional J;

First, we infer from Sect. 4.1 that

[ wi@vaae =t [ (6507 vade - Coler (15

and

f-©/gdx
QE

< Gl llor (o) O llw ).
where |[Q°| denotes the Lebesgue measure of the set Q° C R? and Cj is a
constant depending on € and on the norm of the Sobolev’s embedding operator
W4(Q2; E3) € L>°(Qf; E?). Moreover, since

||(':)HW1,4(QE;]E3) < ||éHW1’4(QE-]E3) + ||£L'377]||W1,4(Qs.]E3)

< (264 (18w + [l zacomn) + = illwass) ).

we infer from the previous inequality that, for some constant Cs(e, f),

1 /Q £ - 6ygdz| < Cole, £)(18llwrsus) + lillwr ses) - (16)
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Therefore, combining inequalities (15) and (16) with the definition of the
functional JF(©) yields a first lower bound for this functional:

(@) :/QE Wﬁf(@)\/f;da:—/mf - ©/gdx

> %/QE (gaﬁgaﬂ)Q\/gdx — CS(HOHWlA(w;]EB) + Hﬁllle‘l(w;]ES) + 1),
(17)

where C5 := max{Cy|Q°|,Ca(e, f)}.

Second, using that the matrix (¢°?(x)) is symmetric and positive-definite,
we write

(g*?) = PTDP in QF,

where, for all z € Q¢, D(x) is a 2 x 2 diagonal matrix whose components on the
diagonal are the two eigenvalues 0 < Apin(7) < Amax(2) of the matrix (g (z)),
and P(x) is a 2 x 2 orthogonal matrix. Then, for all z € Q¢ and for all vectors
vo = (V)3 € R3 a = 1,2, we have

g°P (2)vg - vg = Z (Zvl Bz )

E § 'L' § 2
> ( mln Ua )— mln |Ua|

(03

(18)

It follows that, for all © € Uy(Q°),

9°PGas = 9°70,0 - 050 > /X Z 10,02 a.e. in QF,
where Ao := inf__gz(Amin(2))? > 0. Hence

/ (9°%Fap)® dz > Do Y / 10a©|* dz
Qe o Qe
= o Z/ 1020 + 23007|* da.
[e% QE

Next, using the symmetry of the interval | — ¢, ¢[, Clarkson’s inequality (see,
g., [1, Theorem 2.28]), and Fubini integral formula, in the right hand side of
the above inequality yields

A ~ -
af ~ 2 0 ~ 4 ~ 4
9 gap)” dr > — / 000 + £30,Mm da:+/ 000 — £30,Mm|" dx
J 0 e to = 5 ( [ 1000+ st ot [ 1020~ asou’ )
2/\02(/ 10 0|4d:c+/ |50 7| d:c)
—2 Y / 061" dy + & / O[* dy)
9 (suvén‘zwmsxz) )
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Besides,

H7~7HL4(w;IE3) = H1||L4(w;lE3) = ‘W|1/47

and, since @ = 0 on 7y, Poincaré inequality implies that (recall that w is bounded
and connected and that vy C Jw is relatively open and non-empty), for some
constant Cy < 00,

18]| 24 wigs) < 118 = Bl Lagorms) + 10 Lt (wims)
< C4||Vé — V9||L4(w;M3><2) + ||0||L4(w;IE3)
< C4||V0||L4(w;M3X2) + (1 + O4)||0HW1’4(UJ;]E3)'

Then we infer from the last three inequalities that there exist two constants
Cs5(e,0) > 0 and Cs(e,0) € R such that

/Q (9750p)* VG dr > C5(&) (181 wim) + 10 liss ey ) = Co(e.6).

Finally, using this inequality in the lower bound (17) established previously,
we deduce that the functional Jf (@) is coercive in the sense that there exists
two constants A = A(e, u,0) > 0 and B = B(e, A\, 11,6, f ) € R such that, for all

G‘)(',!L‘g) =0+ 1‘3’7] c Uﬁ(QE),
J5(©) = A0 oz + [0l ey ) = B- (19)

4.3 Convergence of an infimizing sequence

Given any integer k > 1, pick any ©F ¢ Uy (Q°) that satisfies

i JH(6)< S5O inf i (O)+ 1+

OcU,(09) OcU; (Q9)
Since © € Uy(9), we have
§:= inf JI(©®)<J(O)=— [ f ©gdr<co.
OcUy(Q°) Qe

Since ®F € U,(QF), there exist vector fields (%, 7%) € Uy(w) such that

©"(y,x3) = 0"(y) + 30" (y) forall (y,z3) € O°.

Then the coerciveness inequality (19) implies that 6 € R and that both

sequences (6%);>1 and (1%)g>1 are bounded in W'4(w; E?). Therefore there
exist vector fields

0" c Wh(w;E?) and n* € Wh4(w; E?)
such that

0" —~ 0" and 7* —=n* in W' (w;E®) as k — oc.
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Since Wh4(w; E?) C C%(w; E?) by Sobolev’s embedding theorem, it follows that
6 — 6* and 7* —n* inCO(T;E?) as k — oo.

This implies in particular that 8* = 8 and n* = a3 on .
Note also that the relations

¥ =1inw and #*-9,0% =0 ae. inw,
combined with the above weak and strong convergences of these sequences,

imply that
' |=1inw and " 9,0" =0 a.e. in w.

Hence (6%,n*) € Uy(w) and the function ©* : Q° — E3, defined by
07 (z) = 0"(y) + w3n(y) for all z = (y, z3) € &7,

belongs to the space W4(Q5; E?).
Clearly, the sequence (©%);> satisfies

OF ~ @ in WY (05 E?) as k — oo,
and

0F -5 @ in C°(Q5E?) as k — .

4.4 The limit of the infimizing sequence belongs to U;({)°)

Let v = (v;)}_; € CL(Q%;E?) denote any vector field whose components v;
belong to C*(£2¢) and have compact support contained in Q°. Then

/ (81€:)k /\82ék) -vdx = —%/ ((ék /\62@’“) -O1v+ (81€:)k /\ék) '62’0) dx,
and

/ (31@*/\82@*)4;(133:7%/ ((@*/\329*)~(91’U+(51@*/\®*)-02v) dz.

Since ©F — @* in W14(Q°; E3) and ©F — @* in C°(QF; E?) (cf. Subsection 4.2)
the above relations imply that

lim [ (8,0% A,0%) - vdx :/ (0:0* A ,0%) - vdx.

k—o0 QOe £

Since C!(0;E3) is dense in L?(Q2%;E?) and the sequence (81(:3k A 82(:)k)k21 is
bounded in L?(£2;E?), the above convergence implies that

010k A 9,08 — §,0% A 9,0 in L2(Q;E3),

on the one hand.
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Since, on the other hand,
030F = pF — n* = 9;0* in C°(OF; E3),
we conclude that
(0,08 A 9,0F) - ;0% — (0,0 A 3,0%) - 9;0* in L*(Q),
or equivalently, that
det VOF — det VO™ in L(Q). (20)
Next, since @F € Uy(92°), we have (cf. relation (13) in Section 3)
det(giﬁ) = (det VOF)? ace. in Q.
Since the mapping ©F satisfies in addition (cf. definition of the set Uy(9))
det VO > 0 a.e. in Q°, (21)

we deduce from the previous relation that

,/det(gzﬁ) = det VOF a.e. in Q. (22)

Then we infer from relations (20) and (22) that
det(gk5) = det VO — det VO™ in L*(Q),

and that
det VO* >0 a.e. in Q°.

Next we prove that the following stronger inequality holds:
det VO* > 0 a.e. in O°.

Assume on the contrary that there exists a subset A C Q¢ with positive Lebesque
measure such that det VO* =0 a.e. in A. Then (20) and (21) imply that

det VO! — 0in L*(A) and det VOF > 0 a.e. in A.

In particular,
I detv@k”Ll(A) = / det VOF dz — 0 as k — oo,
A

which in turn implies the existence of a subsequence (¢) of (k) such that

det VO! — 0 a.e. in A.
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Using Fatou’s lemma, we next deduce that (Cj is the constant appearing in
the coerciveness inequality (14)), on the one hand,

liminf/ (Wf((:)[)\/ﬁ—i—Co)d:cz/ lim inf (1} (©')y/g + Co) da
Qe Qs (=

£— 00
> / lilm inf(Wf((:)Z)\/g + Cp) do = +o0,
A e el
the last equality being proved as follows (recall in particular that A* > 0):

£/ * ~ A Qo ~ 1Y *
Wi (©F) = (A" — )y /det(97G,5) — 5~ logdet(9°7Go) + 5 — A

(A — ) =y ~ AT 7
=2 T et VOL — \*1 v 2 B\
7 det VO — X\*log(det VO©) + 5 og(det g) + 5 A

— 400 a.e. in A.

But, on the other hand,

/(Wif((:)e)\/ﬁ+00)dx:J§((:)£)+/ f-éf@dﬁco/ dx
Qe Qe

€

— 0+ f’@*\/gdz+C’0/ dr < oo
Qe

=

(that 6 := infg e, (0 J§(®) < oo is proved in Sect. 4.3).
This contradiction shows that we have indeed

det VO* > 0 a.e. in Q°. (23)
Hence ©* € Uy(Q2°).

4.5 The inequality liminf, . Jg(ék) > J;(©") holds
Define the function G : [0, c0[— R U {+0co} by letting
G(t) = (\* —,u)t—)\*logt—i—(% NV ifE >0,
G(t) = 400 if t = 0.
Then we infer from the definition of the strain energy density Wy¢ (Definition 3)

that
Wi (") = £(g75ks) + G(y/det(go3ks) ). (24)

We have seen previously (Subsections 4.1 and 4.2) that
9P gk 5 = g*P0,0F - 950F in L*(QF),

and that, for all € QF, the matrix (¢®?(x)) is symmetric and positive definite
and there exists a constant Ag > 0 such that

g% (@)va-v5 > VA0 Y fval?
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for all € QF and all vectors v, = (v},)}_; € R®, o = 1,2 (cf. (18)). It follows
that, for each x € Q¢ the function

P=(F) em o |7 = (( X o @Fir)) " er
a,B,i

is a norm in the space M3*2, which is in addition uniformly equivalent with the
Frobenius norm in the following sense: there exists two constants C7 and Cy
depending only on 0 (independent of x in particular) such that

CHIF| < IIF|| < Cs|| |l for all F e M3¥2,
Therefore, gaﬂggﬂ >0 a.e. in O, 1/90‘557(’;,3 € L*(9¥), and

~ - 2 ~
(97°555)" = (9770.0" - 9,0°)" = || V&, (25)
where the notation
Vi OF = (al(l)k \ 32ék) e LY(Q5; MP¥?)

designates the (3 x 2)-matrix field Vi ©F whose columns are the (3 x 1)-vector
fields 9, ©F and 9,0%.
Next, we have (cf. relation (22))

det(gk ) = det VO* a.e. in 7,
which in turn implies that

det(gi ) 1 _
det(gm’g’;ﬁ) S e det VOF a.e. in Q°.

det (gaﬁ ) \/va

Using the above expressions of (gaﬁgfw)z and , /det(go‘aglgﬁ) in formula (24)
of Wy shows that

ek M Sk (14 L 5k
W;(04) = £V 6" +G(\/§det(V® )
The weak convergences (see in particular (20))

VyOF = VyO* in LY(Q5;M?*?) and det VOF — det VO* in L%(1),
combined with the convexity of the functions || - [||* and G, and with the lower
bound (14) for the function W¢(®), imply by means of a classical theorem
in calculus of variations (see, e.g., Ball, Currie and Olver [3, Theorem 5.4] or
Bunoiu, Ciarlet and Mardare [4, Theorem 1]) that

k—o0 Oe

~ 1
liminf [ WF(@%)gde > | (E[[Va@*|* + G(—= det VO*)) /g da.
mint [ W5©ygdr > | (KIVaOrlIt+ Gz et ver)) s

27



The integrand in the right-hand side can be recast as follows. Firstly, as in
(25), we have
IVa®[I[* = (9*7gs5)* a.c. in Q°.

Secondly, since ®* € Uy(27), we also have (cf. relation (13) in Sect. 3)
(det VO*)? = det(g}5) a.e. in O,

which combined with the inequality det(g;z) > 0 a.e. in Q° (this has been
proven in the previous Subsection; cf. (23)) shows that

det VO™ =, /det(g}5) a.e. in Q°.

Consequently,

L gerver - Ve Jdet( ) 0
— det = e—— = ,/det(g*7g%;) a.e. in Q°.
NG det(gap) ’

Then we infer from the previous inequality that

o gy B oaB o« —
tmin [ Wi (@4)ygde > [ (5600, + 6\ fdetlea;)) ) Vade
Qe Qe

_ /Q WE(©")y/3 de.
Besides, the strong convergence 6% 5 ®" in C°(Q¢; E?) implies that

lim f-(:)"'\/ﬁdx:/ f 0% /gdr.
Qs

k—oo Jqe

Finally, by combining the two limits above, we deduce that

@)= [ wi@ g~ [ 1. i

<liminf J5(©%) = inf J5(O).
k—o0 (:')GUg(QE)

This completes the proof of Theorem 1. O
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