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COHOMOLOGY CLASSES OF STRATA OF DIFFERENTIALS

ADRIEN SAUVAGET

ABSTRACT. We introduce a space of stable meromorphic differentials with
poles of prescribed orders and define its tautological cohomology ring. This
space, just as the space of holomorphic differentials, is stratified according to
the set of multiplicities of zeros of the differential. The main goal of this paper
is to compute the Poincaré-dual cohomology classes of all strata. We prove
that all these classes are tautological and give an algorithm to compute them.

In a second part of the paper we study the Picard group of the strata. We
use the tools introduced in the first part to deduce several relations in these
Picard groups.
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1. INTRODUCTION

1.1. Stratification of the Hodge Bundle. Let g > 1. Let M, be the space of
smooth curves of genus g. The Hodge bundle,

Hg = My
is the vector bundle whose fiber over a point [C] of M, is the space of holomorphic
differentials on C. A point of H, is then a pair ([C], ), where C'is a curve and a a

differential on C'. We will denote by PH, — M, the projectivization of the Hodge
bundle.

Notation 1.1. Let Z (for zeros) be a vector (ki1,ke,...,k,) of positive integers
satisfying
n
> ki=2g-2.
i=1
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We will denote by PH4(Z) the subspace of PH, composed of pairs ([C],a) such
that « is a differential (defined up to a multiplicative constant) with zeros of orders
ki,... kn.

The locus PH,(Z) is a smooth orbifold (or a Deligne-Mumford stack), see for
instance, [32]. However, neither PH,, nor the strata PH,(Z) are compact.
The Hodge bundle has a natural extension to the space of stable curves:

Hy — M,

We recall that abelian differentials over a nodal curve are allowed to have simple
poles at the nodes with opposite residues on the two branches.

The space PH,, is compact and smooth, and we can consider the closures PH,(Z)
of the strata inside this space. Computing the Poincaré-dual cohomology classes
of these strata is our motivating problem. In this paper we solve this problem and
present a more general computation in the case of meromorphic differentials.

1.2. Stable differentials. On a fixed smooth curve C' with one marked point x
consider a family of meromorphic differentials with one pole of order p at x, such
that the leading coefficient of the differential at the pole tends to 0. In order to
construct a compact moduli space of meromorphic differentials we need to decide
what the limit of a family like that should be. One natural idea is to include
differentials with poles of orders less than p in the moduli space. It turns out,
however, that a more convenient way to represent the limit is to allow the underlying
curve to bubble at x; in other words, to allow differentials defined on semi-stable
curves.

The first uses of semi-stable objects to compactify moduli problems can be found
in the work of Gieseker for the moduli space of stable bundles (see [20]), or in
Caporaso’s construction of a universal Picard variety over the moduli space of
curves (see [6]).

A semi-stable curve is a nodal curve with smooth marked points such that every
genus 0 component of its normalization contains at least two marked points and
preimages of nodes (instead of at least three for stable curves). In the example
above, the limit of the family would be a meromorphic differential defined on a semi-
stable curve with one unstable component and on marked point x on it. The curve
maps to C' under the contraction of the unstable component. The meromorphic
differential still has a pole of order exactly p at z.

Definition 1.2. Let n,m € N and let P (for poles) be a vector (p1,pa2, ..., pm) of
positive integers. A stable differential of type (g,n, P) isa tuple (C,x1,. .., Tntm, @)
where (C, 21, ...,Zp4m) is a semi-stable curve with n + m marked points and « is
a meromorphic differential on C, such that

e the differential o has no poles outside the m last marked points and nodes;

e the poles at the nodes are at most simple and have opposite residues on
the two branches;

e if p; > 1 then the pole at the marked point x,; is of order exactly p;; if
p; = 1 then z; can be a simple pole, a regular point, or a zero of any order;

e the group of isomorphisms of C preserving o and the marked points is
finite.

Definition 1.3. A family of stable differentials is a tuple (C — B, 01,...,0n,Q)
where (C — B,o01,...,0,) is a family of marked semi-stable curves and « is a
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meromorphic section of the relative dualizing line bundle we,p such that for each
geometric point b of B, the tuple (Cy, 01(b),...,0n(b), alc,) is a stable differential.

The stack 94, p of stable differentials of type (g,n, P) is the category of families
of stable differentials of type (g, n, P), fibered over the category of C-schemes.

Proposition 1.4. The moduli space Egm”P is a smooth Deligne-Mumford (DM)
stack. It is of dimension 4g — 4+ Y p; if P is non-empty and 4g — 3 otherwise.

The space Eqn p carries a natural C*-action given by the multiplication of the
differential by non-zero scalars. Besides, there exists a forgetful map $,.,.p —
M 4 that maps a family stable differentials to the stabilization of its underlying
family of semi-stable curves. However, the space £, ,, p does not have a natural
vector bundle structure in general because there is no natural definition of the sum
of two differentials with fixed orders of poles.

We will construct a partial coarsification of Eg% p that has the structure of an
orbifold cone over Mg ;4.

Proposition 1.5. There ezists a unique DM stack Hy , p fitting in the following
commutative triangle
Eg,n,P — ﬁg,n,P

Sk

Mg,n-i-m'
and satisfying

e the morphism m is schematic, i.e. for any C-scheme U with a morphism
U — My nim, the pull-back Hynp x U is representable by a C-scheme;

g,mnt+m
e for any such U — Mg pnim, the scheme Hg p X U is the coarse space
g,n+m
Ofﬁg7n1p7 x U.
Mg,n+7n

Definition 1.6. The space H,.,, p is the called the space of stable differentials.

Proposition 1.7. The space of stable differentials is an orbifold cone over Mgy s .
Besides the space ggﬁnyp and its projectivization are normal.

We prove these propositions in Section[2] where we will also give a definition of an
orbifold cone. At present it suffices to note that the cone structure on H, ,, p allows
one to define a projectivization PHg ,, p, a line bundle O(1) over the projectiviza-
tion, and the Segre class. Besides, the morphism Egﬂl’p — ﬁgynﬁp is C*-equivariant.

Remark 1.8. The stack ., p can be endowed with the structure of an orbifold
cone over a different moduli space M, p. The space My, p is a ( Z/(pi — 1)Z> -
i=1

gerb over My nym. The fibers of $,,, p — M, p are vector spaces, but the
C*-action on these spaces has nontrivial weights.

One can define the projectivization of 59_% p and the tautological line bundle
over this projectivization. Then we have a map ]P’Eg% p — ]P’ﬁg,ny p which is a
bijection between the geometric points of these two stacks. Therefore we have
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natural isomorphisms H*(P$,., p,Q) ~ H*(PHyn p,Q) and A*(PHy, p, Q) ~
A*(PHgy 1, p, Q). Thus, all the results of this text are valid for both spaces.

While the space Eg% p is the more natural choice for the moduli space of dif-
ferentials, in this paper we prefer to work with H, , p in order to have M, as
the base of our cone.

Notation 1.9. Let P = (pi1,...,pm) be a vector of positive integers and Z =
(k1,...,kn) a vector of nonnegative integers. We denote by A, z p C ﬁgyn,p, the
locus of stable differentials (C,x1, ..., Zp+m,«) such that C' is smooth and « has
zeros exactly of orders prescribed by Z at the first n marked points. The locus
Ay z p is invariant under the C*-action. We denote by PA, 7 p the projectivization
of Ay.zp. Moreover, we denote by A, z p (respectively PA, 7 p) the closures of
Ag.z.p (resp. PA, 7z p) in the space Hgy . p (vespectively in PH, ,, p).

1.3. The tautological ring of ﬂgm. Let g and n be nonnegative integers satis-
fying 2g — 2 +n > 0. Let M,, be the space of stable curves of genus g with n
marked points. Define the following cohomology classes:

e ;= c1(L;) € HX (Mg, Q), where £; is the cotangent line bundle at the
i*® marked point,

o ki = m (YY) € H*™ (Mg, Q), where m : My,qy1 — My, is the
forgetful map,

° )\k = Ck(ﬁgyn) S sz(ﬂg,n,(@), for k = 1, .oy g.

Definition 1.10. A stable graph is the datum of
r=(V,H,g:V—->Na:H—Vi:H—HEL)
satisfying the following properties:

e V is a vertex set with a genus function g;

e H is a half-edge set equipped with a vertex assignment a and an involution i;
e E, the edge set, is defined as the set of length 2 orbits of ¢ in H (self-edges
at vertices are permitted);

(V, E) define a connected graph;

L is the set of fixed points of ¢ called legs;

for each vertex v, the stability condition holds: 2g(v) —2+n(v) > 0, where
n(v) = #(a~*(v)) (the cardinal of a=(v).

The genus of ' is defined by >~ g(v) + #(E) — #(V) + 1.

Let v(T"), e(T"), and n(I") denote the cardinalities of V, E, and L, respectively.
A boundary stratum of the moduli space of curves naturally determines a stable
graph of genus g with n legs by considering the dual graph of a generic pointed
curve parameterized by the stratum. Thus the boundary strata of ﬂgyn are in
1-to-1 correspondence with stable graphs.

Let T be a stable graph. Define the moduli space Mr by the product

ﬂI1 = H mg(v),n(v)v

veV

and let (r : Mr — ﬂg,n be the natural morphism.

Definition 1.11. A tautological class is a linear combination of classes § of the

form
B = CF*( H P’U)7

veV
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where I is a stable graph and P, is a polynomial in x, A and 1 classes on ﬂg(v))n(v).

Proposition-Definition 1.12. Let RH*(M,,) C H*(M,n,Q) the vector sub-
space spanned by tautological classes. This subspace is a subring called the tauto-
logical ring of Mg ,.

See [21] for the description of the product of tautological classes.

Remark 1.13. Actually the classes « as above that do not involve A-classes span
the tautological ring. However it will be more convenient for us to use this larger
set of generators.

1.4. The tautological ring of PH,, p. Let P be a vector of positive 1ntegers
From now on, unless specified otherwise, we will denote by 7 : ./\/lg ntl — ./\/lg n the
forgetful map and by p : Hy . p — M, nim the projection from the space of stable
differentials to M, ,. Moreover we use the same notation p : PHg ,, p — Mg ntm
for the projectivized cone. Let

£=0(1) = Py p
be the tautological line bundle of PH, ,, p, and let £ = ¢;(L).
Definition 1.14. The tautological ring of PH, n p is the subring of the cohomology

ring H*(PH, . p, Q) generated by ¢ and the pull-back of RH*(M, n+m) under p.
We denote it by RH*(PHg,n p)-

Remark 1.15. We have ¢¢ = 0 for d > dim(PH,,, p). Therefore the tautological
ring of Pﬂg,m p is a finite extension of the tautological ring of mg)n+m.

Example 1.16. In absence of poles, the Hodge bundle is a vector bundle and we
have

RH*(Pﬂg,n) = RH*(mg,n)[ﬂ/@g + )\1§g71 .t Ag).
Proposition 1.17. The Segre class of the cone Hy pn.p — Mgnim equals

ﬁ (pi =P 1=+ 4 (Z1)9)
U= T a=m— ey
This proposition will be proved in Section 2. An important corollary of this

proposition is that the push-forward of a tautological class from PH, , p to My nim
is tautological.

1.5. Statement of the results. Now, we have all elements to state the main
theorems of this article.

Theorem 1. For any vectors Z and P, the class []P)Zg_rzyp] introduced in Nota-
tion[L.9, lies in the tautological ring of ngm,p and is explicitly computable.

The main ingredient to prove this theorem will be the induction formula of
Theorem [Bl

Definition 1.18. Let V' be a vector, in this article we will denote by |V| the sum
of elements of V' and by ¢(V') the length of V.

Given g and P, we will say that Z is complete if it satisfies |Z| — |P| = 2¢g — 2.
If Z is complete, we denote by Z — P the vector (ki,...,kn, —p1,.--, —Pm)-
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Restricting ourselves to the holomorphic case and applying the forgetful map of
the marked points we obtain the following corollary.

Theorem 2. For any complete vector Z, the class [ng(Z)} introduced in Nota-
tion [Tl lies in the tautological ring of PH, and is explicitly computable.

Remark 1.19. As a guideline for the reader, it will be important to understand
that the holomorphic case in Theorem [l cannot be proved without using strictly
meromorphic differentials. Thus Theorem 2] is a consequence of a specific case of
Theorem [I] but one cannot avoid to prove Theorem [I] in its full generality.

The second important corollary is obtained by forgetting the differential instead
of the marked points. Let P = (p1,...,pm) be a vector of poles and Z = (k1, ..., ky)
be a complete vector of zeros. We define My(Z — P) C Mg nym as the locus of
points (C, z1,...,z,) that satisfy

n m
wc( — Z ki;x; + ijInJrj) ~ Oc¢.
i=1 j=1

We denote by My(Z — P) the closure of M,(Z — P) in Mg y4m.

Theorem 3. For any vectors Z and P, the class WQ(Z - P)} lies in the tauto-
logical ring of My nim and is explicitly computable.

Remark 1.20. Theorems [ 2 and [] are stated for the Poincaré-dual rational
cohomology classes. However, all identities of this paper are actually valid in the
Chow groups.

In a second part of the text (Section[) we will consider the rational Picard group
of the space M,(Z — P). We will define several natural classes in this Picard group
and apply the tools developed in the first part of the paper to deduce a series of
relations between these classes (see Theorem [6).

1.6. An example. Here we illustrate the general method used in this article by
computing the class of differentials with a double zero [ng(Q, 1,..., 1)} This
computation was carried out by D. Zvonkine in an unpublished note [35] and was
the starting point of the present work.

We begin by marking a point, i.e. we study the space PH, ; of triples (C,z1, [a])
composed of a stable curve C' with one marked point z1 and an abelian differential
o modulo a multiplicative constant. Recall that PA, 2y C PH, 1 is the closure of
the locus of smooth curves with a double zero at the marked point. In order to
compute [PZ%@)], we consider the line bundle

L ® L1 ~Hom(LY, Ly)

over PH, 1. (Recall that £V is the dual tautological line bundle of the projec-
tivization ng.@ and £; is the cotangent line bundle at the marked point z1.) We
construct a natural section sy of this line bundle,

Sliﬁv — £1
a = alr).

Namely, an element of £V is an abelian differential on C, and we take its restriction
to the marked point.
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The section s; vanishes if and only if the marked point is a zero of the abelian

differential. Thus we have the following identity in H?(PH,1):
[PAy, 1)) = [{s1 =0} = e1(L.® L1) = €+ 4n.
Now we restrict ourselves to the locus {s; = 0} and consider the line bundle
L& LY.

We build a section sy of this new line bundle. An element of E\v{slzo} is an abelian
differential with at least a simple zero at the marked point z;. Its first derivative at
21 is then an element of 5?2 (we can verify this assertion using a local coordinate
at 7).

As before, so is equal to zero if and only if the marked point is at least a double
zero of the abelian differential. However, {s2 = 0} is composed of three components:

* ]P)Zg,@);

e the locus a. where the marked point lies on an elliptic component attached
to the rest of the stable curve at exactly one point and the abelian differ-
ential vanishes identically on the elliptic component;

e the locus a, where the marked point lies on a “rational bridge”, that is, a
rational component attached to two components of the stable curve that are
not connected except by this rational component (in this case the abelian
differential automatically vanishes on the rational bridge).

We deduce the following formula for [PA, (o)]:

[PAg )] = [{s2=0}] - lac] - [ar]
= (E+¥1)(€+2¢1) — [ae] — [a]
= &+ 31& + 207 — [a] — [a].
Remark 1.21. We make a series of remarks on this result.

e To transform the above considerations into an actual proof we need to check
that the vanishing multiplicity of so along all three components equals 1.
We will prove this assertion and its generalization in Section 3.

e Denote by 7 : PH, 1 — PH, the forgetful map, by dsep the boundary divi-
sor composed of curves with a separating node, and dyonsep the boundary
divisor of curves with a nonseparating node. Let us apply the push-forward
by 7 to the above expression of [PA, (2)].

— The term 7, (£2) vanishes by the projection formula, since it is a push-
forward of a pull-back.

— The term 7. (3&y1) gives 3ko€ = (6g — 6)€ by the projection formula.

— The term 7, (21?) gives 2.

— The term 7, ([ae]) vanishes, because the geometric image of a. is of
codimention 2 in PH,.

— The term 7. ([ar]) gives dsep since m induces a degree one map from a,
onto dsep-

Thus we get

PH(2,1,...,1)] = m[PA, (2)] = (69 — 6)€ + 2K1 — Fsep.

Using the relation 1 = 121 — Ssep — Ononsep 01 M, (see, for example, [I],
chapter 17), we have

[Pﬁ(z 17 R 1)] = (69 - 6)5 + 24/\1 - 35scp - 2(Snonscp-
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This formula was first proved by Korotkin and Zograf in 2011 using an
analysis of the Bergman tau function [26]. Dawei Chen gave another proof
of this result in 2013 using test curves [9].

e In general, to prove Theorem [I] we will work by induction. Let Z =
(k1,ka, ..., kn) and P be vectors of positive integers. Let Z' = (k1,...,k;+
1,...,kn). Then we will show that

[PAg 2 p] = (€ + (ki + 1)t;) [PAg z,p| — boundary terms.
The computation of these boundary terms is the crucial part of the proof.

1.7. Applications and related work.

Classes in the Picard group of M. Scott Mullane and Dawei Chen gave a closed
formula for the class of m, [My(Z)] in the rational Picard group of M, for all
Z of length g — 2 (see [8] and [27]). They used test curves and linear series to
compute this formula. This result has the advantage of giving explicit expressions,
however it has the drawback of not keeping track of the positions of the zeros and
of being restricted to the vectors Z of length g — 2 (see Section for an example
of computation).

Incidence variety compactification. The problem of the compactification of the
strata is extensively studied from different approaches in a joint work of Bainbridge,
Chen, Gendron, Grushevsky, and Moeller (see [2] and [18]). Their compactification
(called incidence variety compactification) is slightly different from the one that we
use here. We will recall their definitions in Section since we will make use of
some of their results.

Moduli space of twisted canonical divisors. In [15], Farkas and Pandharipande pro-
posed another compactification of the strata. Let g, n, m be non-integers such that
2g—2+4+n+m > 0. Let P be a vector of positive integers of lenght m and let
Z be vector of non-negative integers of length n that is complete for g and P.
We recall that My(Z — P) C Mg nim is the locus of smooth curves such that
we(=kix1r — ... — kpTe + D1%n+1 + - + PiZngm) =~ O¢ and that we denote by
My(Z — P) its closure in M ,1m. In [I5], Farkas and Pandharipande defined the
space of twisted canonical divisors denoted by .//\/lv(Z — P). The space of twisted
canonical divisors is a singular closed subspace of M, 4, such that M(Z — P) is

one of the irreducible components of M(Z — P).

We assume that m > 1. In the appendix of [15], Farkas and Pandharipande de-
fined a class Hy(Z — P) in Ay(Mg.ntm) (or H* (Mg nim)): this class is a weighted
sum over the classes of irreducible components.

Congjectural expression of Hy(Z—P). Let r be a positive integer and (C, 1, ..., Tntm)
be a smooth curve with markings. A r-spin structure is a line bundle L such that

L ~weo(—k121—. . .—knZTn+p1Zni1+-. . - +DPmTnim). We denote the moduli space
of r-spin structures by ./\/l(l/ ;_ p- This space admits a standard compactification
) —1/r

g.z—p the

by twisted r-spin structures: ﬂ;/;_ p- We denote by 7 : 5;{;_ p —
universal curves and by £ — 5;7/27 p the universal line bundle. The moduli space of

twisted r-spin structures has a natural forgetful map € : ﬂ;{;, p— ﬂg,mrm; the



COHOMOLOGY CLASSES OF STRATA OF DIFFERENTIALS 9

map ¢ is finite of degree r29~1. We consider Rm.(L) the image of £ in the derived

-1
category of Mg{;,P.

If m > 1, then we consider the class cj(Z — P) def cg (Rm L) € Ag(ﬂﬂ_lp).

If m = 0, then we consider a different class, namely Witten’s class: ¢}, (Z) €
Ag1 (ﬂ(ll/;) There are several equivalent definitions of Witten’s class, all of which

require several technical tools that we will not describe here (see [33], [II] or [7]).
We consider the two following functions:

—P_(],Z—P7 P;VZ N* — A*(ﬂg,n-{-m)
T o= redcy(Z = P)), r9 e (e (2)).

Both P, z_p and P;VZ are polynomials for large values of r (this result is due to

Aaron Pixton, see [23] and [31]). We denote by P, z_p and ﬁ;VZ the asymptotic
polynomials. The two following conjectures have been proposed.

Conjecture A. (see [15]) If m > 1 then the equality Hy(Z — P) = P, z_p(0) holds

m Ag (Mg,ner) .

Conjecture B. (see [30]) If m = 0 then the equality [My(Z)] = (—1)QE(XVZ(O)
holds in Ag—1(Mgy.).

As a consequence of Theorem[3] we know that the classes Hy(Z—P) and [My(Z)]
are tautological and we have an algorithm to check the validity of the conjectures
case by case (see Section for examples of computations).

These two conjectures are the analogous for differentials of the formula for the so-
called double-ramification cycles (DR cycles): the DR cycle is a natural extension of
to Mg, of the cycle in M, ,, defined as the locus of marked curves (C,z1,...,2x)

such that
Z a; ($Z> ~ OC
i=1
for any fixed vector of integers (a;)1<i<n such that > a; = 0 (see [23]).

Compactification via log-geometry. Jérémy Guéré constructed a moduli space of
“rubber” differentials using log geometry. He proved that this space is endowed
with a perfect obstruction theory. Moreover, if m > 1, this moduli space surjects
onto the moduli space of twisted canonical divisors and the class Hy(Z — P) is the
push-forward of the virtual fundamental cycle (see [22]).

If m = 0 has only positive values, Dawei Chen and Qile Chen have also used log
geometry to define a compactification of the strata Hq(Z) (see [10]).

Induction formula for singularities in families. The central result of the present
work is the induction formula of Section A similar formula has been proved
by Kazarian, Lando and Zvonkine for classes of singularities in families of genus 0
stable maps (see [24]). Their formula contains only the genus 0 part of our induction
formula.

They gave an interpretation of the induction formula in genus 0 as a general-
ization of the completed cycle formula of Okounkov and Pandharipande (see [29]).
For, now it is not clear if this generalized completed cycle formula has an extension
to higher genera.
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This type of induction formula had been previously introduced by Gathmann in
the context of genus 0 Relative Gromov-Witten invariants (see [I7]) and has been
recently adapted to the genus 0 quasimap invariants (see [3]).

Computation of the Lyapunov exponents of strata. Strata of differentials are en-
dowed with a structure of dynamical system. Several numerical invariants have
been introduced to characterize the dynamics of the strata: volumes, Siegel-Veech
constants, Lyapunov exponents. Some relations exist between these invariants.
These relations come in general from relations in the cohomology of the strata.

Our computation of cohomology classes of strata of differentials could be useful
to compute these numerical invariants. This idea is developed for example in [26]
and [8] based on the work of Eskin, Kontsevich, and Zorich [I3] (see Section [Z.3.3)).
This has been explored in the subsequent paper (see [34])

1.8. Plan of the paper. In Section[2l we construct the space of stable differentials
and compute its Segre class. Then we generalize the definition of stable differentials
for disconnected curves and for unstable irreducible curves. In the last subsection
we present the tautological rings of spaces of stable differentials in this most general
setting (with possible disconnected and semi-stable curves).

In Section Bl we introduce the stratification of the interior of spaces of stable
differentials according to the orders of zeros and we study the geometry of the
strata: local parameters, dimension, neighborhood in the space of differentials.
Then, in Section [4] we describe the boundary components of the Zariski closure of
strata.

Theorems [ 2] and Bl are proved in In Section Bl The main tool involved in their
proof is the induction formula for the Poincaré-dual classes of strata of differentials
with prescribed orders of zeros (see Theorem []).

In Section [0l we present two examples of explicit computations.

Finally, in Section [ we introduce several classes in the Picard group of strata of
differentials and prove several relations between these classes by using the induction
formula.
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2. STABLE DIFFERENTIALS

In this section, we construct the space of stable differentials and compute its
Segre class. We also define stable differentials on disconnected and/or unstable



COHOMOLOGY CLASSES OF STRATA OF DIFFERENTIALS 11

curves. Finally, we define and describe the tautological rings in this generalized
set-up.

2.1. The cone of generalized principal parts.

2.1.1. Orbifold cones. We follow here the approach of [12]. Let X be a projective
DM stack.

Definition 2.1. An orbifold cone is a finitely generated sheaf of graded Ox-
algebras S = S°® S' @ S? @ ... such that S° = Oy.

Remark 2.2. This definition of cone is weaker than the classical definition of Ful-
ton (see [16]) because we do not ask that S be generated by S*. In the classical
definition, a cone is a subvariety of a vector bundle (the dual of S!) given by ho-
mogeneous equations. Its projectivization is a subvariety of a bundle of projective
spaces. In the orbifold case, the cone is, again, a suborbifold of a vector bundle, but
is now given by quasi-homogeneous equations. Its projectivization is a suborbifold
of the corresponding bundle of weighted projective spaces, which carries a tauto-
logical line bundle O(1) in the orbifold sense (called canonical line bundle in [16]).
Thus the projectivization PC of a cone is an orbifold and carries a natural orbifold
line bundle O(1), the tautological line bundle. We denote p : PC = Proj(S) — X
and £ = ¢;(O(1)). Let C — X be a pure-dimensional cone and r the rank of the
cone defined as dim(C) — dim(X). The i-th Segre class of C is defined as

Si Zp*(fr+i_1) c 1_121’()(7 @)

Example 2.3. Let us consider the graded algebra C|x,y, 2] such that z is an
element of weight 2, y is an element of weight 3 and z is an element of weight
1. This graded algebra is not generated by its degree 1 elements. The associated
projectivized cone over a point is the weighted projective space P(2, 3) which is the
quotient of (C3)* by C* with the action:

A ('rvyaz) = ()\2{E,)\3y, /\Z)

Example 2.4. More generally, consider a sheaf of algebras of the form Ox ®c 5,
where S is a graded algebra over C. The projective spectrum of this sheaf is a
direct product of X with Proj(S). We call this a trivial orbifold cone.

2.1.2. Cone of generalized principal parts.

Definition 2.5. Let p be an integer greater than 1. A principal part of order p at a
smooth point of a curve is an equivalence class of germs of meromorphic differentials
with a pole of order p ; two germs f1, fo are equivalent if f; — fo is a meromorphic
differential with at most a simple pole.

First, we parametrize the space of principal parts at a point. Let z be a local
coordinate at 0 € C. A principal part at 0 of order p is given by:

) () e ()] S

with uw # 0. However, given a principal part, the choice of (u,aq,...,ap—2) is not
unique. Indeed there are p— 1 choices for u given by the ¢*-u (with ¢¢ = exp(if’j'f ),
for 0 < ¢ < p—1) and, once the value of u is chosen, the a;’s are determined uniquely.
Therefore the coordinates (u,a1,...,ap—2) parametrize a degree p — 1 covering of

the space of principal parts. This motivates the following definition.
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Definition 2.6. Assign to u the weight 1/(p — 1) and to a; the weight j/(p — 1).
The graded algebra S C Clu,aq,...,ap—2] spanned by the monomials of integral
weights is called the algebra of generalized principal parts and P = Spec(S) is the
space of generalized principal parts.

The space P is the quotient of CP~! by the group Z/(p — 1)Z, which, from now
on, we will denote by Z,_; for shortness. An element ¢ € Z,_; acts by

C ! (U, at, ..., a’p*2) = (Cua Cala o ,<p72ap72)'

Moreover, the natural action of C* on P is given by
1 1 p—2
A (uyat,. . ap—2) = (AP-Tu, AP=Tag,..., AP Ta,_2).

Note that this action is not well-defined on the covering space CP~!, but is well
defined on its Z,_; quotient P.

Notation 2.7. Denote by I,, C S the ideal of polynomials divisible by u. Denote
by A C P the suborbifold defined by I,.

The suborbifold A C P is the Weil divisor obtained as the image of the Cartier
divisor {u = 0} € CP~! under the quotient of CP~! by the action of Z,_1. The
divisor (p — 1)A is the Cartier divisor given by the equation u?~! = 0. (Note that
uP~1 lies in S while u does not.) The space of principal parts embeds into P as the
complement of A.

Lemma 2.8. A change of local coordinate z induces an isomorphism of S that
preserves the grading and acts trivially on the quotient algebra S/I,.

Proof. Let z = f(w) = ayw + asw? + ... be a local coordinates change. We
denote by (u’,a}, ..., a,_,) the parameters of the presentation of principal parts in
coordinate w. We have the transformation:

U = ou
ap — a1+ 71,1

2
az — a2 +7y2,1u01 + Y2,2U

where the 7, ; are polynomials in aj,as,... depending only on the order of the
principal part. By taking u to be 0, we see that the coordinates (a1,...,ap—2) of
A are independent of the choice of local coordinate.

Remark 2.9. In Section we will see that the locus A corresponds to the ap-
pearence of a semi-stable bubble of the underlying curve C at the ith marked point.
The coordinate on the bubble is w = u/z.

Remark 2.10. The cone of principal parts of differentials differs from the cone of
principal parts of functions of [12] only by the coefficients ; ;.

Now, let g,n be nonnegative integers such that 2g — 2 +n > 0. Let i € [1,n]
and p; > 2. We denote by P; the following sheaf of graded algebras over ﬂgyn.

Pick an open chart U C M, ,, together with a trivialization of a tubular neigh-
borhood of the ith section o; of the universal curve over U. In other words, denoting
by A the unit disc, we choose an embedding

UxA<Cyn
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commuting with U < M, ,, and such that U x {0} is the i-th section of the universal
curve. The sheaf P; over U is given by P;(U) = Oy ® S.

Now, given two overlapping charts U and V we need to define the gluing map
between the sheaves on their intersection. To do that, denote by z the coordinate
on A in the product U x A and by w the coordinate on A in the product V' x A.
Over the intersection U NV we get a change of local coordinates z(w). We use this
change of local coordinate and the constants ; ; from Lemma 2.8 to construct an
identification between the two algebras P;(U)|ynv and P;(V)|uay -

Note that the sheaf of ideals I, is well-defined and the quotients S/I,, are identi-
fied with each other in a canonical way that does not depend on the local coordinates
z and w.

We denote by P; = Spec(lP;) the spectrum of P; and by A; = Spec(P;/I,) the

spectrum of the quotient. The latter is a trivial cone over Mg 5.
Proposition 2.11. The cone P; and its projectivization are normal.

Proof. Indeed the space M, ,, is smooth and the sheaf of fractions of the algebra
PP; is the same as the sheaf of fractions of P}. g

Lemma 2.12. The cone A; is the product of ﬂgm with the weighted projective
space with weights (—— pi*z) quotiented by the action of Zy, 1. Moreover the
Segre classes of A; and P; are given by

pi=1) "7 pi—1

(pi — 1" 2
W TG
pi—1

S(Pi) — (pZ B 1) 1

(pi =D 1= (i — )i
Proof. The proof is based on the same arguments as for the cone of principal parts

of functions. The section uPi~! is a section of the line bundle Li_@(p =1 Which
vanishes with multiplicity p; — 1 along A,. O

2.1.3. Stack of generalized principal parts. In the above paragraph we defined the
cone of generalized principal parts which is a normal scheme over M, ,. We in-
troduce here another approach to the quotient by the Z,,_;-action. Let IP; be the
sheaf of algebra defined locally by

fDZ(U) = OU[U, aly ... ,api_g]
where U is a chart with a trivialization of a tubular neighborhood of the i-th section
of the universal curve and the coordinates (u, a1, ..., ap,_2) are defined as above.

Definition 2.13. The stack of generalized principal parts ; is the stack quotient
Spec(P;)/Zp, 1.
By construction we have the following proposition.

Proposition 2.14. For all schemes U with a map U — M., the scheme U XMym
P; is the coarse space of U XM,y L.

Proposition 2.15. The stack of generalized principal parts is a smooth DM stack.

Proof. The space ﬂgyn is a smooth DM stack and ‘B; is locally the quotient of an
affine smooth scheme over ﬂgyn by a finite group. O
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2.1.4. Cones of generalized principal parts and jet bundles. From now on in the
text, unless otherwise mentioned, for any family of semi-stable curves C' — S we
denote by w the relative cotangent line bundle w¢/ 5.

Definition 2.16. Let 7 : C,,, — M., be the universal curve and (0;)1<i<n :
ﬂg,n — Egyn the global sections of marked points. Let 1 <7 <n and p; > 1. The
vector bundle J; — M, ,, of polar jets of order p; at the i-th marked point is defined
as the quotient

Ji = Rm, (w(p;oy)) /ROTF* (w(oy)) .

We fix 1 < i <n and p; > 0. The bundle of polar jet of order p; is a vector
bundle of rank p; — 1. As before, we consider an open chart U of Mg, with a
trivialization z; of a tubular neighborhood of the section ¢;. Over the chart U the
jet bundle is trivial. Indeed an element of J; over U is given by

[ by +...+b’”—_2] iy

pi—1 pi—2 )
Z; Z; Zi

Thus, the jet bundle J; restricted to U is given by Spec(Oy[bj, ..., bp,—2]). Recall
that, using the trivialization z; we have defined coordinates u,ay,...,ap,—2 such
that P;(U) is the sub-algebra of

OU[U, A1y..., api_g]

generated by monomials with integral weights. We define the following morphism
of graded algebras over Oy

¢:i(U) : Sym*(J*V)(U) —P;(U)
bo — u’”_l,
b = uPi T g (for 1< j < p; —2).
The morphism ¢;(U) is defined for a chart U with a choice of trivialization z;. We
can easily check that the ¢;(U) can be glued into a morphism of sheaves of graded
algebras. Thus we have constructed a morphism of cones

¢i:’Pi—>Ji.

It is important to remark that for p; > 3 the morphism ¢; is neither surjective
nor injective.

Lemma 2.17. We define the following two spaces

PioP; = (P;\Aj)U the zero section,
Ji D J; (Ji \ {bo = 0}) U the zero section.

The image of the morphism ¢; is the space jl Moreover, the morphism ¢; restricted
to P; induces an isomorphism from P; to J;.

The proof is a simple check.

Remark 2.18. Note in particular that the morphism ¢; does not define a morphism
of projectivized cones. Indeed, certain points outside of the zero section of P; are
mapped to zero section of J;.
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2.2. The space of stable differentials. Let g,n, and m be nonnegative integers
satisfying 2g—2+n+m > 0. Let P = (p1,p2, - - -, pm) be a vector of positive integers.
For all 1 < 4 < m, we denote by P,4; (respectively B,+; and J,4;) the cone of
principal parts (respectively the stack of principal parts and the vector bundle of
polar jets) of order p; at the (n + ¢)-th marked point. Let p : 597n7P — ﬂgﬂwm be
the space of stable differentials of Definition together with the forgetful map.

We recall that 7 : Cy ppym — Mg ntm is the universal curve and the (o)1 <i<ntm :
Mg ntm — Cgnim are the global sections corresponding to marked points.

Notation 2.19. Let KM, ,,(P) — M, ,+m be the vector bundle

R, (w( Zpian-l-i)) = Mgntm-

i=1

It is a vector bundle of rank g — 1+ 3 p; if P is not empty.

We have the following exact sequence of vector bundles over ﬂg,mrm

m m
(1) 0 — R, (“(ZU"H)) — KMgyn(P) = @ JH 0,

i=1 =1
This exact sequence is simply the long exact sequence obtained from the residue
exact sequence.

Proposition 2.20. The stack Eg_’nyp 1s isomorphic to the fiber product ofKﬂgﬁn(P)
and @:11 Bri over @Z’;l Jn+i where the map Pori — Jnti is the composition of

¢.
maps Pori = Pnti — Jnti

Proof. We denote by 597,,, p the fiber product

(2) Eg,n,P - @Zl mn—i-i

| |

Ky (P) —= @7y s
We construct the two directions of the isomorphism Eqn p =~ 9,0 p separately.

From $4..p to Eg)mp. To construct a morphism F : H,, p — Eg,mp we define
morphisms ®; : Ny, p — Py for all 1 < i < mand x : Hynp — KMy, (P)
fitting in the diagram (2)).

Let (C — S,01,...,0n+m,a) be a family of stable differentials. Let s — S be a
geometric point of S and (Cs, 1, . . ., Tntm, &s) be the stable differential determined
by s. The element ®;(a;) is determined as follows

e If 2,4, does not belong to a rational component then ®;(s) is the principal
part at the marked point. It belongs to P+ \ {u = 0}.

e If x,,4; belongs to a rational component, let w,4; be a global coordinate of
the rational component such that: x,4; is at infinity, the node is at 0 and

the term of « in front of wflﬁr_fdwn“ is —1. Then «; is of the form

1 ) dwnJri
- (wﬁﬂH +arwl' T4 ap,oWng Fress, (a)) .
nTt
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and we set ®;(s) = (0,a1,...,ap,—2). Indeed the substack {u = 0} is the
quotient of a trivial vector bundle by Z,,_1 and the a;’s are the global
coordinates of this vector bundle.

We will prove that the map ®; depends holomorphically on s. If s is a point of the
first type this is an obvious statement. If s is a point of the second type, let U be an
open neighborhood of s in S with a trivialization z,4; of a tubular neighborhood
of op4i in C (see the previous section). Let C’ be the stabilization of C. The
differential « restricted to C’ is a differential with poles of order at most p; at
zZn+i = 0. The differential « in this coordinate is given by

pi—1
(3) a_<<2“> +otah _—— +res,, . (a)+ O (znﬂ)) nt
n+i )

Zn+i Zn+4ir0 Znti

The value u?~! depends holomorphically on s and up to a choice of smaller U we
can fix a choice of (p; + 1)-st root u. The function u depends holomorphically on s.

Now we use the function u and the local trivialization z,; to construct the family
of semi-stable curves C” C ' x P! defined by the equation z,;w = u (where, as
previously, w is the global coordinate of the rational component and the pole is
located at w = 0o0). This family of curves is isomorphic to C' (the stabilization of
C" and C’ are isomorphic and each fiber of these two families have the same dual
graph). In particular, « is a meromorphic differential on C” with constant order of
pole at w = co. Besides in the chart w the highest order coefficient of « is given by
1. In particular the coordinate w is equal to the coordinate w,; on the unstable
rational component of the fiber of s. In the chart w, the meromorphic differential
« is given by

dw
— _ pi—1 Di—2 b
4) « (w + aqw + ... Fap,—ow +res,, () + wgo(w)) p
where the a;’s depend holomorphically on s. Therefore ® depends holomorphically
on s.
Now, we construct the map  : 5917%13 — Kﬂgyn(P). Let (C — S,01,...,0n4m, Q)
be a family of stable differentials. We denote by C' — S the stabilization of C' and by
a = a|g. The family (C — S,01,...,0n4m, @) is a section of we/s(D Pionyi), thus
amap S — KM, ,(P). By construction, the morphisms x and the (®;);=1._n fit
in diagram (2)).

From 5!]7"1[-7 to Egynﬁp. Let S be a C-scheme and let S — 5!]7"1[-7 be a morphism.
By composition with the morphism $,,, p — KM ,,(P), we get a family of stable
curves C' — S with n + m sections o; and a section a of WC/S(Z PiOn+i). The

family S — %Wl, p determines also families of generalized principal parts. From
the family of meromorphic differentials o and the principal parts we will construct
a family of stable differentials.

Let z,1; be local trivializations of the tubular neighborhoods of the sections
On+i of the curve C/S for 1 < ¢ < m. Let w,4; be global coordinates of the
complex plane. We denote by (u?,a},... ,a;ifz) the standard coordinates of the
principal parts 93,4, obtained from the trivializations z,,. We construct a fam-
ily of semi-stable curves C — S defined by the equation z,y,wp4; = u*. On the
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curve C we construct a differential & This differential is given by the expres-
sion (@) in coordinate w,,; and by the expression (@) in coordinate z,;. The tuple

(6’, Oly. -y Ontm,@) is a family of stable differentials over S.
Therefore we have determined a morphism Fy : 4. p — Egynﬁp. By construc-
tion it is the inverse of F} previously defined. (I

The following proposition finishes the proof of Proposition[I.4land thus completes
Definition [L31

Proposition 2.21. We denote by Hy . p the following fiber product (in the category
of cones over ﬂg,n_Hn or in the category of DM-stacks)

(5) ﬂgJLP - 69111 Pri

e

K Mgn(P) — D1 Jnti-
Then space Hy . p is the unique space that satisfies the properties of Proposition[I.3.

Proof. The fact that H, , p satisfies the properties of Proposition is a direct
consequence of Propositions [Z.14] 2201 The uniqueness of this stack follows from
the uniqueness of coarse spaces. (Il

From now on we will denote by stab : H, , p — KM, ,(P) the vertical projec-
tion in diagram (G)).
2.3. Properties of spaces of stable differentials. We keep the notation g, n, m,

and P of the previous sections. We state here several general properties of 4., p
and Hgy . p that will be needed further in the text.

Proposition 2.22. Suppose that P is not empty. Then the spaces Hyn.p Hgn.p
are irreducible DM stacks of pure dimension 4g—4+ > p; and ]P)ﬁg’nyp 18 a proper
DM stack (of dimension one less). The space Hyn p and its projectivization are
normal. The space $4.,.p is a smooth DM stack.

If P is empty then both Egm”P and ﬁgynﬁp are isomorphic to the Hodge bundle,
which is a smooth DM stack of dimension 4g — 3.

Proof. The first part of the proposition follows from Propositions2.15] 2.20] and 2111
The second part is straightforward. ([

We consider the following two maps: on the one hand the inclusion of vector
bundles RO, (w (Y ;" on+i)) = KMgn(P), and on the other hand the zero map
KMgnp— @ P+ Then we get an embedding ROm, (w( > ") 0pti)) = Hgn,p
by the universal property of the cartesian diagram (&).

Proposition 2.23. For all g,n, and P, we have the following exact sequence of
cones (in the sense of [16] Proposition 4.1.6)

0 — R, (w(ZanH)) — Hynp — @Pn-m‘ — 0.
i=1 i=1
Proof. By construction, the sheaf of algebras defining H, ,, p is locally the tensor

product of the sheaves of algebras Sym " <R0m (w(Xr, anﬂ-))) and the P,, ;. O
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The action of C* on the space Hg p is determined by multiplication of the
differential by a scalar. Let us give a description of the C*-fixed locus, i.e. the
locus of points that are invariant under the action of C*.

Let (C,21,...,Tpim) be a curve in My ,4.,. We denote by m’ the number of
entries of P greater than 1. From C we construct a semi-stable curve C as follows.
The curve C has m/+1 irreducible components: one main component isomorphic to
C and m/' rational components attached to C at the marked points corresponding
to poles of order greater than 1. We mark points (zf,...,2,,,) on C. The first
n marked points and the points corresponding to poles of order at most 1 are on
the main component and satisfy x; = x;. The poles of orders greater than one are
carried by the rational components.

Now we define a meromorphic differential o on C by

e the differential @ vanishes identically on the main component;
e on an exterior rational component, if we assume that the marked point is
at 0 and the node at co then « is given by dz/zPi.

The tuple (C,a},..., 2/, 4+m»@) is a stable differential invariant under the action
of C*. Indeed, let A be a scalar in C*, the differential Ao vanishes on the main
component and Adz/zP¢ is equal to dw/wPi if we use the change of coordinate
z = w/APi for any ps-th root of .

Conversely any C*-invariant point of H,, p is of this type. Indeed Hgy, p is
a cone thus the locus of C*-invariant points is a section of this cone and we have
constructed this section here.

2.4. Residues. Let g,n,m and P be as in the previous sections.
Definition 2.24. Let R be the vector subspace of C™ defined by
R={(r,r2,..y"m),r1+r2+... +7rm =0}

The vector space R will be called the space of residues. The residue map is the
following map of cones over Mg pim

res: Hynp — R
a = (resg,. (a),resy, ,(a),... res,, . (a))

where R stands for the trivial cone. We use the same notation for the residue map
res : KMy ,(P) — M. In this case it is a morphism of vector bundles.

These two residue maps fit in the following commutative triangle

(6) Hynp —22 KM, ,(P)
R.

Let ﬂ!o]JLP C Hyn p (respectively Kﬂgyn(P) C KM, ,(P)) be the sub-cone
(resp. sub vector bundle) of differentials without residues.

We recall that the Hodge bundle is by definition equal to Hg s+ = ROmew. The
following sequence of vector bundles over My 4, is exact

(7) 0= Homim = ROm(w(_onii) SR -0
=1
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(this is the exact sequence obtained from the residue exact sequence 0 — we (> z;) —
we — C™ — 0). The vector bundle K mgm(P) fits into the following commutative
diagram of vector bundles over M ;4

(8)  0—= KM.,(P) KM<P>/ R—>0
RO (w3 onti)

where the central square is cartesian. The first line of diagram (B]) is exact by

Hgm-i-m

exactness of the sequence ([l). Therefore, the cone structure of gg,n, p can be

. =7 . 570 .
defined equivalently from the cone structure of H, , p or by saying that H, , p is

the fiber product

—0
Hg,n,P @ Pﬂ-i-i

KM, ,(P) —= @ Juss.
We have the following exact sequence of cones

o =0
0= Hymim = Hypnp = EDPnti = 0.

Remark 2.25. Note that we cannot say that sequence
—0 —
0—=>Hypnp— Hgnp—>R—0

is exact because exactness for morphism of cones is ill-defined if the first term is
not a vector bundle.

More generally we define the following.

Definition 2.26. Let R be a vector subspace of R. Let gf)mp C Hynp (re-

spectively Kﬂin(P) C KM, ,,(P)) be the sub-cone (resp. sub vector bundle) of
differentials with a vector of residues lying in R. We will call R a space of residue
conditions.

Lemma 2.27. Let R C R be a vector subspace.
e The space ﬂ_f}mp is a closed subcone of Hy . p of codimension dim(R/R)
(where we set dim(R/R) =0 if P is empty)
o The Segre classes of ﬂin)p and Hgnp are equal.
e The Poincaré-dual class of Pﬂfm,P in H*(PHgy.n p,Q) is given by

{]P%R } _ gdim(%/R)'

gn,P

Proof. Let us denote by resg the composition of morphisms Hy,, p — R — R/R
R

(we use the same notation for its alter ego for KM, ,,(P)). We denote by H,, .\,

the kernel of the morphism

Rm(w(> onyi) " R/R — 0.

i=1
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It is a vector bundle of rank g + dim(R). By repeating the above argument, we
have the following exact sequence of cones:

0—HY %ﬂinypﬁm/R.

g,n+m
We deduce from this exact sequence that:
. . R . T . .
e the co-dimension of H_ ,, p in Hgy, p is dim(R/R);

e the Segre class of gfn p is given by

C*( gn+m) Sx (@P’”ﬂ)

(see [16] Proposition 4.1.6).
Besides, the vector bundle R/ R is trivial thus

C. (ﬁinm) =c. (ROW* (W(i Un+z‘))>

and the Segre class of ﬁan p does not depend on the choice of R.

To prove the last statement, we study the vector bundle O(1) ® p*(R/R) —
]P”Hq,n p, where we recall that p : IP’HW, p — Mq n+m 1S the forgetful map. We
have O(1) ® p*(R/R) ~ Hom(O(—1), p*(:R/R)). A section of this vector bundle is
given by:

s: o resp(a).
The vanishing locus of s is ]P’ﬂf;m p which is of codimension dim(R/R) and irre-

ducible. Thus the Poincaré-dual class of Pﬂim pin H *(]P’ﬂg% p,Q) is given by
d - crop(O(1) @ p*(R/R)) = d - €1/ F)

. . . R T
where d is a rational number. Besides the cones H, , p and H,, p have the same
Segre class thus

k(H _ —R KEHE -
S0 = Px (5 k(Hg.n.p) 1) = Px ([]P),Hg,n,P]g k(Mg p) 1) = dSO;
and the coefficient d is equal to 1. ([

Proposition 2.28. The Segre class of Hyn p is given by

ﬁ (pi =P 1=+ 4 (219
=D T 0= - Do)
Proof. From the above lemma, we have

— —0
S*(H!]JZ,P) = S*(Hg,n,P)

= C*(ﬂg7n+m)_l . S* ( @ P’ﬂ-‘rl)

1=n—+1
= C( gner : <@ Pn-H)
i=n—+1
B ﬁ DPiml 1= X+ 4+ (=1)9,

ey [T (L= (pi — 1))
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From the third line to the fourth we have used the fact that c¢(H,) ™! = c(ﬁ:;) (see
[28]). O

2.5. Unstable base. Here we extend the definition of the spaces of stable differ-
entials to differentials supported on an unstable base.

Definition 2.29. A triple (g,n, P) composed of a nonnegative integers g and n
and a vector P of positive integers is semi-stable if either:
e 29 —2+n+{(P) > 0 (in which case we also say that (g,n, P) is stable),
e org=0,n=1and P = (p) with p> 1;
eorg=0,n=0,P=(1,p) withp > 1.

We want to define the space H,,,, p for all semi-stable triple. However, the space
Mo 2 is empty thus we cannot define the spaces g0,1+1,(p) and ﬁO,Z(l,p) as cones
over a moduli space of curves. Still, we can define the cone structure of these two
spaces over Spec(C).

The space ﬁ0)1+17(p) is defined as the complement of {u = 0} in the space of
generalized principal parts defined in Section 2.1l In other words QQHL@) is the
spectrum of the graded subalgebra of Clas, ..., a,—2| generated by monomials with
integral weights (where the weight of a; is j/(p — 1)).

The space go,?,(l,p) is the spectrum of the graded subalgebra of Cla1, ..., ap—2,7]
generated by monomials with integral weights where r (for residue) has weight 1.

2.6. Stable differentials on disconnected curves. In the paper, we will need
stable differentials supported on disconnected. Let ¢ be a positive integer, and

g = (91,92,---,9q);
n = (ni,ng,...,Ng),
m = (mi,ma,...,Mmy)

be lists of nonnegative integers, and let

be a list of vectors of positive integers of length m;.

Definition 2.30. The triple (g, n, P) is stable (or semi-stable), if the triple (g;, n;, P;)
is stable (or semi-stable) for all 1 < j < ¢, (see Definition [229]).

Unless otherwise state, we assume from now that (g, n, P) is semi-stable.

Definition 2.31. The space of stable differentials of type (g, n, P) is the space
q
Hg1n1P = HHgivniypi'
i=1

We define the interior of Hgnp as the open sub-stack Hg np C Hgn,p of differ-
entials supported on smooth curves.

Definition 2.32. The reduced base of type (g,n,P) (or of type (g,n,m)) is the
space

—red —_

Mg nm = H M, .nj+m;

7 such that
2g;—2+n;+m;>0

if the product is non-empty and Spec(C) otherwise.
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Proposition 2.33. The space of stable differentials of type P is a cone over
Mg nm. If the triple (g,n,P) is stable then the Segre class is given by
q
S (Hg,n,P) = H s (ngx”ﬂ'mjvpj) )
j=1
where s (Hg, n, p,) is the pull-back of the Segre class of Hy, n, p, to the product

;1-:1 Mg, n,+m, under the j* projection.

Proof. The proof is straightforward because the space Hg n p is a product of cones.

O
To handle the residues, we extend the definition of the space of residues *R:
q m;j
O R=EPR;, = {(rji);suchthat Y r;; =0,j € [1,q]} C C™FFme,
J=1 i=1

Definition 2.34. Let R be a vector subspace of SR. The space ﬁsn,P is the space
of stable differentials with residues lying in R.

Lemma 2.35. Let R be a linear subspace of R. The space ggmp is a subcone of
g§n7P of codimension dim(R) — dim(R) and we have:

e the cones Hgnp and ﬂ:ymP have the same Segre class;
e the Poincaré-dual class of [PQR ] in H*(PHgnp, Q) is given by

g,n,P
gdim(%)fdim(R);

Proof. The proof of Proposition 227 can be adapted immediately to the general
case. O

Definition 2.36. Let p: Hgnp — ﬂziym be the projection to the base. The tau-

tological ring of PHg n p is the sub-ring of H*(PHg n p) generated by £ = c1(O(1))
red We denote the

g,n,m-

and pull-backs by p of tautological classes from the base M
this ring by RH*(PHgnp)-

2.7. Semi-stable graphs. Let g, n, m, and P be lists of genera, numbers of marked
points without poles, numbers of marked poles and vectors of positive integers in-
dexed by j € [1,¢] as in the previous Section. We assume that (g, n,P) is semi-
stable.

In this section we define a combinatorial object called semi-stable graphs. We
show here that the space Hg n p has a natural stratification according to semi-stable
graphs and that semi-graphs allow to define some tautological classes.

Definition 2.37. A semi-stable graph of type (g,n,P) is given by the data

q
(V.H,g:V = N,a:H—V,i: H— HE(V,E)~[1,q],L~ | J[1,n; + my]),
j=1
satisfying the following properties:

e V is a vertex set with a genus function g¢.
e H is a half-edge set equipped with a vertex assignment a and an involution i;
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e the edge set E is defined as the set of length 2 orbits of ¢ in H (self-edges
at vertices are permitted);
e The graph (V, F) has ¢ labeled connected components;
e for all 1 < j < ¢, the genus of the connected component labeled by j is
defined by 3 g(v) + #(E;) — #(V;) + 1 and is equal to g;;
e [ is the set of fixed points of i called legs;
e for all 1 < j < g, there are n; + m; legs on the j*® connected component
and this set of legs is identified with the set [1,n; + m;];
e for each vertex v in V belonging to the j-th component:
— let n(v) be the number of legs adjacent to v with label at most n;;
— let m(v) be the number of legs adjacent to v with label at least n; + 1;
— let P'(v) = (Pjm-n;)m—sv,m>n,: it is the vector obtained from P;
by keeping only the entries associated to the legs of the second type
adjacent to v. We denote by P(v) the concatenation of P’/(V) with
the vector (1,...,1) of length equal to number of half-edges adjacent
to v that are not legs;
e for each vertex v, the triple (g(v),n(v), P(v)) is semi-stable.

We define the following lists indexed by the vertices of I':

gr = (9(v)vev , nr = (n(v))vev,
mr = (m(v))vev , Pr=(P(v))ev.

The triple (gp, nr, Pr) is semi-stable (it is implied by the last condition of the
definition of a semi-stable graph). We consider the space Hgp. np,pr. We denote
by Mr the space of residues of Hgp. np. pr. We define the subspace Rr C R by the
equations

rp+rp =0
for all edges e = (h,R’).

Notation 2.38. Let I' be a semi-stable graph we denote by Hr the moduli space
—Rr

ngxnr,Pr and by

Cl_# . gf‘ — ﬂg)n)P

the natural closed morphism.

Proposition 2.39. The set of semi stable graphs is finite and the space Hgn p is
stratified according to the semi-stable graphs; i.e, for all x in Hgnp there exists a
unique graph T' such that x € (r(Hr).

Proof. If we fix the datum (g, n, P), then there are finitely many semi-stable graphs
T for (g,n,P) such that the graph T' is stable. Indeed, there are finitely many
stabilization of I and then the graph I' is determined by the choice of which set of
marked points is on an unstable rational component (we recall that unstable rational
bridges between components are not permitted because the triple (0,0, (1,1)) is not
semi-stable).

Now for all semi-stable graphs the only possible unstable vertices are vertices
of genus 0 with 2 marked points: a leg and a half-edge. Therefore for all stable
graphs T of type (g, n,P), there are finitely many semi-stable graphs I'V such that
the stabilization of TV is equal to I". Therefore there are finitely many semi-stable
graphs.
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Now, if z is a point in ﬂgymp then if we denote by I' the dual graph of the
underlying curve of z then z lies in {r(Hr). This graph is uniquely determined. O

The space PHr is a cone, thus it has a tautological line bundle O(1). This line

bundle is the pullback by Cl# of the tautological line bundle of PHg » p. By abuse
of notation we will write £ for the first Chern class of the tautological line bundle
for both spaces. We have the following important proposition.

Proposition 2.40. LetT' be semi-stable graph. The morphism Cl#* : H*(PHr,Q) —
H*(PHg np, Q) maps tautological classes to tautological classes.

Proof. Let T" be a semi-stable graph. Let £k > 0 and § € Mrped. We need to prove
that the class QI# *(ﬁkp*(ﬁ)) is tautological. We will prove this statement in three
steps.

Stable graphs. We suppose first that I" is a stable graph. We recall that in this case
we have defined a map (r : Mr — ﬂgymm. Then Hr is the fiber product

— ¢ —
HF —_— 7_[g.,n.,P

ml‘ —Cr‘> mgmm

Let 8 be a cohomology class in H*(Mr, Q). We use the projection formula and the
fact that Hr is a fiber product to get C#*(ﬁk -pi(B)) = € p*(¢r.(B)). Therefore,
if the class 3 belongs to the tautological ring RH*(Mr,Q), then the class C#*(fk .
pi(B)) belongs to the tautological ring of Hg n,p-

Graph with one main vertex. Now we no longer assume that I' is stable. Let 1 <
j < gqand 1<i<mj. Letp; be the i*h entry of P;. Assume that I is the following
graph

Lj,nj+i

|
©

(we take the trivial graph for all the other connected components). We will prove
that the class ¢, (1) lies in RH*(PHgnmp). We use the parametrization of the
cone of principal parts at z

(G T O]

The stratum defined by T is the vanishing locus of u. We have seen that uPi~! is a
section of the line bundle Hom(O(—1), L7~ "). Therefore the vanishing locus of u
has Poincaré-dual class given by

1
[UZO]:pi_lg—Ufi-
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By the same argument, if I' is the graph

Tjm;+iy Ljnjtiz

| |
©

& e
where the set {iy} is a set of indices in [1,m;]. Then we have

¢.0=1] (p_ ¢ —m) .

k e

And more generally, for a class 8 in RH *(ﬂgimp) and k € N, we have
1 L
Gt €9 =45 TT (-6 - v ) € R Fgmme)
k h

General unstable graph. We combine the two previous arguments. Let I' be a
general semi-stable graph. Let I' be the graph obtained by contracting all edges
between stable vertices. We have ﬂrgc)i)m = H%Cd The space Hr is the fiber product

#
- ——red Cf -
Hy —— e — >y nm

o

-— ——red
MF —<F>' Mg,n,m'

Thus ¢, (£"piB) = & (€"p2(¢r.B)). Now T has one stable vertex, and (r,3 €

——red

RH*(Mg y, yy,) thus the class C#*(ﬁkpiiﬁ) is tautological. O

3. STRATIFICATION OF SPACES OF STABLE DIFFERENTIALS

The interior of space of stable differentials is stratified according to the orders
of the zeros of the differential. In this section we study the local parametrization
of these strata and compute their dimension.

3.1. Definitions, notation. In the paper we will often consider the following set-
up.

Assumption 3.1. The quadruple (g, Z, P, R) is of the following type:

e g=1(91,--.99), Z = (Z1,...,Z,), and P = (P1,..., P;) are lists of the
same length ¢ > 1;

o for all 1 < j < g, g; is a positive integer, Z; is a vector of non-negative
integers of length n; and P; is a vector of positive integers of length m;;

e we denote by n = (nq,...,n,) and m = (mq,...,my);

e the triple (g, n, P) is semi-stable (in the sense of Definition [Z30)

* R is a linear subspace of R = @j_; N; ~ @Pj_, C™ ' (defined as in [7)).

Let (g,Z,P, R) be a quadruple satisfying Assumption B.1}
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Notation 3.2. We denote by
R R
Agzp C Hgnp

the locus of points (C, (x):)1<j<q1<i<n; +m;, ) € ’H,g)n)P such that C' is smooth,
and o is nonzero on each connected component and has a zero of order exactly k; ;
at the ith point of the jth connected component for all 1 < j < gand 1 <7 < n;.

If there is no condition on the residues we will simply denote it by Ag z p.

Definition 3.3. We say that Z is complete for (g, P) if Z; is complete for (g;, P;)
forall 1 <j<gq.

3.2. Standard coordinates. In this section we describe how to parametrize dif-
ferentials with prescribed singularities. We use the notation A, = {z € C : |z| < p}
for the disks of radius p € RT and A4,, ,, = {z € C: p1 < |z| < p2} for the annulus
of parameters 0 < p; < po.

3.2.1. Standard coordinates. Let « be a meromorphic differential on a small disk
A, C C. We denote by r the residue of @ at 0. Then, there exists a conformal map
v : Ay — A, for p’ small enough, such that: ¢(0) =0 and

d(=%) if 0 is a zero of order k — 1;
e () =4 rZ if 0 is a pole of order 1;
d(zik)—l-rd?z if 0 is a pole of order k + 1.

The map ¢ is unique up to multiplication of the coordinate z by a k-th root of
unity when 0 is a zero of order k£ — 1 or a pole of order £+ 1. The coordinate z will
be called the standard coordinate.

More generally, if U is an open neighborhood of 0 in C™ and «,, is a holomorphic
family of differentials on A, such that the order of v, at 0 is constant, then there
exists a holomorphic map ¢ : U x A, — A, such that ¢(u,-)*(ay) is in the
standard form for some neighborhood of 0, U. Once again the map ¢ is unique up
to multiplication of the standard coordinate by a root of unity.

Now the following classical lemma describes the deformations of d(z*) (see [25]
for a proof):

Lemma 3.4. Let p > 0 and U C C™ be a domain containing 0. Let a,, be a family
of holomorphic differentials on A, such that ag has a zero of order k — 1 at the
origin. Then, there exists p' > 0, a neighborhood of 0 in C*=2, Z and a conformal
map

0 UXxAy A, x 2

such that that p(u,-)*(cw) = d(2* + ar—228"2 ...+ a12). The map ¢ is unique up
to multiplication of z by a k-th root of unity.

The locus z = 0 determines a section of the projection U x A, that does not
depend on the choice of k-th root of unity. This section is called the local center of
mass of zeros.

Now we would like to generalize the above lemma to deformations of poles of
order 1.

Definition 3.5. Let p > 0 and U C C" be a domain containing 0. Let a be a
differential on A, in the standard form d(z*). A standard deformation of o is defined
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by a holomorphic function 5 : U x A, — C satistying 5(0,z) = 0. A standard
deformation associated to § is the family of differentials on A, parametrized by U

B(u, 2)

z

o = d(2F) + dz.
In general, there exists no standard coordinate for a standard deformation. How-
ever, the following proposition has been proved in [2] (see Theorem 4.3).

Proposition 3.6. We consider the annulus A, ,, for any choice of 0 < p1 < pa <

p- ‘
Chose a point p € Ap, ,, and (¢ = eXp(QlTﬂ) a k-th root of unity. Chose a map

o:U — A, such that 0(0) = (*p. Then there exists a neighborhood U of 0inU
and a holomorphic map ¢ : U X A, ,, — ARr such that

gilon) = dz4) + 240

dz,
and ©(0,2) = ¢z and p(u,p) = o(u) for allu € U and z € Ap,.p.. For U small
enough, the map ¢ is unique.

3.2.2. Neighborhood of strata. Let (g,Z,P, R) be a quadruple satisfying Assump-
tion 311

Lemma 3.7. There exists a neighborhood V' of Ag 7. p in Hg np and a holomorphic
retraction 1 : V — Ag z.p such that n preserves the residues at the poles.

Proof. The general statement follows immediately from the connected case. Indeed,
Ag 7z p is locally isomorphic to Hj—:l Ay, z;,p; therefore we can define the neigh-
borhood V' and the retraction n as the product of the V; and n; for all 1 < j <g.
Therefore we will assume that ¢ = 1.

Let yo = (Co, @1, -, Tntm, o) be a point in Ay z p. Let n’ be the number of
zeros of a distinct from the marked points. We chose an ordering of these zeros
(Z1,...,Zn) and we denote by El the order of v at z; for all 1 < ¢ <n'.

We denote by d = dim(A4y z p) and by d' = dim(#H4»,p). A neighborhood of
yo in Ay z p is of the form U/Aut(yo) where U is a contractible domain of Ce.
A neighborhood of U/Aut(yo) in Hgn,p is of the form W/Aut(yo) where W is a
contractible domain of C%'.

For all y = (C, e, (x;,)) in U we denote by P(y) C C the set of poles of @ and
by Z(y) the set of zeros (marked or not). For all y, the form « determines a class in
the relative cohomology group H(C'\ P(y), Z(y), C). Besides, we have a canonical
identification of H'(C' \ P(y), Z(y),C) with H*(Co \ P(yo0), Z(y0),C) (this is the
Gauss-Manin connection), therefore we have a holomorphic map

Py U—>H1 (CO\P(yO)vz(yO)v(c)'

This map can be described as follows. Let (71,...,74) be simple closed curves
of Co \ (P(yo) U Z(yo)) that form a basis of the relative homology group Hy(Cp \
P(y0),Z(y0),Z). Then the map ®y is defined by

Oy :U — HYCo\ P(yo), Z(y0),C)

Coata) = (1 / | )
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Where the cycles on Co\ (P(yo) U Z(yo)) are identified with cycles on C\(P(y) U Z(y))
by the Gauss-Manin connection. The map @ is a local bi-holomorphism (see [4]
for example). We call the map Py a period coordinates chart.

Now we will construct the following holomorphic maps

W — H'YCo\ P(y), Z(yo),C),
> W — ZFiforalll <i<n,
W 5 ZFiforall 1 <i<n/,

where Z; is a domain of Ck: containing of 0 for all 1 < i <n and ZNl is a domain of

Cki=1 containing of 0 for all 1 < i < n/.

e For all 1 < i < n, the map ®2* is determined by a slight modification of
Lemma [3.4] for marked differentials. We consider a tubular neighborhood
W x A, = Cw around the i-th section of the universal curve. There exists
a p/ > 0 and a neighborhood Z; of 0 € C* with coordinates (@i1s-- ey Gik;)
and amap ¢ : W x A, = A, x Z; such that the marked point is at z; =0
and

oy = d(zf"Jrl + ai)kizfi +...tai1%)
for each point s of W. The map ¢ is unique up to a multiplication of z;
by a (k; + 1)-st root of unity. Thus we have defined a map from W to Z;
given by ag = (@i, .., k,))-
e For all 1 <i < n’, the map ®% is determined by Lemma [34. We consider
a tubular neighborhood W x A, — Cw around the i-th section of the

universal curve. There exists a p’ > 0 and a neighborhood Z,of0 € chi—1
with coordinates (a; 1, ..., a,7._,)and amap ¢ : W x A, = A, x Z; such
that

ki+1
iJr —|—...—|—CL1'1121')

oy = d(z
for each point y of W. The map ¢ is once again unique up to a multiplica-
tion of z; by a (k; + 1)-st root of unity. Thus we have defined a map from
W to Z; given by oy — (@i, ..., aiﬁi_l)).

Besides, the point z; = 0 is called the center of mass of the differential.
It does not depend on the choice of a root of unity, therefore we have a
uniquely determined point z; € C for all s.

e The map ®! is defined as ®; by the Gauss-Manin connection. For a
point y = (C,a,x1,...,Tptm) in W we denote by Z(y) = {x1,..., 2,1 U
{Z1,..., %y} (the union of the marked points with the center of masses de-
fined above). Then the differential a defines a point in H(C'\ P(y), Z(y))
which is once again canonically identified with H*(Co \ P(y0), Z(y0))-

We will prove that the map

d =P x (ﬁ @271') X ﬁqﬁvi
i=1 i=1

is a local bi-holomorphism (see [25] 5.2, in the holomorphic case). The source and
the target have the same dimension therefore we only need to check that that the
differential of each component of ® is surjective. For ®! this is obvious because
¢!y = @y is a local bi-holomorphism.
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Let 1 <4 <nandlet A, be a disk in Cp around z; such that o = d(w**1). Up to
a choice of a smaller Z;, for all (a; 1,. .., a;r—1) € Z; we have (2¥ 1+, +a;12) #
0 for all p/2 < |z| < p. Then we construct a family of curves C; — Z; by gluing the
two families of curves (CO \4A, /2) x Z; with A, x Z; along the identification

1
w= (M 4 e 2)®D

(this family depends on the choice of a the (k; + 1)-st root). Now the differential
a on C; is determined by «g on (Co \ AP/Q) x Z; and by d(zFF + ..+ a;12)
on A, x Z;. The two differentials agree by construction of the complex structure.
Therefore the differential of ®2% is surjective. The same argument holds for ®3*
forl1<i<n'.

Now we set nw = @El o®!. This retraction does not depend on the choice of the
root of unity nor on the choice of ordering of the non-marked zeros. Indeed, it is
defined by the inverse procedure of patching d(w*: 1) instead of d(z**1+.. . 4a; 12)
for all 1 <4 < n (and for non-marked zeros). Therefore it does not depend on the
local identification of the relative homology group. Thus if we consider two maps
nw and ny (for neighborhoods of points yo and y()) then these two map agree on
wnw'.

Finally, the residues are preserved by 7. Indeed for any choice of yo, we can
chose a basis (71,...,7v4) of H1(Co \ P(v0), Z(yo),Z) such that 7, is a small loop
around the (n + i)th marked point for all 1 < i < m — 1. The period of a around
this loop is the residue of « at the i-th pole and is preserved by 7. ([

Corollary 3.8. The residue map restricted to AQZ)P — R is a submersion.

Proof. Let (C,21,...,Tpntm, @) be a point of Ag’,z,P- Let r = (r1,...,7m) be a
vector in R. There exists a meromorphic differential ¢ on C with at most simple
poles at the m last marked points with residues prescribed by r. Let A be a disk of
C centered at 0 and parametrized by €. Let i be the retraction map of Lemma 37
The residues of n(« + ep) at the poles are given by

resy, ., (o) + er;.

Thus the vector r belongs to the image of the tangent space of Ag z p under the
differential of the map res. O

Remark 3.9. Recenlty Gendron and Tahar studied the surjectivity of the residue
maps for open strata in the space of meromorphic differentials (and also of higher
order differentials — see [19]). Our statement that the residue map is a submersion
does not imply surjectivity. However, the image of an algebraic submersion is
always a Zarisky open set. Thus we can claim that the residue map is surjective on
the closure of every nonempty stratum.

3.2.3. Neighborhood of strata with appearance of residues. We consider a slightly
more general set-up. Let ¢ > 2 and g,n,n’, m be list of non-negative integers of
length q. Let P = (Py,..., P,) be a list of vectors of positive integers such that
length(P;) = mj for all 1 < j < q and let Z = (Z1,...,Z,) be a list of vectors of
nonnegative integers such that length(Z;) = n; + n3 We assume that the triple
(g,n + n’,P) is semi-stable (in the sense of Definition 230).

For all 1 < j < ¢, we denote by P/ = (p1,...,Pm,,1,...,1) the vector obtained
from p by adding n/; times 1 and by Z} = (k1, ..., ky) the vector obtained by erasing
the last n’ entries of Z.
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The space Hg nin/,p is embedded in Hg n p/. We denote by R and 9’ the vector
spaces of residues of Hg nin/,p and Hgnp/. Let R’ be a vector subspace of R'.
The vector space fR is a vector subspace of SR/, and we denote by R = RN R’. We
have the following series of embeddings

R R R
Agzp = Agzp = Agz pr-
Proposition 3.10. Let yo be a point in Agyzyp. Let U be neighborhood of yo in
Ag)Z)P. There exists a neighborhood V' of yo in Agz,)P/ and a map

o:VIUx| ] 2| x2
1<j<q
lgn;
where:
e Z;, is a neighborhood of 0 in Ching+i forall1<j<qg,1<i<n' and Z
is a neighborhood of 0 in R'/R;
o if A, is a disk and s : U x A, — ([ Z;,:) x Z is a holomorphic map such
that s(u,0) = 0 then the family of differentials

5:UxA, =V
(u,€) = ¢ (u,5(u,¢))
is a standard deformation of d(zkj*"j“"’l) foralll<j<q,1<i<n.

Proof. We have seen that a neighborhood of U in AQZ“P is isomorphic to U X
‘;—:1 H;ZIF"J Z;;. Foralll<j<gand1<i< n}, the differential at the marked
point x; ;4 is given by d(zFmitt 4 a2t 4 ) (Lemma [B4).
Now, for all 1 < j < g and 1 <4 < nj, we choose a meromorphic differential ¢; ;
with simple poles at the marked points in such a way that the vectors of residues

. . / . .
rj; of ¢;,; form a basis of R'/R. The residue map Agz,yp, — R’ is a submersion

(CorollaryB.8). Thus a neighborhood of U x[[ Z;; in Ag,/z/,P/ is naturally identified
with a U x ([[ Z;,:) x Z with Z neighborhood of 0 in R’/R. The identification is
given by adding a linear combination of the ¢;;’s.

Both the deformations of U into U x [ Z;,; and the deformations of U x [] Z;,
into U x ([[ Z;j,:) x Z are standard deformations at the marked point x;,,; for
alll1<j<gand1l<i<n;.

The isomorphism ¢ is not unique. Our construction depends on the choice of
standard coordinates at the ;44 for all 1 < j < g and 1 <4 < n; and on the
choice of the differentials ¢;; with simple poles. However Proposition implies
the following corollary.

Corollary 3.11. Given ¢ satisfying the conditions of Proposition[310. The mor-
phism ¢ defines a local retraction n : V. — U such that n o § = Idy for any
holomorphic section s : U x A, — ([[ Z;,:) x Z.

3.3. Dimension of the strata. Let (g, Z, P, R) be quadruple satisfying Assump-
tion 311

Definition 3.12. A completion of Z is a list of ¢ vectors of non-negative integers
Zy = (K, kll,nll)’ e Z = (K, klln:]) such that:
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e forall 1 <j <g,n}>ny

e forall 1 <j<gand1<i<n,wehavek} > k.

e 7’ is complete for (g, P).
We will say that the completion Z’ is exterior if for all j and all 1 < ¢ < n; we have
ki = k;. Finally we will denote by Z,, the mazimal completion, i.e. the exterior
completion of Z that satisfies k’-i =1forall jandn; +1<4< n’».

If Z’ is a completion of Z we denote by = : A P = A 7 p the forgetful map
of marked point that are not accounted for by Z, 1 e. the restrlctlon of the forgetful
map of marked points 7 : Hgn'p — Hgnp to Ag-,Z’-,P' We have the following
straightforward lemma.

Lemma 3.13. We have
R R
Ag,Z,P = UTr(Ag,Z’,P)v
Z/
where the union is over all exterior completions of Z.

Lemma 3.14. If g =1 and the vector Z is complete for g and P, then the forgetful
map of the differential p : Ag zp p(Aq 2.p) C Mgnim is a line bundle minus
the zero section. In particular PAg,Z.,P is isomorphic to its image.

Proof. Let (C,z1,...,Zntm) be a point of Im(p). The curve C is smooth and
the divisor we — Y70 ki(w) + 2271, pj(wn+;) is a principal divisor of degree 0.
Therefore the fiber of p over (C,x1,...,Zntm) s given by the nonzero multiples of
one differential with fixed orders of zeros and poles. O

Proposition 3.15. The space Ag z.p 15 either empty or co-dimension Z;J.:l |Z;|+
dim(R/R) in Hgnp.

Proof. First we assume that ¢ = 1 (connected case), Z is complete and R = R (no
residue condition). The dimension of PA, z p is equal to the dimension of its image
in the moduli space of curves. Then the image of PAy 7 p is of dimension 2g —2+n
if P is empty (see [32]) and 2¢g — 3 4+ n + m otherwise (see [I5]). By a simple count
of dimension we can check that the proposition is valid in this specific case.

We no longer assume that ¢ = 1 (but we still assume that Z is complete and
R = M). Then the space Agzp is birationally equivalent to []; Ay 7, p,- Thus
dim(Ag zp) = ) dim(Ay, 7, p,) and once again, the Proposition holds by a simple
count of dimensions

Now, we still assume that Z is complete, however we no longer assume that
R = . We have seen that the residue map Agz p — R is a submersion, therefore
the dimension of A z p is equal to the dimension of R plus the dimension of the
fiber of the res1due map at any point. If we consider the case R = R, then we see
that that dimension of the fiber at any point is dim Ag 7z p — dim R. Therefore the
dimension of Af 7 p is equal to dim Ag z p — (m—1)+dim(R). Thus the proposition
is valid for all choices of R.

Now, let Z be any vector. Let Z’ be an exterior completion of Z. The map 7 :
ASZ,)P — Ag,z,P is quasi-finite. Indeed the preimage of a point (C, z1, . . . , Tppm, @)
is finite: the points in the preimage correspond to the different orderings of the zeros
that are not accounted for by Z.

The proof of Lemma [B.7] implies that if Ag 7/ p is not empty for some exterior
completion then Ag 7, p is not empty: indeed we can always perturb a differential
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to “break up” a zero of order greater than 1. By counting the dimensions, we have
dim(Ag)ZWP) > dim(Agz,)P) for all exterior completions Z' # Z,,. Therefore
dim(Ag)ZWP) = dim(Ag)Z)P) and the proposition is proved. O

3.4. Fibers of the map p: Ag,z,P — Mg nm. Let (g,Z,P,R C R) be a quadru-
ple satisfying Assumption [3.1] Besides in all this section we assume that the triple
(g,n,P) is stable.

If the context is clear, we denote by the same letter the map p : Hg np = Mg nm
and its restriction p : Af; p = p(Af, p). We denote by Tm(p) = p(Afzp) C
Mg 7z p its image.

We recall that by definition ® = @7_; R; =~ @7_, C™ ! (see Section 2.6).

Notation 3.16. Let 1 < j < g, we denote by pr; : ) — R; the projection onto
R, along B, ; M;. We denote by R; the space pr;(R).

Remark 3.17. The linear relations that define the space R may involve residues
at poles of different connected components. Thus in general we have RNR; C R;.

Let 1 < j < g. We denote by p; the map from AZZ{Z],_’PJ_ to My, n;+m;. Finally
we denote by Im(p;) the image of p;. We have a natural embedding of A§727P into

i AZZJ_’Z],_’PJ_ and of Im(p) into []7_, Im(p;).

The purpose of this section is to state the condition (%) (see Notation B.23)
that ensures that the projectivized morphism p : ]P)Ag,z,P — Im(p) is birational.
This will be needed in Section @4l to describe the boundary divisors of the stratum
Ag zp- We will proceed in two steps: first we consider the case that Z is complete

and then a general Z.

Complete case. For now we assume that Z is complete for g and P.

We have seen that the fact that Z; is complete for all 1 < j < ¢ implies that
that AZZ{ z,,p, — Im(p;) is a line bundle minus the zero section. We denote by L;
the pull-back of this line bundle to Im(p).

We define the j-th evaluation map of residues ev; : L; — R, as the morphism
of vector bundles over Im(p) given by the evaluation of the residues at the j-th
connected component. We define the evaluation of residues as the morphism of

vector bundles: ev = (@3‘:1 evj) @I, L — R

Remark 3.18. The evaluation map (ev) and the residue map (res) are not defined
on the same spaces. The first one is a morphism of vector bundles on the space
Im(p) while the second one is defined as a morphism of vector bundles over IP’AQ Z.P-

If g =1, then ]PA; z p 18 isomorphic to its image and the two morphisms are equal.
Proposition 3.19. Suppose that Z is complete. Then, the families

D: Ag,z,P — Im(p)
and

q
prev'(R) N [ []L; | = Im(p)
j=1

are isomorphic. If ¢ > 2, the fiber of p over a point is of dimension 1 if and only
if ev is injective and RN ev(ED; L;) is of dimension 1.
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Proof. The proposition is straightforward for ¢ = 1. We suppose from now on that
q=>2.

For a point « € Im(p), the fiber of p can be described as follows: it is the choice
of a nonzero differential for each connected component such that the residues at
the poles define a vector in R. Therefore the fiber over x is the subset of points of
[1L; with residues in R. This fiber is given by ev™'(R) N [7_, L;.

The fiber of ev™'(R) N[[7_, L} over z € Im(p) is not empty. Indeed, suppose
that for some 1 < j < ¢ the space ev™*(R) is contained in {0} x @D, .; Lj:, then the
residue condition R imposes that the differential on one of the component is zero. In
which case, x is not a point of Im(p). Therefore the dimension of ev™"(R)N[]7_, L}
is the same as the dimension of ev™1(R) N D, L.

The only point that remains to prove is: if the map ev is not injective then
the fiber of p is of dimension greater than 1. We assume that the map ev is not
injective. Then one of the L;’s is mapped to zero for some 1 < j < ¢: indeed for
all 1 < j < g, the j-th component of ev is the composition of ev; : L; — R, with
the inclusion of RR; — R; thus if a vector in € L; with a non-zero j-th entry is
mapped to zero in R then the generator of L; is mapped to zero in $R; and Lj; is
mapped to zero in *R.

Therefore we have

q
ev '(RINEPL;=L;o [ev  (R) NP Ly
i=1 J'#3

We have seen that ev™!(R) cannot be contained in L; x {0}, thus the second
summands is of positive dimension and ev=1(R) N @gzl L; is of dimension greater
than 1. 0

Let 3 be the union of the vector subspaces RN ker(pr;) for 1 <i < gq. If R is
of positive dimension, we denote by PX the image of ¥ in PR. This is the locus
of vectors of residues that vanish on at least one connected component. Suppose
that all R; are of positive dimension, then ¥ C R and there is a natural map
p:PR\PY — Hj.:l PR; defined as the projection on each factor.

Notation 3.20. We will say that the residue vector spaces (R, R, (R;)1<i<q) satisfy
the condition (%) if either ¢ = 1 or the two following conditions holds:

e the space R and the R;’s are of positive dimension;
e there exists an open and dense set U in PR such that the restriction of the
natural map p : PR\ P — [[L, PR; to U is finite.

Proposition 3.21. Suppose that Z is complete and that q is at least 2. Then the
fiber of p over a generic point of Im(p) is of dimension 1 if and only if (R, R, (R;)1<j<q)
satisfy the condition (*).

Proof. We have already seen that if R; is reduced to the trivial space, then the
map ev : U?:1 L; — R is not injective and the fibers of p are all of dimension
greater than 1 (see the proof of Proposition B.19). We assume that all R, are non
trivial. For all j, we denote by A9 C Ag zp to be the locus of differentials with
zero residues on the j* component. The image of A? by the residue map lies in
R Nker(pr;) which is of positive codimension in R. Besides the residue map is a
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submersion, thus dim(A?) < dim(A, p). We will denote

q
A=A\ A

Jj=1

The locus A’ is dense in A . If we assume that the fibers of p are generically
of dimension 1, then p(A") 1s also dense in Im(p). Therefore we only need to prove
that a generic point of p(A’) has fibers of dimension 1 if and only if condition (x)
is satisfied.

It is easy to check that the residue map sends A’ to R\ X. Therefore the
locus p(A’) is the locus of points such that the map ev defined in the proof of
Proposition BI9is injective. Thus a point of p(A’) has fibers of dimension 1 by p if
and only if RNev(D; L;) is of dimension 1. Now, RNev(P; L;) is of dimension 1 if
and only if the preimage under p of the point (L1, ..., Lq) € H?Zl PR; is composed
of a unique point.

Now the residue map is a submersion from AR z p to R. Therefore, the map p is
finite on a dense open subset of PR\ PX if and only if the fiber of p is of dimension
1 on a dense open set of Im(p). O

3.4.1. General case. We no longer assume that Z is complete. We denote by
Z,, = (Zim,---,Zqm) the maximal completion of Z. Besides, we denote by
Dm Ag,zm,P — Im(py,) the forgetful map of the differential.

Proposition 3.22. We suppose that (R, R, (R;)1<i<q) satisfy the condition (x).
Then we have dim(Im(p,,)) = dim(Im(p)) if and only if for all 1 < j < q we have
dlrn(Aq]]Z PJ) —1<dim(Mg, n;4m;)-

Proof. We proceed in two steps: first we assume that the base is connected and
then we consider the general case.

Connected case. We assume that ¢ = 1. In this case, the “only if” is trivial. Indeed
]P’A;?ZP = dim(Im)(py,) and dim(Im)(p) < Mg nim-

We assume that the dimension of ]P’Agf 7 p 18 less than or equal to the dimension
of Mg ntm. We have the following commutative diagram:

R . R
Ag,ZmyP Ag7Z=P

pml l

Im(py,) —— Im(p),

where the horizontal arrows are the forgetful map of the zeros that are not accounted
for by Z. We have seen that the image of Aff)zmp is dense in Ay z p. Therefore
the image of Im(p,,) under the forgetful map of the points that are not accounted
for by Z. is dense in Im(p). Then we have dim(Im(p,,)) > dim(Im(p)). Now we
will prove that dim(PA%Y, p) < dim(Im(p)).
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We consider the following two vector bundles over the moduli space of curves

Mg ntm

R, (wc(z PiOn+ti)),
i=1

E = m/R@<@Jggi>,

i=1

KMgn(P)

where thgl is the vector space of holomorphic jets of order k; at the marked point
xz;, i.e.

thi = ROF*(W(—kiJJi)/W).
(beware the vector space of jets here is not the vector space of polar jets used in
Section 2.2). We have a morphism e : KM, ,(P) — E. The rank of KM, ,,(P)
isTgy =g—14+> p; if P is not empty and 71 = g otherwise. The rank of E is
ro = dim(R/R) + >_ k;. By assumption, we have

dim(IP’AgZ)P) =dim(Mg ptm) +7r1 — 72 — 1 < dim(Mg ptm).

Let £ C Mg n+m be the locus where e is not injective. We have r < ry + 1 thus
the locus £ is of codimension at most ro — r; + 1 because it is the vanishing locus
of r9 — r1 + 1 minors of the map e. Therefore the locus £ is of dimension greater
than or equal to dim(]P’Af’ZyP) = dim(Im(p.,)).

To complete the proof, we show that Im(p) is open and dense in £. Let P’ be a
vector of m positive integers such that P’ < P. Let Z’ be a vector of n nonnegative
integers such that Z’ > Z. The image of ]PA?)Z/)P/ lies in €. Conversely, the locus
£ is the union of all the Im(p’) where p’ is the map from ]PA!}ZZ/)P/ to Mg nym for
P' < Pand Z' > Z. We have dim(PAﬁZ,7P,) < dim(]P)Aﬁzp) <dim(&) if P < P
or Z' > Z. Therefore all irreducible components of Im(pj have the same dimension
as £ and dim(Im(p)) = dim(Im(p,)).

Disconnected case. Suppose that there exists 1 < j < ¢ such that dim(PAZ{Zjﬁpj) >
dim(Myg; n;4+m;). Then the fibers of the map Im(p;,,,) — Im(p;) are of positive
dimension. Thus for all points in Im(p) the fibers of the map Ag z p — Im(p) are
of positive dimension.

Conversely, suppose that for all 1 < j < ¢, we have dim(IP’Afjj’Zj_’Pj) < dim(Myg; n;4m;)-
Thus for all 1 < j < ¢, we have dim(Im(p;)) = dim(Im(pjm)) = dim(IP’Afjj)Zj)Pj).
Therefore, there exists a dense open subset U; C ]PAZJ; Z,.P, such that the morphism
Im(p;.m) — Im(p;) is finite over its image. Besides, the map PAf;z,p — PR and
the maps IP’AZ{ z,p; PR; are submersions. Thus, for all 1 < j < g, the image of
U; under the residue map is an open subset of PR; that we denote U; C PR;.

Now we consider the morphism p : PR\PX — [] y U;. We claim that the preimage
of T] ;i Uj under p is a non empty open subset in PR. Indeed, if we suppose that
p’l(Hj Uj) is empty, then the image of PR \ PX under p is contained in a finite
union of closed subsets of the form (PR, \ U;) x [1;/.; PRy for some 1 < j < q.

However, the space PR\ PX. is irreducible, thus its image under p is contained in one
such subspace. This would imply that the image of PR\ PX — PR, is contained in
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a closed subspace and this is not possible (because R; is the image of the projection
of R onto R;).

Putting everything together, the preimage of [] y (7]- under the composition of
morphisms ]P’Ag zp — PR\PY — ][, R; is an open and dense subspace U:

UcC ]P’AQZP

|

q q R; q
i=1Uj €Il PA, 7, p, — 1121 Im(p;)

Im(p)

The lower arrow is finite from [ y U; to its image. By construction the subspace U
is embedded in [JU;. Therefore the map U — Im(p) is finite over its image and
dim(Im(p)) = dim(]P’Ag)Z)P) = dim(Im(pm,))- O

Notation 3.23. We will say that (g, Z, P, R) satisfies condition (x) if and only if
the two following conditions are satisfied

o the vector spaces (R, R, (R;)1<;<q) satisfy the condition (*);

e for all 1 < j < g, we have dim(AZj)Zj)Pj) — 1 <dim(Mg; n,+m;)-

Proposition 3.24. The morphism p : IP’A?_’Z_’P — Im(p) is birational if and only if
(g,Z,P, R) satisfies the condition (xx).

Proof. Proposition B.21] implies that dim(Im(p)) = dim(]PAgzy) if and only if
(g,Z,P, R) satisfies the condition (x%). Therefore if p : ]IDASZP — Im(p) is bira-
tional then the condition (%*) is satisfied.

Conversely if (xx) is satisfied, then there exists a dense open subspace U in Im(p)
such that for any point in U, the fiber of p over this point is finite. Suppose that
there are at least two points in the preimage of a marked curve (C,(z;);.:) €
Im(p). Then there exist two non-proportional meromorphic differentials o and o’
supported on C with orders of zeros and poles prescribed by Z and P and with
the same residues at the poles. Any non zero linear combination of these two
differentials is in AQZP and in the pre-image of (C,z;;). This is a contradiction
with the finiteness of the fibers of p over U. O

4. BOUNDARY COMPONENTS OF STRATA OF STABLE DIFFERENTIALS

Let (g,Z,P, R C fR) be a quadruple satisfying Assumption B.11

Notation 4.1. We respectively denote by Zgzy and IP’ZZZ)P the Zariski closure
of AQZ)P and }P’ASZ)P in Hg zp and PHg 7 p.

. . . —R .
In this section we describe the boundary components of A, 7 p. We will see that
these can described with combinatorial objects called P-admissible graphs. We also
describe the subset of boundary divisors among these boundary components.

4.1. Twisted graphs with level structures. We introduce P-admissible graphs

here and in the subsequent section, we explain how they correspond to strata of
Ay, p.
Let T be a semi-stable graph of type (g,n,P). We denote by H. the set of

half-edges of I" which are not legs.
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Definition 4.2. A twist on I' is a function
I:H,—7Z

Satisfying the following conditions.

e If h and A’ form an edge, then I(h) + I(h') = 0.

e Let v and v' be two vertices, and {(h1,h'1),..., (hn,h'n)} be the set of
edges from v to v'. Then either I(h;) =0 for all 1 < j <mn, or I(h;) >0
forall 1 <j <mn,or I(h;) <O0forall<j<n. Wesaythat v=1', or
v > v, or v < v’, depending on the above inequalities.

e The relation < thus defined on vertices is transitive.

For shortness, a semi-stable graph endowed with a twist function will be called a
twisted graph. If (T',I) is a twisted graph, the above conditions define a partial
order on the set of vertices of T'.

Definition 4.3. A level structure on a twisted graph is a function:
[ : Vertices — 7,

compatible with the partial order induced by the twist, i.e., for all vertices v and
v,

v=20 =1(v) =10, v<v =1v)<I).
We impose that the image of [ is an interval containing all integers from 0 to —d
and we call d the depth of the twisted graph. We will denote by V? the set of
vertices of level 1.

Definition 4.4. An edge between vertices of the same level will be called an hor-
izontal edge.

Definition 4.5. A twisted graph with level structure is called P-admissible if all
marked poles of order at least 2 belong to vertices of level 0. For shortness we will
call such graphs admissible graphs.

This definition of P-admissibility implies in particular that unstable vertices
can only be present at the level 0. In the sequel, we will see that P-admissible
graphs represents loci in Hg n p where the differential vanishes identically on the
components of negative levels. As explained in the introduction, the appearance of
unstable components on the level 0 ensures that the poles remains of fixed order.

Remark 4.6. The reader should keep in mind that a stable differential cannot
vanish identically on an unstable component. Indeed, otherwise there would be
infinitely many automorphisms of the curve preserving the differential ; this would
contradict the stability condition (see Definition [[2]).

Example 4.7. We represent in Figure [I] an example of admissible graph. Each
vertex v is represented by a circle containing the integer g,. The marked poles and
zeros are represented by legs. A leg corresponding to a pole (respectively a zero) of
order k is marked by —k (respectively +k). The twists are indicated on each edge.

Definition 4.8. Let (T, I,1) be a semi-stable graph with a twist and a level struc-
ture. We say that (I, 1,1) is a twisted stable graph if T' is a stable graph (in the
sense of Definition [[10).



38 ADRIEN SAUVAGET

Level 0 @ O @)

Level -1

Level -2

+7 +4

FIGURE 1. An example of admissible graph of genus 7 for the
vectors Z = (2,4,4,7) and P = (-3, -2).

Definition 4.9. Let (T, I,1) be a semi-stable graph with a twist and a level struc-
ture. We say that (I', I,1) is realizable if for all vertices v of I" we have

(10) Sokii— > it Y I(h) - 1< 2g(v) -2

(3,9)—v (F,mj+i)—v h—v

where the sums are respectively over marked points corresponding to zeros, marked
points corresponding to poles and half-edges adjacent to v.

The following lemma will be needed later to compare the space of stable differ-
entials and the incidence variety.

Lemma 4.10. If Z is complete, then there exists a bijection between the set of
realizable and admissible graphs and the set of realizable and twisted stable graphs.

Proof. To an admissible graph we assign its stabilization. The twists and levels on
this graph are obtained by restriction of the former twists and level functions.
From a twisted stable graph, we construct an admissible graph by adding an
unstable vertex for each marked point corresponding to a pole of order p greater
than 1 and adjacent to a vertex of level < 0. This new vertex is of level 0 and the
new edge between this vertex an the rest of the curve has twists given by +p — 1
and —p + 1. (I
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Example 4.11. Here is the stabilization of the admissible graph of Figure [I1

+7 +4

4.2. Boundary strata associated to admissible graphs. Let (g,Z,P, R C R)
be a quadruple satisfying Assumption Bl Let (T, I,1) be an admissible graph. In
this subsection, we assign to this admissible graph a stratum of abelian differentials
Ar 11 C Hgnp that lies in the closure of Ag,z,P- We build this stratum level by
level.

To every level 0 vertex we assign a substack of the corresponding space of differ-
entials. To every vertex of negative levels we assign a substack of the corresponding
moduli space of curves. The product of these cycles will give us a substack of the
space Hr by putting an identically vanishing differential on every component of the
curve of negative level. Thus our input is (Z, R) and an admissible graph (T, I,1)
of type g, n, P; our output is a collection of subspaces of the spaces of differentials
(for level 0 vertices) and of the spaces of curves (for vertices of negative levels).

Level 0 and -1. We respectively denote by ¢go and ¢; the numbers of vertices of level
0 and —1. Besides, we denote by go and g the lists of genera of vertices of level 0
and —1. We determine orders of zeros and poles as follows:

e Forall 1 < j < qp, we construct the vector P]'-J by taking the entries of P for
all marked poles on the j-th component and a —1 for each horizontal half-
edge; we construct the vector Z? by taking the entries of Z for all marked
zeros carried by the j-th component and I(h) — 1 for each half-edge h to a
deeper level.

e For all 1 < j < ¢, we construct the vector le by taking I(h) 4+ 1 for all
half-edges to level 0 and 1 for all horizontal half-edges adjacent to to the j-
th component; we construct the vector Z} by taking the entries of Z for all
marked zeros carried by the j-th component and I(h)—1 for each half-edge
to a deeper level.

e We denote by Z; = (Z},...,Z}) and P; : (P{,..., P} ) for i =0,1.
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Now we define the residue conditions as follows

e We denote by horg the number of horizontal half edges of level and by
RH = Choro . We denote by MR the space of residues of the space of stable
differentials Hg, n, P, (where n; is the determined by the length of entries
of Zl)

e We define

proj : R @ R @ R — !
as the projection along R @ RH.

e We consider the vector subspace R = RoRY o R, and we define the
vector subspace R of R’ by the following linear relations:

— 7, + 1}, = 0 for all horizontal edges (h, h');
— for all vertex of level 0, we have

ZTP+ Z Th + Z —rp =0

p=v h horizontal h to level —1
h—v h—v

where the first sum is over marked poles adjacent to v, the second is
over horizontal-edges, and the last one is over the edges to level —1
(in this last sum rp is the value of the residue at the corresponding
half-edge of level —1).

e Finally we denote by R® = ker(proj) N R and R = proj(R).

With these data, we define the level 0 and —1 strata as

0 _ RO N
AF111I - Ago,Zo,Po C %go,no,Po

1 _ R! Vi _
AF,I,I = p(Agl,Zl,Pl) C Mg1,n1,m1 = H Mgu-,anrmm
veVvl

where p : Hg, ni Py — Mg, ny,m, is the forgetful map.

Example 4.12. To illustrate the definition of R® and R', we compute all vector
spaces for the following two graphs

c —c
—ae—b +ae+b —ae—b +a e +b
(a) +ae—a +be—b (b) +ae—a +be —b.

On these two examples we have not represented the genera of the vertices and
we have only represented the legs with poles (thus at level 0). In the first case
R =R = {0} (there are no poles). In the second case we assume that R =R ~ C
(we impose no condition on the residues).

All letters stand for the value of the residue, i.e. for a coordinate in S)Nfi@i)‘il
corresponding either to a half-edge or to a marked pole. In the following table we
give the dimensions and equations of all sub-vector spaces of R and a presentation
of R! and R!.
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Vector space | Example (a) | Example (b)
RoRT pR! {0}e {0} C? Co{0}eC?
R =RoR7 e R’ =ReR" e R
Relations from edges none none
Relations from vertices {a+b=0} {c—a—-b=0}
{(a =€1,b = e,
R {la=¢€,b=—€e,e€C}| c=—e —€a,(e1,62) € C?}
R! {la=¢,b=—€,e€C} | {(a=-¢e1,b=ce2,(€1,62) € C?}
R {0} {0}

Level —£. Let (IV, I’,1’) be the graph obtained from I" by contracting edges between
vertices of levels 0 through —¢ + 1. The twist on I' restricts to IV and the level
structure is shifted. Vertices of levels 0 to —¢ + 1 merge to level 0, level —¢ vertices
become level -1 vertices and so on. Therefore we have the natural identification

H mg(v),n(v) = H Hg(v),n(u)

veV (D), veV(T),
L(v)=—¢ L(v)=—1
and we define Af, ; ; as A}, .

Example 4.13. The contraction of level 0 and —1 of the admissible graph of
Figure [ gives the following admissible graph with two levels

-2

+7 +4

If we assume here that R = % ~ C then here we have R = {0} while R%' = R.

Notation 4.14. Now that we have defined the Aﬁ 1,1 for all levels, we denote

4
Arri =[] Afo

lel~

We have a natural morphism of Ar ;; — gg7n7PZ the differential is nonzero only
on the level 0 vertices and vanishes identically everywhere else. We will call Ar 1,
the boundary stratum of type (g, Z, P, R) associated to (T, 1,1).

Remark 4.15. Note that the stratum Ap ;; is constructed from an admissible
graph (T, I,1) of type (g, n,P), a space of residues R C R and ¢ vectors of zeros Z.
However, for simplicity, R and Z do not explicitly appear in the notation.
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Remark 4.16. If R = R, then the construction of the space of residues is the
translation of the global residue condition of [2]. For every level —¢ and every vertex
v of level greater than —/ that does not contain a pole the following conditions holds.
Let hq, ..., hr denote the half-edges adjacent to v and part of an edge to a vertex
of level —¢. Then the sum of residues assigned to this set of half-edges is zero.

Our definition of the R’ is more complicated to state because we need to take
into account any vector subspace R of fR.

4.3. Stratification of Zgz,p- Let (g,Z,P,R C R) be a quadruple satisfying
Assumption 311

Lemma 4.17. Let (T, I,1) be an admissible graph of type (g,Z,P,R). The locus
Ar.1; lies in the closure of Ag,z,P- Conversely if y is a point of ZZZ)P then
there exists an exterior completion Z' of Z and an admissible graph (T, 1,1) of type
(g,Z',P, R) such that y lies in w(Ar,1,;), where T : Ag,z/,p — AQZ)P is the forgetful
map of the marked zeros that are not accounted for by Z.

Remark 4.18. The set of admissible and realizable graphs (see Definition 9] is
finite. Besides, if (', 1,1) is an admissible graph, then the locus Ar ;; is empty

. . . —R . .
if (T',1,1) is not realizable. Thus Lemma .17 asserts that A,z p is stratified by
finitely many strata corresponding to admissible graphs.

Before proving it we will introduce the incidence variety compactification of [2].

Notation 4.19. We suppose that 2g; —2+mn; +m; > 0 for all 1 < j < ¢. Then
we denote by K Mg »(P) the vector bundle

q my
E E Pj,i04,n;+i )
j=1i=1

where 7 : Cgnm — Mg n,m is the forgetful map, w is the relative cotangent bundle
and the 0, ;’s are the sections of the universal curve (this generalize the notation 2.19)
to the disconnected case).

As in Section 2] there exists a natural morphism of cones

stab : Hgnp = KMgn(P).

4.3.1. The image of ngP under the morphism stab.

Definition 4.20. We denote by QM<(Z, P)® € K Mg »(P) the image of Ag 0P
under the morphism stab. The incidence variety for the tuple (g, Z,P, R) is the
closure of QMP(Z,P)* in K Mg n(P).

The morphism stab induces a map from A np tO QM‘“C(Z P)R. We will use
the same notation for the morphism stab and 1ts restriction

stab : Zgﬁnﬁp - QMP(Z,P)"

Proposition 4.21. We suppose that Z is complete. The map stab : Z:,n,P —
QMP(Z,P)" is an isomorphism.
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Remark 4.22. Beware that this statement is valid only under the hypothesis that
Z is complete. Otherwise the map stab may have fibers of positive dimension
and/or not be surjective.

Proof. In Section [2] we proved that the following square is cartesian

Dji

Hen,p D 1<i<q Pinj+i

[ 1<i<m;

_ projj’i
KEMgn(P) —="@D 1<j<q Jjn;+is

1<i<m;

where P; ;4 is the cone of principal parts of order p;; at the i-th marked point
of j-th connected component and J; ,,; 4 is the vector bundle of polar jets of order
pj,i- We recall that we have defined the spaces

ﬁj,nj vi = (Pjny+i\ Ajn,;+i) U the zero section

Jim+i = (Jjn,+i \ {leading term = 0}) U the zero section.

We have seen that the map ®;; maps Py, y; to jn].ﬂ- and that the restriction of ¢; ;
to 7/5‘]'_’”].4»1' — b7j7n].+l- is an isomorphism (see Lemma [ZI7). Thus, the morphism
Hegnp — KMgn(P) is an isomorphism from the preimage of @ﬁj,nﬁi to the
preimage of jjn] +i-

The spaces ngp and ﬁMig“C(Z,P)R are defined as Zariski closure of open
sub-space of Hgnp and KMgn(P). Therefore we will prove that for all 1 <
j <iand 1 < i < my, the image of Ii;n)P (respectively ﬁN./\/lignc(Z,P)R) under
®;; (respectively proj; ;) is included in Pj ,;1; (respectively Jj ;1) to deduce the
proposition.

Let us consider a differential (C, ) in ZZmP and one of the marked points
Tjn;+i corresponding to a pole. There are two possibilities.

e The point ;14 belongs to a stable irreducible component of level 0. In
which case the principal part belongs to P, 1 \ An, +i:

e The point z;,,1; belongs to an unstable rational component. In this case
the differential restricted to this rational component is necessarily given by
dw/wPii (the marked point is at 0 and the node at co). Indeed, this follows
from the assumption that Z is complete: suppose that « has a zero outside

the node ; then let B — ZZ np be airreducible family of differentials with
a special point by € B whose image is the class [(C,a)] and the image of
B\ {bo} lies in Ag,n,P' Then there exists a neighborhood U of by such that
the differential parametrized by U has an unmarked zero (this follows from
Lemma [34)). This is contradictory with the assumption that Z is complete
(all zeros of differentials in Ag)n)P are at marked points). Therefore the

principal part is equal to O.

. —R .. i .
Therefore the image of A, ,, p under ®;; is included in 7" **. Now, let us consider
a differential in ﬁ./\/lig“c(z, P)%, and one of the marked points Tjn,+i corresponding
to a pole. Once again, there are two possibilities.
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e The point z;,,1; belongs to an irreducible component of level 0. In this
case the differential has a pole of order exactly p;; at this marked point
and the jet at x;,;4; is in jj,m-irj?

e The point x;,,4; belongs to an irreducible component of level —¢ < 0.
Then the differential vanishes identically on this component and the jet at

.ijnj +i is 0.
Therefore the image of QMX<(Z, P)® under proj;, is included in ijnﬁi. This
completes the proof. ([

4.3.2. The image of the Ar 1, under the morphism stab. To complete the descrip-
tion of the map stab we describe the image of the strata defined by admissible
graphs.

Notation 4.23. Suppose that Z is complete and (T',I,1) is a realizable stable
twisted graph. Let (I, I’,1") be the corresponding admissible graph. We denote by
QM ) the locus stab(Arp,11) C K Mga(P).

4.3.3. Stratification of QMr<(Z,P)®. Recall the main result of [2].

Lemma 4.24. (Theorem 1.3 of [2]) Suppose that Z is complete and that the triple
(gj,nj, P;) is stable for all 1 < j < q. Let (I',1,1) be a stable graph. The locus
QM}PC” lies in the closure of QMR<(Z,P)®. Conversely the space QMP<(Z,P)"
is the union of the Q }1“}1 for all stable graphs (T',1,1).

Remark 4.25. The statement here is slightly more general than Theorem 1.3
of [2]. Indeed it takes into account possible disconnected basis and general choices
of vector subspace R C fR. However all arguments in the proof of [2] can be adapted
mutatis mutandis to get the general statement above.

Proof of Lemma[{.17 Suppose that Z is complete and that the triple (g;,n;, P;)
is stable for all 1 < j < q. Then, using Lemma [£.24] and Proposition 21| we
automatically get

—R
Ag,z,P = U AF,I,l

where the union is taken over all admissible graphs. Therefore we only need to
prove that the statement of Lemma [£17 is still valid if we allow unstable base
curves and non complete lists of vectors Z.

Unstable basis. We assume that Z is complete but we no longer impose that the
base curves are stable. Then on a rational component with two points the only
possible configuration is P = (p) and Z = (p —2). This is a closed point in %71,(
Thus the statement of Lemma 17 is still valid if we consider unstable basis.

P)

Non complete Z. We no longer impose that Z is complete. The space Ag,z,P is the
union of the W(Ag z p) for all exterior completions Z' of Z (7 being the forgetful
map of the zeros which or accounted for by Z). Therefore we have

_R R
Agzp = UW(Ag,Zf,P) = UW(AF,IJ),

where the last union is over all possible completions and admissible graphs. O
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4.4. Description of boundary divisors. Let (g,Z,P, R C R) be a quadruple
satisfying Assumption B.Il In the proof of the main theorem, we will be interested

in the vanishing loci of sections of certain line bundles over A, 7 p. That is why

. —R .
we need to understand the boundary divisors of A, 7 p. The purpose of this sec-
tion is to determine the set of admissible graphs which are associated to strata of
codimension 1, i.e. to divisors.

4.4.1. Bi-colored graphs.

Lemma 4.26. Let (I, 1,1) be an admissible graph. The codimension of Ar 1, in

—R ,
Ag 7 p 8 greater than or equal to the depth of the level structure l.

Proof. Let (', I,1) be an admissible graph of depth d. Let (IV,I’,l’) be the ad-
missible graph obtained by merging the levels 0 and —1. The locus Ar ;; lies in
the closure of Ar/ 1/ ;. Indeed this follows from Lemma .17 applied to the stra-
tum AIQ/) v+ the sub-graph of (T, I,1) obtained by keeping only vertices of level 0
and -1 determines a boundary stratum of AIQ,)I,J,. Thus Ar r, is of dimension at
most dim(Ar ;) — 1. Therefore, every time we merge two levels we decrease the
codimension at least by 1. (I

Lemma 4.27. Let (T',1,1) be an admissible graph of depth 1. The codimension of

—- . —R . .
Ar 11 in Ag 7 p is greater than the number of horizontal edges.

Proof. We can independently merge vertices along horizontal edges (See “classical
plumbing” in [2]). At every merging, we decrease the codimension by at least 1. O

It follows from Lemmas [£.26] and [£.27 that a nontrivial admissible graph corre-
sponding to a divisor of A z p s necessarily of depth at most 1. Moreover, if it is
of depth 1 then it has no horlzontal edges.

We recall from Section 2] that the boundary stratum associated to a graph of

depth 1 is equal to p(Agl z,.p,) X AR where p is the map from A§117Z17P1 to

gO)ZO Po»
the moduli space of curves Mg, n, m, -

Notation 4.28. We denote by Bic(g, Z, P, R) the set of realizable and admissible
graphs with two levels and no horizontal edges. We will call such graphs bi-colored
graphs.

We say that a bi-colored graph (T, I, 1) satisfies condition (xx) if (g1, Z1,P1, R!)
satisfies the condition (%) (see Notation B:223). We denote by Div(g,Z, P, R) the
set of bi-colored graphs satisfying condition (xx).

Remark 4.29. Elements of Bic(g, Z, P, R) are twisted graphs with level structures.
However, the level structure of a bi-colored graph is completely determined by the
twists. This is why we will denote by (T, I) the elements of Bic(g,Z, P, R).

Proposition 4.30. Let (I',1) be a bi-colored graph in Bic(g,Z,P, R). The locus
Ar 1 is of co-dimension 1 in ZSZ,P if and only if (T, I) belongs to Div(g,Z,P, R).

Proof. Let (T',I) € Bic(g, Z, P, R). The proposition follows easily from the equation

(11) dim(Ago,Zo,P[)) + dlm(Agl Z1, Pl) = dim(Agzﬁp)
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Indeed Ar s is of co-dimension 1 in Af, p if and only if dim(p(A§117zl7P1)) =
dim(]P’Agll’ZhPl), ie. if and only if (g1,Z1, P, R') satisfy condition (x*) (see

Proposition B.22]).
Let us prove equation [[I1 We assume first that Z is complete for (g, P), the

dimension of Ag,z,P is given by (2321(293- -1 —I—nj)) + dim(R). Therefore we
have

. . 0 . 1
dlm(Ag)Z)P) — dlm(Agmzmpo) — dlm(Agl)Zl)Pl)

q
= [ D (29— 1+n)) | +dim(R) - dim(R' & R°)

Jj=1
veVo veV?!

= 2h'T) — ¢+ Card(V(I)) — Card(E(T))
+ dim(R) — dim(R! @ R®)
= AYD) +dim(R) — dim(R' ® R°).

Thus we will prove that dim(R! & R?) = dim(R) + h'(T).

Let us recall the construction of R® and R'. In absence of horizontal edges, we
consider the vector space R ® R! and the projection proj: R @ R — R along R.
We also consider the vector subspace R C R @® Rt C R @ R! defined by the linear

relations
> oo
heH(T'),h—v

for all vertices v of level 0 (the sum is over all residues at half-edges adjacent to
v). We defined R® = ker(proj) N R and R' = proj(R). Thus dim(R°) + dim(R") =
dim(R). Therefore we need to prove that dim(R) = dim(R) + h!(T).

To prove this equality we use the graph I obtained from I' by adding one vertex
per marked pole and one edge between this vertex and the vertex that carries the
marked pole. We consider the spaces Cy = CV@™) and ¢y = CET). We have the
chain complex d : C; — Cj.

The space R is a subspace of Cyy: indeed, the space R is a subspace of the subspace
of R spanned by the vertices in V(I") \ V(T'). The space R is naturally identified
with d~1(R). Therefore dim(R) = dim(R)+dim(ker(d)) = dim(R)+h (). Q.E.D.

If Z is not complete, then we consider Z,, the maximal completion of Z. Then
equation () still holds by:

. . . 0 . 1
dlm(Ag)Z’P) = dlm(Ag)Zm)P) = dlm(A§07Z0,m7P0) + dlm(A§17Z1,m7P1)

. 0 . 1
= dlm(Agmzo,;Po) + dlm(Agl;ZI;PI)'
4.4.2. Classification of boundary divisors.

Notation 4.31. Let 1 < j < g and 1 <14 < ¢(Z;). We denote by Z,; the list of
vectors obtained from Z by increasing the i*" coordinate of Z; by one.
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Proposition 4.32. Let Z' be a completion of Z and let (T',1,1) be an admissible

graph such that D = n(Ar 1) is a divisor of Z:ZP (where m is the forgetful map of
the points), then D is necessarily of one of the four kinds:

(1) the stratum Ar 1 for (T,I) € Div(g, Z, P, R);

(2) the locus ZSZM’P for some label (j,i) corresponding to a marked point
which is not a pole;

(8) the locus Ap 1, for a P-admissible graph of depth 0 with a unique horizontal
edge;

(4) the locus ZSZ,P for the vector subspace R' C R defined by the condition:
€8, L = 0 for a choice of j and i such the point xjn,1; corresponds to
a pole of order at most —1.

Proof. Let Z' be a completion of Z. If Z’' is not the maximal completion then
dim(Ag;Z,)P) < dim(Agzy). The only possible admissible graph is the trivial and
we obtain a divisor of type 2.

We suppose now that Z' = Z,,, then (T, I,1) is of depth less than or equal to 1 by
Lemma [£26 If (T, I,1) is of depth 0 then (T, I,1) has at most one horizontal edge
(type 3). If (T, 1,1) is of depth 1 then either all or none of the edges of (T, I,1) are
contracted under the forgetful map of the marked points which are not accounted
for by Z (otherwise this graph does not satisfy condition (xx)). If none of the edges
are contracted, then D is a divisor of type 1. If all edges are contracted then we
get a divisor of type 2 or 4 (depending on whether there is a leg corresponding to
a pole of order 1 on a level -1 vertex or not). g

Proposition 4.33. Let D1 and Dy be two divisors obtained from an admissible
graph as in Proposition [{.32 Then D1 and Dy have no common irreducible com-
ponents.

Proof. The divisors Dy and D5 can be of one of the four types described in Propo-
sition We will prove this proposition by considering every possible cases.

Type 1/type 1. Let (T', I) and (IV,I") in Div(g, Z, P, R) such that Ar ; and Ar/
have a common irreducible component D. The component D determines a semi-
stable graph by taking the dual graph of a any point of DN Ar ;, therefore I' = I".
Moreover, the vertices of I' with identically zero differentials are the vertices of
level —1. Therefore the level structure (or more precisely the signs of the twists)
are the same for (I', I) and (I, I’). Now the twist at an edge is determined by the
vanishing order of the differential at the corresponding node on the component of
level 0 for any point in D N Ar ;. Therefore (I, I) = (I'V, I'). Thus divisors of type
1 have no common irreducible components.

Types 2 and 4. The underlying generic curve of the divisors of type 2 or 4 is a
curve without singularities, therefore divisors of type 2 or 4 do not intersect divisors
of type 1 or type 3. Now the differentials of the generic differentials of two divisors
of type 2 have different vanishing order at two of the marked points (either a marked
zero or a marked pole of order —1).

Type 3. Two divisors of type 3 are distinguished by the toplogical types of a
generic curve. Besides, a divisor of type 3 is distinguished from a divisor of type 1
because none of the components carries a vanishing differential in a divisor of type
3. O
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5. COMPUTATION OF CLASSES OF STRATA

Let (g,Z,P,R C R) be a quadruple satisfying Assumption Bl The purpose
of this section is to prove the following generalization of Theorem [ stated in the
introduction.

Theorem 4. Let (g,Z,P,R) be a quadruple satisfying Assumption [31. The
Poincaré-dual class of PZZZ,P € H*(PHgnp, Q) is tautological (in the sense of
Definition[2.36]) and is explicitly computable.

Theorems [l 2, and Bl will be deduced from Theorem M at the end of the section.
The most technical result involved in the proof of Theorem Ml is the induction

formula for the classes []P’Zgyzyp] (see Section [5.2)).

5.1. A meromorphic function on ZZZ)P. Let 1 <j<gand 1l <i<n; Let
ki ; be the il entry of Z;. We consider the line bundle:

)

~ Hom (0(-1), £ ) )
A

g,P.,Z g,P.Z

where L; ; is the cotangent line bundle to the i-th marked point of j-th connected
component. Let s; ; be the holomorphic section of the line bundle Hom(O(—1), L?ff“)mgpz
that maps a differential to its (k;; + 1)-st order term at the ¢th marked point of
the jth connected component.
Lemma 5.1. The section s;; vanishes with multiplicity 1 along PZZZ]_WP.
Proof. Let yo = (C, o, Z(yo) U P(yo)) be a point of Agzj,i,P where we denote by
P(yo) C C be the set of poles of o and Z(yo) C C be the set of marked zeros of C'.
Besides we denote by Z'(yo) C C be the set of non-marked zeros.

Let W/Aut(yo) be a contractible neighborhood of yo. Up to a choice a smaller
W, in the proof of Lemma [B.7] we constructed the 3 following maps:

o'W = HY(C\ Pyo), Z(yo) U Z'(30), C),
®2¢ W = ZF forall x € Z(yo),
> W — ZFlforallz e Z'(y),

where k, is the order of « at = (be it a marked or non-marked zero) and where Z*
is a domain in C* containing 0. These maps are not uniquely determined, however,
we saw in the proof of Lemma 3.7l that the map ®; x HEEZ(yO) P27 HwEZ/(yO) o3
is a local biholomorphism.

Now we consider the marked point z;,;. We denote

U = p2®0 and @00 = [ @7
©€Zyo\{wj,i}
We recall that the map ®%) is defined as follows: for all points s in a neighborhood
of yo, the differential representing y is given in neighborhood of the marked point
5.i(y) by
o= (zkf*”l + akiyjzkf*i + ...+ ao) dz

(the marked point being at z = 0), then we define ®(y) = (ao, ..., ay, ) € Z* 1
(this definition is unique up to choice of (k;; + 2)-nd root of unity).
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Then with this parametrization we have

. ~. N\ 1
WnAR, o (@7 x &) I1 fo].
z€Z(yo)

(qﬂ?ixiﬂ‘vi)*l 0,....000x [ {0}

z€Z(yo)\{zj,:}

R
W m Ag7Z7P
In other words, the coordinate ay; , is a transverse parameter to the divisor Ag Z,,P
in Ag,z,P- We obviously have s;;(y) = a;,. Therefore the vanishing order of s;;
along ]P’AQZMP is equal to 1. O

Notation 5.2. We denote by Bic(g,P,Z,R),; C Bic(g,P,Z,R) the subset of
bi-colored graphs such that the i*" marked point of the j*" connected component

belongs to a level -1 vertex and we denote Div(g,P,Z, R);; the intersection of
Bic(g,P,Z, R),; and Div(g,P,Z, R).

Lemma 5.3. The divisors contained in the vanishing locus of s;; are exactly the
divisors corresponding to admissible graphs in Div(g,P,Z,R);,; and the divisor

—R - ) )
PAg 7., p- No two of these divisors have a common irreducible component.
Proof. Tt is a consequence of Propositions [4.32] and [4.33] (|

5.2. Induction formula. Let (g,Z,P, R C R) be a quadruple satisfying Assump-
tion[3Il Let 1 < j <gand1<1i<n;. Werecall that we denote by Z; ; the list of
vectors obtained from Z by increasing k;; by 1. Besides, as in the previous section,
we denote by L£;; the cotangent line to the ¢th marked point on the jth connected
component of the curve and by 1;; = c¢1(L;,i;) € H*(PHgn,p, Q).

5.2.1. Multiplicity of (T, I).

Definition 5.4. Let (I',I) € Bic(g,P,Z, R). The multiplicity of (I', I) is defined
as

m(I) = ] 1(n),
h—V?O0
where the product runs over the half-edges which are not legs, pointing to vertices
of level 0. The least common multiple and the group of roots of the twist are

L(I) = LCM{I(h)}novo),

( II ZI(h)) /Zw)-
h—VO

5.2.2. Locus of generic points. Let (I',I) € Div(g,Z,P, R). We recall that

_ (AR R°
AF,I = p(Agl,Zl,Pl) x Ago,Zo,Po’

Gr

Rl
81,21, X
that there exists an open dense locus Af™ C A§17Z17P1 such that the map p :

AS™ — p(A$°") has fibers of dimension 1 (see Proposition [3:224]). Then we set

gen __ sgen R°
AI‘,I - Al x Agoyzoypo'

where p: A p, = Mg, n,,m, is the forgetful map. The condition (+*) ensures
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This open locus of generic points will be important for us because the map

igen _ 4RC gen _ ( ggen R’
p: ATV X Ag07Z07P0 e AFJ = p(AF™) x Ago,ZmPo

is a line bundle minus the zero section.
Notation 5.5. We denote by p : Np j — Algf; this line bundle.
5.2.3. Induction formula. We finally have all elements to state the main result of
the paper.
Theorem 5. In H*(PHg np, Q) we have
(12)  [PAg z,, pl = (§+ (kji + D)) - [PAg z p] — > m(I) [PAr,]
(T.I)eDiv(g,P,Z,R), ;

if 2g; —2+n; +m; >0, or

—R p—k—2
(]‘3) []P)Ag,Zj,l,P] = p _ 1
if g =0, Z; = (k), P; = (p).
Proof of (IJ). Asin SectionB.1] we consider the line bundle Hom(O(—-1), Lff“) —
]P’Z:yzyp. Its first Chern class is equal to £+ (k; ; +1)1;,;. Moreover, this line bundle
has a global section s;; which maps a differential to its (k;; + 1)%*-order term at

¢ [PA, 4 p)

the marked point (7,¢). In Lemmal5.1l we showed that s;; vanishes along PZZ Z,.P
with multiplicity 1. In Lemma we showed that the remaining vanishing loci of
s;.i are supported on the PAr  for (I', I) of Div(g, Z, P, R);;. Therefore we deduce
that " R
€+ (ki + 1)) - [PAg 7z p] = [PAg 7, . p] + Z,

where Z is a cycle supported on the union of PAr ; for (I',I) € Div(g, P,Z, R);.;.

Now we claim that the vanishing order of s;; along the locus PAr ; is equal
to m(I) (see Definition [(4]). Lemma below implies this statement and thus
Equation (I2). O

Lemma 5.6. Let (T',I) be a divisor graph in Div(g,Z,P, R);,;. Let yo € PA%T.
Let A be an open disk in C containing 0 and parametrized by e. There exists an opén
neighborhood U of yo in PAE’] together with a map v : U x A x Gf — PHg nm,P
satisfying:
o the restriction t|uxoxg 5 the identity on U for all g € Gy;
e the image of the restriction t|co lies in the open stratum IP’A;ZP;
o for all g € Gy, the section s;; restricted to (U x A x g) vanishes along
(U x 0 x g) with multiplicity L(I);
o the map ¢ : U X A x G — IP’ZSZ’P is a degree 1 parametrization of a
neighborhood of U in ]P)Zgzﬁp.

The proof of Theorem [ immediately follows from Lemma because the van-
ishing order of s;; along PAr ; is equal to

L(I) - Card (Gy) = m(I).
Proof of Lemmali6l. We prove the lemma in two steps: first we will prove the first

three points of the lemma and then we will prove that ¢ is a parametrization of
degree 1 of a neighborhood of U in Ag,z,P-
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Proof of the first three points. For the sake of clarity we will successively prove the
first three points at three levels of generality: first for a divisor graph with one
edge, then for divisor graph with R = {0} and finally in full generality.

Bi-colored graph with one edge. For the moment we place ourselves in the simplest
case: (I', ) is an admissible graph with two vertices, one at level 0 and one at level
—1. We suppose that there is only one edge with a twist given by k£ > 0. Let yo be
a point of PA’}. Let U be an open neighborhood of yo in PAE’}. A point y of U
is given by '
([€°],[c"),2°, 7", [a”)),

where CY and C' are the curves corresponding to the two vertices of the graph; z°
and T! are their marked point sets; ol is a differential on the curve C° and [a?]
its equivalence class under the C*-action. More precisely, we denote by a’(y) a
nonvanishing section of the line bundle O(—1) over U. (Also recall that on C* the
differential vanishes identically.)

The condition that y € A%e)}] implies that the curve C'! carries a unique meromor-
phic differential o' with zeros and poles of prescribed multiplicities at the marked
points, up to a scalar factor. Let a!(y) be a nonvanishing section of the line bundle
Nt 1, L.e., a choice of the scalar factor for each point y.

At the neighborhood of the node, the curves C' and C° have standard coor-
dinates z and w such that a® = d(z*) and o' = d(-). The local coordinates z
and w are unique up to the multiplication by a k' root of unity. We fix one such
choice in a uniform way over U. We define a family of curves C(y,€) over U x A
by smoothing the node between C° and C! via the equation zw = €, where € is
the coordinate on the disc A and z,w are as above. The differentials a® and e*a!
automatically glue together into a differential on C(y, ¢€).

The deformation that we have constructed does not depend on the choice of
standard coordinates z and w. For instance, if we multiply z by a kth root of unity
¢, the equation of the deformation becomes zw = (e, which is isomorphic to the
original deformation under a rotation of the disc A.

The section s;; vanishes with multiplicity k£ along the locus defined by € = 0:

indeed we have explicitly

k

8j,i(y,€) =€ - ai(y).

Bi-colored graph (T',I) with Rt = {0}. We suppose now that the space R is trivial
(residues at the nodes between vertices of level 0 and -1 are equal to 0). A point y
in U still determines

(€7 [C1), 2% 7, [a°], [a'])
where o and ! are sections of O(—1) and Nr s as in the previous paragraph.

Let e be an edge of I'. We denote by k. the positive integer equal to |I(h)| for
any of the two half-edges of e. Let z. and w, be choices of standard coordinates in a
neighborhood of the node corresponding to e: i.e. a® = d(z%) and ot = d(1/wke).
This choice of standard coordinates being fixed for all edges, we choose, on top of
that, (. a ke-th root of unity for each edge e.

We define a family of curves C(y,¢) over U x A by smoothing the node cor-
responding to an edge e of I" via the equation z.w. = (Cee)L(I)/ke where € is the
coordinate on the disc A. The differentials defined by o and by ¢“()a; automat-
ically glue together into a differential on C(y,¢€).
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A multiplication of € by a L(I)-th root of unity ¢ gives an isomorphic deforma-
tion. Thus two choices of roots ((c)ecrdges and ((.)ecEdges give isomorphic defor-
mation if ¢/ = ¢“(D/ke¢, for all edges. The vanishing multiplicity of s;,; along the
locus defined by € = 0 is equal to L([).

General bi-colored graph (T, I). We no longer impose restrictions on R'. We still
define

([C°],[c"),7°, 7, a0, at),
as above. Moreover we define the section r

T(y) = (Te(y))eeEdgcs,
where 7. (y) is the residue of o at the node of C'* corresponding to the edge e. For
every edge e, we fix a choice of standard coordinates of z. and w, in a neighborhood
of the node corresponding to e, i.e., coordinates satisfying a® = d(z¥¢) and o' =
(1 k) + e
Using Proposition BI0, we get a family of differentials (C°,z°, &°) parametrized
by U x A such that:

e when € = 0, we have (C°,7°,a°) = (éo,fo,ao);

e the zeros of the differential which are not at the marked points correspond-
ing to nodes are of fixed orders; N

e the differential a° has at most simple poles at the nodes of C° and the
residue at the node corresponding to the edge e is equal to —e=“(Dr(y);

e the vector of residues at the poles of a° lies in R;

e for each node corresponding to an edge e with a twist k., the family of
differentials defined by U x A is a standard deformation of d(z*<) (see
Definition B.3]).

We use the fact that the family parametrized by U x A is a standard deformation of
d(z¥¢) to apply Proposition 3.6l At each node e the differential & can be written
in the form d(z¥¢) — XD (u) % in any annulus contained in a neighborhood of the
node. Therefore we can still gleue the two components together along this annulus
with the identification zew, = C.e“)/*e for any choice of the k.-th root of unity
Ce. The end of the proof is the same as for divisor graphs with trivial residue
conditions.

Proof of the fourth point. Now we will prove that the map ¢ : U XA X Gy — ]P’Zgzy

is a degree 1 parametrization of a neighborhood of U in ]P’Zgzﬁp.

First we prove that the image ¢«(U x A x G) covers entirely a neighborhood of U
in Ag,z,P- Let yo = (C' = CoUC1,Tp, T1, a0) be a point in AR}, Let 7: A — Ay zp
be a family of differentials such that 7(0) = yo and ©(e) € Ag,z,P for € # 0. We
denote by 7 : C — A the induced family of curves and by « the induced family of
differentials on the fibers of C — A.

Let e be a node of C' with a twist of order k.. Let 7. be a simple loop in
the curve Cy around the node e. Let W, be a neighborhood of v, in C such that
W, N7~ 1(e) is an annulus for any e small enough. Now, the differential aq is
given by d(z*¢) in a standard coordinate. Thus the differential alr-1(¢) is given by
d(2%¢) 4+ ¢(€, 2. )dz. and we denote by 7. () the integral of ¢(e, z.)dz. along 7.. We
consider the differential ae(€) = dze + ¢(€, ze)dze — Te(€) ‘Ze, We fix a point p in

the annulus W, N 7~ 1(¢), the function f : z — (fpz ae)Y*e is uniquely determined
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for small values of e. This determines a coordinate (that we will still denote z.)

such that ag = z.Fedz, — w(e,ze)djﬁ with ¢ holomorphic and thus a standard

deformation of a®. Proposition [3.6] implies that there exists a coordinate z, on this
dze

annulus such that af,—1 ) = d(zF) + Te(€) 2.

We fix € small enough so that the coordinates z. are defined for all edges e. We
cut the curve 71 () along simple loops contained in W,. This gives two (possibly
disconnected) curves with boundary CgP“" and C7**". We “plug” the holes of Cy**"
with disks parametrized by the coordinate z. and the holes of C7*" with disks with
coordinate 1/z.. This determines two curves Cy(€) and Cq(€). On both Cy and Ch,
the local chart used to “plug” the holes allow us to define differentials ag(e) and
(6751 (6)

The differential aq(e) has a pole of order k. + 1 at w, = 0; thus (C1,T1, a1)(€)
is an element of Agll,zl,Pl- Now, at the level 0, we use Proposition B.IT} in a
neighborhood of yy we can apply the retraction 1. The point 7((Co, To, ap)(€)) is a

point of Ag:,zo,Po' Therefore we define
y(e) = (n(Co, To, ap), (C1,T1, 1)) (€) € AR

For all € in a neighborhood of 0, the point 7{€) lies in the deformation of y(e) by
the family ¢ restricted to y(e€) x A x g for some g € Gy (in fact here g = 1 because
of the choices of the parameters around yo that we have fixed).

To finish the proof of the fourth point, we need to prove that the parametriza-
tion is of degree 1. For this, we once again use the retraction n defined in Propo-
sition B 11l We have n o« = Idy, thus we only need to prove that for all y € U,
the family ¢ restricted to y x A x Gy is of degree 1. We consider this family in the
moduli space of curves, i.e let

VA XGE — ﬂgynym
exg = p(y,eGr)).

This family is of degree one. Indeed the stack Mr is regularly imbedded in Mg nm
and its normal bundle is the direct sum of the T}, ® Ty for all edges e = (h,h’) of
I'. Thus the family ¢/ is given by the family:

L/:AXG[ — @ Th@Th/
(h,h')€Edges

(€, (Ce)ecEdges) + (geeL(I)/ke)

which is of degree 1. O

ecEdges ’

Proof of Formula (I3). We have seen that the space of differentials on an unstable
component is a weighted projective space parametrized by

dw
[wp—l + alwl’—2 + ...+ ap_gw} E,

where the weight of a; is %1 The fact that the order of the point = is k;; is
equivalent to the vanishing of the terms a,_2,...,a, ;3. Therefore, the class of

—R . o .
[IP’Ag)Zj .p] is the closure of the vanishing locus a, ;2. Moreover we can easily
check that agiij,iﬂ is a global section of O(—1)P~Fsit1, 0
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5.3. Class of a boundary divisor. Let (g, Z, P, R C R) be a quadruple satisfying
AssumptionB.Il We want to compute the Poincaré-dual class of the locus associated
to an element of Div(g, P, Z, R).

5.3.1. Decomposition of the morphism Ar.; — Hg z p. Let (I',I) be an admissible
graph in Bic(g, P, Z, R) (this graph may be a divisor or not). We recall that the
semi-stable graph I' determines a stratum

G Hy =HT = Hgnp

gr,nr,Pr

(see Section [2.7]).

Remark 5.7. Beware that Hr is purely determined by I' (and not I). However
the twist I determines the components that are of level —1 and the P-admissibility
condition implies that these component do not carry marked poles. Therefore the
poles on these components are of order at most —1 and only at the marked points
that will be mapped to the branches of nodes.

We define the linear subspace R} C Rr, as the space of vectors in Rp defined
by the condition: all residues of poles on components of level —1 (or equivalently
at the nodes) vanish.

Now, we have seen that (T, I) defines the space

~ AR° R! I Vi
AFJ - Ago-,zo-,Po x p(AgLZl,Pl) — HgomoPo X Mgl,nl,ml

(see Notation ELI4] for the definitions of g;, Z;, P;, and R'). We denote by AVF)[ the
space on the right hand side.
With this notation, we have the following isomorphism

_th — _
ng,nr,mr,Pr = HgO,HO,PO X < H ,ng,nv-i-mu> ;

veV1

where in the second product, n, and m, are the length of Z, and P, respectively
and we recall that p, : Hg, .n,4+m, — Mg, no+m, is the Hodge bundle. Indeed
Rt
a differential in H::)nr)mr7pr
CI# (Hr) such that the differential has no residues (thus no poles) at the branches
of a node. Therefore the restriction of this differential to components of level 0
is a point in Hgy ne,p, (Without residue condition at the marked poles), and its
restriction to the component of level —1 is an holomorphic differential (thus a point
in the product of the Hodge bundles).
All in all we have the following sequence of embeddings:

is a differential on the normalization of a curve in

~ __pt _
AFJ - AFJ — Hg:,nr,mr,Pr — Hr,

where the second one is given by the zero section embedding of Mg, n, m, in the
Hodge bundle. All these embeddings are compatible with the C*-action therefore
we get the sequence of embeddings

R
gr,nr,mr,Pr

PAF)] — ]P)gr"] — ]P)ﬂ — ng‘

From here, we will compute the Poincaré-dual cohomology class of PAr ; in H*(PHr, Q)
by computing successively the class of each of these sub-stacks in H*(PHr, Q).
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5.3.2. The Poincaré-dual class of ]P)ZFJ. We denote by
dr = dim(Rr) — dim(R}.).

R

The Poincaré-dual class of P, in H*(PHr, Q) is equal to £ (see Lemma[2.27]).

. . Rl - o
Now we consider the morphism ¢ : PH, ', p. — Mg, nym, (it is the compo-

sition of a projection the forgetful map of the differential). The restriction of a

. 1o e o B . . .
differential differential in PH, ", p. gives rise to morphism of vector bundles

U:0O(-1) P* (@vevl ﬂgmnv-i-mu)

o

i
Rp
gr,nr,mr,Pr*

r.nr,Pr

PH
The morphism ¥ can equivalently be seen as a section of O(1)@¢* (B, ey, Haymytm,)-
The vanishing locus of U is the locus of differentials whose restriction to level -1

components is identically zero, i.e. ]P’gn 7 (with the reduced closed substack struc-
ture). The Poincaré-dual class of this locus in H*(PHr, Q) is then given by

g TT (€ + Mg+ 4 A
veVy

5.3.3. The Poincaré-dual class of ]P’ZFJ. We have the natural isomorphism:

PAr 1 = PHg, noPo X Mg, nym, -
We denote by @5 and ®; the projections on both factors.
Definition 5.8. The class ar 1 € H*(PHgnp,Q) is defined by

—R! RO

[Aut(T, 7)] s

where Aut(T',I) is the group of automorphism of I' preserving the twists at the
edges.

Proposition 5.9. Let (I',I) € Bic(g,P,Z, R). We have:
(1) if (T, 1) is divisor graph then ar = [PAr |;
(2) If (T, I) is not a divisor graph then ar,; = 0;
-1 _pl
(3) if []P)AgRO_’ZO’PO] and []P)Aghzhpl] are tautological and can be explicitly com-
puted then so is ar,r.

Proof of the first and second points. If (T', I) is a divisor graph then p : ]Pbélgll)zhp1 —
Im(p) is of degree 1, thus p. []P)Agll-,zhpl] = [P(PAgll,zl,pl)]' Therefore, by construc-
tion ar s is the Poincaré-dual class of IP’ZF, I

If (T', I) belongs to Bic(g, P, Z, R)\Div(g, P, Z, R) then the fibers of p : IP’A?IIZLPI —

_pl
Im(p) are of positive dimension and p, [PA;,Zl,Pl] =0. O

) _ pl
Proof of the third point. We assume that [PA;ZDPO] and []P’Aghzhpl] are tauto-
logical and can be explicitly computed.

C#* <§dr : (I)I(p*[]P)Agl,Zl,Pl]) : (I)S[PAgO,ZO,PO] H (fgv AT L+ /\gu)

) |
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The projections ®; is equal to the composition of the forgetful map from Hr to

ﬂr;d with the projection to the vertices of level —1. Thus by definition, if 8 is a tau-
tological class of Mg, 7, m, then ®3 is a tautological class of H*(PHg z p, Q). Be-
1

—R!
sides, if [PAg, 7,
indeed the Segre class of Hg, n, p, is a tautological class of Mg, m, p,-
The map @, is equivariant with respect to the C*-action, thus we have @, (¢c; (O(1)) =

¢1(O(1). Besides the following diagram commutes:

. . . . . —R
p, | is tautological and be explicitly computed then so is p.[PAg, 7, p,:

- by _—
PAFJ > ]P)Agoﬁno,Po

|

——red ——red
MF Mgo ,110,1M0

Thus, if § is a tautological class of m;i%n07m07 then the class ®§(p*(5)) is a tauto-

logical class of PHr and thus a tautological class of H*(PHgnp, Q). O
We can already remark that Proposition 5.9 implies the following
Corollary 5.10. The following equality holds:

Z m(I) ar. ;1 = Z m(I) arr.
(I,1)€Bic(g,P,Z,R);,i (I,1)€Div(g,P,Z,R) ;i
Proof. It follows from the fact that if (I',I) € Bic(g,P,Z, R),; \ Div(g,P,Z, R); ;
then ar,; = 0. O

5.4. Proof of Theorems[I] [2, andBl We have all ingredients to prove Theorem [
(see the beginning of the Section).

Proof of Theorem[j) For alist Z = (Z1,. .., Z,) of vectors of non-negative integers
we denote |Z| = >27_, |Z;]. We prove Theorem [l by induction on |Z|.

Base of the induction: |Z] = 0. Let (g,Z,P, R) be a quadruple satisfying B.1] and
such that |Z| = 0. is trivial then Ag,z,P is dense in ﬁg,nﬁp. Therefore

[PAQZ,P] = []P)ﬂg,n,P] — é‘dim(fn)—dil’n(R)7
by Lemma

Induction. Now, let (g, Z, P, R) be a quadruple satisfying[3.Iland such that |Z| > 0.
The induction Formulas (I2]) and ([I3]) of Theorems [{ express the class {IP’ZZZ)P}

in terms of a class with a smaller sum of the order of zeros and a sum over all
bi-colored graph (by Corollary [BI0). We only need to prove that the class ar j is
tautological for any (T, I) € Div(g, Z, P, R).
The vectors of zeros Zg and Z; of the levels 0 and —1 satisfy |Z;| < |Z|. Therefore
_pl __po
the classes []PA:l,Z . p,) and [PA:o,Zo,Po] can be computed and are tautological.

Using Proposition [5.9] this implies that the class ar,; is tautological and can be
computed. ([

Theorems [, @ and [ stated in Section are straightforward corollaries of
Theorem [}
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Proof of Theorems[d], [d, and[3 Theorem [Ilis the special case of Theorem [ for a
connected and stable curves. Theorem [3]is a consequence of [Il and Proposition [[.4]
(the Segre class of the spaces of stable differential is tautological).

To prove Theorem[2] we recall that we denote by 7, : ng,n — ng, the forgetful
map of points. The bundle H,, ,, is the pull-back of H,, by 7,,, then ¢ € H*(PH, ., Q)
is the pull-back of ¢ € H*(PH,,Q). Therefore the push-forward of a tautological
class of RH*(PH,,n, Q) by 7, is in RH*(PH,, Q) and can be explicitly computed.

If Z = (ki,...,ky) is complete, the map 7, restricted to PAg 7 is finite of degree
Aut(Z) onto PH[Z]. We have

_ 1 -
I:]P)H[ZH = m * T []P)Aq)z} ,
and the class [PH|[Z]] is tautological and can be explicitly computed. O

6. EXAMPLES OF COMPUTATION

We give two examples of computation: the first one is a computation in the pro-
jectivize Hodge bundle (we forget the marked points), the second is a computation
in the moduli space of curves (we forget the differential).

6.1. The class [PH,(3)]. We consider here g > 2 and Z = (3,1...,1). We have
seen in the introduction the computation of [PA, (5)]. Therefore, in order to com-

pute [PA, (3)] we need to list the divisor graphs contributing to [PA, 3] — (£ +
3¢P1)[PAg,2)]-

=2 VII= e
|
@

FIGURE 2. List of boundary terms in [PA, 3)] — (£ + 3v1)[PA, (9)].

We have represented vertices of level -1 with their genera and the vertices of
level 0 by bullets (the sum will run over all possible distributions of the genera of
vertices of level 0). The marked point always belong to the unique vertex of level
—1. The twists are represented by one number because the level structure already
implies the sign of the twist on each half-edge. Finally we only represented the
twists of absolute value greater than 1.
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After push-forward by the forgetful map of the marked point, we get the following
formula for the class [PH(3,1,...,1)] € H*(PH,, Q):

PH3,1,...,1)] = (129—12) &+ (1151 — 6 — bsep — 5 D—o ) £
+ (6%2—01/’@—.—1/126@—0).

We explain the notation of the above expression. If the graph is not decorated,
then the notation stands for the push forward of the fundamental class of Mr under
Cy- If a graph is decorated with classes P, in ﬂg(v))n(v) for each vertex then the
notation stands for ([ P,). These classes are either 1; for a marked point, .
for an half-edge or A; and k; for a vertex. In the above expression there is only one
decoration ¥, on a half-edge.

Remark 6.1. For g = 3, we can compute p,[PA; (3] € H(Ms,Q) ~ Q, where
p is the forgetful map of the differential. We get p, [PZHV(?,)] = 24, the number of
ordinary double points of a general quartic plane curve. In genus 3, we can also
compute py (s, []P)Z&(Q)g)]) = 2 x 28, i.e. two times the number of bi-tangents to a
general quartic plane curve.

6.2. The class [M3(4)]. Here ¢ = 3 and Z = (4). We will compute the class
S

ere g
Ms(4) = 7. [PA; (4)] € H*(Ms,1). We will not give the details of the computation
however we have

Mz(4)] = Ao —10¢ s + 3597 —5@2@ - (P:@+6(P_@_@

+ @—@—@% D@ - @_@_11@ &G)
At Y1
t 001000 - @
A1 (3

We explain the notation of the above expression. The legs on the graphs stands for
the only marked point. We have decorated graph with classes P, in ﬂg(v)ﬁn(v) for
each vertex. These classes are either 1 (for the marked point), 1. for an half-edge
or \; for a vertex.

We recall that H3(4) has two connected components (hyperelliptic and odd).
In this case one can compute [M3(4)™P] by using the work of Faber and Pand-
haripande (see [I4]). This way one can also compute [Mjz(4)°d] = [M3(4)] —
[M3(4)2P]. In general, it is possible to compute the class of the hyperelliptic com-
ponent but we do not know how to compute separately the classes of odd and even
components for g > 4.

Felix Janda has compared this expression with the expression of Conjecture
B. The two expressions agree modulo tautological relations (see Section [I.7] for
presentation of the conjecture).



COHOMOLOGY CLASSES OF STRATA OF DIFFERENTIALS 59

If we forget the marked point, then we get a class in Pic(M,) ® Q. Using the
string and dilaton equations and Mumford’s formula for x; we get

T M3(4)] = 0—10x4 X\ 4+35kK1 — 5 dnonsep — 04+6-0
+ 0+6'0—345scp_1155cp
+ 0—10 X 3 dsep — Osep

380 A1 — 40 Snonsep — 100 Seep.

The expression agrees with the formula of Scott Mullane (see [27]).

7. RELATIONS IN THE PICARD GROUP OF THE STRATA

We fix the notation for all the section. Let g, n, m > 0 such that 2g—2+n+m > 0.
Let Z = (k1,...,kn) and P = (p1,...,pn) be vectors of positive integers such that
|Z| — |P| = 2g — 2. In this section we consider the space M,(Z — P) C Mgy nim
(see Section for definitions). The purpose is to define several natural classes in

Pic(M4(Z — P)) ® Q and to compute relations between these elements. Namely
there are two types of classes which arise naturally:

e Divisors associated to admissible graphs (see Sections and [£4);
e Intersections of M,(Z — P) with the tautological classes of A3(M,,).

7.1. Classes defined by admissible graphs. We consider the moduli space
of stable differentials H, , p and the locus Ay zp C Hgnp. We recall that
p: Hynp — Mgpim is the forgetful map. We have seen that A, 7 p admits
a stratification indexed by admissible graphs (see Lemma [EI7). Here, we will
describe the set of admissible graphs (I',I,1) such that p(Ar ;) is a divisor in
My(Z — P) = p(Ag,z,p).

The map p : PA, z p = My(Z — P) is an isomorphism (see Lemma [3.14). Thus,
if p(PAr 1) is a divisor in Mg(z — P) then PAr 1, is a divisor in PZ‘%Zﬁp. We
saw that an admissible graph (I, I,1) defines to a divisor of 4, z p if and only it is
of one of the three following types (see Section [£.4)):

(1) the admissible graph of depth 0 with one vertex and one edge;
(2) an admissible graph of depth 0 with two vertices and one edge;
(3) a bi-colored graph that satisfies the condition ().
Proposition 7.1. Let (T, 1,1) be an admissible graph. The locus p(PAr 1,) is a
divisor of My(Z — P) if and only if:
e or (I',1,1) is of the type 1 above ;
e or (T, 1,1) is a bi-colored graph with one vertex of level —1, one stable vertex
of level 0 and possibly other semi-stable vertices of level 0.

We call irreducible divisor the divisor of M,(Z — P) of the first type. We denote
this divisor by Dy (with the reduced structure).

In the second case, the stabilization of the graph I' determines a unique stable
twisted graph of depth 1, (I, I') (we no longer write the level structure which is
uniquely determined by I). Conversely, a twisted stable graph of depth 1 with two
vertices, we can uniquely determine an admissible graph satisfying the condition of
Proposition [Z.1] by putting all the poles on the component of level —1 on unstable
rational components of level 0 (see Lemma and Example [3] below).
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[
NN

Ficure 3. Example of the correspondance between admissible
and stable graphs.

Definition 7.2. A simple bi-colored graph is a twisted stable graphs of depth 1
with two vertices. We denote by SB(Z, P) the set of simple bi-colored graphs. If
(T, I) is a simple bi-colored graph, we denote by Dr 1 the corresponding divisor in
M (Z —P) (with the reduced structure) and by ar r its class in Pic(M,(Z—P))2Q.

The class i.ar, (where i is the closed immersion of p(Ar, ) in My ;,4m) in the
moduli space of curves is simply given by:

Cre ([Mgy(Zo — R)], [Mg, (Z1 — P1)]),

where go and g7 are the genera of the vertices of level 0 and —1 and the vectors Zj,
Py, Z1 and P; are the vectors encoding the orders of zeros and poles at the marked
points and half-edes induced by Z, P and the twist 1.

Example 7.3. We illustrate this correspondence between simple bi-colored graphs
and boundary divisors. We consider g = 3, Z = (2,6) and P = (—2,—2) and the
admissible graph (on this example we take the twists equal to 1 on all edges). On
this example, the class i.ar,; in the moduli space of curves will be given by

Cre (M1 (+2, 40,40, =2)], [M; (+6, -2, -2, -2)]) .

Proof of Proposition[71] Let (T',I) be an amissible graph of depth at most 1 with
several stable components of level 0. Then the fiber of p over a generic point of
p(Ag,z,p) is of dimension greater than one. That is why divisors of type 2 are not
mapped to divisors while the map p restricted to Dy is indeed of degree one onto
its image.

Now we consider an admissible graph of depth 1 with one stable vertex of level
0. Then the graph satisfies condition (**) if and only it has one vertex of level —1.

Finally, we consider an admissible graph (T, I,) of depth 1 and with no stable
vertex of level 0. The projectivized stratum PArp ;; C ngﬁnyp is empty. Indeed,
Z is complete for g and P thus the differential on each unstable component with
a marked pole of order p is given by dz/zP. Therefore Ar ;,; is a substack of the
zero section of the cone Hg npP — ./\/lg n+m (see Section [Z3] for the description of
the zero section). O

7.2. Classes defined by residue conditions. We recall that R is the vector
space of residues, i.e. the subspace of C™ defined by {(r1,...,7m)/r1+...+7rm = 0}.
Let R C R be vector subspace of codimension 1. We define the following class in
the rational Picard group of My(Z — P):

reb = p*(PAg Z, P)
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Notation 7.4. Let 1 < i < j < n+ m. We denote SB(Z, P); (respectively
SB(Z, P)*) the set of simple bi-colored graphs such that the leg corresponding to
i is adjacent to the vertex of level —1 (respectively to the vertex of level 0). We
denote SB(Z, P)) = SB(Z, P); NSB(Z, P)/.

Let R C R is a vector subspace. For a simple bi-colored graph, we denote
by R’ C R be the vector space defined by the linear conditions {r; = 0} for all
1 <4 < m such that the leg of index n + ¢ is at level —1. We denote by SB(Z, P)r
the set simple bi-colored graphs such that the space R contains R°.

7.3. Classes defined by intersection. Let 3 be a tautological class in Pic(M, ,1m)®
Q. The class 3 determines a class in Pic(My(Z — P)) ® Q by taking i*3 where i
is the closed immersion of of ﬂg(Z — P) into ﬂg,nﬂn. If B is either A\;, k7 or a
tp-class then we will denote by the same letter its pull-back to Pic(M,(Z — P))®Q
if the context is clear.

The last class that we will consider is the push-forward of the &-class that we
denote:

€= p.(&- [PAgzp]).
Theorem 6. The following relations holds in Pic(My(Z — P)) ® Q:
(1) for all1 <i<n:
E+(ki+Dn= >  mDars
(I,1)€SB(Z,P);
(2) for all1 <i,j <n:
(ki + 1)y — (kj + 1)ty = Z m(I)ar,r — Z m(I)ar r;
(0, 1)eSB(z,P)! (T,1)eSB(Z,P)!
(3) for all R C R vector subspace of codimension 1:
5 = 6r% Z m(I)ap)];
(I.1)€SB(Z,P)r
(4) if m =0 then
1 o
Mt rzE= 50+ > om(I,D)ar, s,
(I, 1)eSB(Z)

where § is the boundary divisor of ﬂq ns

- (ks +2)
"z 12 k +1

the second sums goes over all legs adjacent to the vertex of level —1.

7.3.1. Relations (1) and (2) and Double Ramification cycles. The second relation of
Theorem|6lis a direct consequence of the first one: we write (k; +1)y; — (k; +1)¢; =
(€+ (ki + 1)) — (€ + (kj + 1)3;). However, we chose to write Relation (2) in this
form for two reasons:
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e first because it involves only classes defined directly in the moduli space of
curves;
e the second motivation is related to the Conjectures A and B. Indeed the

classes Hy(Z) and [My(Z — P)] (see Section [[7] for definitions) are sup-
posed to be generalizations of Double Ramification cycles. In [5], the au-
thors proved several identities between intersection of ¥-classes with Double
Ramification cycles. One consequence of the relations proven in [5] is the
existence a universal 1-class over the Double Ramification Cycles (inde-
pendent of the choice of a marked point). For strata of differentials the
following corollary gives a candidate for this universal -class.

Corollary 7.5. The following class in Pic(M,(Z — P)) @ Q
(ki +1) v — Y m(Iar;
(T,I)eSB(Z,P);
is independent of the choice of 1 < i < n.
Proof of Relation (1). Tt is a direct consequence of the induction formula (see The-

orem [). We consider Z;, the vector obtained from Z by increasing the i-th entry
by 1 and R = R (no residue condition), then we get:

(§+ (ki + 1)) - [PAg zp] = [PAgz,p) + Y. m(I)ar,.
(I,I)€eBic(g,Z,P);

We remark that |Z;| — |P| > 2g — 2 thus [PA, z, p] = 0. Now we apply the push
forward by p to this expression. In the sum of the right-hand side only the simple
bi-colored graphs will contribute and we indeed get

E+(ki+ )= > m(Darr.
(T,1)€SB(Z,P);

O
7.3.2. Relation (3). To prove the third relation, we need a generalization of the in-
duction formula. Let R C fR be a vector subspace of co-dimension 1. We recall that
an admissible bi-colored graph defines a space of residue conditions R® C R (see
Section for the construction of R%). We define Bic(g, Z, P)r C Bic(g, Z, P,R)
as the subset of bi-colored graphs such that R® C R.

Proposition 7.6. The following equality holds in H*(PH, , p; Q)
— R —
[PAy 2 p] = &§[PAg zp] — Z m(I)ar,r.
(T,1)€Bic(g,Z,P) r

Remark 7.7. We could have stated this proposition in a larger generality (unstable
disconnected base) but it will not be useful here.

Proof. The proof is the same as the proof of Theorem We consider the line
bundle O(1) ~ O(—1)" restricted to PA, z p with its section

5s:0(-1) = C
a — R/R
defined as the composition of the residue map O(—1) — PR and the projection

R — R/R. The vanishing locus of the section s is the union of ]P)Zf,Z,P and of the
divisors PAr ; for all (T, I) € Bic(g, Z, P)g.
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c 1. — . . .
Now the vanishing order of s along PA, , p is 1 because the residue map is a

submersion. The vanishing order of s along IP’ZF, 7 is 1 because Lemma [B.6] re-
mains valid if we replace the section s; ; by the section s and the set of graphs
Div(g,Z,P, R);; by the set of graphs Div(g, Z, P)g. O

Proof of Relation (3). Relation (3) is a direct consequence of Proposition It
suffices to use apply the push-forward by the forgetful map p.

O
7.3.3. Relation (4) and the work of Eskin-Kontsevich-Zorich. Let g > 2 and let
Z = (k1,...,k,) be a partition of 2g—2. Before proving Relation (4), let us mention
that Konstevich proved that

A= —rzE+

where 7 is a class supported on the boundary of M(Z). From this relation, he
deduced an equation relating two numerical invariants of strata of differentials: the
sum of the Lyapunov exponents and the Siegel-Veech constants (the complete proof
of this equation was achieved in [I3]). Relation (4) gives an explicit expression for
the class 7.

Proof of Relation (4). Let Z' be the vector equal to (k1, ..., kn,0). If 7 : My 1 —
M., is the forgetful map of the last marked point, then we have Ay 7 = 77 1(A4, 7).
We use the induction formula to obtain the relation:

(€ + Vnt1)[PAg 2] =0+ Z m(I)ay,1

BiC(g,Z)n+1

We multiply this formula by 1,41 to get

(14) EPni1[PAg 2]+ vn 1 [PAgz) = > m(I)pirars.
BiC(g,Z’)n+1

Now we apply (p«) o (m«) to this formula (we forget the last point and then the
differential). We study each term separately.

Contribution of £¢n11[PAy z/]. The classes £ and [PA, z/] are pull back by 7 thus

Do (T (Un41§[PAg 21])) = P (Tu(¥ng1)E[PAg 2])
= Hop*(é[PAg,Z_])

= (29—-2+n)

by the projection formula.

Contribution of Y2 [PAy z/]. Still by the projection formula we have:

P« (W*(wi-i-l[]P)Ag,Z’])) = P« (77*(1/’7214—1)[]}1)’49,2])

n
= 120 -0+ Ui
i=1
Now we use the first relation to write:

U T N m(I
Zl/fi:— (Z; ki+1>€+z Z ki:—)lar’l

i=1 \(1,1)eBS(9.2);
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Contribution of ¥ pic(g. 77, ., MU )¥n+1ars. Let (I',) be a bi-colored graph in
Bic(g, Z')n+1. There are two possible configurations:

e the point n 4+ 1 belongs to a rational components with 3 special points. In
which case ¥, 41ar,1 = 0;

e the point n + 1 is carried by a general vertex of level —1 which is not
contracted after the forgetful map.

In the second case, we denote by (I, I") the twisted graph obtained after forgetting
the marked point. We get:

Tw(Ynyrar,1) = (291,11 — 2 + nre p1)ar 1,

where gr 1 and nr; denote the genus and valency of the vertex of level —1. Thus

(peom) > m(Dnprars = > mD)2grra — 24 0 a)ars.
Bic(g,Z")n41 (T,1)EBS(g,2)
We obtain Relation (4) by replacing all the terms in Equation ([I4]) by their expres-
sions in terms of simple bi-colored graphs. O
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