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SYMBOLIC EXTENSIONS AND UNIFORM GENERATORS FOR
TOPOLOGICAL REGULAR FLOWS.

DAVID BURGUET

ABSTRACT. Building on the theory of symbolic extensions and uniform generators for discrete
transformations we develop a similar theory for topological regular flows. In this context a
symbolic extension is given by a suspension flow over a subshift.
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1. INTRODUCTION

Given an invertible dynamical system (X, f) a generator is a finite partition P, which “gen-
erates” the system in the sense that the map from (X, f) to (P%, o), with o being the usual
shift, which associates to any @ € X its P-name (P(f*x))rez defines an embedding (where P(z)
denotes the atom of P containing z € X). The nature of the embedding depends on the struc-
ture of the system, e.g. if we consider a measure preserving system (resp. Borel system, resp.
topological system) we require the embedding to be measure theoretical (resp. Borel, resp. topo-
logical). A necessary set-theoretical condition for the existence of a generator is given by the
cardinality of periodic points which has to be smaller than in a full shift over a finite alphabet, i.e.
SUP,, en {0} %log #{x, f"x = x} < +o00. There are other conditions, of dynamical nature, namely
entropic and expansive properties.

Generators in ergodic theory have a long history. As the entropy is preserved by isomorphism,
an ergodic system with a generator has finite entropy. W.Krieger showed the converse in [19] : any
ergodic system on a Lebesgue space with finite entropy admits a (finite) generator. For topological
systems, expansiveness (which implies finite topological entropy) completely characterizes systems
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2 DAVID BURGUET

with a generator (see [18] and [20]). New developments appear recently for Borel systems. Namely
M.Hochman has proved in [15, 16] that a Borel system admits a generator if and only if the entropy
of its ergodic invariant measures is bounded from above.

When considering the time ¢t-map ¢; of a (regular) flow (X, ®) we are interrested in generators
P whose atoms are towers associated to a cross-section, i.e of the form {¢:(z), € Aand 0 <
t < tg(x)} with A C S for a cross-section S and its return time tg. As a first step we aim
to represent the system as a suspension flow or equivalently to build a (global) cross-section.
For aperiodic ergodic flows it was achieved by W.Ambrose [2], whereas V.M.Wagh [33] obtained
the analogous result in the Borel case. As shown by D.Rudolph [32] the roof function in this
representation of ergodic flows may be always assumed to be two-valued ; moreover for finite en-
tropy flows the two-partition consisting of the towers with constant return time is generating not
only for the flow, but also for the ergodic time ¢-maps with ¢ less than the minimal return time.
Recently K.Slutsky [30] built for Borel systems a Borel cross-section with a two-valued return map.

In the present paper we are interested in generators for topological systems. M.Boyle and
T.Downarowicz [5] have developped a new theory of entropy revealing fine properties of expan-
siveness of discrete topological systems. They introduce new entropy invariants which allow in
particular to know whether the system may be encoded with a finite alphabet or not. Formally
such a code is given by a topological extension by a subshift over a finite alphabet, also called
a symbolic extension. More recently T.Downarowicz and the author [10] have related the theory
of symbolic extensions with a Krieger-like generators problem. For a discrete topological system
(X, T) they introduced uniform generators as Borel partitions P of X whose iterated partitions
P%—n,n] = \/Zz_n T* P have a diameter going to zero with n, in other terms SUD, ¢ pl-ninl ) d(y,x)
goes to zero uniformly in 2 when n goes to infinity (with d being the distance on X). By Theorem
1 in [10] a uniform generator is given by a symbolic extension with a Borel embedding and vice
versa. For aperiodic systems the existence of symbolic extensions is equivalent to the existence
of uniform generators whereas the presence of periodic points generates other constraints to build
uniform generators (see Theorem 55 in [10]).

We aim to develop such theories for topological flows. Regarding the discrete systems given
by the time t-maps of a real flow, M.Boyle and T.Downarowicz have proved that for ¢t # 0 the
time ¢-map admits a symbolic extension if and only so does the time 1-map (Theorem 3.4 in [0]).
Nevertheless we consider here the flow in its own, not only through its time-t maps. We call
symbolic extension of a topological flow any topological extension given by the suspension flow
over a subshift with a positive continuous roof function, whereas a uniform generator for the flow
is a symbolic extension of the flow with a Borel embedding.

For Axiom A flows R.Bowen [3] built a finite-to-one symbolic extension. Moreover the roof
function may be chosen to be Holder continuous and the subshift is of finite type. R.Bowen also
introduced a notion of expansiveness for flows (satisfied in particular by Axiom A flows). The ex-
istence of symbolic extensions preserving entropy for expansive discrete dynamical systems is now
well-known. For expansive flows, R.Bowen and P.Walters [4] built a symbolic extension but they
ask whether this extension preserves the entropy. Their construction involves closed cross-sections
and they wonder if one could choose carefully the closed cross-sections so that the associated sym-
bolic extension has the same topological entropy. We will give a positive answer to this question
for C? expansive flows.

A first step in the theory of symbolic extensions or uniform generators consists in reducing the
problem to zero-dimensional systems. This is done by considering partitions with small boundary,
i.e. with boundaries having zero measure for any invariant probability measure. The existence
of partitions with small boundary and arbitrarily small diameter, known as the small boundary
property, is related with the deep theory of mean dimension [25]. In the Section 2 we introduce
a small boundary property for flows. This property is always satisfied for C? smooth flows when



SYMBOLIC EXTENSIONS AND UNIFORM GENERATORS FOR TOPOLOGICAL REGULAR FLOWS. 3

the set of periodic orbits with period less than T is finite for any 7' > 0. For flows with the
small flow boundary property we may build, by a similar construction as R.Bowen and P.Walters,
a topological extension preserving entropy given by a suspension flow over a zero-dimensional
discrete system. Then a symbolic extension of the flow may be built from a symbolic extension of
this discrete system. Our main results may be stated as follows:

Theorem 1.1. Let (X,®) be a (resp. aperiodic) regular topological flow with the small flow
boundary property. It admits a symbolic extension (resp. a uniform generator) if and only if for
some (any) t # 0, the time t-map admits a symbolic extension. Moreover this property is invariant
under orbit equivalence.

For a C'*° smooth aperiodic regular flow on a compact manifold, the time-t maps is also C'*®
smooth and thus admits a symbolic extension. Therefore the flow admits a uniform generator.
In fact the symbolic extension (associated to the uniform generator) is in this case an isomorphic
extension (see Section 2.3 for the definitions).

Corollary 1.1. Any C* smooth aperiodic flow admits an isomorphic symbolic extension.

For the time t-map ¢, t # 0, of a topological flow (X, ®) we define a weak notion of uniform

generators as follows. For o > 0 a partition P is said to be an a-uniform generator of ¢ when
SupyeP(L;"’"](w)d(y’dj[*ava] (x)) with ¢[_q.a(7) = {¢s(z), |s| < a} goes to zero uniformly in
reX.
Theorem 1.2. Let (X,®) be a reqular aperiodic flow admitting a uniform generator. Then for
any t # 0 small enough (depending only on the topological entropy of ®) and for any « > 0 there
is a 3-partition of a Borel global cross-section such that the associated partition of X in towers is
an a-uniform generator of ¢y.

2. ZERO-DIMENSIONAL SUSPENSION FLOWS AS MODELS

Following R.Bowen and P.Walters we build from cross-sections an extension given by a suspen-
sion flow over a zero-dimensional system. When the cross-sections have small flow boundaries,
this extension is isomorphic.

2.1. Generalities on topological flows. A pair (X, ®) is called a topological flow, when (X, d)
is a compact metric space and ® = X x R — X is a continuous flow on X, i.e. ® is continuous,
x — ®(x,0) is the identity map on X and ®(®(z,t),s) = ®(z,t+ s) for all t,s € R, x € X. For
t € R we let ¢; be the homeomorphism of X given by x +— ®(z,t) and we will denote the flow by
® = (¢¢)ter- The flow is said to be singular when there is (at least) a point € X fixed by the
flow, i.e. ¢¢(x) = z for all t. Otherwise the flow is said to be regular. In the present paper the
flow is always assumed to be regular.

2.1.1. Cross-sections. Following the pioneering works of Poincaré, we consider the return maps to
cross-sections in order to study the flow.

Definition 2.1. Let (X, ®) be a topological flow. A cross-section S of time n > 0 is a subset S
of X such that the restriction of ® : (x,t) — ¢(z) to S x [—n,n] is one-to-one.

Any subset of a cross-section is itself a cross-section. The cross-section S is global when there
is € > 0 with (S x [=£,£]) = X. Obviously any cross-section has an empty interior. Moreover
any Borel cross-section has zero measure for any probability Borel measure invariant by the flow.

For an interval I of R and a subset F of X we denote by ¢;(FE) the subset ®(ExI) = {¢:(z), t €
I'and x € E}. Let S be a cross-section of time 7. For 0 < ¢ <7 the set S¢ := ¢_¢ (5) is called
the (-cylinder associated to S. For a subset FE of X we denote the interior of E by Int(E), its
closure by E and its boundary by E. A cross-section S of time 7 is said weakly extendable when
its closure S is itself a cross-section of time 7. To shorten the notations we will write w.e.c. for
weakly extendable cross-section. Again any subset of a w.e.c. is itself a w.e.c. and any closed cross-
section is obviously a w.e.c.. We recall below a notion of interior adapted to w.e.c.’s (introduced
in [4] for closed cross-sections).
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Definition 2.2. Let S be a w.e.c. of time n and let 0 < ( < n. The flow interior Int‘b(S) of S is
defined as follows

Int®(S) := Int(S¢) N S.
We also define the flow boundary of S as 9*S = S\ Int®(S) and the flow boundary of the cylinder
S( as 6¢SC = QS[—QC] (8‘1’5)

The flow boundary 9% S of a w.e.c. is always closed since it may be written as 9%S = S\ Int(S).
The definition of Int®S does not depend on 0 < ¢ < 7. Indeed if = € Int(S,) \ Int(S;) for some
0 < ¢ < 7 then there is a sequence (z,),, in the complement of S; converging to z. As z belongs
to Int(S,,) so does x,, for n large enough, in particular z,, = ¢y, (y») for some y,, € S and t,, €](,7].
By extracting subsequences there exist y € S and t € [¢,n] with # = ¢;(y). Therefore, x does not
lie in S, because the closure S of S is a cross-section of time 7.

Consider a flow associated to a smooth nonvanishing vector field X on a compact (d + 1)-
manifold M. Then any embedded d-disc transverse to X defines a closed cross-section. We denote
respectively by By and S; the unit ball and the unit sphere in R? for the Euclidean norm. If we
let h: By — M denote a smooth embedding satisfying h(B;) = S then 9% S is the set h(Sy).

For a topological flow (X, ®) any point belongs to the flow interior of a closed cross-section
with arbitrarily small diameter (see [34] p. 270).

2.1.2. Properties of the flow boundary. The interior boundary of a w.e.c. may be characterized as
follows :

Lemma 2.1. Let S be a w.e.c. of time n. The restriction of ® to Int®(S)x] — n,n| defines a
homeomorphism onto Int(S,). In particular Int®(Int*(S)) = Int®(S). Moreover the boundary dS;
of S¢ (in X ) is the union of 0*S¢, ¢_¢(S) and ¢¢(S) for 0 < ¢ <.

Proof. As the restriction of ® to S x [~7,7] is a homeomorphism onto its image it is enough to
check ®(Int®(S)x] —n,7[) = Int(S,)).

Take z € Int(S,). Let y € S with ¢¢(y) = « for some ¢ with |{| < 7. Necessarily |¢| < .
If ¢ = n we would have ¢(y) € ¢y 05 C S, for t > n close to 1. Indeed for such ¢ we have
¢c(y) & ¢pomS by injectivity of ® on S x [0,2n]. Then any limit of ¢;(y) when ¢ goes to 7
should belong to ¢[*n,0]§ but by continuity of the flow such a limit is necessarily equal to ¢,(y)
contradicting the injectivity of ® on S x [-n,n]. We argue similarly for ( = —». It is thus
enough to show y € Int?(S). Without loss of generality we can assume ¢ < 0. Then we have
y € SNo_c(Int(Sy)) = SNint(p_¢(Sy,)) = S N Int(S,+c) where the last equality follows again
from the injectivity of ® on S x [0, 27].

Conversely let y € Intq)(S) and ¢ €] —n,n[. We can assume ¢ > 0. Take 0 < £ < — (. By
definition of the flow interior the point y belongs to Int(S¢) so that & = ¢¢(y) is in ¢¢(Int(Se)) C
Int(S,). Thus ®(Int®(S)x] —n,7[) = Int(S,). In particular Int((Int®S),) = Int(S,), and by taking
the intersection with Int®(S) on both sides we get Int®(Int®(S)) = Int®(S9).

Finally we have for 0 < { <1

0S¢ = S \In(Sc),
= @ ((Fx =6\ (e (8)x] - ¢.<1))
= 9%ScUo_¢(S)Ugc(S).
U

We give below some topological properties of the flow boundary and the flow interior of a subset
A of a w.e.c. B with respect to the induced topology on B.

Lemma 2.2. Let B be a w.e.c. of time n and let A C B.
(1) Int®(A) is open in B,
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(2) 0pA C 0®A C Og AU O® B with Og A being the frontier of A in B.

Proof. (1) By definition we have Int®A = AN Int(A4,). As B is a cross-section of time 7
containing A, then Int®(A) coincides with BN Int(A,). The set Int(A,) being open in X,
the set Int® (A) is open in B for the induced topology.

(2) The first inclusion follows directly from (1). We show the second one. Let x € 9% A\d*B C
Int®(B). If z did not belong d5 A then there would be an open subset z € O C Int®(B) of B
with either ONA = ) or O C A. By Lemma 2.1 the set ®)_,, ;O is an open neighborhood of
2 in X. In the first case this open neighborhood lies in the complement of A contradicting
z € A, whereas in the second case it lies in the interior of A, contradicting z ¢ Int®(A).

The flow boundary behaves with respect to intersection, union and complement in a similar
way to the usual boundary.
Lemma 2.3. Let A and B be w.e.c.’s of time 1.
(1) When AU B defines a w.e.c. of time n, we have
d*(AUB) Cc 0*AUO*B.
If A and B are disjoint and closed, then the equality holds.
(2)
0*(ANB) c9®*AUd*B.
(3)
o*(B\ A) c 9*BU I A.
Proof. (1) The inclusion Int®(A) U Int®(B) C Int®(A U B) follows clearly from Int(A4,) U
Int(B,) C Int((AU B),). Then 8*(AUB) = AUB \ Int*(AU B) C (Z\ |nt<1>(A)) U

(E\ Intq>B). When A and B are closed and disjoint, the cylinder (AU B),, is the disjoint

union of the closed cylinders A, and B,,. Thus we have Int((AU B),) = Int(4,) U Int(B,)
and this easily implies the required equalities.

(2) Using cylinders as above we get easily Int®(ANB) C Int®(A)NInt®(B) so that 9*(ANB) =
ANB\Int*(ANB) C (Z\ |nt<1>(A)) N (E\ |nt<I>(B)).

(3) Let z € 9®(B\ A)\0®B C Int®(B). As Int®(A) C Ais open in B then B\ ANInt®(A) =0
and z ¢ Int®(A). If = belongs to A then x € d®A. If not, 2 would belong to Int*(B)\ 4
which is open in Int®(B). In particular (;S]_nm[(lntq)(B) \ A) is open in X according to
Lemma 2.1. But this last open set contains = and it is a subset of (B \ A),. Therefore

should belong to Int®(B\ A). Contradiction.
U

2.1.3. Closed cross-sections. We focus in this subsection on closed cross-sections and especially on
global closed cross-sections.

Lemma 2.4. Let S be a closed cross-section of time 1.
(1) The cylinder S, is closed, therefore 8S, D 0*S, have an empty interior.
(2) Int®(@*S) = 0. In particular 9*9*0® = 9*9°®.
(3) When S is global, then Int®(S) is also a global closed cross-section.

Proof. (1) and (2) follow easily from the definitions. Let us check (3). By Lemma 2.1 the restriction
of ® to Int®(S)x]kn, (k+ 1)n[ is an homeomorphism onto Int(P)kn, (k+1)nS) for any integer k. But
S being global we have X = ®(S x [-Kn, Kn]) for some K € N. Thus the open set

U ent®S)xlkn,(k+ 0= |J  Int(@pyernnrS)

k=—K, ,K-1 k=—K,- ,K—1
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is contained in ®(Int®(S)x [~ K7, Kn]) and is dense in X by (1). Therefore ® (Int‘b(S) x [-Kn, Kn]> =
d(Int®(S) x [-Kn, Kn)) = X. O

Now we consider a global closed cross-section S of time 7 and we let £ > 0 with ®(S x [=¢,€&]) =
X. The first return time tg in S defines a lower semicontinuous positive function as the cross-
section S is closed. Moreover tg is bounded from above by 2¢ and from below by 2. Let Cs C S be
the (residual) subset of continuity points of tg. The first return map in S, denoted by Ts : S — S,
T = ¢yg () (), is also continuous at any point of Cs. In fact we may describe more precisely the
continuity properties of tg and Tg.

Lemma 2.5. The first return time tg in S is a piecewise continuous map, i.e. there is a finite
partition (Ck)g of S into w.e.c.’s such that ts is uniformly continuous on each Cy. Moreover the
boundaries in S of the Cy’s have an empty interior in S.

Proof. The set Y defined by Y := {(z,t) € S x R", ¢¢(x) € S} is a closed subset of S x RT. Let
§ €]0,inf,cs ts(x)[. For any positive integer k the closed intersection Y N (S x [kd, (k + 1)d]) is
the graph of a continuous nonnegative function defined on a closed subset By of &. Let denote
this function by fi : By — R*. Then the return time tg coincides with f; on C; := By (which
may be the empty set) and with fi on Cy := By \ (UKI€ Bl) for every k > 1. Moreover observe
that U, cpcx Ck = Ujcper Br = S with K = [2]. The By’s being closed, the boundaries of
the C}’s in S have an empty interior in S (indeed the class of subsets, whose boundary has an
empty interior, is closed under complement, finite unions and intersections and it contains the
closed subsets). O

The set Cg of continuity points is not only residual, it contains the open and dense subset of S
given by the union of the interior sets in .S of the w.e.c.’s C), by Lemma 2.5. We relate below the
set of discontinuity points of tg with the flow boundary of S.

Lemma 2.6. Let x € S\ Cs. Then there exzists t € [0,2¢] with ¢,(z) € O*S.

Proof. Assume by contradiction that there is no t € [0,2¢] with ¢;(z) € 9*S. Let us show z
belongs to Cg. If not there would be a sequence (), of S converging to « with 2 > lim,, tg(z,) >
ts(xz). When n is large enough, ¢y ()(,) belongs to the complement of Int(S¢) for some small
¢ > 0 and thus so does ¢y (5)(), in particular ¢, ) () € 0% S contradicting our hypothesis. [

2.1.4. Complete family of closed cross-sections. A finite family S of disjoint closed cross-sections
S of time ns > 0 is said complete when the cylinders S, ; /o are covering X. In particular the set
6 = Uges S defines a global closed cross-section and the first return time tg is bounded from
above by ns. The diameter of such a family S is the maximum of the diameters of S € S. Any
topological regular flow admits a complete family of closed cross-sections with arbitrarily small
diameter (see Lemma 7 in [1]). Let us consider such a complete family S of cross-sections. For
the closed global cross-section &, the conclusion of Lemma 2.5 holds for the partition Tg s

Lemma 2.7. For every S € S the first return time ts is uniformly continuous on the set Tgls.

Proof. We argue by contradiction. Let (z,), and (y, ), be two sequences in T6_1,S' with lim,, d(z,, yn) =
0 and ¢ := lim, tg(x,) > ty := lim, ts(y,) > 0. By extracting subsequences we may assume
(zn)n (and thus (yn)n) is converging in &, say to x. Then ¢y, (x) and ¢y, (z) both belong to S.
But we have also 1 —t2 < sup,cgts(y) < ns. This contradicts the fact that S is a cross-section
of time ngs. O

By Lemma 2.3 (1) we have & = |Jg.5 9% S. The flow boundary of Tg'S, for S € S, satisfies
the following property :

Lemma 2.8. For every S € S we have

O (Tg'S) C %6, UTS' (9%S).
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Proof. Tt is enough to show Int® (Tg'S) > Tgl(lnt‘b(S)) N Int®?(&) N Cs. Indeed this implies
I (Tg'S) = Tg'S\Int®(T5'S),
c (Tgls\Tgls) UTS(0%S) UdPG U (6 )\ Cs)

but the set Tg'S \ Tg'S is contained in & \ Ce, which by Lemma 2.6 is a subset of 0%6,);.

Let z € Tgl(lntq)(S))ﬂlnt¢(6)ﬂC6. Then Ts () = ¢i (o) () lies in Int(S¢) for any small ¢ > 0.
By continuity of the flow we have also ¢y (»)(y) € Int(S¢) for y € & close enough to x. Therefore
such points y return in S in a time close to tg(z). As z belongs to Cg this correspond to their
first return time. But z also belongs to Int® (&) so that there is an open subset z € O C Inté(G)
of & contained in Tng. Therefore « belongs to Inté(Tng) by Lemma 2.1. O

2.1.5. Suspension flows. Let (X, T) be a topological discrete system. Let r : X — R be a positive
continuous function. Consider the quotient space

X, ={(z,t) : 0<t<r(z),z€ X and (x,r(z)) ~ (Tz,0)}.

This quotient space X, is compact and metrizable (see Section 4 in [1]). The suspension flow over
(X, T) under the roof function r is the flow @, on X, induced by the time translation 7; on X x R
defined by Ty(z, s) = (z,s + 1).

We call Poincaré cross-section of a topological flow (X, ®) any closed cross-section S such that
the flow map ® : (z,t) — ¢¢(x) is a surjective local homeomorphism from S x R to X.

Lemma 2.9. A cross-section is a Poincaré cross-section if and only if it is a global closed cross-
section with empty flow boundary.

Proof. Let S be a Poincaré cross-section. By compactness of X = ®(SxR) = [Js o 2(Sx] =, ()
there is £ > 0 with ®(S x [-£,£]) = X and S is thus global. The sets ¢;_¢ ¢(S) for { > 0 being

open, we have S = Int®$ and thus 925 = () as S is closed. Conversely, if S is a closed cross-section
with empty flow boundary, then from Lemma 2.1 the flow map ® : S x R — X defines a local
homeomorphism onto its image. When the cross-section S is moreover global, this map is then
also surjective. O

As the roof function r of the suspension flow (X,., ®,.) does not vanish, the flow is regular and
the subset X x {0} C X, defines a Poincaré cross-section of the suspension flow X,.. In fact any
topological flow admits a Poincaré cross-section if and only if it is topologically conjugate to a
suspension regular flow. When the flow space is one-dimensional, there always exists a Poincaré
cross-section. Indeed any closed cross-section is zero-dimensional, so that any point belongs to
a closed cross-section with empty flow boundary. Bowen-Walters construction then provides a
complete family S of closed cross-sections with empty flow boundary. The union & = (Jg.55
defines therefore in this case a Poincaré cross-section. Here we consider topological suspension
flows, but we may also define similarly a Borel (resp. ergodic) suspension flow over a discrete
Borel (resp. ergodic) system with a bounded Borel (resp. integrable) roof function.

For the suspension flow (X, ®,) the ®,-invariant measures are related with the T-invariant
measures as follows. For a discrete topological system (X,T) (resp. topological flow (X, ®)) we
denote by M(X,T) (resp. M(X,®)) the set of T-invariant (resp. ®-invariant) Borel probability
measures. Let A denote the Lebesgue measure on R. For any u € M(X,T) the product measure

p x X\ induces a finite ®,-invariant measure on X,. This defines a homeomorphism between
M(X,,®,.) and M(X,T). More precisely the map

O: M(X,T)—> M(Xra(pT)v

(1 x Alx,
Jrdu

is a homeomorphism (not affine in general), which preserves ergodicity.

s
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2.1.6. ®-invariant and ¢;-invariant measures. For any t > 0 we let i; be the inclusion of M(X, ®)
in M(X, ¢;). In general this inclusion does not preserve ergodicity : for an ergodic u € M(X, @),
the measure i; (1) need not be ergodic (however, by the spectral theory, for a fixed measure p, this
may occur for at most countably many ¢ € R).

For ¢t > 0 the map

Or: M(X,0) = M(X, D),
1 t

B - / Pspds
t Jo

defines a continuous affine map of M(X, ¢;) onto M(X, ®), which is a retraction i.e. 6; oi; =

Idpq(x,@). As this last identity is immediate, we only check that 6; () belongs to M (X, ®) for any

€ M(X,¢). Clearly it is enough to show ¢, (6;(11)) = 0¢(p) for any u €]0,¢[. This follows from
the following equalities :

1 /[t 1 [t
b (t / ¢sud8>=t / Geruinds,
0 0
1

t+u
= - ospds,

i),
1 t U 1 t

= ([ o+ [“omas) =3 [ ounas
t \Ju 0 tJo

2.1.7. Orbit equivalence. Two topological flows (X, ®) and (Y, ¥) are orbit equivalent when there
is a homeomorphism A from X onto Y mapping ®-orbits to W-orbits, preserving their orientation.
Any flow obtained by a change of the time scale of a topological flow (X, ®) is orbit equivalent to
(X, D).

In the following we are interested in dynamical properties invariant under orbit equivalence. In
general the topological entropy is not preserved by orbit equivalence. But for regular topological
flows zero and infinite entropy are invariant [29].

2.2. The small boundary property for flows.

2.2.1. Definitions. For a topological discrete system (X, T') (resp. topological flow (X, ®)), a sub-
set F has a small boundary when its boundary is a null set, i.e. it has zero measure for any
T-invariant (resp. ®-invariant) Borel probability measure (similarly a Borel subset is said to be a
full set when its complement is a null set).

We define now an adapted notion of small boundary for w.e.c.’s.

Definition 2.3. Let (X, ®) be a topological flow. A w.e.c. S of time n has a small flow boundary
when *S,, is a null set.

For a w.e.c. S, the closure S is also a cross-section and it is thus transverse to the flow, so that
the subset ¢_,S U ¢,S of 85, has zero measure for any ®-invariant Borel probability measure.
Therefore in the above definition we may replace the flow boundary 9%, of S, by its usual
boundary 95, according to Lemma 2.1. Moreover the small flow boundary property of S does not
depend of the time 7.

Lemma 2.10. Let (X, ®) be a topological flow and let S be a w.e.c. of time n > 0. The following
properties are equivalent :

i) S has a small flow boundary,

i) lime_yq #(8254) =0 for any p € M(X,®),
iti) 14{0 <t <T, ¢ (z) € 925} L2500 0 wniformly in x € X.
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Proof. We have trivially ¢) = i). Assume i) and let us prove ¢). For a ®-invariant Borel
probability measure p, we have for all positive integers n and for all n > 0:

u((‘)@Sn) =H ((b[fn,n]a‘bs) ’

n—1
=n ( U Stwnsmesiymm (3‘1’5)) 7
k=—n
%S, 90) n
HAO7 Swy2n) 0.
n/2n
Finally we show i) and iii) are equivalent. We recall that A denotes the Lebesgue measure on

R. By Birkhof ergodic theorem we have for 0 < ¢ < /2 and for any ergodic ®-invariant Borel
probability measure

=2nx N((?@Sn/Qn) =nx

Yuae x, p(0%S:) = TEIEOO %)\ ({0<t<T, ¢e(z) €9%Sc}),

Lo <t<T, o(x) c0"s),

= lim
T—4oc0

thus p(0®S¢) < limsup x sup #{0 <t < T, é(x) € 9*S}.
T—+oc0 reX
By the ergodic decomposition this last inequality holds in fact for any ®-invariant Borel probability
measure and therefore i) = 7).
We will use a Krylov-Bogolyubov’s like argument to show 4i) = ). For any T > 0 take
1 € X maximizing the function z — #{0 < t < T, ¢(x) € 95} on X. Let 91 : R — M,

t = ¢¢(x7) and let pt := Y1 (A1) With A 7 := M For any 0 < ¢ < 1/2 we have
AMN{0<t<T, ¢i(xr) € 0%S:}
(ot = 2! o 13
2¢ >
> 7 (Ho<t<T, duwr) €0%S} - 1),
> 2%

= (sup #H{0<t<T, ¢(z) € 0%S} — 1) )

T zeX

As 9% S, is closed, any weak-x limit u of (u1)T, when T goes to infinity, satisfies
w(0*S¢) > limsup pr(9%Se),
T

sup,ex {0 <t < T, ¢(x) € oS}

> 2¢ x 1i
> 2¢ lstup T

P
Thus if M 290 we get iii). O

A discrete topological system (resp. topological flow) is said to have the small boundary property
when there is a basis of neighborhoods with small boundary. We will consider the following
corresponding notion for the flow boundary.

Definition 2.4. A topological flow (X, ®) is said to have the small flow boundary property when
for any x € X and for any w.e.c. S" with x € Int*(S) there exists a subset S of S" with z € Int®(S)
such that the w.e.c. S has a small flow boundary.

In the above definition we may replace w.e.c. by closed cross-sections. For a w.e.c. with small
flow boundary the associated cylinders have a small boundary, so that a topological flow with
the small flow boundary property has in particular the small boundary property. Following the
construction of R.Bowen and P.Walters any topological flow with the small flow boundary property
admits a complete family of closed cross-sections with small flow boundary and with arbitrarily
small diameter. Moreover we can assume that each cross-section in the family is contained in the
flow interior of another closed cross-section (see also Lemma 2.4 in [17] for a similar construction).
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2.2.2. Essential and small boundary partitions. For a discrete topological system (X,T) (resp.
topological flow (X, ®)) a partition P of X is said to have a small boundary when any atom in P
has a small boundary. Such a partition of X is also called an essential partition.

Lemma 2.11. For a topological system (X, T') (resp. topological flow (X, ®)) a Borel partition P
of X has a small boundary if and only if A\ A is a null set for every A € P.

Proof. The necessary condition is clear because the sets A \ A is contained in the boundary of
A € P. To prove the equivalence it is enough to see that A NJA C UBGP\{A}E\ B. Take
x € ANJA, in particular x ¢ Int(A). Therefore there is a sequence (x,),, in the complement set of
A going to x. By extracting a subsequence we may assume all x,, are in B for some P 5 B # A,
so that z belongs to B\ B. O

The partition, generated by a finite cover of sets with small boundary, has itself a small bound-
ary. Consequently a system with the small boundary property admits partitions with small bound-
ary and arbitrarily small diameter. Similar properties also hold true for the small flow boundary
property. A partition P of a w.e.c. S is said to have a small flow boundary when every atom in
P defines a w.e.c. with small flow boundary (in this case S has itself a small flow boundary).

Lemma 2.12. Let (X, ®) be a topological flow with the small flow boundary property. Let S C S’
be w.e.c.’s with S C Inth(S') such that S has a small flow boundary. Then there are partitions of
S into w.e.c.’s with small flow boundary and arbitrarily small diameter.

Proof. For all z € S there is a w.e.c. S, C S’ with small flow boundary and arbitrarily small
diameter satisfying = € Int®(S,) C Int®(S"). The sets (SN Intq)Sx)weg define an open cover of S.
Let E be a finite subset of S such that (SN Int®(S,))scp is a finite open subcover. The partition
of S generated by the finite cover (SN S,).cr of S has a small flow boundary according to Lemma

2.3 (2). O

We define now the corresponding notion for global Borel cross-sections of a topological flow.
Let S be a global Borel cross-section of a topological flow (X, ®). For A C S we let T4 be the
tower above A defined as

Ta:={¢(x), z€ Aand 0 <t < tg(x)}.
For a Borel partition P of S, the towers T4 for A € P define a Borel partition Tp of X.

Definition 2.5. With the above notations, a Borel partition P of S is said essential when the
associated partition Tp of X in towers is essential.

When @ is a partition of S and P is an essential partition of S finer than @, then @ is also
essential.

Lemma 2.13. Let S be a complete family of cross-sections with small flow boundary. Then the
partition S of the global closed cross-section & = |Jgog S is essential.

Proof. It is enough to show the joined partition P = SV Tg 1S of G is essential. For any S € S
the w.e.c. Tg'(0%9) has a small flow boundary according to Lemma 2.10 :

1 _ 1
Tﬁ{o <t<T, ¢o(x) €T (0%S)} = ?ﬁ{o <t<T, Grite(on(a)(®) € 0%SY,

1 00 . .
< ?ﬁ{o <t<T+ns, ¢u(z) € 0®S} 12420 ) uniformly in z € X.

Each E € P has therefore a small flow boundary by Lemma 2.8 and Lemma 2.3 (2). Moreover
the restriction of tg to E extends on E to a continuous function t£ by Lemma 2.7. Therefore
Tg \ Tg is contained in the union of FE, {012 2)(2), z € E} and {¢¢(z), 0 <t <suptf and z €
E\ E}. The first two sets are subsets of the global closed cross-section & so that their measure
is zero for any probability measure invariant by the flow. The last set is contained in % E; with
¢ = suptg and therefore it is also a null set because E has a small flow boundary. O
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Remark 2.1. e There is no statement similar to Lemma 2.11 for a complete family S of
closed cross-sections with small flow boundary. Indeed, for every S € S the set S\ S is
empty but the cross-section S has not necessarily a small flow boundary.

e For a Borel global cross-section, essential partitions are more general than partitions with
small flow boundary, whose atoms are necessarily w.e.c.’s (the flow boundary makes only
sense for a w.e.c.).

2.2.3. Small boundary for ® and ¢;. The small flow boundary property for a closed cross-section
may be related with the small boundary property of the associated cylinders for the discrete time-t
maps as follows.

Lemma 2.14. Let (X, ®) be a topological flow with a closed cross-section S and let t # 0. The
following properties are equivalent.

i) S has a small flow boundary for the flow ®;
it) for somemn > 0 the flow boundary 8‘1)5,, is a null set for the topological discrete system (X, ¢¢).

However there may exist ¢;-invariant probability measures with ¢ # 0 supported on ¢,S and
thus on 0.5,,.

Proof. As any ®-invariant measure is ¢;-invariant we have trivially #) = ). Assume i) and
let us prove ii). Let p be a ¢-invariant measure. The ®P-invariant measure 6;(p) satisfies
0 = 6,(n)(0S,) = %fg $sp1(0Sy) ds. Therefore we have ¢u(9Sy) = p (0¢|_y—sn—sS) = 0 for
Lebesgue almost s € [0,¢]. This concludes the proof as we have %S, 5 C 0P|_y—sm—s)S for
0<s<n. O

2.2.4. Suspension flows. Let (X, T) be a topological discrete system. We consider the suspension
flow (X, ®,.) over the base (X, T) under a positive continuous roof function r : X — R™.

Lemma 2.15. With the above notations, the flow (X,,®,) satisfies the small flow boundary
property if and only if (X,T) satisfies the small boundary property.

Proof. Assume firstly (X,., ®,.) has the small flow boundary property. Let (z,t) € X, with 0 <t <
r(z). For any R > 0 the set S' = {y € X, d(y,z) < R} x {t} is a closed cross-section containing
(x,t) in its flow interior (with d being the distance on X). Therefore there exists another cross-
section § = U x {t} C S’ with a small flow boundary for the flow ®, and (z,t) € Int* (S) =
Int(U) x {t}, i.e. = € Int(U). For small enough ¢ > 0 we have O(u)(0%"S) = %ﬁm = 0 for
all p € M(X,T). Thus U C X is a neighborhood of z with small boundary for (X,T) and with
diameter less than R. Therefore (X, T) has the small boundary property.

Conversely we consider a topological system (X, T) on the base with the small boundary prop-
erty. Let S’ be a closed cross-section containing (z,t) in its flow interior. Let U be a closed
neighborhood of  with small boundary for (X,T) and with diameter less than R. We let S be
the intersection of S” with the ¢-cylinder of the closed cross-section U x {t}. For & > 0 fixed and
¢, R small enough we have 9%rSe C QU x [—€ +t,& +t]. Therefore (x,t) belongs to Int*"(S) and

O(u) (8% S¢) < 25;‘:7((35]) =0 for all p € M(X,T), thus S has a small flow boundary. O

2.2.5. Orbit equivalence.

Lemma 2.16. The small flow boundary property is preserved by orbit equivalence for reqular
flows.

Proof. Let (X, ®) and (Y, V) be two topological orbit equivalent flows, via a homeomorphism A
from X onto Y. Clearly it is enough to show that the image by A of a closed cross-section with
small flow boundary is a closed cross-section with small flow boundary. By continuity of A™!, we
have

Ve>030>0VyeY, ¥jqs(y) CA (¢[076] (Afly)) .
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If S is a closed cross-section of (X, ®) with time ¢, then A(S) defines a closed cross-section of
(Y, ¥) with time §. The homeomorphism A~! maps any W-orbit of length T on a ®-orbit of length
at most % so that for any y € Y

THO <t < T, vuly) € 9VAWS)) < THO < £ < T, waly) € A@"S)),
< THO <1< T, A\ (ily)) € 978},

g—jj{0<t< 7¢t(A 'y) € 9 S}.

It follows then from Lemma 2.10 iii), that if S satisfies the small flow boundary property for (X, @)
then so does A(S) for (Y, V). O

2.2.6. The case of C? smooth regular flows. Building on works of E.Lindenstrauss and J.Kulesza we
prove the small flow boundary property for C? smooth (regular) flows on compact manifolds (in fact
our proof also applies to C! discrete systems). The closed cross-sections with small flow boundary
obtained in our proof are given by smooth discs (in the previous works of E.Lindenstrauss and
J.Kulesza we do not know if one can choose the neighborhoods with small boundary as topological
balls). However we only deal with C? smooth flows on a compact manifold as we use differential
transversality tools, whereas E.Lindenstrauss and J.Kulesza proved the small boundary property
for homeomorphisms of a finite dimensional compact set.

A C? smooth flow is said to have the smooth small flow boundary property when Definition
2.4 holds true with closed cross-sections S and S’ given by C! smooth discs transverse to the C!
vector field generating the flow.

Proposition 2.1. Let (X, ®) be a C? smooth flow on a compact manifold X. We assume that
for any t > 0 the number of periodic orbits with period less than t is finite. Then (X, ®) has the
smooth small flow boundary property.

Proof. Let d+ 1 be the dimension of X. Fix z € X and let S be a C'! smooth embedded disc with
T € |ntq>(S). One easily builds a finite family of C* smooth embeddings (h; : B4 — X )i—o,... n with
ho(0) = z and ho(Bg) C S, such that the family S = (S;); and 8’ = (S}); with S; = h;(B4/2) and
S! = hi(Bg) both define complete families of closed cross-sections with ns = ns:. For 0 <4,j < N
we let ¢; ; be the first hitting time from S; to \S; :

Vo € S;, tij(x) = min{t > 0, ¢:(x) € S;}.

We define similarly the first hitting time #; ; from S} to S}. Let U;; = {t;; < ns} and U,
{t < +o00}. Finally we denote by T; ; : U7 % S; and T/) U/ ; — Sj the first associated hlttlng
maps (see Figure 1). The following properties hold :
e the compact subset h; '(U; ;) of By4/2 is contained in Int (h; (U’ ),
o h;'oT/;oh;is alocal C* diffeomorphism on Int (h; (U} ;)), because the vector field X
generatlng ® is C'' smooth,
° T-’-: ,-jOIlU"CU-/-.

Let C” be a finite collection of closed balls contained in Int (h; (U’ )) C RY, which cov-
ers h; 'U; ;, such that any C' € C; ; is contained in an open ball, where h; 'o T} ;o h; is a C!
diffeomorphism onto its image. Then for any C € C;; the restriction of h;l o Tz’] o h; to C ex-
tends C! smoothly to a diffeomorphism T¢ of RY. For all (ig, ...,i,) € {0,..., N}*~1 and for all
C" = (Cy, ..., Cnn) € [T52, ' Cijijey with iy = 0, we let T, := To, 0...0Tg, for 1 <k<n—1
(let also T = (TE,.)~" for such k and T° = Id¢, ). We denote by Icn the subset consisting of 0
and the integers k in {1,...,n — 1} with 4441 = 0. Finally we let Fon be the closed subset of Cy
given by Fon = (g Toh (Ck+1)

We build a closed cross-section S (given by a subdisc of Sp) with small flow boundary, arbitrarily
small diameter and z € Int®(S). We let E := {f € C'(Sg,R"), ||flloc < 1} endowed with the
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SJ- and S'J-

S; and S

Figure 1: The set U;; C S; and its image by T; ; in red.

usual C! topology (it is a Baire space). The cross-section S will be of the form S = ho(Sy) with
Sy == {rz, x € Sq, 7 < f(x)} C R? for some positive f € E. Observe that for such an f,
the boundary 0S5y is a submanifold of dimension d — 1 of R?. Moreover any C'! small enough
perturbation of this submanifold, i.e. any submanifold H(dSy) for a C! diffeomorphism H of R¢
close to the identity, is of the form S, for g € E close to f.

We will say that a map f € FE is n-transverse, when for all C™ as above, the submanifolds
(TCTZ (0S f))z cron A€ mutually transverse on an open neighborhood of Fgn. We recall that two
submanifolds M and N of R? are mutually transverse when either M NN = () or T,M + T, N =
R? for all x € M N N. In this last case the intersection M N N is itself a submanifold with
codim(M N N) = codimM + codimN > 0. For n > 2 a family (My,---,M,) of n submanifolds
of R is said mutually transverse when all proper subfamilies are mutually transverse and the
submanifolds M; and (,; M; are transverse for any (some') i € {1,--- ,n}. Then Nizi.. o Mi
is either empty or a submanifold of codimension Zj:17---7n codim(M;). Let My, -, M,_1 be
mutually transverse submanifolds and let M,, be an other submanifold. Then M;,--- , M, are
mutually transverse submanifolds if and only if M,, and cg Mj are mutually transverse for any
J C{1,---,n—1}. The submanifolds (M, -, M,) are said mutually transverse on an open set
U when (M1 NU,---, M, NU) are mutually transverse.

Claim 1. For any n the subset E,, of E consisting of the n-transverse maps is open and dense.

We postpone the proof of Claim 1. Let f € (), En. Any orbit of the flow hits at most d — 1
times the set 0Sy. Indeed for any x € Sy and any positive integer n there is a n-uple C" such
that (recall T denotes the return map in the global cross-section & = (JgcsS) :

o 1 € Fpn,

o V0 <k <n, TE (ho(2)) = hiy, 0 T ().
The manifolds (TafL (8Sf))iefcn
an open neighborhood of Fen, any intersection of d’s of them with Fen is empty. In particular
Tk, (z) € 8S; and therefore TE (ho(x)) € ho(dSy) for at most d integers k with 0 < k < n. As
it holds for any n, there at most d-many positive times ¢ with ¢; (ho(z)) € 0Sy. By Lemma 2.10
i11) the closed cross-section ho(Sy) has a small flow boundary. ]

being mutually transverse submanifolds of dimension d — 1 on

Proof of the Claim 1. By taking a finite intersection it is enough to consider a single n-uple C™ =
(Ch,...,Cp) in the definition of n-transversality. To simplify the notations we then let T% = Tk,
for 0 <k <n-—1, F, = Fgn and I,, = Icn. The tranversality being a C'-stable property (see
e.g. Proposition A.3.15 in [23]), the set F,, is an open subset of E. We prove now by induction
on n the density of E, in E. Let f € E. By induction hypothesis we may find a positive function
g € E,_1 arbitrarily close to f. As the set of periodic orbits of ® with period less than ¢ is finite

Hndeed this condition does not depend on i because dim(TyM; + Te(Njze Mj)) = dim(TeM;) + d —
> i codim(Tp M) — dim((); T M) is equal to d if and only if codim(; To M;) = 3=, codim(T M)
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for all ¢ > 0 we may assume that the spheres (T*kaSg)kgn avoids the fixed points of T%, k € I,,
on F),. Therefore there exist two finite families (B;)1<i;<x and (B})1<;<k of open balls in R4 such
that

e B; C B! for all i,

e B!, T'B!,..T" 1B/ are pairwise disjoint for all 4,

e U, BiDF,N (Ukeln T*kﬁSg).
For h € FE close enough to g the property of the last item also holds true for h.

By induction on j = 1,--- , K + 1 we produce a map ¢’ arbitrarily close to ¢ in F,,_; such
that T—kang, k € I,,, are mutually transverse on an open neighborhood Vj of F;,, N (Uz <j E)
Finally we will get g% *! € E,, for g% ! close enough to g : if O denotes an open neighborhood of
F,n (R (U, By)) with T7%9S,x+1 N O = 0 for all k € I,,, then (T~"9S,x+1)kcy, are mutually
transverse on the open neighborhood O U V41 of F,.

Take g' = g and proceed to the inductive step by assuming ¢ € E,_; already built. In
particular the submanifolds (T7*0Si+1)ker,\foy (resp. (T*8Sy+1)ker, ) are mutually transverse

on an open neighborhood of F,, (resp. of Fj, N (Ui<j E)) for g'+1 C'-close enough to g7. It is
therefore enough to find ¢7*' arbitrarily close to ¢ such that T‘kaSng, k € I, are mutually
transverse on an open neighborhood of F;,, N B;. When one only perturbs 9Sg; on B;», it does
not change the submanifolds T-%9S,;, for 0 # k € I,,, on Bj. By Theorem A.3.19 [23] there
is a C' small perturbation 8Sg+1 of 8S,;, supported on UJ N Bj (i.e. 0Sgi+1r = H(0Sy) for a
diffeomorphism H of R? C'-close to Id with H = Id apart from UJ N B;), such that 0Sg+1 and
ﬂke% T-%9S,; are mutually transverse for any I, C I, \ {0} on a neighborhood of F, N B;.
But mkel,g T-%0S,; coincides with ﬂke% T%08,i+ on Bj, so that the submanifolds 05+ and
ﬂkeI;L T’kaSng satisfy the same transversality property. As it holds for any I, C I, \ {0}, the

submanifolds T_kBngH, k € I, are mutually transverse on an open neighborhood of F, HE. O

Remark 2.2. We strongly believe the nonautonomous approach through the return maps developed
above could be used to prove the small flow boundary property for general topological flows on
finite-dimensional compact spaces by adapting the more sophisticated methods of E.Lindenstauss
and J.Kulesza.

Remark 2.3. In [14] Proposition 4.1 it is was proved that a given finite partition of a smooth
compact manifold, whose atoms have piecewise smooth boundaries, has a small boundary with
respect to C" generic diffeomorphisms (r > 1). Here we use a“dual” approach by fixing the
diffeomorphism (in fact the flow in our statement) and perturbing the boundaries of the partitions.

2.3. Representation by suspension flow. Let (X, ® = (¢¢);) and (Y, ¥ = (34);) be two contin-
uous flows. We say (Y, ¥) is a topological extension of (X, ®) when there is a continuous surjective
map 7 :Y — X with 7o), = ¢, o7 for all t. The topological extension is said *:
e principal when it preserves the entropy of invariant measures, i.e. h(u) = h(wp) for all
pE MY, V),
e isomorphic when the map induced by 7 on the sets of invariant Borel probability measures
is bijective and 7 : (Y, ¥, u) — (X, P, 7p) is a measure theoretical isomorphism for any
pE MY, V),
o strongly isomorphic when there is a full set E of X such that the restriction of 7 to 77! E
is one-to-one.

Any strongly isomorphic extension is isomorphic and any isomorphic extension is principal.

For a discrete topological system (X,T'), to any nonincreasing sequence of partitions (Px)gen

with diam(Py) £ 0 we may associate a zero dimensional extension (Y, S) given by the closure
Y of {(Px(T"z)),,,» * € X} in [], PZ (with the shift acting on each k-coordinate) mapping

2(Principal, isomorphic, strongly isomorphic) extensions are defined similarly for any group actions.
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(Agn)kn € Y to ﬂkn T-"A} € X. When the partitions P, have small boundary then the
extension is strongly isomorphic [11].

We build now in a similar way zero-dimensional extensions for a continuous flow (X, ®). Let
S be a complete family of closed cross-sections. As the first return map Tg in & = (Jgc 55 is
a priori not continuous on & we can not directly apply the previous construction to the system
(6,Ts). We consider the skew product

SP & = {((An)n,2) € S* x &,Vn T&x € A, }.

As a consequence of Lemma 2.7 the map 8% x & 3 ((A,)n, ) — te(z) extends continuously on
the closure of S x & in SZ x & (this extension will be again denoted by te). Moreover the map
T:82x6 0O, ((A)n, ) = ((Aps1)n, Tsr) extends to a homeomorphism of SZ x &. We let
(8% x &,T) be the skew product system given by this extension.

Lemma 2.17. The suspension flow over (S§% x &,T) with roof function given by te is a topological
extension of (X, ®). Moreover when every S € S has a small flow boundary, this extension is
strongly isomorphic.

Proof. Let (SZ X G)tc be the invariant dense set above S x & in the suspension flow <SZ X 6)
The map = : (SZ [ 6)

ts
— (X, ®) with 7 (((A,),z),t) = ¢(x) defines an equivariant surjective

ts

function continuously extendable on (SZ X 6) . Therefore its continuous extension, again de-
ts

noted by 7, defines a topological extension of (X, ®).

The ®-orbit of a point with multiple m-preimages hits the set Cs. Therefore by Lemma 2.6 the
extension 7 is one-to-one above the (residual) set of points whose ®-orbits do not visit the flow
boundary of the closed cross-sections in S. When these cross-sections have small flow boundaries
this set has zero measure for any ®-invariant measure and thus the extension is strongly isomorphic.
Indeed assume by contradiction there is S € S with u({z, 3t € [0,T] ¢¢(x) € 9*S}) > 0 for some
w € M(X,®) and for some T > 0. By using the ergodic decomposition we may assume p ergodic.
From the ergodic theorem it follows then that the ®-orbit of p-almost every z visits 9% S with a
positive frequency contradicting item iii) of Lemma 2.10. O

In particular the skew product system (8% x &,T) is a principal extension of (X, ®) when the
closed cross-sections in S have a small flow boundary. This answers in this case an open question
of R.Bowen and P.Walters (aforementioned in the introduction).

A suspension flow over a zero-dimensional topological discrete system will be called a zero-
dimensional suspension flow and a topological extension by a zero-dimensional suspension flow is
said to be a zero-dimensional extension.

Proposition 2.2. A topological flow with the small flow boundary property admits a zero-dimensional
strongly isomorphic extension.

Proof. Let Sy be a complete family of closed cross-sections with small flow boundary, such that
each S € &) is contained in the flow interior of another closed cross-section. By Lemma 2.12 there
is a nonincreasing sequence of partitions with small flow boundary (Si)r>1 of & = [Jg, s, S finer

than Sy satisfying diam(Sy) %, 0. Then we can follow the proof of Lemma 2.17, by replacing
the skew product system (S% x &,T) by the closure Y in [], .y SZ of {(Sk(Tgx))k n} with the

shift acting on each k-coordinate, to get the desired zero-dimensional extension of (X, ®) (the roof
function is again given by ts,). The extension is one-to-one above the set of points whose ®-orbits
do not visit the flow boundary of the closed cross-sections in Sy and the boundary of A in S for
every (A,S) € (Up>1 SksSo) with A C S. But this last boundary is a subset of the flow boundary
of A by Lemma 2.2. As the partitions S, k > 0, have a small flow boundary, the extension is
strongly isomorphic. O
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For two orbit equivalent flows, the base of the suspension flows of the zero-dimensional exten-
sions built in Proposition 2.2 may be chosen to be topologically conjugate. More precisely consider
(X,®) and (X', ®’) two orbit equivalent topological flows via a homeomorphism A : X — X', Let
S = (Sk)k be a sequence of complete families of closed cross-sections for (X, ®) as in the proof of
Proposition 2.2 and let A(S) = (A(Sk))x be the associated sequence for (X', ®’). Then the map

(Se(T82))y 0 = (A (The) (A2)),

extends to a topological conjugacy of YS and YA(S) (with the notations of the above proof).

Any topological system (X,T') has a principal zero-dimensional extension [13]. By Proposition
2.2 any topological flow with the small flow boundary property admits a strongly isomorphic,
therefore principal, zero-dimensional extension.

Question 2.1. Does a topological flow always admits a principal zero-dimensional extension?

3. SYMBOLIC EXTENSIONS AND UNIFORM GENERATORS FOR FLOWS

In this section we develop a theory of symbolic extensions and uniform generators for flows.
From now on we only consider topological flows and discrete systems with finite topological entropy.
We recall that the topological entropy of a flow is given by the topological entropy of its time 1-
map.

3.1. Definitions. For a topological system (X, T) a symbolic extension is a topological extension
m:(Y,S) = (X,T) where (Y,S5) is a subshift over a finite alphabet. A symbolic extension with
an embedding is a symbolic extension 7 : (Y,S5) — (X,T) endowed with a Borel embedding
P (X, T) = (Y, S) satisfying motp = Idx. A uniform generator is a Borel partition P of X such
that the diameter of \/}_ T~k P goes to zero when n goes to infinity. The following statement
follows from Theorem 1.2 in [10]. The characterization for clopen uniform generators was first
proved in [18].

Proposition 3.1. A topological system (X, T) admits a uniform generator (resp. essential, resp.
clopen) if and only if it admits a symbolic extension with an embedding (resp. a strongly isomorphic
symbolic extension, resp. is topologically conjugate to a subshift).

For a partition P of X we let ¥% : (X,T) — (P%,0) be the equivariant map which associates
to x its P-name, i.e. %5 : 2+ (P(T*2))rez. Given a uniform generator P we may in fact build
explicitly a symbolic extension with an embedding. Indeed in this case the map ¥% is a Borel

embedding and 7% : (wITD(X)7 0’) = (X, T), (A)k = Npen Njkj<n T—k Ay, is a symbolic extension

satisfying 75 o 95 = Idx. When moreover the uniform generator P has a small boundary (resp.
is clopen), then the symbolic extension 7% is a strongly isomorphic extension (resp. a topological
conjugacy).

Conversely when 7 : (Y,S) — (X,T) is a symbolic extension with an embedding ¢ then the
partition 1 ~1Q with @Q being the zero-coordinate partition of (Y, .S) defines a uniform generator.
When this symbolic extension is a strongly isomorphic extension (resp. a topological conjugacy)
then the corresponding uniform generator has a small boundary (resp. is clopen). Let us check

this last point which did not appear in [10].

Lemma 3.1. Let 7 : (Y,S) — (X,T) be a strongly isomorphic symbolic extension. Then the
partition ¥ ~1Q with Q being the zero-coordinate partition of (Y, S) defines an essential uniform
generator.

Proof. Let E be a full set of X such that 7 is one-to-one on 7~ 'E. Let A € Q. A point x € dy~1 A
is a limit of a sequence (z,,), in ¥ !B for some B # A € Q. Let y,, = ¥(x,) for all n. As B
is closed one can assume by extracting a subsequence that (y,), is converging to y € B. Then
m(B) 3 n(y) = lim, 7(y,) = lim, oy (z,) = lim, x, = . But we may also write x as the limit of
a sequence in 1~ A, therefore z € m(A). Thus z has at least two preimages under 7. In particular
OY~rA C X\ E is a null set. O
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We consider now similar notions for a topological regular flow (X, ®). A symbolic extension
7 (Y, @) = (X,®) of (X,®) is a topological extension, where (Y., ®,) is a suspension flow
over a subshift (Y,S) with a positive continuous roof function r. A symbolic extension with
an embedding of (X,®) is a symbolic extension 7 : (Y, ®,) — (X,®) endowed with a Borel
embedding ¢ : (X, ®) — (V,,, D) satisfying m oty = ldx. A uniform generator of (X,®) is a
Borel global cross-section S together a Borel partition P of .S such that SUP,  pl=mm] d(y,x) and

Ts
SUP,  plon.nl ) [ts(y) —ts(z)| both go to zero uniformly in z € X when n goes to infinity. We will
Ts
say that this uniform generator P :
e is essential, when the partition P is essential,

e is clopen, when any atom in P is closed with empty flow boundary.’

Proposition 3.2. A topological flow (X, ®) admits a uniform generator (resp. essential, resp.
clopen) if and only if it admits a symbolic extension with an embedding (resp. a strongly isomorphic
symbolic extension, resp. is topologically conjugate to a suspension flow over a subshift).

Proof. Here again we make explicit the symbolic extension with an embedding for a given uniform
generator, thus proving the necessary condition. For a Borel global cross-section S and and a Borel
partition P of S we let 9% : X — PZ x R be the function which maps = € X to ( 5 (Tx), t(x))
with t(z) € Rt and T(z) € S being respectively the last hitting time and the last hitting of z
in S (in particular we have x = ¢(,)(Tx)). Assume P defines a uniform generator. For any

(Ap)k = Y58 (x) with = € S we let 7 ((Ag)y) = ts(z). As the diameter of tg (P:[F;n’n] (Jc)) goes to

zero uniformly in x, the map r extends continuously on 95 (X). The closure 1% (X) is then just

the suspension flow over (wgs (X), 0) with roof function r. The map %% is then a Borel embedding
in this flow and 78 : Y3(X) — X, ((Ak)k, t) — ¢u (ﬂneN m|k|§n TS_kAk) is a symbolic extension

satisfying ﬂ'j{; o ¢}g = Ildx. When moreover the uniform generator P is clopen then the maps ¢,
T, ts and Ts are continuous and therefore the Borel embedding ¥ is a topological embedding.
Assume now P is essential, i.e. the partition Tp of X in towers is essential. The extension 7% is
one-to-one above points, whose orbit by the flow only lies in S U(J,cp Int(T ). The complement
of these points being a null set, the extension is strongly isomorphic.

Conversely, let 7 : (Y., ®,) be a symbolic extension of (X, ®) with an embedding v, given by
the suspension flow over the subshift (Y, o) with a positive continuous roof function r. Let S be
the global Borel cross-section given by S = ¢~1(Y x {0}). We denote by Q the zero-coordinate
partition of Y. We show now that the partition P = 1~1(Q x {0}) of S defines a uniform generator

of (X, ®). Firstly we have Py (z) = ¢~ 1(Q5 ™" (¢(2))) € m(Q5 ™™ (¢(x))) for all n € N and

x € X, so that diam(PE"’n]) = 0 by (uniform) continuity of m. Then for z € X we have t&(z) =
1 (0(@)) = r(0(a)). Therefore sup, _pi-oyy WE() — (3] € Sub_ ity I7(2) =
r(¢(z))| goes to zero uniformly in © € X when n goes to infinity by (uniform) continuity of r.
When 1 is a topological embedding, the cross-section S is a Poincaré cross-section and (S, Ts)
is topologically conjugate to (Y, o) through . Therefore (X, ®) is topologically conjugate to a
suspension flow over a subshift in this case. When the symbolic extension 7 is strongly isomorphic,
by imitating the proof of Lemma 3.1 any point in the boundary of Tp lies in 7(T4) N7 (Tp) for
some A # B € @ and thus does not belong to the full set E for which 7 : 77 'E — E is one-to-one.
The uniform generator P is thus essential. O

3.2. Entropy structure of topological flows. We investigate now the theory of entropy struc-
tures for (regular) topological flows. To relate the entropy structure of a discrete system with the
entropy structure of an associated suspension flow, we need to work with an a priori non monotone
sequence. In order to deal with this case we generalize below the abstract theory of convergence
developed by T.Downarowicz.

3Tn this case the cross-section S is a Poincaré cross-section.
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3.2.1. Abstract theory of convergence. Existence of symbolic extensions and uniform generators for
discrete systems are related with some subtle properties of convergence of the entropy of measures
computed at finer and finer scales. In [11] T.Downarowicz introduced an abstract framework to
study the pointwise convergence of a nondecreasing sequence of functions. We recall now this
theory with a slight generalization.

For a compact metric space X we consider the set §x of all bounded sequences of real func-
tions on X, i.e. the set of all sequences H = (hy : X = R)gen with —oo < infyinf, hp(pn) <
supy, sup,, hi(p) < +o00. Let H = (hi)ren and G = (g )ren be two sequences in Fx. Following [11]
we say G uniformly dominates H and we write G > H when

lim sup lim sup sup (hy, — g1) (1) < 0.
k l pneX
Similarly, for I' = (y;)r and © = (0x)x in Fx we say I' uniformly yields © and we write I' < ©
when
lim sup lim sup sup(y; — 6x) (1) < 0.
k l pHEX
The relation > (idem for <) is preserved by translation : when f : ¥ — R is bounded and
(98)k = (hi)k then (gr + )k > (hx + f)k. Moreover (gi)r >= (hi)r if and only if (—gr)k < (—hi)k,
but in this case (—hg)r > (—gx)r does not hold true in general.

The binary relation > is transitive on §x. In particular when H > G and G > H then H = H.
Thus the transitive relation > induces an equivalence relation ~~ on &% := {H € §x, H = H}
by letting

G~ H| < [G>Hand H >~ G|.

In an obvious way we define similarly &3 and ~~.

Lemma 3.2. e Any nonincreasing (resp. nondecreasing) sequence in Fx belongs to &%
(resp. 3);
o Any sequence H in 05; (resp. Qﬁ;) is converging pointwisely to a limit function lim H.
o Let H = (hy)r € 6% and G = (gi)r € Fx with limy, SUp,ex |hi — gr|(n) = 0 then G belongs
to &% and H ~~ G.

Proof. The first point follows directly from the definitions. Let us check any sequence (hg)g in
®7% is converging pointwisely. It is enough to check limsup;, hg(p) = liminf; hy(p) for all p € X :

lim sup hg (@) — limlinf hi(p) = limsuplimsup(hy — hy)(p) <O0.
k k l
Finally we consider # = (hy), € 8% and G = (gr)x € Fx with limg sup,,cx |hr — gxl() = 0. Then
we have G = H :

lim sup limsup sup (b, — g;)() < limsuplimsup sup ((hx — hy) (@) + (b — g1) (@),
k l pex k l pex

< limsup limsup sup(hx — ki) (@) + limsup sup (h; — g1) (1),
k l peX l peX

< limsup limsup sup (hx, — ) (1) <0,
k

l peEX
and one proves similarly H > G.
O

For a real function f : ¥ — R we let f denote the upper semicontinuous envelope, i.e. f =
inf{g, g > f and g is upper semicontinuous} if f is bounded from above and f is the constant
function equal to +oo if not.

Lemma 3.3. Let © = (0)r € 3. Then the following identity holds true :

lim sup sup 0y, (1) = sup limsup 6, (p).
k B Iz k
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Proof. The inequality lim sup,, sup,, 0x (1) > sup,, lim sup, 0, () is trivial. Let M be the supremum
of limsupy, 0,. Argue by contradiction by assuming lim sup,, sup,, 0x(p) > M. Therefore we have
for infinitely many [ and for some g

91(/”) > M.

Then for any fixed I’ <[ we have
O () + (O — 00 ) () > M,
Ou () +sup(6y — O ) () > M.
m

We get for some weak- limit oo of (p7); after taking the limsup in !

O (oc) + lim sup sup(6, — 0)(n) > M.
y7i

We let now !’ go to infinity. By using © € &3 we obtain the following contradiction

limsup 0y, (fieo) > M = sup lim sup 6, (p).
k 1% k
O

Lemma 3.4. Let H = (hi)r € Fx and G = (g1); € &%. If limsup;(h, — g1) (1) <0 for all k € N
and for all p € X, then G uniformly dominates H.

Proof. For all k the sequence (hy — g;); belongs to 3. By Lemma 3.3 we get for all k

timsup sup(hx = g0) (1) = suplim sup(h — g1) (1),
I I
< 0.

By taking the limsup in k& we conclude G > H. O

A superenvelope of H = (hy)i, € &% is an upper semicontinuous function E : X — Rt U {400}
satisfying

(1) m(E — hy) = E ~ limH.

Theorem 2.3.2 in [11] may be stated in our slightly general context as below. The proof follows
the same lines.

Lemma 3.5. Let H = (hi)k, G = (gk)k € 8% with H ~~ G, then
limH =1limgG,

H is uniformly convergent if and only so is G,

lim sup, (lim H — k) = limsup, (im G — gx.),

H and G have the same superenvelopes.

3.2.2. Entropy structure for flows, definition. For a discrete topological system (X,T), we let
&7 be the subset of QSL( X.1) consisting of sequences H with lim H equal to the metric entropy
function hy = h on M(X,T). The entropy structure of (X,T) is the equivalence class for the
equivalence relation ~~ on &7 of the sequence HL® € &4 defined below. By abuse of language
any representative of this class is called an entropy structure of (X,T). The product of (X, T)
with a circle rotation (R,,S') by an angle a ¢ Q has the small boundary property (see Theorem
6.2 in [25]). Fix a nonincreasing sequence (Ry)r of partitions with small boundary satisfying
diam(Ry,) %, 0. Let A be the Lebesgue measure on the circle S!. Then we define the sequence
Hrieb = (hk)k by hyg : n— thRa (p, X )\,Rk) for all £ € N.

For a topological flow (X, ®) we define the entropy structure similarly. First we recall that the
metric entropy h(u) of u € M(X, ®) is the entropy of i1 (i) for the time 1-map ¢; of ®. We denote
by ¢ the subset of Qii/t( X.®) consisting of sequences H with lim H equal to the metric entropy
function h on M(X,®). Then we define the entropy structure of (X, ®) as the equivalence class
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for ~~ (denoted simply by ~ in the following) on &4 of the sequence HP, defined below. For
x€X,e>0and T >0 we let By(x,€,7) be the ®-dynamical ball:

Bg(z,e,7) :={y € X, d(¢s(x),ds(y)) <e V0 < s <7}
For a ®-invariant measure p we let for all z € M

1
h® (e, ) = limsup — log st (B (,,7))
T

T—+00

and then
B (€)= / B (s €, 2) dp().

M.Brin and A.Katok [7] have shown this quantity is converging to h(u) when e goes to zero. For
a fixed decreasing sequence (e ) with limy e, = 0 we let ’H%K = (fL‘I’(~7 ek))k

3.2.3. Relations with the entropy structure of the time t-maps. For any t > 0 we recall that the
map 0; : M(X,¢;) - M(X,®) defined by p — %fg odspds is a (affine) retraction, i.e. we have
0¢ 0 iy = ld pq(x,9) With 4; being the inclusion of M(X, ®) in M(X, ¢¢).

For a map 7 : N — M and a sequence H = (hy)ren of real functions on M, we let H o m be
the sequence (hy o), on N.

Lemma 3.6. i) If H® is an entropy structure of (X, ¢;) witht > 0 then %’Hqﬁt o1y is an entropy
structure of M(X, ®@),
ii) If H® is an entropy structure of (X, ®) then tH® o0, is an entropy structure of M(X, ¢;) for
t> 0.

Proof. i) For a fixed t > 0 we may define the Brin-Katok entropy of ¢; by considering the
¢s-dynamical ball

By, (z,€e5,n) :={y € X, d(du(x), dn(y)) < e YO <1 < n}.
More precisely we let for all x € X, for all p € M(X,¢;) and for all k € N

1
B (u, €, x) := lim sup - log it (B, (x, €k, 1)),

n—4o0o

and then
hot (M) 679) = / ho (:u? €k Z‘) d/,é(.’L‘)

This defines an entropy structure H%K = (h¢f(~,ek))k of the discrete system (X, ¢;) (see
Appendix A). For all € > 0 there exists € > 0 such that for all 7 > 0 we have

Vo € X, By, (z,&[7/t]) C Bs(z,e,7) C By, (z,€ [1/t]).
Let i be a ®-invariant measure and let € > 0. From the above inclusions we get :
1 1
Yo € X, —h? (6 2) <hT (e, w) < ShP (i é ),

and then by integrating with respect to u

1 1
?h(ﬁt (Mv 6) < h® (/1'7 6) < Eh(m (M? €),
In particular %H%K oi; and H} . are equivalent.

ii) According to the first item we can assume the entropy structure H® is %’H%‘K oi4¢. As the
functions in H%K are harmonic?, the sequence tH® o 6, = H%K o 0y is just the sequence of
functions pu %fot h%”K (Pspts €x) ds, k € N.

4A real function f defined on the Choquet simplex of probability invariant measures is said harmonic when
for any invariant probability measure p we have f(u) = [ f(ve)du(z) with p = [ve du(z) being the ergodic
decomposition of p. In particular, harmonic functions are affine.
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For all € > 0 there exists g(e) < e such that d(x,y) < g(e) = d(¢s(z), ¢s(y)) < € for any s
with |s| < t. In particular we have for allz € X, n € Nand ¢ > 0 :

¢*5B¢t (ac,g(e),n) C B¢t ((;5,5(:6)7 67“)
and for all € M(X, ¢y),

h? (¢sp,g(e),2) = limsup f% log p (¢—s By, (z,9(€),m)),

n—-+oo

1
Z hmsup*ﬁlogﬂ(Blﬁt (¢_SZL'76,TL)) ’

n—-+oo

Y

ROt (€, ).

By integrating this last inequality with respect to ¢su we get for all u € M(X, ¢;) and for all
ls|] <t:

hix (Dshg(€)) > Ry (noe) -
Consequently the sequence 1} o6; = (% f(f h%tK (b5 €x) ds) i is equivalent to the Brin-Katok

entropy structure Higy = (h%(-, €x)) -
O

For discrete dynamical systems entropy structures are preserved by principal extensions (see
Theorem 5.0.3 (2) in [11]). A principal extension between two topological flows induces a prin-
cipal extension between their time ¢-maps. Indeed the entropy function being harmonic we have
hao(0:(p)) = hg,(p) for any p € M(X,¢,) for a topological flow (X, ®). Then for a principal
extension 7 : (Y, V) — (X, ®) we get for any p € M(Y, ) :

h‘¢>t (:u) = he (015 (/J'))v

= hw (70:(1)),
= hw(6(mp)) = hy, (p).
As a consequence of Lemma 3.6 we obtain then the result analogous to Theorem 5.0.3 (2) [11] for

topological flows :

Corollary 3.1. Entropy structures of flows are preserved by principal extensions, i.e. if 7 :
(Y, ¥) — (X, ®) is a principal extension then H o7 is an entropy structure of (Y, V) if and only
if H is an entropy structure of (X, ®).

For a discrete topological system the entropy with respect to a nonincreasing sequence of par-
titions with small boundary defines an entropy structure. In our context we have :

Corollary 3.2. Let (X, ®) be a topological flow. If P = (Py)k is a sequence of partitions of X with
small boundary such that Hp := (h(-, P))r belongs to &4, then Hp defines an entropy structure
of (X,®).

Proof. Let (Ry)r be a nonincreasing sequence of partitions of X defining the entropy structure
Hrep for T = ¢ (see Subsection 3.2.2). Then we have for any u € M(X, ¢1)

h(p, Pe) — h(p x A\, Ry) < h (px A, (P, x SY) V Ri|R,) ,
h(p x /\,Rl) — h(u,Pk) <h (,u X A, (P X Sl) V R1|Pk X S1)> .

For k (resp. 1) fixed the first (resp. second) right member defines an upper semicontinuous function
on M(X,®) going pointwisely to zero when [ (resp. k) goes to infinity. The sequence Hp and the
restriction of Hpep to M(X, @) being both in &4 they are equivalent by Lemma 3.4. By Lemma
3.6 this restriction is an entropy structure of the flow. Therefore Hp is also an entropy structure
of the flow. O
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3.2.4. Entropy of suspension flows. In this paragraph we consider a suspension flow (X, ®, =
(¢1):) over a topological system (X,T) with a continuous positive roof function r. To simplify
the notations we will denote by v, the ®,-invariant measure ©(u) associated to the T-invariant
measure p and 41, the T-invariant measure © ~1(v) associated to the ®,-invariant measure v, where
O is the homeomorphism defined in Subsection 2.1.5. The entropy of 1 and v, are related by the
following formula due to L.M.Abramov [1]:

W) h()

- J[rdp
Abramov formula holds for any measurable suspension flow over a measurable system. It follows

from the formula for the entropy of an induced system. We recall below the corresponding formula
for the entropy with respect to a given partition.

Lemma 3.7. Let (Y, f,B,v) be a measure preserving system and let A CY with v(A) > 0. Then
for any finite Borel partition P of A we have

V(A)h(VA7 fA7 Pv RA) = h(ya f7ﬁ)7
where P is the partition of Y given by P:={Y\ A, B : B€ P} and Ry := {ta =k, k € N\{0}}

is the partition of A with respect to the first return time 74 in A.

Proof. As both terms in the above equality is preserved by the ergodic decomposition®, one can
assume without loss of generality the ergodicity of v. The induced measure v4 on A is then also
ergodic. From the Birkhof ergodic theorem, we get

1% 1
2 —ae x, — k - = .
(2) Vv —a.e. x, nkZ:OTA(fA(x)) — /TAdl/A (A)
Then by Shanon-McMillan-Breiman formula we have:
1
(3) Vva —ae x, h(va, fa, PV Ry) = lim—=logva ((PV Ra)},(2)),
n n
(4) Vv —ae. z, h(v, f,P) =lim, —= logv (?? (z)) ,

where (PVR4)}, (z) and ?? (x) denote respectively the atom of the iterated partition \/Z;é faE(Pv

Ry4) and \/Z:ol f7FP containing 2. But we have (PVRA)}, (z) = ??’ (z) with n/, := 3720 74 (Fh (2)).
By taking a point z satisfying the three above properties (2), (3), (4), we get :

1 .
h(va, fa, PV Ra) = IIT{H—E logva (PV R}, (x)),
A n; 1 —n/
= hgl—;n—;logz/,q (Pf (x)) ,
_ h(v, f,P)
h(va, fa, PV Rp) = A

O

We return now to our suspension flow (X, ®,.). Let r := inf,ex r(z) > 0. We may deduce
from Lemma 3.7 the following inequalities for the entropy of suspension flows.

Lemma 3.8. Let P be a Borel partition of X, then for all § €]0,r[ and for all p € M(X,T)

h(V 7¢57?5) h(,“’vT7 P)
(5) . 5 2 Jrdu ’

5If the ergodic decomposition of v is given by v = fY v® dv(z), then vy = fA v®(A)vg dva(z) is the ergodic
decomposition of v4.
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where Ps is the partition of X, given by Ps := {X,. \ (X x [0,8]), B x [0,8] : B € P}. When we
moreover assume |r(x) —r(y)| < d for all x,y in the same atom of P, then
h(l/“, ¢57ﬁ5) < h(lu’a T7 P) + 10g3
) - Jrdp ’
Proof. Let 0 < 0 < r. Let As be the subset of X, given by As = X x [0, §[. For the partition P of
X we first denote by Ps = {B x [0,d], B € P} the partition induced on As. We also let Rs = R4,

be the partition with respect to the first return time in As. By applying Lemma 3.7 to v, ¢s5, X,
and Ps we get

h (V, 65, Ps
h((vu)as: (05)as, PsV Rs) = W’
I

rd —
(6) = L 00T

But the partition \/Z;é (gf)g)Zng of Aj is just the partition \/Z;é T~*P x [0,d] and therefore we
get, with H[.L(Q) = ZCGQ _M(C) log :U'(C) :

n—1
1 _
h (V) as, (¢5) a5, Ps) = 11;}1 EH(VH)A5 (\/ T %P x [0,5[> ,
k=0

1
= h;n -~ Z — (V) a5 (C) log(v,) 45 (C).
CeVyZy T-FPx[0,8]

For any B € \/]_ T~*P and C' = B x [0, 8] we have (v,),(C) = ::L((X;)) = u(B). Therefore we
obtain finally :
h ((VM)A(S’ (¢5) a5, Ps) = h(n, T, P),
which implies the first inequality.
Then by using again Equality (6) we get
1 — WwT,P) 1
gh (v, b5, Ps) — T rdp = Trdn | (Vi) ass (95)as, Ps V Rs) — h (V) ay, (95) as, Ps)l
1
= Wh (V) as, (#5) a5 Fs V Rs|Ps) -

Under the additional assumption of small oscillation of 7, any element of Py has a non empty inter-
section with at most 3 elements of Rs so that the conditional entropy h ((v,) a;, (¢s) a5, Ps V Rs|Fs)
is bounded from above by log 3. ]

3.2.5. Relations with the entropy structure of the base dynamics for a suspension flow. Let (X, ®,.)
be a suspension flow over a zero-dimensional discrete system (X, T'). We relate the entropy struc-
ture of the flow (X, ®,) with the entropy structure of (X,T). To any sequence H = (hy)r € G

we associate the sequence H, € &4 defined by H, = (V — %)k.

Lemma 3.9. The map H — H, is well-defined and compatible with the equivalence relation ~,
i.e. [H~Gl< [Hy ~G,.

The proof follows from the continuity of the map given by M(X,T) > p +— frl m and the
continuity of © and ©~!. The details are left to the reader.

Lemma 3.10. Assume (X,T) is an aperiodic zero-dimensional system. There exist a monin-

creasing sequence (Qx )k of clopen partitions of X with diam(Qy) 52100 and and a sequence of

partitions (Py)y of X, with small boundary (for the flow ®,) such that

0.

sup h(V;qu) . h(Uan) k—+o0
HEM(X,T) deM
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Proof. We consider a sequence (Uy)ren of nested topological Rohlin towers (see Lemma 8.5.4 [12]):

Uy is a clopen set for every k,
Uk4+1 C Uy, for every k,

— mn
o X = UneNT Uy,
. k—+00
o 7y, = mingey, v, (r) —— +o0.

Let k € N. By Kac’s formula we have u(Uy) < =2. The flow (X,, ¢,,) may be represented as a

= Tu,

suspension flow over Uy with roof function ry := Zo<l<m roT'. Note that f ri Ay, = ,{(TU(i’; A
= k

clopen partition Ry, of Uy finer than Ry, := {{ry, =1} | € N\ {0}} induces a clopen partition
Qi of X by letting Qr = {T™ ({rv, =1} NA) | A€ Rg, | € N\ {0}, 0 <m < l}. Observe that
h(p, T, Ri,) = h(u, T, Q) where Ry, denotes the partition of X given by Ry, := {X\Uy, B | B € Ry}
(indeed for any positive integer n the partition QZ+M is finer than Fkn+wj, which is itself finer
than Q7, with M being a fixed integer larger than max,cy, 7v, (z)).

We may choose such a sequence (Ry)y, that the induced partitions (Q)y satisfy diam(Qr) < 1/k
and Q1 finer than @y for all k. Moreover we may assume the diameter of Ry so small that
|ri(2) — re(y)] < 6 for any points z and y in the same atom of Ry. Since the partition Ry, is finer
than Ry, we get according to Lemma 3.7 :

M(Uk)h(MUmTUmRk) = h(/%TvRik) = h(,u7T7 Qk)

Fix p € N* with § := 1/p < r. By applying Lemma 3.8 for § to the suspension flow over U we
get :

h(pv,, Tu, , Ri) 1 T h(pu,, Tu, , Ri) +log 3
5 ) < 1p R < ) )
" [redun, | 0 (Vpw, » @5: (Ri)s) < T i,

h(p, T, Q) 1 T h(p, T, Qr) + p(Uy) log 3
W S gh(ylu ¢57 (Rk)ﬁ) S f’/”d/.l; )

where (Ry)s is the partition of X, obtained from the partition (Ry)s of X, through the natural
topological conjugacy between the two suspension flows. We let Py be the partition given by

Py=\" qu/; ((Rk)g) so that we have (recall § = 1/p) :
h(N7T7 Qk) h(M7T7 Qk) +M(Uk)10g3
Jrdu Jrdu '

The partitition Ry of Uy being clopen, the sets B x [0, d] for B € Ry, have a small boundary for
®,.. Consequently (Rg)s, and then Py, is a partition of (X, ®,) with small boundary.

S h(V,quSlka) S

O

The sequence (Pg)g built in the above lemma is a priori not nonincreasing. That is why we
have generalized the theory of entropy structures in Subsection .

Corollary 3.3. With the above notations the following assertions are equivalent:

(1) H is an entropy structure of (X,T),
(2) H, is an entropy structure of (X, ®,).

Proof. We first prove (1) = (2) for an aperiodic zero-dimensional system (X,T"). Let P := (Py)x
and Q = (Qg)r be as in Lemma 3.10. The sequence Hg is an entropy structure of (X,T) (see
[12]). Then if H is an entropy structure of (X, T), we have Hg ~ H and therefore (Hg), ~ H, by
Lemma 3.9. By the last item of Lemma 3.2, the sequence Hp belongs to 84, and (Hg), ~ Hp.
But the sequence Hp defines also an entropy structure of (X, ®) according to Corollary 3.2. Thus
H, is an entropy structure of (X, ®@).

We deal now with the general case. Consider an aperiodic principal zero-dimensional extension
m:(V,S) = (X,T). Let H = (hi)r be an entropy structure of (X,T). As entropy structures
are preserved by principal extensions, the sequence H o 7 is an entropy structure of (Y,.5). Let
(Y;r, ®,+) be the suspension flow of (V,S) under the roof function ' = r oxw. The map 7’ :
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Y., ®.) = (X, ®,), (y,t) — (7(y),t), defines a principal extension. From the aperiodic case
the sequence (H o 7). = H, o7’ defines an entropy structure of (Y,., ®,/). But if F = (fg)x is
an entropy structure of (X, ®,.) then F o7’ is also an entropy structure of (Y,., ®,.) by Corollary
3.1. Thus F o 7’ is equivalent to H,. o 7’. Therefore H, ~ F is an entropy structure of (X,., ®,).
The other implication (2) = (1) follows easily from (1) = (2). Indeed let G be an entropy
structure of (X, T). Then G, is an entropy structure of (X,., ®,.). Let H be a sequence in & such
that H, is an entropy structure of (X, ®,). We have H, ~ G,, therefore H ~ G and H is also an
entropy structure of (X, T). O

3.2.6. Superenvelope of flows. For a discrete dynamical system (or a topological flow), a superen-
velope of the entropy structure (or simply a superenvelope) is a superenvelope of a given entropy
structure (seen as a representative sequence in the equivalence class). This definition does not
depend on the choice of the representative sequence by Lemma 3.5.

The statement below follows easily from Corollary 3.1 and the definition of superenvelopes (see
Lemma 8.4.8 in [12] for the analogous result for discrete systems) :

Lemma 3.11. Superenvelopes of flows are preserved by principal extensions, i.e. if w: (Y, V) —
(X, ®) is a principal extension then Eom : M(Y,¥) — Rt U {400} is a superenvelope of (Y, )
if and only if E: M(X,®) — R* U {+o0} is a superenvelope of (X, ®).

We now relate the superenvelopes of the flow with those of its time-t map for ¢ > 0.

Lemma 3.12. For anyt > 0 the map E — tE o0, defines an injective map from the set of (affine)
superenvelopes for the flow to the corresponding set for the time t-map ¢.

Proof. The injectivity follows from the retraction property of 6, (the map E %E o i; defines a
right inverse). It remains to check the image of a superenvelope is a superenvelope. Let H® = (hf) k

be an entropy structure of the flow. By Lemma 3.6 the sequence tH?® o #; is an entropy structure
of ¢;. Then t (E o6, — hi 00;) =t (E — hy) o6, and by continuity of 6, we get

lim (¢ (B — h) 0;) =lim¢ (B — hi) 00y =t (E —h*) 6.

We consider now superenvelopes of suspension flows.

Lemma 3.13. Let (X, ®,) be a zero-dimensional flow given by a suspension flow over a zero-
dimensional system (X, T) with a positive continuous roof function r: X — RY. The map

0B B = L)
Jrdu,

is a bijection between the (affine) superenvelopes of (X,T) and the (affine) superenvelopes of
(X, ®).

Proof. Let H = (hi)xr be an entropy structure of (X,T) and let H, = (gx)x. By continuity of
M(X,®) 3 v —L1— we have for all v € M(X, ®):

Srdp,
(Er - ) (v) = W
lim(E, — gr) (v) = fom (fEr d}Z) ().

Thus E is a superenvelope of (X, T) if and only if E, is a superenvelope of (X, ®,.). Note finally
that the map T is invertible with T=Y(E,) : p — [ du x E.(v,) for any superenvelope E,. of
(X, D,.).

Assume now F is affine. Let us denote by F its affine extension on the set N'(X, T') of T-invariant
positive finite measures (not necessarily probability ones). Similarly we denote by N (X, ®,.) the

set of ®,-invariant positive finite measures. The map v — T T"g# being an affine bijection from

N(X,,®,) into N (X, T) (the inverse is given by p +— X A), the map E, defines an affine function
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on N(X,,®,) and thus on the simplex M(X,, ®,.) by restriction. Similarly F is affine when F, is
affine.
O

3.3. Periodic structure. For a topological flow (X, ®) we let Per(®) be the set of ®-periodic
orbits. We denote by ¢(7) the minimal period of v € Per(®). We define the global periodic growth
p(®) of (X, ®) as follows :

p(®) = sup + log #{y € Per(®), 1(7) < t}.
t>0 t

To estimate the local exponential growth of periodic orbits, we introduce the periodic structure
as the equivalence class for ~= on M(X, ®) of the following nonincreasing sequence P = (p )
of nonnegative functions on M (X, ®) (again we call periodic structure any representative in this
class). Recall we have fixed a nonincreasing sequence (e)x with limy e, = 0. We let D = DX
be a convex distance on the set M(X) of Borel probability measures on X inducing the weak-x
topology, e.g. with a dense countable family (f,), of real continuous nonzero functions on X

Jndp — ffn dV‘
2" sup,, | fo ()] .

Vu,v e M(X,®), D(u,v)= Z ’f

We let v, be the periodic measure associated to v € Per(®). Then we let for all k
1
t(7)

The functions p§ are then extended harmonically on the simplex M (X, ®) by letting pg () = 0 for
any aperiodic measure v. We get in this way a nonincreasing sequence P = (pf)k of nonnegative
functions on M(X, ®). The tail periodic function u is then defined as

pr(vy) = log#{y" € Per(®), D(vy,v.) < ¢ and t(v') < ()}

uf = lim pf.
k

When the global periodic growth p(®) is finite, the sequence (p) is converging pointwisely to
zero and

uf < p(®) < +oo.
The equivalence class of P (and thus uf by Lemma 3.5) depend neither on the choice of the
sequence (€x ) nor on the distance D.

Similarly we define uf for a discrete system (X, T) as u] = limy, p} with p] harmonic, vanishing
on aperiodic measures and pf (y1z) = Llog {par, D(ptly, pta) < €x and T"z' = 2’} for any periodic
point € X with minimal period n (where p, denotes here the periodic measure associated to x).
A similar quantity u{ was first defined in [10] by letting u] = limy p} with p} harmonic satisfying
pi(pe) = 2logt{a’, 2’/ € B(z, e, n) and T"a’ = 2/, T*2’ # 2’ for k < n} for any periodic point
x € X with minimal period n. Obviously we have ul' < u?". For a subshift (X, T') we clearly have
ul’ = 0. In this case uf = 0 also holds true (see Lemma B.1 in Appendix C). For a topological
discrete system (X,T") we also let p(T") be the global periodic growth p(T) = sup,,~ % log#{z €
X, Trx =z},

Lemma 3.14. Let 7 : (Y, ¥) — (X, ®) be an isomorphic extension then

uf om = uy.

Proof. The proof follows directly from the fact, that the induced map = : M(Y,¥) —» M(X,®) is
a homeomorphism preserving the periodic measures and their periods. O

For a topological flow (X, ®) one checks easily that the time t-map, ¢ # 0, satisfies u*(u) =0

1
for u ¢ M(X,®) and %(u) < uf(p) for p € M(X,®). However this last inequality may be
strict. We investigate now the behaviour of u; under suspensions.



SYMBOLIC EXTENSIONS AND UNIFORM GENERATORS FOR TOPOLOGICAL REGULAR FLOWS. 27

Lemma 3.15. Let (X, ®,) be a zero-dimensional flow given by a suspension flow over a zero-
dimensional system (X, T) with a positive continuous roof function r. Then we have for all v €
M(X,, D,.):
T
D, Uy (Mu)
u; (V) = ——.
1 ( ) frd/u[/y

In particular u$™ = 0 when (X, T) is a subshift.

Proof. Let us show u$"(v,) < %, the other inequality being proved similarly by reversing the
roles of T and ®,.. For all u € M(X,T) we let ]T{(u) = (1 + ex)sup{pf ('), D(p,p') < ex}.
From Lemma 5.4 in [10] it follows that u] = limjpf. As the functions p — pf(u) are upper
semicontinuous it is enough to show that for any fixed [ there is k£ with
M Yo MO @), 5 w) [rdu, <o),

The distance DX being convex and the function pZF being affine, the function E is concave and
therefore superharmonic (as a concave upper semicontinuous function). We may extend pfr on
N (X, ®,) so that p — pgr(uu) [rdu= pg’" (1 x A) is harmonic. Therefore to prove the inequality
(7) we can assume p,, (therefore v) to be periodic without loss of generality. Let y be the associated
periodic orbit of the flow. We let k be so large that for any u, y' € M(X,T) with DX (v, v,) < e

we have DX (i, 1) < /2 and f:;:f, <1l+e¢.

To simplify the notations we let ., be the T-periodic measure p,. for a ®,-periodic orbit .
We pick up a periodic orbit 7/ in the set of periodic orbits 7/ with ¢(y") < t(y) and D*" (v, v,) <
€ such that the period My of p=r maximizes the period of the p,’s. The homeomorphism
0 : MX,T) - M(X,,®,) maps the T-periodic measures p, of period n to the ®,-periodic
measures /i, of period n [ rdp,. Therefore we get

pi (r)t(7) < pf (p)n7,
t(')
S pT ~7 )
l ( ¥ )\/‘,’,_d//(‘7

ty
’Y,

and thus py (v,) /rd,uv <1+ el)plT(,uV) < pTT(uA,).
U

Remark 3.1. One can show p(®) < hiop(®) + sup, uf (). We did not provide a proof as this
inequality will not be used in the following. We refer to Section 6 in [10] for the analogous inequality
in the discrete case.

3.4. Expansiveness and asymptotical expansiveness. Following R.Bowen and P.Walters a
topological flow (X, ®) is said expansive when Ve > 0 30 > 0 such that if d(¢¢(z), ds¢)(y)) < 6 for
all t € R and for a continuous map s : R — R with s(0) = 0, then y = ¢;(x) with |¢| < e. Recall that
a discrete dynamical system is expansive whenever there is € > 0 with (., T *B(T*z,€) = {z}
for all x € X. The expansiveness property is invariant under topological conjugacy. The global
periodic growth and the topological entropy of an expansive discrete system (resp. expansive flow)
is finite (see Theorem 5 in [1]).

R.Mané has proved that expansive dynamical systems only act on finite dimensional metric
spaces [27]. This result was extended to flows by H.R.Keynes and M.Sears [17]. By Proposition
2.1 any C? smooth expansive flow satisfies the smooth small flow boundary property. In this
case Lemma 2.17 gives a positive answer to the aforementioned open question of R.Bowen and
P.Walters.

Furthermore expansiveness is preserved by suspension :
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Theorem 3.1. (Theorem 6 in [1]) Let (X, ®,) be a zero-dimensional flow given by a suspension
flow over a zero-dimensional system (X, T) with a positive continuous roof function r. The flow
(X, ®@,) is expansive if and only if (X,T) is expansive.

M.Misiurewicz introduced in [28] the asymptotic h-expansiveness property for topological sys-
tems. A topological system (X, T) is asymptotically h-expansive when

lim sup hiop (Br(z,€,00)) = 0.
O:L’EX

€E—>
Asymptotical h-expansiveness is invariant under topological conjugacy [28], even under principal
extensions [24]. The metric entropy of an asymptotical h-expansive system is upper semicontin-

uous. In particular such a system always admits a measure of maximal entropy. T.Downarowicz
characterizes asymptotical h-expansiveness in terms of entropy structure as follows :

Theorem 3.2. (Theorem 9.0.2 in [11]) A topological system is asymptotical h-expansiveness if
and only if any (some) entropy structure of (X, T) is converging uniformly to the entropy function

h.

For a topological flow (X, ®) it is easily seen that (X, ¢1) is asymptotically h-expansive if and
only if so does (X, ¢;) for any t # 0. In this case the flow will be said asymptotically h-expansive.’

A topological system (X,T) (resp. flow (X, ®)) is said to be asymptotically expansive when it
is asymptotically h-expansive and u? = 0 (resp. uf = 0). From the definitions one easily checked
that ul' = 0 (resp. u® = 0) if and only if the periodic structure P = (py)x of (X, T) (resp. (X, ®))
is converging uniformly to zero. As for discrete systems, asymptotical h-expansiveness may be
also characterized by the uniform convergence of entropy for flows with the small flow boundary

property.

Lemma 3.16. Let (X, ®) be a topological flow with the small flow boundary property. The fol-
lowing properties are equivalent:
i) (X, ®) is asymptotically h-expansive (resp. asymptotically expansive),
it) any (some) entropy structure H = (hy )k is converging uniformly to h (resp. and any (some)
periodic structure is converging uniformly to zero).

Proof. Tt is enough to deal with the asymptotical h-expansiveness because we already observed
that uf is equal to zero if and only if any (some) periodic structure is converging uniformly to
zero. The proof then follows from the following equivalences :

(X, ®) is asymptotically h-expansive,
—,

(X, ¢1) is asymptotically h-expansive,
<~

the entropy structure of (X, ¢1) is converging uniformly to h,
Lemma 3.6

the entropy structure of (X, ®) is converging uniformly to h.

We show now that asymptotical expansiveness is also preserved by suspension.

Lemma 3.17. Let (X, ®,) be a suspension flow over a topological system (X, T) under a positive
continuous roof function r. Then the following properties are equivalent :

i) (X, ®,) is asymptotically h-expansive (resp. asymptotically expansive),
it) (X, T) is asymptotically h-expansive (resp. asymptotically expansive).

Proof. The proof follows from the equivalences :

SFor topological flows, R.F.Thomas has defined and studied another notion of h-expansiveness in [31].
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(X,T) is asymptotically h-expansive (resp. asymptotically expansive),
Theorem 3.2
<~
any (some) entropy structure (resp. and any (some) periodic structure) of (X, T) is converging

uniformly,
Corollary 3.3 (resp. and Lemma 3.15)
—

any (some) entropy structure (resp. and any (some) periodic structure) of (X, ®,.) is converging

uniformly,
Lemma 3.16
—

(X, ®@,) is asymptotically h-expansive (resp. asymptotically expansive).
O

3.5. Relating symbolic extensions and uniform generators with expansiveness prop-
erties.

3.5.1. The case of expansive systems. Krieger’s embedding theorem characterizes systems with a

clopen uniform generator, or equivalently by Proposition 3.1 systems topologically conjugate to a
subshift :

Theorem 3.3. (Krieger’s topological embedding theorem [20]) A discrete topological system (X, T)
is topologically conjugate to a subshift if and only if the following properties hold:

e X is zero-dimensional,
o (X, T) is expansive.

We recall that the expansiveness property implies the finiteness of the topological entropy and
of the global periodic growth, which are both invariant under topological conjugacy. We state and
show now the analogous result for topological flows.

Theorem 3.4. A topological flow (X, ®) is topologically conjugate to a suspension flow over a
subshift if and only if the following properties hold:

e X is one-dimensional,
o (X, ®) is expansive.

Proof. The necessary conditions are clear. Conversely we assume that X is one-dimensional and
(X, ®) is expansive. As already mentioned such a flow is conjugate to a suspension flow (Z,., ®,.)
over a zero-dimensional system (Z, R) under a positive continuous roof function r. By Theorem
3.1 this zero-dimensional discrete system is expansive. The system (Z, R) is therefore topologically
conjugate to a subshift according to Theorem 3.3. O

3.5.2. Symbolic extensions of a suspension flow. We are in position to express the existence of
symbolic extensions and uniform generators for a topological flow in terms of superenvelopes.
For a topological extension 7 : (Y, ¥) — (X, ®) and a function g : M(Y, V) — R we let

g M(X,®) — RT,
po—  sup g(v).

v, TU=U
This notation was introduced earlier for a topological extension between discrete topological sys-
tems (see e.g. [0]).

Lemma 3.18. Let (X, ®,) be a zero-dimensional flow given by a suspension flow over a zero-
dimensional system (X, T) with a positive continuous roof function r.

For any symbolic extension (resp. with an embedding) = : (Y,S) — (X,T) of (X,T) the
suspension flow (Y., ®,.) over (Y, S) under r’ :=romx defines a symbolic extension ©' (resp. with
an embedding) of (X, ®,) with ©'(y,t) = (w(x),t) for all (y,t) € Y, satisfying

- h™ (Nu)

Vv e M(X,,®,), h™ (v) = Trdn
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Moreover for any symbolic extension 7 : (Z, V) — (X,,®,) (resp. with an embedding) there
is a symbolic extension (Y,S) of (X,T) (resp. with an embedding) such that the suspension flow
(Y, @,1), as defined above, is topologically conjugate to (Z,¥).

Proof. As the first part of the statement is easily checked, we focus on the last part. Let 7 :
(Z,¥) — (X, ®) be a topological extension between two flows. If S is a Poincaré cross-section
of (X,®) then S’ = 7718 is also a Poincaré cross-section of (Z,¥ = (1;);) by Lemma 2.9.
Indeed S’ is firstly a closed global cross-section (with a continuous return time tgr = tg o 7).
Then, for ¢ > 0, the set ¢;_¢ ¢S is open because S has an empty flow boundary. Therefore
V1—¢.c(S") = 77 H(¢)—c.¢[S) is open by continuity of 7 and the cross-section S’ has an empty flow
boundary. Consequently (Z, ) is topologically conjugate to the suspension flow over (S’,Tg/)
under the continuous positive roof function tg:.

In our context when 7 : (Z,¥) — (X,, ®,) is a symbolic extension (resp. with an embedding
) we let S = X x {0}. According to Theorem 3.1 the system (S’,Ts/) is expansive (with S’ =
7715). Then by Theorem 3.3 this system is (topologically conjugate to) a subshift, which defines
a topological extension of (X,T) (resp. with an embedding) via the projection map 7’ = 7l|g
(resp. and the embedding ¢|s). O

3.5.3. Characterization of Symbolic Extensions. The main result in the entropy theory of symbolic
extensions, known as the Symbolic Extension Entropy Theorem, may be stated as follows :

Theorem 3.5. (Theorem 5.5 in [5]) Let (X,T) be a topological system. The systems admits
a symbolic extension (resp. principal) if and only if there exists a finite superenvelope E (resp.
(X,T) is asymptotically h-expansive).

More precisely a function E on M(X,T) equals h™ for some symbolic extension 7 if and only
if E is an affine superenvelope of the entropy structure of (X,T).

We show now the corresponding statement for topological flows :

Theorem 3.6. Let (X, D) be a topological flow with the small flow boundary property. The flow
admits a symbolic extension (resp. principal) if and only if there exists a finite superenvelope E
(resp. (X, ®) is asymptotically h-expansive).

More precisely a function E on M(X,®) equals h™ for some symbolic extension 7 if and only
if E is an affine superenvelope of the entropy structure of (X, ®@).

Proof. We first consider the case of a suspension flow (X,,®,.) over a zero-dimensional system
(X,T) under a positive continuous roof function r. By Lemma 3.13 and Lemma 3.18 the map

fi—)[l/HM]

defines a bijection between affine superenvelopes on one hand and the entropy functions in symbolic
extensions A™ on the other hand, for (X,T) and (X, ®,.). But according to Theorem 3.5 the affine
superenvelopes are exactly the functions h™ for the discrete system (X,T). Therefore the same
holds for the suspension flow (X, ®,).

We deal now with the general case. By Proposition 2.2 any topological flow (X, ®) with the
small flow boundary property admits a principal extension 7 by a flow (X,., ®,) of the previous
form. Then if F is an affine superenvelope of (X, ®), it follows from Lemma 3.11 that F o7 is
also a superenvelope of (X, ®,.). According to the previous case there exists a symbolic extension
7 (Y, ¥) - (X,,®,) with A" = Eox. Then 7/ o 7 is a symbolic extension of (X,®) with
heT = E. Conversely, from Theorem 7.5 in [5] (which applies to topological flows with the same
proof), for any symbolic extension 7’ of (X, ®) there exists a symbolic extension " of (X, ®,)
with the same entropy function, i.e. h™" = h™ or. Since h™ is an affine superenvelope of (X, D,.),
the entropy function h™ is an affine superenvelope of (X, D). O

Together with Lemma 3.12 we get :

Lemma 3.19. Let (X, ®) be a topological flow with the small flow boundary property. The flow
admits a symbolic extension (resp. principal) if and only if so does its times t-map for some (any)

t 0.
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The fact, that ¢; admits a symbolic extensions does not depend on ¢ # 0, was first proved by
T.Downarowicz and M.Boyle in Theorem 3.4 of [6]. For rational ¢ is was done by just considering
a standard power rule for the entropy whereas for an irrational ¢ they build explicitly a symbolic
extension of ¢; from a symbolic extension of ¢; by using the coding of irrational rotations via
Sturmian sequences.

3.5.4. Characterization of Uniform generators. In [10] T.Downarowicz and the author also char-
acterize the entropy function in a symbolic extension with an embedding. The case of strongly
isomorphic symbolic extension follows from [9] as detailed in the Appendix C, whereas the char-
acterization of systems topologically conjugate to a subshift first appeared in [20].

Theorem 3.7. (Theorem 55 in [10], Main Theorem in [9], Krieger’s topological embedding Theo-
rem [20]) Let (X, T) be a topological system with the small boundary property. The system admits
a uniform generator (resp. essential, resp. clopen) if and only if there exists a finite superenvelope
E and p(T) < 4oo (resp. (X,T) is asymptotically expansive, resp. T is expansive and X is
zero-dimensional).

More precisely a function E on M(X,T) equals h™ for some symbolic extension m with an
embedding if and only if E is an affine superenvelope of the entropy structure of (X,T) with
E>h™+ul.

By following the proof of Theorem 3.6 with making use of Lemma 3.15 we get :

Theorem 3.8. Let (X, ®) be a topological flow with the small flow boundary property. The flow
admits a uniform generator (resp. essential) if and only if there exists a finite superenvelope E
and p(®) < 400 (resp. the flow is asymptotically expansive).

More precisely a function E on M(X,®) equals h™ for some symbolic extension m with an
embedding if and only if E is a superenvelope of the entropy structure of (X, ®) and E > h +uf.

We are now in position to prove Theorem 1.1 stated in the Introduction.

Proof of Theorem 1.1. Fix t¢ > 0. By Lemma 3.12 the system (X, ®;) admits a (finite affine)
superenvelope (resp. the entropy function h is a super envelope) if and only if so does the flow
(X, ®). Then, by Theorem 3.5 and Theorem 3.6, the time ¢t-map admits a symbolic extension if
and only if so does the flow. The corresponding statement for uniform generators follows from
Theorem 3.7 and Theorem C.1. The invariance of these properties under orbit equivalence is

proved below in Theorem 3.9.
O

In general there is no relation between uniform generators for the flow and uniform generators
for the time t-maps. Indeed consider the standard suspension (i.e. with roof function r = 1)
of the identity of a compact metrizable space X. Then the flow ® = (¢:); admits a uniform
generator if and only if the base X of the suspension is a finite set, whereas ¢; admits a uniform
generator if and only if ¢ is irrational. Indeed when X is infinite the flow ® (resp. the times
t-map ¢; with ¢ = % € Q) has infinitely many periodic orbits with period 1 (resp. ¢) and thus
can not be embedded in a symbolic flow (resp. subshift). When ¢ is irrational, then ¢; has the
small boundary property by the aforementioned result of E.Lindenstrauss (Theorem 6.2 in [25]).
Also ¢, is clearly aperiodic and asymtotically h-expansive. By Theorem 31 in [10] it admits an
(strongly isomorphic) uniform generator.

3.6. Invariance by orbit equivalence. R.Bowen and P.Walters have proved that expansiveness
is invariant under orbit equivalence for topological flows. Here we show :

Theorem 3.9. The asymptotic (h-)expansiveness, the existence of symbolic extensions and the
existence of uniforms generators are also dynamical properties invariant by orbit equivalence for
topological flows with the small flow boundary property.

Proof. Let us consider two orbit equivalent topological flows via a homeomorphism A. As already
mentioned the orbit equivalence induces a topological conjugacy of the base systems Y and
YAS) of the zero-dimensional strongly isomorphic extensions built in Proposition 2.2 (but the



32 DAVID BURGUET

roof functions may differ). For discrete systems, the existence of (principal) symbolic extensions
(with an embedding), is invariant under topological conjugacy. Therefore, both zero-dimensional
flows admit such symbolic extensions or not by Lemma 3.17. U

Remark 3.2. As the topological entropy, the infimum of the entropy of symbolic extensions and
the minimal cardinality of uniform generators may be modified by a change of the time scale. In
particular these quantities are not invariant under orbit equivalence.

4. REPRESENTATION OF SYMBOLIC FLOWS

After Ambrose’s representation theorem, D.Rudolph showed that a suspension flow over an
ergodic transformation is always isomorphic to another one where the new roof function takes
only two values (in general one can not hope the roof to be constant as such suspension flows are
not mixing).

In the same spirit we wonder what is the “simplest model” for the roof function of a symbolic
flow, i.e. a suspension flow (Y;., ®,.) over a subshift (Y, o) with a positive continuous roof function
r. In this section we will only consider aperiodic flows. In this case there is a very nice topological
version of Rokhlin towers for the subshift (Y, 5) :

Lemma 4.1. (Lemma 7.5.4 in [12]) Let (X, T) be an aperiodic zero-dimensional system. For any
integer n > 0 there exists a clopen set U, such that :
Zi_é T* U, = X;
o U,,TU,, ..., T" U, are pairwise disjoint.

Such a clopen set U,, will be called a n-marker of (X,T). We first show the roof function may
be chosen almost constant.

Lemma 4.2. Any aperiodic symbolic flow (Y., ®,) is topologically conjugate to a symbolic flow

over a subshift of {0,1}% under a roof function arbitrarily close to htlog(;q% 3-
op(Tr

Equivalently (Y., ®,.) admits a Poincaré cross-section S with return time tg arbitrarily close to

ht}:)g(;r) and with hyop(Ts) < log2.

Proof. Fix 1/2 > ¢ > 0. Let a = htl‘;%i) + € and let N be an integer larger then 3/c. We take
N’ > N so large that any integer larger than N’ belongs to [Na]N + ([Na] + 1)N. Let U, be a
n-marker of (Y, S) with Nnr > N’. The set V,, :=U,, x {0} C Y, defines a Poincaré cross-section
with return time ¢y, larger than nr. In particular for any u € V,, there are positive integers k, [ such
that |Nty, (u) —k[Na]—1([Na]+1)| < 1/2 and therefore |ty, (u) —k[Na]/N —I([Na]+1)/N| < €/6.
There is a partition P of U,, in clopen sets such that for any two points « and ¥ in the same atom of
the induced partition of V,, we have [ty (z) —tv, (y)| < €/6. In particular we may choose the above
integers k and [ independently of u € A for A € P, i.e. there are nonnegative integers k4 and [ 4
such that |ty, (u) —ka[Na]/N —14([Na]+1)/N| < ¢/3 for any u € A. Finally we let S be the union
of gy A over A€ Pandt € {k'[Na]/N, 0 <k' <katU{ka[Na]/N+U([Na]+1)/N, 0<Ul' <la}.
The set S is a Poincaré cross-section with return time |[ts —a| < 1/N +€/3 < 2¢/3 and therefore
htl‘;g(ir) +e/3<ts < % + 2e. By Abramov entropy formula the topological entropy of the
first return map Ts in S is less than log 2. As it is an (aperiodic) subshift it may be topologically
embedded in the full shift with two symbols by Krieger’s topological embedding theorem [20]. O

For a discrete topological system (X, T') the orbit capacity ocap(FE) of a subset E of X is defined
as follows:

1
ocap”(E) = lim —sup {0 <k <n, Tz € E}.
n—=+00 N gcx

Similarly for a topological flow (X, ®) we let

ocap®(E) = lim ~ sup A({t € [0,7], ¢u(x) € E}).
T+00 T geX
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Note that the limits are well defined by Fekete and Hille subadditive Lemma. When FE is a closed
subset of X we have ocap(E) = sup,, (E) where the supremum holds over all invariant probability
measures p. By Lemma 2.10 a closed cross-section S of time 7 has a small flow boundary if and
only if ocap®(9?5S,) = 0.

We may refine Lemma 4.2 under the following form (similar to the representation in Rudolph’s
theorem). For a subshift Y over a finite alphabet A and for a_y,--- ,a¢ € A, we let [a_g - - - ao]
be the cylinder set

[acg a0l ={(yn)n €Y, y_1=a_; for 1 =0,--- , k}.
Moreover for a € A and [ € N\ {0}, we let a' be the subword given by a' :=ga---a.

l times

Lemma 4.3. Let (Y., ®,) be an aperiodic symbolic flow over a subshift (Y,o). Then for any
2log 2
p+q ’
any & €]0,min(p, q)[ the flow is topologically conjugate to a symbolic flow over a subshift (Z,T) ”

of {0,1,2}% over a roof function v’ satisfying for z = (2, )n:
o {r' =p} =1[0] and ocap” ([0]) < 3,
o {r'=p}=11] and ocap” ([1]) < % +¢,
o {0 <71 <8} =[2] and ocap?(]2]) < e.

Equivalently (Y., ®,) admits a Poincaré cross-section S together a clopen uniform generator
{PB,Q, M} of (S,Ts) with tg =pon P, ts = qon Q and tg < § on R and with ocap?s (P) < %,
ocap”™s(9) < 1 + € and ocap” (R) < e. The condition on the orbit capacity implies in particular
that 1 — 2¢ < p([i]) < 5 + € for any p € M(Z,T) and for i =0, 1.

rationally independent positive real numbers p and q with hiop(P,) < for any e > 0 and for

Proof. Fix § > 0, € > 0 and rationally independent positive real numbers p and ¢ with Ao, (2,) <

2log 2 log 2
ﬁ. By Lemma 4.2 we may assume hyop(0) < log2 and r ~ hmc:%@r)'

For any z € R we let D(x) = min{z — (kp+1q) >0 : k,l € N with %ﬂ <k/l<1}. Aspandgq
are rationally independent we have lim,_, ., D(x) = 0. Fix € €]0, M] small and take N
with D(x) < §/2 for x > N. We argue then as in the proof of Lemma 4.2. Let U,, be a n- marker
of (Y,o) with n > max(N/r,1/¢). The set V,, = U, x {0} C Y, defines a Poincaré cross-section
with return time ¢y, larger than nr. In particular for any w € V,, there are positive integers k,!
such that [ty, (u) —kp—1Ig| < 6/2. There is a partition P of U,, in clopen sets such that for any two
points = and y in the same atom of the induced partition of V,, we have |ty, (z) — tv, (y)| < §/2.
In particular we may choose the above integers k and [ independently of u € A for A € P, i.e.
there are nonnegative integers k4 and l4 such that 0 < ty, (u) — kap — lag < ¢ for any u € A.
We may assume P is finer than Q™ with @ being the zero coordinate of Y. Moreover we choose
€ > 0 small and n large enough so that the cardinality of the set of n-words in Y is less than
en(heop(0)+e) < (Qkk/:) for any A € P. Indeed (2"7;) ~ \2/% and we have for small € > 0

ka(p+q) ~kap+laq,
~ nr,

log 2
~n—— —,
htop(q)r)
> n(p+q)/2.

Following D.Rudolph we may now encode the system (Y, o) by ordering the subdivision of
[0,kap + lag] into k4 intervals of length p and [4 intervals of length ¢. For any ks we fix a
bijection between the set of n-words of Y and the 2k 4-uple of 0 and 1 with exactly k4 terms equal
to 0 and 1. To any A € P we let w? = (w,?//)ku be the 2k 4-uple associated to the element of
Q™ containing A. For any k' < 2ka we let® t;s(A) = >, o, (pd1(wih) + qdo(wi),)) and for any

the shift map on Z is denoted here by T to avoid any confusion with (Y, o).
8For i = 0,1 we let &;(x) = 1 if £ = i and 0 if not.
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2ka < k' < kg +1a welet tj(A) = tar(A) + (k' — 2k4)q. Finally we let S be the union of ¢¢A
over A€ Pandt € {ty(A), ¥ <ka+1la}. Theset S is a Poincaré cross-section with return time
ts € {p,q}U]0,d]. By construction the associated clopen partition of S consisting of P = {ts = p},
O = {ts = q} and R = {tg €]0,4[} is generating. Moreover ocap(Ts € R) < mingy ﬁ <i<e
As 1%-5 < ka/la <1 we also have ocap(Ts € PB) < 1/2 and ocap(Ts € Q) < 3 +e. O

Remark 4.1. We would like to remove the remaining set R by using a multiscale approach
for a sequence of nested n-markers as D.Rudolph did for the ergodic case. One can follow this
procedure. In this way one gets a Borel section S with return time tg in {p,q}, such that the
partition {ts = p}, {ts = q} of S is a generator for the induced Borel system on S. Unfortunately
the obtained generator is not uniform. Indeed to approach the base of the k' tower with an error
term of size €, one needs to reencode a piece of orbit of length I, with l, — +0o when €, — 0, so
that the limit map does not admit a priori a continuous inverse.

Question 4.1. Does an aperiodic symbolic flow admit a symbolic extension with an embedding
given by a suspension flow over a subshift of {0,1}% with a roof function constant on the two atoms
of the zero-coordinate partition? Note that if (X, ®) has periodic orbits one can not always ensure
the roof function is two-valued. Indeed any period should then belong to Np + Nq where p and q
are the values of the roof function.

Lemma 4.4. Let (Y,,®,) be an aperiodic symbolic flow over a subshift (Y,o). Then for any
rationally independent positive real numbers p < q with hop(P,) < 2;3512,
and for any 6 > 0 the flow is topologically conjugate to a symbolic flow over a subshift (Z,T) of

{0,1}% over a roof function r' satisfying for some positive integer K :

o {r=p}=[1,
o {1 elg,q+4]} =10],
o {r'>q}=T([0M*10%1)),

Moreover we have

for any integer M > 2

Z = U TH{r" > q}.

0<k<+o0

Proof. We only have to slightly modify the construction in Lemma 4.3 as follows (we keep the
notations of that proof). When encoding the 2k 4-uple w* associated to A € P we may always
start and finish with the letter 1, avoid a sequence of K consecutive 0’s for a large enough integer K
and take only k4 —1 (not k) terms equal to 1. Moreover, we can also assume 14 > ka+M+K+2.
All these requirements may be established by taking n large enough. Then we extend w? to a
(ka + 14 — 1)-uple v = (v{},)r~ by adding to w# a suffix of the form 0£10¥ with L > M + K.
Then we consider the Poincaré cross-section S defined by the union ¢;A over A € P and
t € {tw(A), ¥ < ka+1la} with tp(A) =3 (P61 (Vi) + qdo(vih)). The return time in S is
now either equal to p or in [g, g + 6]. Moreover it is larger than ¢ if and only if the first return in
S lies in U,, x {0}. Finally the partition {ts = p}, {ts > ¢} of S defines again a clopen generator
of (S,Ts). O

For the time t-map of a topological flow we define the following weaker notion of uniform
generators.

Definition 4.1. Let (X, ® = (¢¢):) be a topological flow. For o« > 0 and t # 0 a partition P is said
to be an a-uniform generator of ¢, when SUP,  pl=mm] d (y, Dl—a,a] (:c)) goes to zero uniformly in
Pt

reX.

The above definition does not depend on the choice of the metric, but only on the topology of
X (the same holds for uniform generators). In particular a-uniform generators are preserved by
topological conjugacy. Clearly any uniform generator of ¢; is an c-uniform generator of ¢; for all
a.
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Lemma 4.5. Let (Y, ®,) be an aperiodic symbolic flow over a subshift (Y,o). Then for any
t €]0, ng(;r)[ and for any a > 0, the time t-map ¢, admits an a-uniform generator given by the
towers associated to a clopen 3-partition of a Poincaré cross-section.

Proof. We let p =t €]0, htl(;g(:;) [ and we take ¢ rationally independent from p with o = ¢—p €]0, p|
2log2

so small that we have hy,(®,) < prew
model (Z,,®,) given by Lemma 4.4 with respect to p,q,e and § = a« = ¢ —p. Let M > 2 be
so large that for all s € [0, ¢[ there exists 0 < u < M and 0 < v < u+ 1 with s+ up = vg+
for 0 < 8 < a. We let T be the 2-partition {13, Q} of the Poincaré cross-section Z x {0} given
by B = [0] x {0} and Q = [1] x {0}. We let 7 = sup,cy 7(y). We consider the compact space
Y =Y x [0,7] endowed with the metric dg given by dy ((x,t), (y,5)) = dy (z,y) + |t — s|. We
also let 7, : Y — Y, be the (uniformly) continuous map which associates to any (y,t) € Y the
point ¢} (y,0) in Y, (with (y,0) € Y, and @, = (¢})¢). Fix some metric dy, on Y,, for example the
Bowen-Walters metric (see [1]). Finally we let w : Rt — R with lim,ow(e) = 0 be a modulus
of uniform equicontinuity of (¢s)s/< and 7, i.e.

VB E [~a,a] V2,2 €Yy, dy (¢5(2),05(Z") < w(dy, (Z,2'))

. Without loss of generality we may assume (Y., ®,.) is the

and
Vi, b €Y, dy, (m.(@), 7 (9)) < w(dy (@,).

The 3-partition T in towers of Y, associated to the partition R := {B, Q, p,0Q} of the Poincaré
cross-section " = S U ¢, with S =Y x {0} is an a-uniform generator of ¢; (recall @ = ¢ — p).
Indeed we claim that, for any positive integer n, for any X = (z,s) € ¥, with 0 < s < r(z) and for
any Y € Tg[;%’%} (X), there exists 3 with |3| < a such that ¢5(Y) = m.(y,s) with y € QI=™"(z),
where () denotes the zero-coordinate partition of Y. Then we have

dYT (yagb[foga]x) S w(dY’V‘ (¢B(y)7X)a
< wow(df/ ((y,9), (2,9))),
< wow (diam (Q[_”’"] (:c))) 22420, 0 uniformly in x € Y, thus in X € Y;.

We show now the above claim. Let N'* be the Tr-name of X with respect to ¢;, i.e. Nt =
(TR(¢ktX))k€[,2n72n]- Any letter Tq is followed by T}s_q in N'®* but both correspond to the same

return in S. Then a subword of Nt of the form TpTi.. . Trr Ty, with Ty =Tq or T; = Ty, o for
i=1,--- K" and #{i, T; = Ty a} € {K, K + 1} indicates the return times in {r’ > ¢}. These
subwords are called the marking subwords. Then any subword Tg% of N'** between two such
consecutive marking subwords correspond to exactly L consecutive returns of Ts in 3 because the
associated return times in S’ are equal to ¢ = p. This is also the case of the subwords Téaﬂ of
N?¢ whose last letter is not the penultimate letter of a marking subword. In this sole case, the
return time in S’ from ¢, may differ from p, but we know the subword in Y associated to a
marking subword is given by 10%1. Combining these facts, the Q-name of z is obtained from N ¢
by first replacing the marking subwords by 1051, then by deleting the letters Tq and finally by
replacing the remaining letters Tip and Ty o respectively by 0 and 1. For example, if N ¢t is the
following sequence (where we write the marking subwords in blue, the zero-coordinate in green
and the large block of 0’s before the marking subword in orange)

TpTaTsa - ToaTp ToalpTaTs.a- - Ty TpTe.aTp.a-

we obtain the subword of Y given by --- 0" 1051 010---1 1051--. for some L, L' > K +M >
K + 2. As we delete at most one letter in two, it contains Q[E mon] (x) as a subword. Thus for any
Ye ngn’zn](X) there is (y,u) € Y with 0 < u < r(y) and y € Q[T_”’"] (z). Let N be a positive
integer with Y = Jy<pon 0"{r > ¢}. To conclude the proof of the claim we show that there
exists 8 with || < a and s = u + 3, whenever n is larger than N. It is enough to see that any
orbit of ¢; visits at least one time the tower Tq = ¢ o(Q of height a between two return times
of the flow in {r > ¢}. But this follows easily from the choice of M and the presence of more than

TeaTyp -
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M consecutive 0’s before any return in {r > ¢} (which corresponds to the blocks in orange in the
above example). O

We are now in position to prove Theorem 1.2 stated in the introduction.

Proof of Theorem 1.2. Let (X,® = (¢+):) be an aperiodic flow with a uniform generator given by
a symbolic extension 7 : (Y., ®, = (¢}):) — (X, ®) with an embedding ). We recall that it means
Y (X, ®) — (Y,,P,) is a Borel equivariant injective map with 7 o1 = Idx. Note that the flow
(Y., ®,.) is necessarily also aperiodic. Fix a > 0. By Lemma 4.5 for ¢ small enough the time ¢t-map
¢; of this symbolic flow admits an a-uniform generator Tr given by the towers above the atoms
of a clopen 3-partition R of a Poincaré cross-section S’. Then 1~ 'Tx is an a-uniform generator
of ¢, given by the towers of the partition 1) ~'R of the global Borel section 1~'S’. Indeed we have
with d = dx :

sup d (yv ¢[foz,a] (l‘)) = sup d (y, (b[fa,a] (l‘)) >
ye@=1Tr)L ™" (@) ver = ((Tr)5" " (0 (2)))

< sup d (7‘(‘(2), T (qb[rfa’a] (z/J(a?))) .

2€(TR) "™ (W)

and this last right member goes to zero uniformly in x with n as 7 is uniformly continuous and
Tr is an a-uniform generator of ¢j. O

APPENDIX A. MODIFIED BRIN-KATOK ENTROPY STRUCTURE

Let (X,T) be a topological system and let p € M(X,T). In [I1] T.Downarowicz defines
hBE (i, €) for an ergodic measure p as done in Subsection 3.2.2, but then he extends the func-
tion harmonically on the whole space M(X,T). Let P be a finite measurable partition of
X. By Shanon-MacMillan-Breiman theorem the sequence f% log u(P™(x)) is converging for pu-
almost every x. Moreover the limit h(u, P, x) satisfies h(u, P, z) = h(p, P, Tx) almost everywhere
and [ h(p, P, z) du(z) = h(p, P).

Theorem A.1. The Brin-Katok entropy structure for a topological system (X, T) as defined in
the proof of Lemma 3.6 is an entropy structure.

For any finite Borel partition P of X we have h(u, P) > h(u,diam(P)) for all p € M(X,T).
When P is a clopen partition we let Leb(P) be the Lebesgue constant of the open cover P. Then
we have also h(u, P) < h(u, Leb(P)). Consequently if (X,T) is a zero-dimensional system then

the entropy structure (h(-, Py)), for a sequence (Py)y of clopen partitions with diam(Fy) 0is
uniformly equivalent to the Brin-Katok entropy structure.

We deal now independently with a general topological system (X, T). Let (Y, S) be the product
of (X,T) with an irrational circle rotation (S*,R). As already mentioned the system (Y,.S) has
the small boundary property. Let (Pg)x be a nonincreasing sequence of partitions of Y with

small boundary and diam(Py) £, 0. Let A be the Lebesgue measure on the circle. The sequence
(h(- X X\, Py)),, defines an entropy structure of (X,T") (by definition). By taking the distance dy
on Y defined for all y = (z,t), v/ = (2/,t') € Y = X x S! by dy (y,y') = max (dx (z,2"),ds: (¢, 1))
we have for all n € N, for all e > 0 and for all y = (z,t) € Y

Bs(y,n,€) = Br(x,n,e) x B(t,e).
In particular we get h® (i x A, e,y) = hT (i, ¢, 2) and then by integrating with respect to p x A
B (u x N €) = hT (p, €).

To conclude the proof of the theorem it is enough to show the sequences (h(- x A, Py)), and
(h(- x X\, €x)), are equivalent for some (any) sequence (e)s of positive numbers with limy e, = 0.
As mentioned above we always have h(v, P) > h(v,diam(P)) for any finite Borel partition P of Y’
and for any v € M(Y,S). The theorem follows therefore from the following proposition:
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Proposition A.1. Let (Y,S) be a topological system and let P be a partition of Y with small
boundary. Then for all v > 0 there is 6 > 0 such that

Vv e M(Y,S), h(v,P) <h(v,d)+ 3.

Proof. We will show that for all v > 0 there is 6 > 0 such that for any v € M(Y,S) and for
v-almost every x :

(8) h(v, P,x) < h(v,5,2) + 3.

Let v > 0. In [7, 26] the authors only consider a single measure v with a partition satisfying
v(0P) = 0. This last condition together the ergodic theorem allows to control the number of
atoms of P™ intersecting a v-typical dynamical ball of length n. To get uniform estimates in v for
an essential partition P, we use the combinatorial lemma of [3]. We may then apply verbatim the
proof of Mané [20] to get the desired inequality (8). As a sake of completeness we give now the

details. .
[ny'/log § P
n

Fix 7/ €]0,7/2[ so small that limsup,, + log ( < v/2. By Lemma 6 in [%] there

exists > 0 such that

1

(9) lim sup sup - log4{A™ € P", B(x,n,8) N A" # 0} <~'.
n zeX

In fact it follows from the proof in [8] that

/

Y
10 limsup sup sup —f{k € [0,n—1], A P Sk < ,
(10) n  zeX An ﬁ{ b A # } log P

where the supremum holds over A" = ﬂz;é S~k Ay, € P" with B(x,n,d8) N A™ # 0.
For n,k € N we let
Er ={zxc X, v(P"(z)) <e "™} and

Fp .= {z € E}, 3A™ € P" with v(4A") > ¢ "*=27 and B(x,n,8) N A™ # 0}.

[ny'/log 4P
n
P"(x) with B(z,n,0) N A™ # () by (10). Therefore we have for n large enough :

v(Fy) < > Y, v(PM),

Amepmn, zE B}
V(AM)2e= =27 B(g 0 5)A AR 0

Gn(k—2)y (ﬁw/logﬁﬂ) nY ek < g,

Then, for n large enough and for any fixed A™ € P", there are at most ( >67'” atoms

IN

n

Therefore by Borel-Cantelli Lemma, every x in a subset E of full v-measure belongs to finitely
many EX, n,k € N. We may also assume that —1log V(P”( )) is converging (to h(v, P,x))
for x € E Let z € E and k € N with ky < h(u P,x) < (k+ 1)y. For n large enough, x
belongs to E} \ F}'. Thus the dynamical ball B(x,n,d) only intersects atoms A" € P™ with
v(A™) < e*”(k”)”, therefore v(B(z,n,8)) < e "*=37 by (9). We get finally

h(l/7 67 .’E) 2 (k_ 3)’%
> h(v,P,z)— 3.

O

APPENDIX B. PROOF OF THE INEQUALITY h™ > h + ul
From Theorem 55 in [10] we have h™ > h +ul for a symbolic extension 7 with an embedding
of (X,T), but in [10] the proof involves a delicate intermediate construction, the enhanced system.

Here we give a direct proof of h™ > h+ul > h+ul.
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Lemma B.1. Assume (X,T) is a zero-dimensional system admitting a symbolic extension w :
(Y, S) = (X, T) with an embedding ¢ : (X,T) — (Y, S), then we have

™ > h+ul.
In particular ul = 0 when (X, T) is a subshift.

Proof. We let Q@ = (Qk)x be a nonincreasing sequence of clopen partitions with diam(Qy) L)
The sequence of affine upper semicontinuous functions hy = h(-,Qk), ¥ € N then defines an
entropy structure of (X,T'). Recall D denotes a convex distance on M(X,T) inducing the weak-*
topology. We let Per,(X,T) := {z € X, Tz = x} and Per(X,T) = U,,5o Pern(X,T). By
a standard combinatorial argument there is for any k a positive number ¢, €]0,1/k[ so small
that for any = € Per,(X,T) the number of A € @}, such that there exists y € Per,(X,T)N A
with D(py, pte) < €k, is less than e"/*. For a periodic point # with minimal period n we recall
pr(pe) = 2log#{py, D(uy, pz) < € and y € Per,(X,T)}. The sequence (pg)i is converging
pointwisely to zero because there are only finitely many periodic points in (X,T) with a given
period as in the subshift (Y, S). Therefore there exists a nondecreasing sequence of positive integers
(nk)r going to infinity such that for all & we have py (1, ) = 0 for all periodic points  with minimal
period less than ny. For € M(X,T) we let py(p) = [ pr(ps) du(z), k € N. By definition we have
up = uf = limy, p. By Lemma 54 in [10] for all u € M(X, T) there exists a sequence of T-invariant

probability measures ()i converging to p with py (1) LN u1(u). For any periodic point = with
minimal period equal to n we let ¢ be the probability measure associated to Zy dy(y), Where the
sum holds over y € Per,,(X,T) with D(py, 1) < €x. Finally we let vy = [~F dui(z) € M(Y, S).

Observe that myf LN 1t and therefore muy LN u by convexity of D. Let P be the zero-coordinate
partition of Y. By superharmonicity of v — H, (R|R’) for any given clopen partitions R, R’ of Y’
we have
1 n -1 n 1
L (P = -
ng

> Hog (Pl Qe ()
Nk Per(X,T)\Pern, —1(X,T)

@
k

Then for any periodic point z with minimal period n, > nj we have :

1 1 1
nkaﬁ(P"klegk) > n—Hﬁ(P”zhr’lQZ”), because (nHE(P”hrle)) N, by Fact 2.2.5 in

xT

1
> — (Hyp (P™) = Hyp (771Q17))

Ny

1
n—logﬂ{y € Per,, (X,T) with D(juy, ptz) < €x}

n

Y

1
- log#{A € Q}=, Jy € Per,, (X, T) N A with D(py, ptz) < €x},
> pk(ﬂx) - l/k
Therefore we get
1 — ni
pr(pn) = /pk(/ix)d,uk(x) < TTkHuk (P | 1Qkk) +1/k.

The left member goes to uq(p) when k goes to infinity. Let us now show the limsup in & of the
right member is not larger than h™(u) — h(p). We have for all ¥/ < k' < k

1 1
—H,, (P™|x7tQ*) < —H,, (P™ |7 'Q), since Qy is finer than Qyr,
ng Nk
1 1
< —H,, (P™|77'Q,}") because <H§(P"|771QZ)) \, as recalled above.
N n n

The involved partitions being clopen, we have for any weak limit v of (vx)x, by letting k go to
infinity :

1 1
lim sup —H,,k(P”"‘|7r_1QZ’°) < —H,(P" \ﬂ_lQZ,’“/).
k ng (9%
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As it holds for all ¥ and wv = p we get with hg = h(-, Qpr) :

(PP [r Q) < h(v) — i (m) < (W™ — By ().

1
limsup —H,,
k Nk

We conclude the proof by letting k" — +oo. O

APPENDIX C. UNIFORM GENERATORS WITH SMALL BOUNDARY FOR ASYMPTOTICALLY
EXPANSIVE SYSTEMS

Proposition C.1. Any asymptotically expansive topological system with the small boundary prop-
erty admits an essential uniform gemerator.

Proof. Replacing the system by a zero-dimension strongly isomorphic extension, we can assume by
Proposition 3.1 the initial system to be zero-dimensional. Let (X, T) be such a zero-dimensional
asymptotically expansive system. By the Main Theorem in [9] there exists, for a finite alphabet
A, a sequence of continuous equivariant maps 9y : (X,T) — (A?, o) converging pointwisely to an
embedding v, such that the induced maps on M(X,T) are converging uniformly. Moreover it is
shown that ¥~! extends continuously to a symbolic extension 7 : (¢(X),0) — (X, T). The maps

1 encode the orbit of x at some scales € with ¢ LYY Except for the so-called free positions
corresponding to some letter * in A4, which represents the coordinates we can freely use to encode
the smaller scales, the other letters are fixed once for all :

Ya € A\ {x}, v (la]) = vy ([a).

Moreover the upper asymptotic density of x in any 1 (z) goes to zero uniformly in z € X when
k goes to infinity. Consequently we have u([*]) = 0 for any p € M(X,T).

The partition P = {¢~(a), a € A} defines a uniform generator (see Proposition 3.1). Let us
now show P is an essential partition. The maps v, being continuous we have for any u € M(X,T)

S ou(nt@a) > > p(int@al),
a€A acA\{*}
> lim > w(int(y;al))
ac A\{*}
> Y limp (Y al),
a€A\{*}
> Y limyyp(fa),
a€ A\ {*}
> Y oula) =L
a€A\{x}
Therefore P has a small boundary.
O
REFERENCES

[1] L.M. Abramov, On the entropy of a flow, Dok. Akad. Nauk. SSSR. Vol. 128 (1959) 873-875.

[2] W. Ambrose, Representation of ergodic flows, Ann. of Math. (2) 42, (1941) 723739.

[3] R. Bowen, Symbolic Dynamics for Hyperbolic Flows, American Journal of Mathematics Vol. 95, No. 2 (Summer,
1973), pp. 429-460

[4] R. Bowen and P. Walters, Ezpansive One-Parameter Flows, Journal of Differential Equations 12, 180-193 (1972).

[5] M. Boyle and T. Downarowicz, The entropy theory of symbolic extensions, Inventiones Math. 156 (2004),
119-161

[6] M. Boyle and T. Downarowicz, Symbolic extension entropy: C r examples, products and flows, Discrete and
Continuous Dynamical Systems 16(2):329-341 (2006),

[7] M. Brin and A. Katok, On local entropy, Geometric dynamics (Rio de Janeiro, 1981), 3038, Lecture Notes in
Math., 1007, Springer, Berlin, 1983.

[8] D. Burguet, A direct Proof of the Tail variational principle and its extension to maps, Ergodic theory and
dynamical systems 29 (2009), 357-369.



40 DAVID BURGUET

[9] D. Burguet, Embedding asymptotically expansive systems, Monatsh. Math. 184 (2017), no. 1, 21-49.

[10] D. Burguet and T. Downarowicz, Symbolic extensions with an embedding and structure of periodic orbits,
Journal of Dynamics and Differential Equations (to appear).

[11] T. Downarowicz, Entropy structure, J. Anal. Math. 96 (2005), 57-116.

[12] T. Downarowicz, Entropy in dynamical systems, New Mathematical Monographs, vol. 18, Cambridge Univer-
sity Press, Cambridge (2011)

[13] T. Downarowicz and D. Huczek, Zero-Dimensional Principal Extensions , Acta Appl. Math. 126 (2013), 117-
129.

[14] T. Downarowicz and S. Newhouse, Symbolic extensions and smooth dynamical systems, Invent. math. 160,
453499 (2005).

[15] M. Hochman, Isomorphism and embedding into Markov shifts off universally null sets Acta Applicandae
Mathematicae 126 (Hang Kim Memorial Volume), Issue 1 (2013), pp 187-201.

[16] M. Hochman, FEwvery Borel automorphism without finite invariant measures admits a two-set gemerator,
preprint, http://arxiv.org/abs/1508

[17] H. B. Keynes and M. Sears, Real-expansive flows and topological dimension, Ergod. Th. Dynam. Sys. (1981),
1, 179-195.

[18] H. B. Keynes and J. B. Robertson, Generators for topological entropy and expansiveness, Math. Systems
Theory 3 (1969), 51-59.

[19] W. Krieger, On entropy and generators of measure-preserving transformations, Trans. Amer. Math. Soc. 149
(1970), 453-464.

[20] W. Krieger, On the subsystems of topological Markov chains, Ergodic Theory Dynam. Sys- tems 2, p. 195-202,
1982.

[21] J. Kulesza, Zero-dimensional covers of finite-dimensional dynamical systems, Erg. Th. Dyn. Syst. 15 (1995),
939-950.

[22] A. Katok, Lyapunov exponents, entropy and periodic points for diffeomorphisms, Publ. Math. ITHES (1980),
137-173.

[23] A. Katok and B. Hasselblatt, Introduction to the modern theory of dynamical systems, Encyclopedia of Math-
ematics and its Applications, vol. 54, Cambridge Univ. Press, 1995, xviii+802 pp.

[24] F. Ledrappier,A variational principle for the topological conditional entropy, Springer Lec. Notes in Math. 729
(1979), Springer-Verlag, 78-88.

[25] E. Lindenstrauss, Mean dimension, small entropy factors and an imbedding theorem, Publ. Math. THES 89,
227262 (1999).

[26] R. Mane, Ergodic theory and differentiable dynamics, Springer-Verlag, Berlin, 1987.

[27] R. Mane, Ezpansive homeomorphisms and topological dimension, Trans. Amer. Math. Soc. 252 (1979) 313319.

[28] M. Misiurewicz, Topological conditional entropy, Studia Math., 2 : 175-200, 1976.

[29] T. Ohno, A weak equivalence and topological entropy, Publ. RIMS, Kyoto Univ. 16 (1980), 289-298.

[30] K. Slutsky, Regular cross sections of Borel flows, to appear in J. Eur. Math. Soc.

[31] Romeo F. Thomas, Entropy of expansive flows, Ergod.Th. Dynam. Sys. (1987), 7, 611-625.

[32] D. Rudolph, A Two-Valued Step Coding for Ergodie Flows, Math. Z. 150, 201-220 (1976). A Two-Valued Step
Coding for Ergodie Flows

[33] Wagh, V. M., A descriptive version of Ambrose’s representation theorem for ows, Proc. Indian Acad. Sci.
Math. Sci. 98 (1988), no. 2-3, 101-108.

[34] H. Whitney, Regular families of curves, Ann. of Math. 34 (1933), 244-270.

LPSM - CNRS UMR 8001,
UNIVERSITE PARIS 6, 75252 PARrIS CEDEX 05 FRANCE,
DAVID.BURGUETQUPMC.FR



	1. Introduction
	2. Zero-dimensional suspension flows as models
	2.1. Generalities on topological flows
	2.2. The small boundary property for flows
	2.3. Representation by suspension flow

	3. Symbolic extensions and uniform generators for flows
	3.1. Definitions
	3.2. Entropy structure of topological flows
	3.3. Periodic structure
	3.4. Expansiveness and asymptotical expansiveness
	3.5.  Relating symbolic extensions and uniform generators with expansiveness properties
	3.6. Invariance by orbit equivalence

	4. Representation of symbolic flows
	Appendix A. Modified Brin-Katok entropy Structure
	Appendix B. Proof of the inequality hh+uT1
	Appendix C. Uniform generators with small boundary for asymptotically expansive systems
	References

