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Abstract

We give a simple example of an n-tuple of orthonormal elements in Ly (actually martingale
differences) bounded by a fixed constant, and hence subgaussian with a fixed constant but that
are Sidon only with constant &~ y/n. This is optimal. The first example of this kind was given by
Bourgain and Lewko, but with constant ~ y/logn. We also include the analogous n X n-matrix
valued example, for which the optimal constant is =~ n. We deduce from our example that
there are two n-tuples each Sidon with constant 1, lying in orthogonal linear subspaces and such
that their union is Sidon only with constant ~ y/n. This is again asymptotically optimal. We
show that any martingale difference sequence with values in [—1,1] is “dominated” in a natural
sense (related to our results) by any sequence of independent, identically distributed, symmetric
{—=1,1}-valued variables (e.g. the Rademacher functions). We include a self-contained proof
that any sequence (¢y,) that is the union of two Sidon sequences lying in orthogonal subspaces
is such that (p, ® v, ® Y, ® ©,) is Sidon.

MSC: 43A46,42C05 (primary). 60642, 60646 (secondary).

One of the most celebrated results in the theory of Sidon sets in the trigonometric system on
the circle (or on a compact Abelian group) is Drury’s union theorem that says that the union of two
(disjoint) Sidon sets is still a Sidon set. In a recent paper Bourgain and Lewko [2] considered Sidon
sets for a general uniformly bounded orthonormal system (¢,,) in Ls over an arbitrary probability
space (T,m). They extended some of the classical results known for systems of characters on
compact Abelian groups. We continued on the same theme in [6]. Let us recall the basic definitions.
We say that (¢,,) is Sidon if there is a constant C' such that for any finitely supported scalar sequence
n— Ty

(1) Z|$n| < C||Z$n90n||oo-

The smallest such C is called the Sidon constant of (¢,). The system (¢,,) is called ®*-Sidon if the
system (0, (t1)@n(t2) - ©n(ty)) is Sidon in Lo(T*,m x --- x m). We say that (y,) is subgaussian
if there is a constant 3 such that for any finite scalar sequence (z,,) such that > |z,|?> < 1 we have

/elzxnan/BQdm <e

When this holds we say that (p,) is -subgaussian.

Bourgain and Lewko [2] proved that subgaussian does not imply Sidon but does imply ®°-Sidon,
and the author [6] improved this to ®2-Sidon.

Let (gn) be an i.i.d. sequence of standard Gaussian random variables. We say that (¢,) is randomly
Sidon if there is a constant C' such that for any finite scalar sequence (x,) we have

> |zal < CEI Y gnzninlloo-
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In [6], we proved that randomly Sidon implies ®?-Sidon. It follows as an immediate corollary
that the union of two mutually orthogonal Sidon systems is ®*-Sidon (see Theorem [H for a quick
outline of a direct proof). This generalizes Drury’s celebrated union theorem for sets of characters.
Naturally, this last result raises the question whether ®*-Sidon can be replaced by ®@*-Sidon for
k < 4. While we cannot decide this for £ = 2 or k = 3, the goal of the present note is to settle the
question at least for k = 1.

We first improve Bourgain and Lewko’s example from [2] showing that subgaussian does not
imply Sidon for uniformly bounded orthonormal systems. Our example is a (very simple) martingale
difference sequence and the constant is asymptotically sharp. As a corollary we show that, not
surprisingly, Drury’s union theorem does not extend to two mutually orthogonal uniformly bounded
orthonormal systems.

Theorem 1. Fiz e > 0. There is a uniformly bounded real valued orthonormal system () with
lonlloo < 1+ ¢ for all n that is subgaussian and actually satisfies

(2) Eerns@n < 6(1"‘5)221’%/2

for any finite sequence of real numbers (x,), but (¢,) is not a Sidon system.
More precisely, the smallest constant Cy, such that for any scalar coefficients (xy) we have

n n
Yo el S Call Y wnonllc

satisfies
(3) Yn>1 C, > d./n,
where d: > 0 depends only on €. In addition, (v,,) is a martingale difference sequence.

Proof. Let (g,) be a sequence of independent choices of signs, i.e. independent +-valued random
variables on a probability space (€2, P) taking the values +1 with probabilility 1/2. Let A, be the
o-algebra generated by {e; |0 < k <n}. Let 0 =ap < -+ < ap—1 < a, < -+ be a fixed non-
decreasing sequence for the moment. Consider Ay = 2, Sy = 0, and define inductively A,, € A,
and S, as follows:

Sp = Sn—1+enla, , and A, = {|S,] < an}.

Assume that P(A,) > § for some fixed 6 > 0. Then let

(4) fn=c¢nla, ;.

This is a martingale difference sequence with || f,||cc < 1, therefore an orthogonal system such that

and moreover

1£all3 > 0.
We claim that the Sidon constant of {fy,---, f,} is > n/(1 + an—1). This follows from the obser-
vation that

Indeed, this is immediate by induction on n (since either ||Sy|lcoc < an—1+ 1 or ||Snllcc < [[Sn—1llco
depending whether ||.S,, ||« is attained on A,_; or on its complement).



Now by Azuma’s inequality (see e.g. [5], p. 501]) we know that (f,) is subgaussian with a good
constant. In fact for any real numbers ¢ and z,, with (x,) in £,

(6) Eet X onfn < ot Eleal?/2,
In particular
@) P({|Sn] > 1)) < 277/
Fix ¢ > 0. Taking a,, = ¢y/n, this gives us
P{|Sn| > an}) < 2¢7/2,
so we can choose a numerical value of ¢, namely ¢ = c., large enough so that
P({|Sn]| > an}) <1 —(1+ E)_z.

Then we have by what precedes [|Sy|loc < an—1 +1=c.v/n—1+1 and

1fallz = P({|Sn-1] < an—1})? = (1 +¢) 7!
for all n. Therefore the Sidon constant of {fi,---, fp} is > n/(1 4 ap—1). Letting

©n = anfn”g_l

we find ||on|lco < 1+ ¢ for all n, (¢,,) is orthonormal and (B]) holds. By Azuma’s inequality (6l we

also have (2)). O

Remark 2. T am grateful to B. Maurey for suggesting the following neater example (S}). Let us
first fix n > 1, and hence a,, > 0 is fixed. Let M = &1+ ---+ ¢ for all £ > 1. Define the stopping
time 1), by T, = inf{k > 0 | |My| > a,} and T,, = oo if |M}| < a,, for all £ > 0. Recall the classical
inequalities
Vt>0 P sup |Mg|>t}) <2P({|M,| > t}) < 4e /2",
1<k<n

The first one goes back to Paul Lévy (see e.g. [B, p. 28]), it is closely related to Désiré André’s
reflection principle for Brownian motion (see e.g. [4, p. 558]) and the second one follows from ().
We then set for k > 1 S}, = M7, and

f;Q = Sllc - Sl/c—l = erliT, >k}

In the previous example this corresponds to sets A} | = {1, > k} = {T), <k —1}° € Ap_1. We
have clearly [|S}||oc < an + 1 for all k, and it is easy to check, since A} _; = {sup;4 |M;| < a,},
that we again can choose a,, = c¢.y/n so that for any 1 < k < n we have

P(Aj_1) > P(A,) =P({ sup |[My| <an}) =1—P({ sup [My|>an}) > (14¢)>
1<k<n 1<k<n

Remark 3. Since (py,) is formed of mean zero variables (2) holds iff there is 5’ such that

(8) Vp=2Y(a) €6 || Y wapally < BVEQY_ |zal?)'?



Remark 4. Let () be any orthonormal system. Then for any scalar coefficients (zj) we have

obviously
n n n
S el < VA el < Vil Y anne
Thus the order of growth of the Sidon constant in (3) and the next statement are both sharp.

Corollary 5. There are two orthonormal martingale difference sequences (o)) and (p;,) with
orthogonal linear spans such that each has the same distribution as the Rademacher functions (i.e.
each is formed of independent +-valued random variables with mean zero) but their union is not a
Sidon system. More precisely the union of {¢} | k < n} and {¢} | k < n} has a Sidon constant
Cy, growing like \/n.

Proof. Let will modify slightly the preceding proof and construct by induction a sequence S,.
We wish to choose by induction a set B, C Q in A, (just like A, was) and we again set S), =
! _1+eéenlp, ,. but we choose B, satisfying

9) B, c{|S,| <a,} andP(B,)=1/2.

To be able to make this choice all we need to know is that P({|S/,| < a,}) > 1/2. Then the preceding
argument, associated to ¢ = v/2— 1 still guarantees that P({|S’,_;| < an_1}) > 1/2. Thus we clearly
can select B,, for which (9) holds and we again obtain [|S],||cc <1+ v/n — 1 for all n.

Then let

Spi = En(]‘anl + 1Q\Bn71)’

Note that since P(By,—1) = 1/2 we have ¢} L ¢, for any n and hence ¢} L ¢, for any n, k. Then
each of the sequences {¢7" | k < n} is a martingale difference sequence with values in {£1}. Tt is a
well known fact (proved by induction as a simple exercise) that this forces each to be distributed
uniformly over all choices of signs. Now let {1y | ¥ < 2n} denote the union of the two systems
{¢F | k <n} and {¢, | k < n}. Clearly the Sidon constant of {¢ | k < 2n} dominates that of
{(¢f +¢1)/2 | k <n}. But the latter is the system {415, , | kK < n} as in the preceding proof but
with By replacing Ag. Since ||S]||cc < 14 +/n — 1, [@B) still holds for this system, so the corollary
follows. O

Remark 6. We may clearly replace (¢,) by an i.i.d. sequence of complex valued variables (z,)
uniformly distributed over the unit circle of C. For those it is still true that for any unimodular
sequence (wy,) that is adapted (i.e. w, is A,-measurable for each n) the sequence (z,wy,_1) is
independent and uniformly distributed over the unit circle. Then the corresponding two sequences
(o) are Sidon with constant 1, and their union is not Sidon for the same reason as in the preceding
corollary.

Problem : In [2] Bourgain and Lewko show that any n-tuple forming a S-subgaussian orthonormal
system uniformly bounded by a constant C' contains a subset of cardinality > 6n with 8 = 0(3,C) >
0 that is Sidon with Sidon constant at most f(3,C). They ask whether any such system is actually
the union of k(8,C) Sidon sequences with Sidon constant at most f(3,C).

Is this true for uniformly bounded martingale difference sequences normalized in Lo ?

Although for the example appearing in the proof of Theorem [Ilthe answer is affirmative (consider
e.g. a partition into odd and even k’s), we believe that a more involved one with values in {—1,0,1}
as in (@) but with a more subtle choice of the predictable sets A,,_1, should yield a counterexample.

Let M, be the space of n x n-matrices with complex entries, equipped with the usual operator
norm on the n-dimensional Hilbert space. In [6] we consider a non-commutative analogue involving



a n X n-matrix valued function ¢(t) = [¢(t);;] on a probability space (T, m) for which the uniform
boundedness condition is replaced by

le)llaz, < C

and we assume that {\/ne(t);; | 1 <1i,j <n} is f-subgaussian and orthonormal. The prototypical
example is when ¢ is uniformly distributed over the unitary group.
In this situation we prove in [6, Prop. 5.4] that there is a constant o = «(C, 3) such that

Va € M, trla| <« sup |tr(ap(t1)p(t2))]-
t1,to€T

In analogy with Theorem [I] it is natural to wonder what is the best constant C/, such that in the
same situation
Va € M,, trla| < C} sup [tr(ap(t))].
tel

Clearly the orthonormality assumption yields

Ya€ My n”'trla] < (n”'trfal)'? = fler(ap(t)]lz < er(ap(t)l|o = sup [tr(ap(t)].
S

and hence C/, < n.

It is easy to see that this is asymptotically optimal. Indeed, consider the following example.
Let x — D(z) be the mapping taking an n x n matrix to its diagonal part. Let u denote a
random n X n unitary matrix uniformly distributed over the unitary group. Let (1, - ,¢,) be
the orthonormal n-tuple constructed in the proof of Theorem [ of which we keep the notation,
namely pr = fil|frllz . Assuming (T, m) large enough, we define o : T — M, so that ¢ — D(y) and
D(y) are independent random variables; we make sure that ¢ — D(¢) and v — D(u) have the same
distribution and we adjust the diagonal entries of D(y) so that they have the same distribution
as (¢1/v/n, - ,¢n/v/n). Then for a suitable 5 (independent of n) {\/ne(t);; | 1 <i,j5 < n}is -
subgaussian and orthonormal. However, if a is the diagonal matrix with entries (|| fill2, -+, || fnll2)
we have on one hand by @) [tr(ap)llc = [[(f1 + -+ fu)/V/7llec < ¢, and on the other hand
trla] > n(1+¢)~t. Therefore

Cl>n(l4e) et

€

Definition 7. Let I be an index set. Let Li(m'), L1(m”) be arbitrary Li-spaces. We say that a
family (f,)ner in Li(m”) is c-dominated by another one (1, )ner in Ly (m') if there is a linear map
w: Li(m') — Ly(m”) with |Ju|| < ¢ such that u(¢,) = f, for all n € I.

The following criterion due to M. Lévy (see [3] and [6, Prop.1.5]) is very useful: a linear map
v:E — Li(m”) on asubspace E C Li(m') admits an extension u : Li(m’) — Ly (m”) with |lu|| <1
iff for any finite sequence (7,) in E we have

(10) [Fsup [0l ey < 150D [0l 2y (-

If we apply this to F = span[t¢,,] with v defined by v(1,) = f,, this gives us the following criterion:
a sequence (f)ner in Li(m”) is c-dominated by a sequence (¢,)ner in Li(m’) iff for any Banach
space B and any finite sequence (z,) in B we have

(11) 1D fazalliys) < el Y vnzallym)-

Indeed, it is easy to see that we may restrict consideration to the single space B = {,, in which
case ([[0) and (II) are identical.



Remark 8. The key fact used in [6] is that, for some numerical constant K, any [-subgaussian
sequence (¢n)nen in X = Li(T,m) is Kfp-dominated by a standard i.i.d. sequence of Gaussian
normal variables (on a probability space (©',P’)), denoted by (g, )nen. This is essentially due to
Talagrand; see [6] for detailed references and comments. It would be interesting to have a direct
simple proof of this fact.

If we assume moreover that the S-subgaussian sequence (¢, )nen is uniformly bounded, i.e. that
lonlleo < a for all n, then, for some numerical constant K’, the sequence (py)nen is K'(8 + a)-
dominated by (g5,). This follows from the solution by Bednorz and Latata [I] of Talagrand’s
Bernoulli conjecture.

We would like to observe that if (f,) is a martingale difference sequence then a very simple
proof is available (with an optimal constant). We start with a special case of the form f, = €,¢n-1
with ¢,_1 depending only on e1,--- ,&,_1 satisfying |[¢n—1]jcc < 1 (which is subgaussian by (@)).
This is particularly easy. Indeed, for any y € [—1,1] let

F(t,y) = (=1)1p,a—y)/2 () + (D)1a—y)/2,1 ),

so that fol F(t,y)dt = y and F(t,y) = +1. Let us consider the sequence of random variables F;,
defined on [0, 1]N x {—1, 1} by setting

Fn((tj)7 (Ej)) = EnF(tn—la (Pn—l)-

Let u be the conditional expectation onto the algebra of functions depending on the second variable
on [0,1]N x {~1,1}N. Then u(F,) = f,. Moreover since (F,) is a martingale with values in 41
it has the same distribution as (g,,) itself. In other words, there is an isometry v : L;(2,P) —
L1([0,1]Y x {=1,1}Y) such that v(e,) = F, for all n. Considering the composition uv, this shows
that (f,) is 1-dominated by (e,), and the latter is easily shown to be c-dominated by (g,) (the
latter being, say, in L1(Q',P")) for some numerical constant c.

More generally, let (€2, A’,P") be an arbitrary probability space. We have

Lemma 9. Let p € L1(Q, A',P") be with values in [—1,1] and such that Ep = 0. Then for any
Banach space B and any xg,x1 € B

(12) E'|lzo + pz1]| < Ellzo + 121
More generally, if B C A’ is any o-subalgebra such that EB¢ = 0 we have for any xo € L1(SY, B,P'; B)
(13) E/||$0 + (,D:E1|| < E/EH$0 + 613)1”.

Proof. We have
xo + px1 = /mo + F(t, p)x1dt.

and hence by Jensen
[0 + 1] < / [0 + F(t, p)z1]|dt = [[xo — 21 [[(1 = ©)/2 + [lzo + 21 [|(1 + ) /2.

After integration, we obtain ([I2]). To prove (I3)) it suffices to show that

(14) E|lo + pa1]| < EP([lzo + 21| + [lzo — 1)/2,



or equivalently that for any A € B with P’(A) > 0 we have
(15) PA) [ oo+ el < P [ (o il + o =)/ 202,

Assume that A € B is an atom of B. Then x( is constant on A and EB when restricted to A
coincides with the average over A. Thus (I3]) reduces to ([I3]) with P’ replaced by P’ (A)_llP’T 4 The
case of a general A € B can be proved by a routine approximation argument left to the reader. [

We now show that any real valued martingale difference sequence with values in [—1,1] is
1-dominated by (e,,).

Lemma 10. Let (d,) be a sequence of real valued martingale differences on (', A',P), i.e. there
are o-subalgebras A, C A (n > 0) forming an increasing filtration such that d,, is A,-measurable
for alln > 0 and EA»1d, =0 for alln > 1. We assume that Ay is trivial (so that dy is constant).
If |d,| <1 a.s. for any n, then there is an operator u : L1(Q, A, P) — L1 (Q, A", P") with ||u]| = 1
such that u(1) =1 and u(e,) = dp, for alln > 1.

Proof. By the above criterion (IJ) it suffices to show that for any Banach space B and any finite
sequence (z,) in B we have for any k

k k
(16) | dowo + Zl dnplly(B) < lldozo + Zl entnllL, (B)-

By ([I3) with B = Ai_; and ¢ = dj we have

k k-1
ldozo + 7 dnzalli, sy < lldoxo + ) dnn + extil| 1y o)

Now working on the product space (2, 4,P) x (', A, P") with B equal to o(Ax_s Ueg) we find

k—1 k—2
ldoxo + Zl dn@n + exTk L, @ xp;) < lldozo + Zl dnrn, + Ep—1Tk—1 + ExTk| L, (' xP; B)-
Continuing in this way we obtain (I8]). O

Remark 11 (On the complex valued case in Lemma [I0). Let T = R/27Z be the (one dimensional)
torus. Consider the sequence (2,)nen formed of the coordinate functions on TV equipped with
its normalized Haar measure pu. A priori the complex analogue of the preceding proof, with (z,)
replacing (e,), requires to assume that the martingale under consideration is a Hardy martingale
in the sense described e.g. in [5, p. 133]. Indeed, the Poisson kernel is the natural analogue of
the barycentric argument we use for Lemma [0l Using this, Lemma [I0 remains valid, with (z,)
replacing (,), for a martingale difference sequence (d,,) adapted to the usual filtration on T such
that for any n the variable z — d,, (20, - , 2n—1, 2) is either analytic or anti-analytic.

Note that without any additional assumption the complex valued case of Lemma [I0 fails, simply
because the system (1,£1) is not 1-dominated by (1,z;). Indeed, by (I0) this would imply the
inequality 2 = [ max{|1 + &1|,|1 — e1|}dP < [max{|1 + 21|, |1 — 21|}du, which clearly fails.

The next two remarks will be used at the very end of this paper.

Remark 12. Let (zp)nen and g on TN be as in Remark Il Consider two sequences (f;}) and
(f2) in an Ly-space X. We form their “disjoint union” (f,) by setting for = f7 and for11 = f}.
We claim that if (f!) (resp. (f?)) is ci-dominated (resp. co-dominated) by (z,), then (f,) is

(¢1 4 c2)-dominated by (z,). Actually, the same claim is valid for the disjoint union of arbitrary



families indexed by sets I; and I (using (zn)per 07, On THU2 instead), but the idea is easier to
describe with I = N. Indeed, since (z,), (22,) and (z2,+1) all have the same distribution, there is
wj + Ly(TN,p) — X (j = 1,2) with [Ju;]| < ¢j such that ug(ze,) = f2 and uy(22n41) = f1. Let
E; and Ey be the conditional expectations on L (T, 1) with respect to the o-algebras generated
respectively by (z2,41) and (z2,). Then let u = u1Eq 4+ ugEy. We have u(z,) = f, for all n and
lul| < ||luiEq]| + [JugEs|| < ¢1 + ¢2. This proves our claim.

Remark 13. Let (z,) be as in Remark M2 on (TN, ). Let (¢,) be in Loo(T,m). We claim that
if ||pnlleo < 1 for all n, then (p, ® z,) is dominated by (z,). Assume first |p,| = 1 a.e. for all
n. Then the translation invariance of the distribution of (z,) shows that (¢, ® z,) has the same
distribution as (z,), so the claim is obvious in this case. Note that any number ¢ € C with |p| <1
is an average of two points on the unit circle. Using this it is easy to verify the claim. It can also
be checked easily using the criterion in (IIJ).

We end this paper by an outline of a proof that the union of two Sidon sequences is ®*-Sidon,
more direct than the one in [6]. The route we use avoids the consideration of randomly Sidon
sequences, it is essentially the commutative analogue of the proof in [7], with the free Abelian
group replacing the free group. The key fact for the latter route is still the following:

Lemma 14. Let (z,) be in Loo(TN, 1) as in Remark[I2. Let (T, m) be a probability space. Let (fy)
be a sequence in L1(T,m) that is dominated by (z,). Then any sequence (1) in Loo(T,m) that is
both uniformly bounded and biorthogonal to (f,) is ®2-Sidon. Here biorthogonal means

Proof. Let w : Li(TN, u) — Li(T,m) such that u(z,) = f,. Elementary considerations show that it
suffices to show that the sequence (u*(,,)) is ®2-Sidon. By another elementary argument (u*(1,))
is biorthogonal to (z,). Therefore, it suffices to prove this Lemma for the case (T,m) = (T, u)
and (¢,) = (z,). This is proved in [6] with (z,) replaced by an i.i.d. gaussian sequence, using the
Ornstein-Uhlenbeck (or Mehler) semigroup. Here we may use Riesz products instead.

We claim that for any N and any 20 € TV the function F = Ziv 292, ® z, admits for any
0 < € < 1 a decomposition F = t. + r. in the algebraic tensor product Li(TN) ® L;(TY) with

ltelln = / ez, 9) | dp()dpa(y) < w(e) and rolly < &,

where we have set

rellv = SUPq,beBy,

/ n;(:c,y)a(sc)b(y)du(w)dmw' ,

and where w(e) is a function depending only on 0 < ¢ < 1 (and not on N or z%). To verify this we
fix 20 and consider in Li(TN x TV, i x p) the Riesz product

(g/2)le! H(zgznz; + 292,20).

neo

ve(z,7) = Hiv(l + eR(222,2))) = Z

aC[l...N]

We will view the tensors in L1 (TY) ® L1(TY) as functions of (z,2') € TN x TV, Note

(17) ve(z,2') = EI(J[C[L.N](e/Z)‘O‘| Z H Dan2 H 292,20

BCa nef ne[l...NJ\B



Observe that the terms of the latter sum are orthogonal. Without trying to optimize (see [6] for a
discussion of the optimal logarithmic growth for w) we set

tL = (ve —wo)/e.

Note that (since v > 0 and hence |||} = 1) we have [|[t.[|s < 2/e. Let 7. = SN R(202,20,)) — tL.
By the orthogonality in the sum (IIZI) one checks that [|rl|y < /2. This gives us the desired
decomposition but, instead of El 202,2!  we are decomposing the sum

Zi\[?R(Z 2nzh)) = (1/2) Z 20 S nzh + (1/2) Z Zozn -

To remove the second term we introduce an extra variable w € T that acts on TY by multiplication
(ie. w(zn) = (wz,)) and we define (here mr is normalized Haar measure on T)

te(2,2') = 2/wt’€(wz,z')dm1~(w) and r.(z,2") = 2/wré(wz,z’)dm1~(w).
This gives us ||tc||x < 4/e and ||re||v < e. Moreover we have

(1/2) Z Znznzy, = (1/2)te + (1/2)r

which proves the claim with w(e) < 4/e.
We can now complete the proof. Let (a,) be a scalar sequence. Let ¥ = Ziv Antn & Uy,
Choosing 20 so that zla, = |a,| we have

=3t = Y

and hence ) |ay| = (¥, t.) + (¥, r.) which leads to

Z |an| < |¥]lscw(e) + Z |anle(sup; <pen [Pn]%)-

To conclude, we set C" = sup,,> ||¢n s and we choose, say, e = 1/2C"?. We have then

> lan] < 20(E) ¥ o.
O

Let us say that a bounded set S in Lo (T, m) is Sidon with constant C if for any finitely
supported function z : S — C we have > . |2(9)| < C| Yo x(p)¢ll. If (¢,) is an enumeration of
S, this is the same as >, .y |z(n)| < C|| 3, cn 2(n)¢n||. Similarly we extend the term ®?-Sidon to
sets in Loo(T,m).

For the convenience of the reader we give a slightly more direct proof of the following result
from [6], which generalizes Drury’s theorem.

Theorem 15. Let Ay = {p} | n € 1(2)} and Ay = {p? | n € I(1)} be two Sidon sets (indexed by
sets 1(1),1(2)) in Loo(T,m), with constants Cy,Cy. Assume that Ay L Ao in La(m) and there are
C1,C5,0 > 0 such that

Vo 6 < lenllz < llenlloe < C1 and 6 < |l@kll2 < [l@nfloe < Cs-

Then the union Ay U Ay is @*-Sidon with a constant C depending only on Cy,Ca, C},Ch, 6.



Proof. We assume for simplicity that the sets are sequences indexed by N. By homogeneity (chang-
ing Cf, Cl accordingly) we may assume that ||¢L]la = [|@2]|2 = 1 for all n. Let E; C Loo(T,m)
be the norm closed span of (¢}) (j = 1,2). Consider the linear mapping T; : Ej — Loo(TY) such
that T (cpn) = z,. By assumption HT | <Cj. By the injectivity of Loc-spaces T)j has an extension
T Loo(T,m) = Loo(TY) such that T]‘E =T} and HT || = ||IT;]| < C;. We introduce the operator

T : Loo(T,m) = Loo (TN x TV) defined by
T()(z2) = T)(=) + Ta(f)().
Then ||T]| < C1 + Ca. The operator T ® idy,__ (7,m) clearly extends to an bounded operator
Wi Loo(T X T) — Loo (TN x TV x 1),

satisfying [|[W]| < || T < Cy + Cs.
We claim that the collection

U={W (e, ®pn)} U{W (2 ®@ph)}

is biorthogonal to

V={2, 010, U{l® 2, @ p2}.

Indeed, note W (L @ L) C Loo(TN x TV) @ L and W (¢2 @ ©2) C Loo(TN x TV) ® ¢2. Therefore,
by our Lg(m)-orthogonality assumption

Vn,m Wk @0l) L1® 2m @ @2 and W(02 @ 02) Lz © 1@ 2.
Moreover, if we set £} = i(g@%) we have
W(pn® ) =T(n) ®on =2 ® 1@ pp +10& ® ¢y,

which shows that (W (ol ® k) is biorthogonal to {z, ® 1@ ¢L}. Similarly (W(¢2 ® ©2)) is
biorthogonal to {1 ® z, ® ¢2}. This proves the claim.

By Remarks [3 and [[2} the family V = {2, ® 1 ® L }U{1 ® 2,, ® 2} is dominated in L; (TN x TN x
T) by the sequence (z,,). By Lemma [[4 we conclude that I is ®2-Sidon in Leo (TN x TN x T). Since
W is bounded this implies that {¢} ® L }U{p2®p?2} is also ®2-Sidon in Lo (T x T'). Consequently
A1 U As is ®4-Sidon in Lo (T, m). The assertion about the constant C is easy to check by going
over the various steps. O

Acknowledgement. Thanks to Bernard Maurey for useful communications, and to the referee for
his/her careful reading.
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