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Advanced semi-empirical calculations have been performed to compute simultaneously optical
absorption and K pre-edge X-ray Absorption spectra of Fe2+ in four distinct site symmetries found
in minerals. The four symmetries, i.e. a distorted octahedron, a distorted tetrahedron, a square
planar site, and a trigonal bipyramidal site, are representative of the Fe2+ sites found in crystals and
glasses. A particular attention has been paid to the definition of the p-d hybridization Hamiltonian
which occurs for non-centrosymmetric symmetries in order to account for electric dipole transitions.
For the different sites under study, an excellent agreement between calculations and experiments was
found for both optical and X-ray absorption spectra, in particular in terms of relative intensities and
energy positions of electronic transitions. To our knowledge, these are the first calculations of optical
absorption spectra on Fe2+ placed in such diverse site symmetries, including centrosymmetric sites.
The proposed theoretical model should help to interpret the features of both the optical absorption
and the K pre-edge absorption spectra of 3d transition metal ions and to go beyond the usual
fingerprint interpretation.

I. INTRODUCTION

Computing the absorption cross-section of electronic
transitions is still a major challenge in the field of spec-
troscopy. In the words of Bersuker and Polinger: “The
problem of the explanation of relative and absolute in-
tensities of spectral lines stands out today as one of the
most important in the whole field of spectroscopy”.1 Op-
tical absorption spectroscopy (OAS) and K pre-edge X-
ray absorption spectroscopy (XAS) are complementary
experimental techniques that enable to determine and
compare the speciation of transition metal (TM) ions by
probing their 3d shells. Local symmetry is a key param-
eter that governs electronic, magnetic and optical prop-
erties in materials. One of the most striking example
of how local symmetry affects optical properties is illus-
trated by Co2+ ions which give an intense blue color in
a tetrahedral site, and a pale pink color when placed in
an octahedral site.2 Generally speaking, the absorption
intensity for Td symmetry will be larger than those for
Oh symmetry for all 3d elements in both OAS and K
pre-edge XAS. This general feature is often used as a
criterion to distinguish site geometries.3–9

Since the very beginning of crystal field theory, com-
putation of absorption spectra has partially enabled to
go beyond a simple “fingerprint” interpretation. Calcu-
lations are indeed useful to extract physical quantities
from experimental data, such as coordination number,
local symmetry and distortion, oxidation and spin states,
bond covalency and orbital mixing. They are even more
needed when the site is distorted or when several absorb-
ing species coexist in the sample.10

The intensity of spectral transitions is a meaningful in-

formation to identify distorted sites or to distinguish co-
existing absorbing species. State-of-the-art calculations
of absorption spectra do not reproduce accurately the
absolute intensities of transitions that depend on both
the nature of the transition operator and the nature of
the initial and final electronic and vibronic states. Opti-
cal absorption of TM ions mostly originates from d − d
electronic transitions, while the K pre-edge XAS involves
transitions from 1s to 3d states. Consequently, both XAS
and OAS are well suited to probe and describe the elec-
tronic structure of 3d states although in the case of XAS,
they are perturbated by the 1s core hole.

In the case of XAS, the K pre-edge intensity de-
pends on the proportion of on-site 3d−4p hybridiza-
tion, which results in an additional E1 contribution aris-
ing from 1s→4p transitions, with respect to the electric
quadrupole originating from 1s→3d transitions. Using
Ligand Field Multiplet (LFM) calculations including p−d
hybridization, Arrio et al.11 reproduced the variation of
XAS K pre-edge spectra for both Fe2+ and Fe3+ ions in
Td and Oh symmetries in Fe-bearing minerals. The inclu-
sion of 3d−4p mixing in these calculations of the pre-edge
features is a key issue, but they are often tedious for sym-
metries lower than Oh and Td. Recently, following the
same multielectronic semi-empirical approach, Hunault
and coworkers succeeded in calculating the XAS Co K
pre-edge spectra for a Co2+ ion in Td, Oh, D3h and C4v

symmetries,12 opening the way to the calculations of ab-
sorption cross sections of low-symmetry sites.

For OAS, according to the Laporte selection rule, only
electric quadrupole transitions (E2) are allowed by parity.
However, the E2 contribution is too weak to account for
the entire intensity of optical absorption transitions.13
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The observation of non-zero transitions therefore sug-
gests that electric dipole (E1) transitions occur despite
Laporte rule interdiction. It has been generally assumed
that this electric dipole contribution arises from the re-
laxation of the parity rule via static or dynamic (vibra-
tions) distortions.14,15 By removing the inversion center
from the point group symmetry of the absorbing site, a
3d−4p mixing on the metal ion is then enabled.16

A limited number of papers are devoted to the cal-
culation of optical absorption spectra in terms of posi-
tion and intensity of optical transitions.13,14,17–19 This
is mainly related to the difficulty to describe accurately
with a unique theoretical approach both on-site multi-
electronic interactions and the electronic structure out-
side the nearest ligand atoms. In the past decades, a
lot of efforts have been devoted to reproduce optical
absorption spectra using ab − initio approaches. First-
Principles Configuration-Interaction Calculations (DFT-
CI) coupled to sophisticated methods of lattice relaxation
lead to undeniable progresses.20,21 Nevertheless the re-
sults are still relatively disparate: a good overall agree-
ment between experiment and theory was found for Cr3+

in α-Al2O3
17,20,21 and for Co3+ in [Co(NH3)6]3+,19 while

some discrepancies are found for Cr3+ in BeAl2O4
20 or

for V2+ in α-Al2O3.17,21 Even if such a methodology can
give satisfactory results for relatively simple systems, it is
hardly tractable for complex structures showing a low de-
gree of symmetry as illustrated by the local environment
of TM ions found in many minerals or glasses.

Our approach does not consist in calculating the crys-
tal field parameters but in measuring them by analyz-
ing OAS and XAS spectra. The methodology proposed
here is then based on the use of LFM approach includ-
ing p − d hybridization in order to calculate both opti-
cal and X-ray absorption spectroscopies under the same
theoretical frame. By calculating both spectroscopies si-
multaneously, parameters are limited in number, better
constrained, and consecutively, more significant.

To our knowledge, no such optical absorption calcu-
lations have been done for Fe2+ compounds, and more
specifically for iron-bearing silicates. In particular, the
broad and asymmetrical shape of the Fe2+ band observed
in the UV-Visible-NIR absorption spectra of soda-lime
silicate glasses remains a challenging question, for which
only empirical methods based on fingerprint analysis are
applied.22 At this point, it is then essential to use a nu-
merical approach allowing to interpret finely the origin
of the absorption features of regular and distorted Fe2+

sites found in iron-bearing minerals.
In the present paper, we perform LFM calculations

including metal on-site 3d−4p hybridization to compute
jointly the absorption cross-section of optical and XASK
pre-edge spectra of iron in various site symmetries. This
provides a deeper understanding of the origin of the ab-
sorption features of regular and distorted Fe2+ sites found
in iron-bearing minerals. A special attention was paid to
the definition of hybridization Hamiltonian for low sym-
metries in order to account for tetragonal or trigonal site

distortions. These calculations enable to compare the
effect of local symmetry on transition intensities and to
quantitatively assess 3d−4p hybridization for iron ions in
various environements.

II. EXPERIMENTS

A. Samples

This work is focused on a benchmark set of four crys-
talline natural samples containing high-spin Fe2+ ions in
various symmetries.

Siderite (FeCO3) is a yellow-brown carbonate con-
taining [6]Fe2+ in a slightly distorted close to regular
octahedral site sharing corners with other Fe-bearing
octahedra.23,24 The local geometry of Fe2+ is C3i.25

The staurolite (Fe4Al18Si8O46(OH)2) sample is a dark
orthosilicate mineral from Brittany, France. Iron is
present as [4]Fe2+ in a distorted tetrahedron with a point
group symmetry close to C2v.26

The gillespite (BaFeSi4O10) sample is a pink phyllosil-
icate mineral from Incline, California. Iron is present
as [4]Fe2+ in an almost perfect square-planar site with a
local geometry close to D4h or C4v.27

The grandidierite ((Mg,Fe)Al3(BO4)(SiO4)O) sample
is a blue-green orthosilicate mineral from Ampamatoa,
Madagascar, with 5.0wt% FeO and an exceptional redox
close to 99%, i.e. almost all Fe ions are found as Fe2+

in substitution of Mg2+. Grandidierite is one of the rare
minerals with 5-fold coordinated Fe2+. The local geome-
try is a distorted triangular bipyramidal site represented
by the point group Cs.28

B. XAS measurements

XAS spectra were collected at the Fe K edge (7112 eV)
at room temperature on ID26 beamline of the ESRF
(Grenoble, France). The incident beam was monochro-
matized using a Si(311) double crystal. XANES spectra
were recorded from 7000 eV to 7500 eV in fluorescence
mode using powder samples diluted into cellulose and
a 90° angle between the incident and scattered beam.
Data in the pre-edge (7110–7117 eV) and edge (7117–
7180 eV) regions were recorded using a 0.05 eV energy-
step. Outside this range, a 1 eV step was used. 60 pre-
edge spectra were collected and averaged for each sam-
ple. Spectra were normalized to an absorption step of 1
using ATHENA software29 and then corrected from self-
absorption. The pre-edge features presented in this paper
are given after subtracting the tail of the main edge using
an arctangent function.
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C. Optical absorption measurements

Diffuse reflectance measurements were performed using
a PerkinElmer Lambda 1050 spectrometer and a Praying
MantisTM accessory (Harrick Scientific Products Inc.), a
highly efficient diffuse reflectance collection system that
minimizes the detection of the specular component. Sam-
ples were prepared as finely ground powders deposited on
aluminum sample holders. Optical spectra were recorded
in the range 4000 – 33 000 cm−1. Assuming particle size
of the order of the wavelength and low absorption we ap-
ply the Kubelka-Munk approximation, which defines the
remission function F (R∞) as:

F (R∞) =
K

S
=

(1−R∞)2

2R∞
(1)

where the limiting reflectance is R∞ = 10−A with A the
absorbance, K is the absorption coefficient and S the
scattering coefficient.30 Diffuse reflectance measurements
do not provide a direct estimation of the molar extinc-
tion coefficient (characteristic of an absorbent species)
but rather an estimate of it. It can be used to compare
different compounds assuming the scattering coefficients
are identical for all samples. For grandidierite, the opti-
cal spectra are taken from the literature.31

III. THEORY

A. Ligand Field Multiplet (LFM) framework

OAS and XAS spectra were calculated using LFM the-
ory. A method that includes all local interactions and al-
lows for electronic entanglement. The empirical crystal-
field potential is chosen such to reproduce the low energy
eigen orbitals and as such not related to realistic electro-
static fields in the crystal. For core level spectroscopy
the method was initially devised by Thole et al.32 in the
framework established by Cowan33 and Butler34. In this
approach one considers an isolated Fe2+ ion embedded
in a crystal field potential with an additional term that
mixes 3d and 4p orbitals describing the on-site 3d−4p
hybridization. It takes into account all the 3d−3d and
1s−3d electronic Coulomb interactions, as well as the
spin-orbit coupling ζ on every open shell of the absorb-
ing atom. Each of these many-body states is described
by a linear combination of Slater determinants.33 More
details on the method can be found in other references.35

1. Description of the Hamiltonian

The Hamiltonian describing a given multielectronic
state of the absorbing ion writes:

H = Hkin +He/N +He/e +HSO +HCF +HHyb, (2)

where Hkin is the kinetic energy of the electrons, He/N

the electrostatic interaction of the electrons with the nu-
clei, He/e the electron-electron interaction, HSO is the
spin-orbit coupling. The influence of the local sym-
metry is described using the crystal field Hamiltonian
HCF , which takes into account the local environment
around the absorbing atom. The hybridization Hamil-
tonian HHyb mixes appropriate d and p orbitals and de-
scribes the on-site 3d−4p mixing. (See below) Both HCF

andHHyb depend on parameters regarding the site geom-
etry, interaction with neighboring ligands and the point
group symmetry.11,36 Note that charge transfer effects
(i.e. off-site transitions from the 3d orbitals of the transi-
tion metal to the 2p orbitals of the ligands) are not taken
into account in this model but the iono-covalency of the
Fe-O bond is taken into account through the nephelaux-
etic ratio β that is applied to reduce Slater integrals from
their atomic values.

1s13d n+14p0

1s23dn–14p1

1s13dn4p1

1s23dn4p0

Initial state
configurations

1s2(3d ,4p)n

Final state
configurations
1s1(3d ,4p)n+1

T

Δ´

Δ

FIG. 1. Configuration interaction used to describe the on-site
4p–3d mixing in the XAS initial and final state configurations.
T is the transition operator defined in Eq. (3).

For OAS and XAS, the initial state configuration of
the system is built from the combination of two electronic
configurations, 1s23dn4p0 and 1s23dn−14p1 (with n = 6
for Fe2+), as illustrated in Figure ??. For OAS, the final
state is described by the same configuration interaction,
while the final state configuration of XAS is built with a
1s core-hole from the combination of the two electronic
configurations 1s13dn+14p0 and 1s13dn4p1.

Both crystal field and hybridization Hamiltonians are
expanded on normalized spherical harmonics:

HCF/Hyb =

∞∑
k=0

k∑
m=−k

Ak,mCk,m(θ, φ) (3)

where the normalized spherical harmonics are defined
by:33

Ck,m(θ, φ) =

√
4π

2k + 1
Yk,m(θ, φ) (4)

and the Ak,m are expressed in Appendix ??. For 3d tran-
sition metal, the crystal field Hamiltonian writes:34,37–39
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HCF =

4∑
k=0,
k even

k∑
m=−k

Ak,mCk,m(θ, φ) (5)

The site symmetry of the absorbing ion determines which
Ak,m are non-zero. The non-zero Ak,m can be related
either to the parameters often used in OAS such as Dq,
Ds, Dt, Dσ, Dτ or to the energies of the mono-electronic
3d orbitals (as obtained from DFT calculations). These
relations are given in Appendix ??.37 The list of param-
eters to be considered for each symmetry is summarized
in Table ??.

In the case of a 3d transition metal in a non-
centrosymmetric site, the hybridization Hamiltonian
mixes the 3d (` = 2) with the 4p (` = 1) states. It is
given by:

HHyb =

3∑
k=1,
k odd

k∑
m=−k

Ak,mCk,m(θ, φ) (6)

The mixing rules between the d and p orbital is imposed
by the symmetry of HHyb. The hybridization Hamilto-
nian is decomposed in a sum of terms using point group
theory:

HG
Hyb =

∑
i

HΓi

Hyb (7)

where G is the group symmetry of HHyb and Γi is an ir-
reducible representation of G that allows mixing between
d and p orbitals. Each HΓi

Hyb hamiltonian is parametrized
by the mixing parameter V Γi

pd . For instance in Td point
group symmetry, the hybridization Hamiltonian couples
px, py and pz orbitals of t2 symmetry with the dxy, dxz
and dyz orbitals that also have t2 symmetry. The hy-
bridization Hamiltonian itself has the full Td symmetry
(it is an a1g irreducible representation). The hybridiza-
tion parameter is labeled V t2pd . For each symmetry consid-
ered, the composition of HHyb and the relations between
V Γi

pd and Ak,m parameters are given in Appendix ??.
The list of hybridization parameters for each symmetry
is summarized in Table ??.

2. Calculation of absorption cross-sections

For XAS, in the case of non-centrosymmetric sites, E1
(1s→4p) and E2 (1s→3d) transitions contribute to the
absorption cross-section. For linear polarization of the
incident beam and a non-magnetic sample (no net mag-
netic moment on the absorbing ion), there is no coupling
between the E1 and E2 terms.40 Therefore, the abso-
lute absorption cross-section is directly calculated (and
expressed in Å2) as the sum of the E1 absorption cross-
section σdip and the E2 absorption cross-section σquad:

σ(~ω) = σdip(~ω) + σquad(~ω) (8)

TABLE I. List of crystal field and hybridization parameters
for each symmetry, and decomposition of E1 and E2 transi-
tion operators into irreducible representations. We use the
definitions from König and Kremer.37

Site Hamiltonians Transition operator

symm. HCF
37 HHyb E1 E2

Oh 10Dq – – Eg ⊕ T2g

Td 10Dq V t2
pd T2 E ⊕ T2

C4v Dq, Ds, Dt V a1
pd , V e

pd A1 ⊕ E
A1 ⊕B1

⊕ B2 ⊕ E

C3v Dq, Dσ, Dτ
V a1
pd , V e(eg)

pd ,

V
e(t2g)

pd

A1 ⊕ E A1 ⊕ 2E

with

σdip(~ω) = 4π2~ωαa2
0(P

(1)
1s,4p)

2 SDiso (9)

and

σquad(~ω) = 4π2~ωα
(
a2

0~ω
2~c

)2

(P
(2)
1s,3d)

2 SQiso (10)

where a0 is the Bohr radius, α is the fine structure con-
stant, ~ is the Planck constant in eV.s, c is the speed of
light, P (k)

`,`′ = 〈n`||r(k)||n`′〉 is the monoelectronic radial
matrix element (unitless), k = 1 for dipole operator and
k = 2 for quadrupole operator.11,33

The isotropic spectra SDiso and S
Q
iso are calculated using

Green functions:

S =
−Im(G(ω))

π
, (11)

with

G(ω) = 〈ψi|T †
1

ω −H + iΓ/2
T |ψi〉, (12)

where ψi is a many-particle wave function from the initial
state, T is the transition operator, ω is the energy, H is
the Hamiltonian of the system in the final state and Γ is
the 1s core-hole lifetime. For E1 and E2 transitions, T is
defined as:

T = ε.r +
i

2
(ε.r)(k .r) (13)

For OAS, optical transitions are exclusively electric
dipole (magnetic dipole or electric quadrupole transitions
are negligible).13
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B. Computational details

Calculations were performed using the code Quanty39
that uses second quantization and Lanczos recursion
method to calculate Green functions41, thus avoiding the
explicit calculation of final states. The number of 3d and
4p electrons in the ground state built from the config-
uration interaction, respectively 〈N3d〉 and 〈N4p〉, were
determined using the number operator that counts the
electrons in the n` shell: Nn` =

∑`
m=−` a

†
n`man`m.

Regarding the iono-covalent behavior of the chemical
bond in minerals, we applied for all minerals the same
reduction factor β in both initial and final states. β mul-
tiplies the Slater integrals calculated for an isolated ion
and was taken close to 60%. The spin-orbit coupling was
considered at 100% of its free ion value (ζ3d = 0.052 eV)
in agreement with previous studies.3,11

For OAS, the initial and final states are described by
the same sets of crystal field and hybridization param-
eters. For XAS, the excited state is possibly described
using a set of crystal field parameters different from the
initial state (see Table ??).

The p−d hybridization Hamiltonian Hhyb depends on
∆, the difference between the average energies of the two
electron configurations in the initial states (1s23d64p0

and 1s23d54p1), and on ∆′ which is the energy difference
between the configurations 1s13d74p0 and 1s13d64p1, as
illustrated in Fig. ??. For Fe2+, the free ion values ob-
tained from Hartree-Fock calculations are ∆ = 12.6 eV
and ∆′ = 13.8 eV. The same values were used for the ion
surrounded by ligands.

The XAS absolute intensities were calculated at
T = 300K and the population of the initial states is given
by the Boltzmann law. The XAS K pre-edge spectra
were convoluted by a Lorentzian function (Full Width at
Half Maximum (FWHM): Γ = 1.12 eV) and a Gaussian
function (FWHM: 0.35 to 0.42 eV), which respectively ac-
count for the 1s core-hole lifetime of Fe and for the instru-
mental resolution and sample imperfections. The mono-
electronic radial matrix elements were calculated using a
Hartree-Fock approach: for Fe2+, P (1)

1s,4p = 0.00333 and
P

(2)
1s,3d = 0.00090. Finally, the transitions were normal-

ized by the edge jump at the Fe K-edge, calculated for
a Fe atom as 3.3 · 10−4 Å2.42 Hence, the calculated XAS
spectra can be directly compared to the experimental
data normalized to the edge.

For optical absorption spectrum, P (1)
1s,4p is replaced by

P
(1)
3d,4p = 1.02866. Optical absorption spectra were calcu-

lated with a small Lorentzian broadening (Γ = 0.01 eV),
and cross-sections were further convoluted with a Gaus-
sian function (FWHM: 0.15 to 0.30 eV). Note however
that OAS theoretical cross-sections were rescaled to the
experiment using the maximum of intensity in the UV-
visible-NIR range.

IV. RESULTS

In the following, for clarity, we use the Schönflies nota-
tion without spin-orbit coupling to label multielectronic
states.

A. [6]Fe2+ in octahedral geometry

The experimental optical absorption spectrum of Fe2+

in siderite (FeCO3) is presented in Figure ??a. We ob-
serve that the main optical transition centered around
9000 cm−1, is split into two contributions at 8000 and
9600 cm−1. In the approximation of an Oh site sym-
metry, this band is assigned to the spin-allowed transi-
tion 5T2g→5Eg.43 For [Fe(H2O)6]2+, the splitting of the
5T2g→5Eg transition has been explained by a dynamic
Jahn-Teller effect.44 Here, for FeCO3, the Fe site shows
a trigonal distortion and the real point group symmetry
is C3i (also named S6).25 In octahedral C3i symmetry,
the ground state, that comes from the 5T2g level of Oh,
splits into 5Eg and 5Ag terms as shown in Figure ??.
The ground state of Fe2+ is then the 5Eg level (named
5Eg(T2g)). The 5Eg term in Oh is not split by trigonal
distortion and is named 5Eg(Eg) in C3i. The transition
from the ground state 5Eg(T2g) to the 5Ag level occurs
in the infrared around 1400 cm−1. We further observe
weak absorption bands around 15 000 cm−1, which can
be assigned to spin-forbidden transitions.44

In agreement with previous studies on siderite,25,45,46
the C3v point group was used in calculations instead of
C3i. Like Oh andD3d, that are often used to approximate
the Fe2+ site in siderite, C3i is a centrosymmetric point
group that does not allow p−d mixing, and thus gives
zero values when E1 transitions are calculated. The ap-
proximation of C3i by C3v (that are both subgroups of
Oh and D3d) removes the inversion center and thus al-
lows p−d mixing. This approximation has no influence
on the transition energies or on the degeneracy of the
energy levels since the crystal field Hamiltonian is iden-
tical for both groups. The hybridization Hamiltonian in
C3v symmetry (detailed in Appendix ??) is quantified us-
ing three parameters, V e(eg)

pd , V e(t2g)
pd and V a1(t2g)

pd , whose
values are given in Table ??.

With the crystal field and hybridization Hamiltonians
in C3v point group, we calculated two optical absorption
transitions with β = 0.59 and an optical Gaussian broad-
ening with FWHM of 0.23 eV (1855 cm−1). The two
bands were named using C3v terms (see Fig. ??) and were
attributed to 5E(T2g)→5E(Eg) for the one at 9085 cm−1

and 5E(T2g)→5A1 for the other in the far infrared around
1400 cm−1 (see Figure ??a). The parameters listed in Ta-
ble ?? show that Dq is the most significant parameter,
while Dσ and Dτ remain small. Although this confirms
that Fe2+ in siderite remains in an Oh site with a pre-
ponderant cubic character, this calculation demonstrates
the need to include the trigonal distortion in order to
explain the infrared transition around 1400 cm−1, which
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FIG. 2. Optical (left) and X-ray (right) spectra of siderite (a,b), staurolite (c,d), gillespite (e,f), and grandidierite (g,h). The
experimental and calculated OAS spectra are in black dashed line ( – – ) and in bold red line (—), respectively. The assignment
of the transitions from the ground state is given for each symmetry. The experimental XAS data are in black lines: not corrected
( · · · ) and corrected ( – – ) from the main edge tail. The calculated XAS K pre-edge spectra are in bold red line (—). Purple
and green curves represent the respective contributions of the electric dipole and quadrupole transitions. The assignment of
transitions is given using the 3d7 approximation. For grandidierite, simulated spectra for site A are in red, and spectra for site
B are in blue, E1 and E2 XAS features are given for site A only (because they are very similar for site B).
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TABLE II. Symmetry, coordination number (CN) and crystal field and hybridization parameters used for calculating the optical
and x-ray absorption spectra of the four compounds under study. The electron configuration 1s2(3d,4p)6 is used for the initial
and final states of OAS and for the XAS initial states. The excited electron configuration 1s1(3d,4p)7 (with core-hole) is used
only for the XAS final states.

Sample Symmetry 1s2(3d,4p)6 1s1(3d,4p)7 Ground state

(CN) CF (eV) Hyb (eV) CF (eV) Hyb (eV) symmetry

Siderite C3v (6) Dq = 0.113 V
a1(t2g)

pd = 0.33 Dq = 0.113 V a1
pd = 0.33 5E(T2g)

Dσ = −0.003 V e(eg)

pd = 0.06 Dσ = −0.003 V e(eg)

pd = 0.06

Dτ = −0.020 V
e(t2g)

pd = 0.35 Dτ = −0.020 V
e(t2g)

pd = 0.35

Staurolite Td (4) Dq = −0.140 V t2
pd = 3.27 Dq = −0.140 V t2

pd = 3.27 5E(Eg)

Gillespite C4v (4) Dq = 0.148 V a1
pd = 0.25 Dq = 0.161 V a1

pd = 0.25 5A1(Eg)

Ds = 0.470 V e
pd = 0.10 Ds = 0.236 V e

pd = 0.10

Dt = 0.120 Dt = 0.149

Grandidierite C3v (5) Dq = −0.050 V
a1(t2g)

pd = 0.90 Dq = −0.045 V a1
pd = 0.90 5E(Eg)

(site A) Dσ = −0.010 V e(eg)

pd = 0.20 Dσ = −0.009 V e(eg)

pd = 0.20

Dτ = −0.090 V
e(t2g)

pd = 1.65 Dτ = −0.081 V
e(t2g)

pd = 1.65

Grandidierite C3v (5) Dq = −0.045 V
a1(t2g)

pd = 0.90 Dq = −0.041 V a1
pd = 0.90 5E(Eg)

(site B) Dσ = −0.050 V e(eg)

pd = 0.20 Dσ = −0.045 V e(eg)

pd = 0.20

Dτ = −0.120 V
e(t2g)

pd = 1.65 Dτ = −0.108 V
e(t2g)

pd = 1.65

Relative
energy
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5D

FIG. 3. Lifting of degeneracy of the 5D spectroscopic term
(free Fe2+ ion) caused by trigonal distortion in the case of
siderite.

is not calculated otherwise. With the weak hybridization
potential used to compute non-zero transition intensities,
the energies of the electronic states remain almost un-
changed from the case without hybridization (the energy
shift is lower than 1%, e.g. 75 cm−1 for the main tran-
sition around 9000 cm−1). The inclusion of spin-orbit
coupling in the calculation further enables to reproduce
the weak spin-forbidden transitions around 15 000 cm−1.

The splitting of the 5E band at 9000 cm−1 cannot be
explained by C3i site symmetry and was not reproduced
in our calculations. Several explanations can be brought

forward:
– a lower symmetry of the real Fe2+ site, that can be re-
lated to dynamic Jahn-Teller effect, which can split the
E level into two levels to minimize electronic repulsion,
– the presence of two slightly different sites in the mineral
under study. However, to our knowledge, no evidence of
such partition has been reported in the literature.
– In the Tanabe-Sugano diagram of d6 ion in Oh symme-
try, the 5Eg(D) level crosses the 3T1g(H) and 1A1g(I) lev-
els around the Dq value used for the present calculations.
Such a small energy difference between spin-allowed and
spin-forbidden transitions could lead to increase the in-
tensity of spin-forbidden transitions by spin-spin or vi-
bration coupling that are not taken into account in this
model.

The XAS K pre-edge shown in Figure ??b presents
three main features spread over 2 eV and a maximum in-
tensity that is 2% of the edge jump and a small total pre-
edge area Aexp = 5.9·10−2 eV. For the XAS ground state,
crystal field and hybridization parameters were identical
to those used for the OAS calculation. The parameters
used for the excited state (with a 1s core-hole) were taken
equal to the ground state parameters (Table ??), which
enabled to reproduce accurately the experimental XAS
spectra as shown in Fig. ??b. The calculated spectrum
was broaden with a Gaussian of FWHM = 0.4 eV.

Using weak Vpd parameters for C3v hybridization the
total pre-edge area is Asum = 6.4 · 10−2 eV, which is
close to the experimental value. Regarding the dipole
and quadrupole contributions (Adip = 3.5 · 10−3 eV and
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Aquad = 6.1 · 10−2 eV), the E1 part of the spectrum re-
mains negligible (5.4% of the total area), which confirms
that the intensity only comes from the E2 contribution.
The calculated spectrum is similar to the one calculated
for Fe2+ in siderite by Arrio et al.11 using Oh symme-
try without p−d mixing, which further confirms that the
intensity in mainly due to E2 transitions.

For clarity, the attribution of the XAS transitions
is done in the approximation of a 3dn+1 ion with-
out core-hole.47 Three groups of peaks are observed at
7112 eV (4A2(F )⊕4E(F )), 7113 eV (4A1(F )⊕4E(F )) and
7114.5 eV (4A2(P )⊕4E(P )), respectively. These terms
are consistent with the attribution proposed by Westre
et al. in Oh point group3: 4T1g(F ), 4T2g(F ) and 4T1g(P ),
which confirms that the Fe site is rather regular.

By studying ferrous iron in a siderite, it has been shown
that OAS is more sensitive than XAS to slight distortion
of the local environment of C3v symmetry. By crossing
the results from these two spectroscopies using the same
sets of parameters for calculations we demonstrate that
Fe2+ site in siderite remains close to regular octahedral
geometry (similar crystal field values and energy levels).
In addition, we prove that Oh approximation is sufficient
for XASK pre-edge calculation regarding the experimen-
tal energy resolution.

B. [4]Fe2+ in tetrahedral geometry

In the case of staurolite, Fe2+ ions occupy a non-
regular tetrahedral site with C2v point group.26 How-
ever, Td point group is often considered as an approxi-
mation for the interpretation of Fe2+ local environment
in staurolite.8,11,44,48

The experimental OAS spectrum (Fig. ??c) shows one
main transition, located around 5000 cm−1 which is as-
signed to the 5E→5T2 transition in Td symmetry. Po-
larization dependent OAS spectra from Rossman and
Taran31 show that the band around 5000 cm−1 is experi-
mentally split into three bands located at 3800, 4600 and
5500 cm−1. This lifting of degeneracy is assigned to the
splitting of the 5T2 level due to the site distortion. Never-
theless, the energy difference between the electronic lev-
els is small compared to other minerals with tetrahedral
Fe site such as pellyite (Ba2Ca(Fe,Mg)2Si6O17), which
allows us to consider the Td point group in a first ap-
proximation for the calculations.31

In order to calculate the OAS of Fe in siderite we used
Td symmetry for both the crystal field and the hybridiza-
tion Hamiltonians. Parameters used for the calculation
are listed in Table ??, β was taken equal to 0.62 and
optcal spectra were broaden by a Gaussian of FWHM =
0.3 eV (2420 cm−1). Figure ??c compares theoretical and
experimental spectra in which the main transition occurs
around 5000 cm−1. By applying 100% of the spin-orbit
coupling, the 5E→5T2 transition is split into two com-
ponents separated by 500 cm−1, which is not enough to
reproduce the experimental splitting. In order to take

into account the distortion of the Fe2+ tetrahedron, a
lower point group symmetry such as C2v should be con-
sidered, with the drawback of increasing the number of
parameters in the calculation.

The experimental XAS pre-edge spectrum (Fig. ??d)
is 4.5 times more intense than for 6-fold coordinated Fe
(see previous case) and shows only two main features
separated by 1.4 eV, which accounts for a smaller crystal
field splitting than in pseudo-octahedral symmetry.

The calculated Fe K pre-edge spectrum broadened
with a Gaussian of FWHM = 0.35 eV in addition to
the core-hole lifetime broadening, reveals four peaks at
7111.6, 7112.4, 7113 and 7114 eV assigned using the
3dn+1 approximation to the transitions 5E(D)→4A2(F ),
5E(D)→4T2(F ), 5E(D)→4T1(F ) and 5E(D)→4T1(P ),
respectively.47

The total area of the calculated pre-edge is Asum =
29.4 · 10−2 eV, which is 26% higher than the total ex-
perimental area Aexp = 23.3 · 10−2 eV because the sec-
ond peak around 7114 eV has a stronger intensity in the
calculation than in the measurement. The area of the
electric dipole is Adip = 23.6 · 10−2 eV, which is 4 times
higher than the area of electric quadrupole contribution
Aquad = 5.8 · 10−2 eV. Therefore despite the small num-
ber of 4p electrons (〈N4p〉 = 0.117), 80% of the pre-edge
area is due to E1 transitions, highlighting the strong ef-
fect of the 3d−4p mixing on electronic transitions in Td
symmetry.

C. [4]Fe2+ in square planar geometry

We now consider the case of gillespite (BaFeSi4O10), a
rare silicate mineral in which ferrous iron is 4-fold coor-
dinated in a site close to a centrosymmetric square pla-
nar geometry. Regarding crystallographic data, the Fe2+

ion is slightly off the plane (by 0.027Å) formed by the
four oxygen ligands (dFe−O = 1.984Å).27 This distortion
leads to the non-centrosymmetric C4v point group that
has been used for our calculations and the description
of the transitions. The tetragonal distortion induces the
splitting of the 5D spectroscopic term as shown in Fig. ??.
For sites with a point group lower than cubic, the num-
ber of crystal field parameters necessary to describe the
energy of the different levels increases, and here we used
the crystal field parameters Dq, Ds and Dt.37,43,49 In the
case of the square-planar geometry, described in C4v, the
ground state of Fe2+ is 5A1.

The experimental optical spectrum of gillespite
(Fig. ??e) presents two features at 8250 and 20 000 cm−1,
attributed to 5A1→5B2 and 5A1→5B1 transitions,
respectively.50,51 Another feature is present at 1150 cm−1

and is attributed to the first possible spin-allowed tran-
sition 5A1→5E.
C4v symmetry was used for both the crystal field and

the hybridization Hamiltonians, Slater integral were re-
duced by β = 0.64 and optical transition broadened by
Gaussian function with a FWHM of 0.15 eV (1210 cm−1);
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FIG. 4. Lifting of degeneracy of the 5D spectroscopic term
(free Fe2+ ion) caused by tetragonal distortion in the case of
gillespite.

the corresponding parameters are listed in Table ??.
Since the site point group is almost centrosymmetric, we
set the mixing parameters to small values (V a1pd = 0.25 eV
and V epd = 0.10 eV), allowing the calculation of optical
transitions. The energy position and relative intensities
of the spin-allowed transitions are well reproduced with
the crystal field parameters given in Table ??. Our cal-
culated spectrum enables to assign the relatively intense
transition around 10 200 cm−1 to the spin-forbidden tran-
sition 5A1(D)→3E(H). We also observe the contribution
of several spin-forbidden transitions around 20 000 cm−1,
which might explain the width of this broad feature. The
mixing parameters used in the present case give a very
small number of 4p electrons 〈N4p〉 = 8.7 · 10−4.

The XAS spectrum Fig. ??f presents two small fea-
tures separated by 1 eV and a maximum intensity similar
to the octahedral case (∼2% of the edge jump and pre-
edge area Aexp = 5.6 · 10−2 eV). For the calculations,
we used a broadening of FWHM = 0.35 eV and the same
hybridization values as in the ground state, the crystal
field values in both electron configurations are the ones
given in Schofield et al.52. It can be noted that the crys-
tal field parameters used for the initial and final states of
XAS slightly differ because it was not possible to repro-
duce both XAS and OAS spectra with a common set of
parameters. Nonetheless, the ground state term remains
unchanged for both sets of parameters.

The calculation of the pre-edge feature using C4v sym-
metry enables to reproduce the experimental features
and reveals the multiplet states that compose this K
pre-edge. The hybridization was set to the same val-
ues as the optical spectrum calculation. The total area,
Asum = 6.9·10−2 eV, is higher than the experimental one
due to the tails of the spectrum that decrease faster in
the experimental spectrum. The resulting dipole contri-
bution arising from p−d mixing is not the reason of this
area difference, and E1 explains only 1.8% of the total
pre-edge area, which is similar to the dipole contribu-
tion estimated in the octahedral case. This corresponds
to a very small number of 4p electrons in the final state
(〈N4p〉 = 6.1 · 10−4). The small E1 contribution and the
small number of 4p electrons for both ground and ex-

cited states confirm that the local geometry of Fe2+ in
gillespite remains close to the centrosymmetric D4h site.

D. [5]Fe2+ in trigonal bipyramidal geometry

Grandidierite is a silicate mineral in which Fe2+ is 5-
fold coordinated in a distorted trigonal bipyramidal site
with Cs symmetry. Experimental and calculated OAS
spectra are presented in Fig. ??g. The experimental opti-
cal spectrum of Fe2+ in grandidierite exhibits transitions
occurring around 5000 cm−1 and in the range 10 000–
15 000 cm−1, attributed to two spin-allowed transitions
5E(Eg)→5E(T2g) and 5E(Eg)→5A1, respectively. How-
ever, the band centered at 12 000 cm−1 is very broad
(FWHM = 6500 cm−1). Such a large width cannot be
assigned to the crystal field splitting of the 5A1 term in
lower symmetry, nor to the spin-orbit coupling, which
only splits the levels by 800 cm−1. This broad band seems
to be composed of at least two contributions at 10 200
and 13 100 cm−1, respectively. In order to explain such
a splitting, Rossman and Taran31 suggested the presence
of several non-equivalent [5]Fe2+ sites in the grandidierite
mineral. As a consequence, we included this hypothesis
in our calculations by considering two sites named A and
B. As seen above for 6-fold coordinated Fe2+ in siderite,
the crystal field of C3v symmetry can be described by
three parametersDq, Dσ andDτ .37 In the case of grandi-
dierite, optical calculations were done with β = 0.59 and
a Gaussian broadening of FWHM= 0.18 eV (1450 cm−1).
With the crystal field and mixing parameters listed in Ta-
ble ??, the ground state is the 5E(Eg) term for both sites
(see Fig. ??).

Relative
energy

0
5D

FIG. 5. Lifting of degeneracy of the 5D spectroscopic term
(free Fe2+ ion) caused by tetragonal distortion in the case of
grandidierite.

The two optical spectra calculated for sites A and B of
Fe2+ in C3v (Fig. ??g) differ mainly by the value of Dσ
and Dτ . They both show the two spin-allowed transi-
tions with the first band, attributed to 5E(Eg)→5E(T2g),
presents around 5000 cm−1 for both sites. The sec-
ond band, attributed to 5E(Eg)→5A1, is present around
10 000 cm−1 and 13 000 cm−1 for sites A and B, respec-
tively.
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C3v was chosen instead of D3h symmetry, characteris-
tic of regular trigonal bipyramidal for 5-fold coordinated
ions because the transition 5E′′→5A′1 in the range 10 000–
15 000 cm−1 is symmetry-forbidden in D3h group.53 We
have shown here, that the approximation of the Cs point
group to the C3v point group was sufficient to accurately
reproduce the experimental relative intensities and posi-
tions. Therefore, the use of a lower point group, closer
to the real grandidierite sites (as Cs or C2v) is not nec-
essary to fit experimental data, and could lead to over-
parameterized calculations. In other words, OAS are not
sensitive to symmetries lower than C3v in that case.

The experimental Fe K pre-edge spectrum (Fig. ??h)
shows two main features at 7112.4 and 7114.1 eV sep-
arated by 1.7 eV. The maximum intensity is approxi-
mately equal to 5% of the edge jump, which is intermedi-
ate between Oh and Td cases. The calculated spectrum
was obtained by reducing the crystal field parameters
of the final state using 90% of the values used for op-
tical calculations. The same hybridization values were
used for all electronic states (Table ??). XAS spectra
were broadened with a Gaussian function with FWHM =
0.42 eV. The total intensity of the experimental pre-
edge (Aexp = 11.8 · 10−2 eV) is similar to the calculation
(Asum = 11.2 · 10−2 eV). For both sites (A and B), the
electric dipole contribution corresponds to 50% of the to-
tal area of the pre-edge with Adip = 5.6 · 10−2 eV. The
contribution of the quadrupole transitions is only half of
the total area of the pre-edge, which demonstrates the
necessity to account for 3d−4p hybridization. XAS cal-
culations reveal that sites A and B lead to similar spec-
tra, and only one of the two sites is sufficient to fully
reproduce XAS experimental data and to attribute the
transitions using C3v point group. On the other hand,
OAS calculation demonstrated the necessity to consider
two crystallographic sites in the interpretation of the ab-
sorption spectrum.

V. DISCUSSION

A. Choice of the point group symmetry of the
calculation

As described in introduction, the absence of an inver-
sion center is a sine qua non condition to allow the mixing
of d states with p states and the calculation of non-zero
electric dipole d−d optical transitions.

In the two cases of siderite ([6]Fe2+ in C3i) and gille-
spite ([4]Fe2+ in C4v), Fe ions occupy “almost” centrosym-
metric sites. The experimental observation of optical ab-
sorption in both cases proves that the inversion center has
been removed either by: a static distortion in gillespite,
with the Fe ion 0.06 Å out of the square plane, giving C4v

point group; a dynamic braking of the inversion center
in siderite that we described by using C3v point group
instead of C3i. The choices of these two point groups for
our calculations enable the accurate description of the

energy splittings of the 3d states with distortion and the
observed transition intensities.

In the two non-centrosymmetric cases studied in this
work: staurolite ([4]Fe2+ in C2v) and grandidierite
([5]Fe2+ in Cs), the exact point groups of the Fe site are
low, which would have lead to an unreasonably high num-
ber of crystal field and hybridization parameters. The
crystal field Hamiltonian is a combination of terms with
k = 0, 2 or 4 (Eq.3), and thus it can contain up to 15
terms, while the hybridization Hamiltonian (k = 1 and
3) can contain up to 10 parameters. Our calculations
show that the approximation of the real point group to a
higher point group symmetry fairly enables to reproduce
accurately the optical and K pre-edge structures in the
cases of staurolite and grandidierite.

This reveals that the choice of the point group sym-
metry used for the calculation is crucial. A general ad-
vice would be to first choose the largest possible non-
centrosymmetric point group compatible with the ap-
proximate geometry of the site; then depending on the
necessity to render for energy splittings (such as the split-
ting of the ground state in C3v for siderite) or for transi-
tions. The latter effect is well accounted for by the case of
grandidierite. The appropriate choice of the point group
provides in this case a deep insight into the origin of the
optical transitions. Although the exact point group of
Fe is Cs, the bipyramidal geometry could have been ap-
proximated by D3h symmetry. However, as shown by
our calculations, the transition to the 5A1 (C3v) state be-
comes allowed thanks to the mixing with p states when
removing the horizontal symmetry plane of theD3h point
group.

B. Crystal field and hybridization parameters

The hybridization Hamiltonian affects the energy posi-
tion of the d states. The larger the hybridization parame-
ter, the stronger this effect. An energy shift of the energy
level diagram of Fe2+ ground state is induced by the hy-
bridization Hamiltonian when using a non null value of
Vpd. As an example, in Td symmetry, this is due to the
mixing of the d orbitals of t2 symmetry with the p or-
bitals of t2 symmetry, which produces a symmetric com-
bination of lower energy. To compensate for this energy
shift in the calculated spectra, the 10Dq parameter has
thus been increased. Compared with the results for stau-
rolite in Arrio et al.11, the present 10Dq value has been
doubled to keep the OAS spin-allowed transition around
5000 cm−1. This proves how important is the calculation
of the optical absorption spectrum in order to define the
ground state and illustrates the complementary of OAS
and XAS methods to determine the spectroscopic behav-
ior of transition metals.

However, in the calculation of the K pre-edge, the na-
ture of the ground state (at 300K) prevails over the exact
determination of all initial state energy levels. The shape
of the K pre-edge is dominated by the energy splittings
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of the final state and the selection rules. In the calcula-
tion of XAS, the parameters of the final configuration is
often taken to be different from those of the initial one to
account for the electronic relaxation around the 1s core-
hole.3 In our calculations, we only applied a reduction by
90% for the parameters of the final state of grandidierite,
the parameters for gillespite were also modified, but not
for siderite and staurolite. While the ground state re-
mains identical, the K pre-edge spectrum only depends
on the final state parameters. In all cases, our calcula-
tions prove the complex multiplet structure underlying
the broad K pre-edge features. The attribution of the
transitions using dN+1 approximation confirms the weak
effect of the 1s core-hole as compared to the effect of the
2p core-hole in L edges.54

The simultaneous calculations of the both optical and
K pre-edge features enable to constrain the fitting of the
parameters of the ground state and XAS final state and
proves that multi-spectroscopic approach is important, if
not crucial, to correctly describe the studied compound.

C. Point group symmetry and intensities

The contribution of the electric dipole transitions
arises from the presence of a small amount of 4p states in
the ground state. This is explicitly shown by the calcu-
lation of the number of 4p electrons as given in Table ??.
The number of 4p electrons in the ground state is corre-
lated with the percentage of the dipole contribution in the
K pre-edge. We observe that for almost centrosymmetric
sites, only a very small amount of 4p electrons is enough
to bring out the optical transitions, while the K pre-
edge results for mainly electric quadrupole transitions.
When p-d mixing is negligible, in agreement with the
sum rules, the contribution from the electric quadrupole
transitions gives the same integrated peak area for both
siderite and gillespite. This confirms that optical transi-
tions arise from symmetry breaking of the parity selection
rule that forbids electric dipole transitions and that p−d
mixing is the main origin of optical transitions.

For non-centrosymmetric sites the fraction of electric
dipole transitions contributing to the K pre-edge inten-
sity varies from 50% (grandidierite) to 80% (staurolite),
which corresponds to an increase by 60%. However, as
in Table ??, the number of 4p electrons has more than
tripled between both calculations. On the contrary, from
grandidierite to siderite, which we both describe with
C3v point group, the fraction of dipole contribution de-
creases by a factor of 10, and the number of 4p electrons
decreases by a factor of 13, suggesting a rather propor-
tional relation between the electric dipole contribution
and the number of 4p electrons. This reveals that two
distinct effects control the amount of electric dipole con-
tribution: i) the fraction of p states that are mixed and
ii) the point group symmetry itself and the intrinsic se-
lection rules that it carries.

TABLE III. Number of 4p electrons in the ground state and
fraction of the pre-edge area coming from electric dipole (E1).
Comparison with results from the literature.

Sample CN Site 〈N4p〉 %E1

symmetry

Siderite 6 C3v 0.0027 5

Staurolite 4 Td 0.1171 80

Gillespite 4 C4v 0.0006 2

Grandidierite (A) 5 C3v 0.0349 50

Grandidierite (B) 5 C3v 0.0354 50

VI. CONCLUSION

The semi-empirical approach based on crystal field
theory and used in this work, has enabled to repro-
duce both experimental optical and K pre-edge X-ray
absorption spectra with a fair accuracy and a reason-
able number of parameters. The present calculations
were successful for reproducing both optical and K pre-
edge X-ray absorption spectra for four distinct site sym-
metries found in minerals, i.e. a distorted octahedron
(siderite), a distorted tetrahedron (staurolite), a square
planar site (gillespite), and a trigonal bipyramidal site
(grandidierite). The originality of this work resides in the
combined calculations of OAS and XAS by using a single
set of ground state parameters to reproduce the experi-
mental features. The difference of sensitivity of OAS and
XAS to the crystal field and hybridization parameters is
clearly pointed out, and more specifically the sensitivity
of OAS to 10Dq. We were also able to quantify the in-
fluence of the symmetry on the fraction of 4p states in
the ground state as a function of the point group symme-
try of the absorbing site. The good agreement obtained
between calculations and experiment demonstrates the
validity of the approximations made in this model and
the pertinence of using the Ligand Field Multiplet calcu-
lations to extract information from experimental spectra.

Progress in the interpretation of the absorption spectra
of TM and in particular of the intensity of the spectra of-
fers powerful tools for determining the speciation of TM
in complex materials such as impurities in crystals, oxide
glasses, or reaction site on surfaces in inorganic chem-
istry and catalysis. In these cases conventional diffrac-
tion techniques may not succeed in determining the exact
site geometry but the combination of optical absorption
and X-ray absorption (in particular K pre-edge features)
spectroscopies that can probe the 3d levels of transition
metal ions are key alternative methods. XAS particu-
larly needed for d0 compounds or non-transparent com-
pounds. Full understanding of the experimental results
relies on our ability to compute optical and X-ray spec-
tra accounting for multielectronic interactions in order to
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derive information on the ground state.
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Appendix A: Expression of crystal field and
hybridization Hamiltonian in second quantization

Crystal field and hybridization Hamiltonians write in
second quantization:

HCF/Hyb =
∑
τ1,τ2

〈ϕτ1(~r)|V (~r)|ϕτ2(~r)〉a†τ1aτ2 (A1)

where ϕτ (~r) = Rn`(r)Y`,m(θ, φ) is the local atomic or-
bitals indexed by the quantum number τ standing for
the combination of n (principal quantum number), ` (or-
bital angular momentum), and m (magnetic quantum
number). In order to evaluate 〈ϕτ1(~r)|V (~r)|ϕτ2(~r)〉 we
expand V (~r) over renormalized spherical harmonics (Ref.
33, p.146) defined by:

Ck,m(θ, φ) =

√
4π

2k + 1
Yk,m(θ, φ) (A2)

and we obtain34,37–39:
V (r, θ, φ) =

∑
k,m

Vk,m(r)Ck,m(θ, φ), (A3)

therefore

〈ϕτ1 |V |ϕτ2〉 =
∑
k,m

Ak,m〈Yl1,m1
|Ck,m|Yl2,m2

〉, (A4)

with

Ak,m =

∫
R∗n1`1(r)Vk,m(r)Rn2`2r

2dr, (A5)

where

Vk,m(r) =

√
2k + 1

4π

∫
V (~r)Y ∗k,m(θ, φ) sin(θ)dθdφ. (A6)

Appendix B: Relations between parameters and
Ak,m, energies

For a 3d transition metal, the crystal field Hamiltonian
writes:

HCF =

4∑
k=0,
k even

k∑
m=−k

Ak,mCk,m(θ, φ) (B1)

In the following, we will also give expression using the
more common crystal field parameters defined by König-
Kremer37.

For 3d transition metal, the p-d hybridization Hamil-
tonian writes:

HHyb =

3∑
k=1,
k odd

k∑
m=−k

Ak,mCk,m(θ, φ) (B2)

1. Td symmetry

The tetrahedron is oriented with the three C2 axes
along x-, y- and z-axes, and the four C3 axes along the
diagonals of the cube (Fig. ??).

x

y

z

FIG. 6. Orientation of the tetrahedron.

The non-zero Ak,m are obtained by using symmetry
operations and the hermitian nature of the Hamiltonian
giving Ak,m = (−1)mA∗k,−m.38 In Td symmetry, the non-
zero Ak,m with k ≤ 4 and −4 ≤ m ≤ 4 are: A0,0 (real),

A3,2 = −A3,−2 (pure imaginary), A4,0 =

√
14

5
A4,4 =√

14

5
A4,−4 (real).

a. Crystal field Hamiltonian

In Td symmetry, the crystal field Hamiltonian writes:

HTd

CF = A4,0C4,0 +

√
5

14
A4,0(C4,−4 + C4,4)

= 21DqC4,0 + 21

√
5

14
Dq(C4,−4 + C4,4) (B3)
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In Td group symmetry, the cubic d orbitals are separated
in two groups: dz2 , dx2−y2 transform as the e irreducible
representation and dxy, dxz, dyz as the t2−. The Ak,m of
the Hamiltonian HCF are related to the energy of the d
orbitals (without p-d hybridization) as:

A0,0 =
3

5
Et2d +

2

5
Eed

A4,0 =
21

10
(Eed − E

t2
d )

A4,4 = A4,−4 =
3

2

√
7

10
(Eed − E

t2
d ) (B4)

The relationship between the energy of the cubic d
orbitals and the crystal field parameter Dq is (Ref.37 (p.
21 Eq.(3.86))):

Eed = 6Dq, (dz2 , dx2−y2)

Et2d =− 4Dq, (dxy, dxz, dyz) (B5)

after replacing in the previous equations we get:

A0,0 = 0

A4,0 = 21Dq

A4,4 = A4,−4 = 21

√
5

14
Dq (B6)

In Td, 10Dq < 0 (i.e. Eed < Et2d ). The definition of the
crystal field Hamiltonian is identical for Oh symmetry,
except that the notation e is changed to eg, t2 to t2g and
that 10Dq > 0 (i.e. Eegd > E

t2g
d )

b. Hybridization Hamiltonian

In Td symmetry that does not have a center of sym-
metry, the hybridization Hamiltonian is defined by:

HTd

Hyb = i
7√
6

(C3,2 − C3,−2)V t2pd (B7)

with V t2pd = i

√
6

7
A3,2. V t2pd is real since A3,2 is a pure

imaginary number. In this work, we used V t2pd =
1√
21
Vpd

where Vpd is the value used in Arrio et al.11.

c. Matrix in the cubic basis

In the cubic basis of p and d real orbitals the matrix
of the total Hamiltonian HCF +HHyb is given by:

dxy dyz d3z2−r2 dxz dx2−y2 px py pz

dxy Et2d 0 0 0 0 0 0 V t2pd

dyz − Et2d 0 0 0 V t2pd 0 0

d3z2−r2 − − Eed 0 0 0 0 0

dxz − − − Et2d 0 0 V t2pd 0

dx2−y2 − − − − Eed 0 0 0

px − − − − − Et2p 0 0

py − − − − − − Et2p 0

pz − − − − − − − Et2p

2. C3v symmetry in the basis of the irreducible
representation

For C3v symmetry, we chose the C3 axis along the
z-axis, and one of the three C2 axes along the x-axis
(Fig. ??).

x

y

z

x

y

z

FIG. 7. Orientation of the trigonal bipyramid and the octa-
hedron in C3v.

Instead of using the cubic d basis, one can use the C3v

irreducible representation using Butler group tables.34
The d cubic orbitals (in the x-, y- and z-axes chosen
for C3v) transfom as:

e+(eg) =
dx2−y2√

6
+
idxy√

6
+
dxz√

3
− idyz√

3

e−(eg) =
dx2−y2√

6
− idxy√

6
+
dxz√

3
+
idyz√

3

a1(t2g) = −d3z2−r2

e+(t2g) = −
dx2−y2√

3
− idxy√

3
+
dxz√

6
− idyz√

6

e+(t2g) = −
dx2−y2√

3
+
idxy√

3
+
dxz√

6
+
idyz√

6

(B8)

In the parenthesis is indicated the Oh irreducible repre-
sentation from which the C3v irreducible representation
originates.

In C3v symmetry, the non-zero Ak,m with k ≤ 4 and
−4 ≤ m ≤ 4 are: A0,0 (real), A1,0 (real), A2,0 (real),
A3,0 (real), A3,3 = −A3,−3 (real), A4,0 (real) and A4,3 =
−A4,−3 (real).
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a. Crystal field Hamiltonian

In C3v symmetry, the crystal field Hamiltonian writes:

HC3v

CF = A2,0C2,0 +A4,0C4,0 +A4,3(C4,3 − C4,−3)

= −7DσC2,0 − (14Dq + 21Dτ)C4,0

+ 2
√

70Dq(C4,−3 − C4,3)

The crystal field matrix is not diagonal but the diagonal
matrix elements are often close to the eigenenergies. One
defines:

E
e(eg)
d = 〈e±(eg)|HCF |e±(eg)〉

E
a1(t2g)
d = 〈a1(t2g)|HCF |a1(t2g)〉

E
e(t2g)
d =〈e±(t2g)|HCF |e±(t2g)〉

(B9)

The relationship between the Ak,m and the matrix el-
ements is:

E
e(eg)
d = −1

9
A4,0 −

2

9

√
10

7
A4,3

E
a1(t2g)
d =

2

7
A4,0 +

2

7
A4,0

E
e(t2g)
d = −1

7
A2,0 −

2

63
A4,0 +

2

9

√
10

7
A4,3

〈e±(t2g )|HCF |e±(eg)〉 = −1

9
A4,0 −−

2

9

√
10

7
A4,3

(B10)

In the case of C3v symmetry, it is not possible to ex-
press the Ak,m in terms of the diagonal matrix elements
because the rank of the augmented matrix associated to
the system of linear equations is 2 and has to be 3.

The relationship between the matrix elements and the
crystal field parameters defined by König-Kremer37,40 is:

E
e(eg)
d = 6Dq +

7

3
Dτ

E
a1(t2g)
d = −4Dq − 2Dσ − 6Dτ

E
e(t2g)
d = −4Dq +Dσ +

2

3
Dτ

〈e±(t2g
)|HCF |e±(eg)〉 = −

√
2

3
(3Dσ − 5Dτ)

(B11)

after replacing in the previous equations we get:

A0,0 = 0

A2,0 = −Dσ
A4,0 =− 14Dq − 21Dτ

A4,3 = − 2
√

70Dq

(B12)
b. Hybridization Hamiltonian

The p cubic orbitals (in the x-, y- and z-axes chosen
for C3v) transform as:

a1(t1u) = pz

e±(t1u) =
1√
2

(px ± ipy)

(B13)

In the parenthesis is indicated the Oh irreducible repre-
sentation from which the C3v irreducible representation
originates.

In C3v symmetry, p and d orbitals can mix along two
irreducible representations: a1 and e. Since the d orbitals
transform as two e irreducible representations (e(eg) and
e(et2g )), the hybridization Hamiltonian can be separated
in three terms:

HC3v

Hyb = H
e(eg)
Hyb +H

a1(t2g)
Hyb +H

e(t2g)
Hyb

where:

H
a1(t2g)
Hyb =

(
−
√

3

5
C1,0 −

7√
15
C3,0

)
V
a1(t2g)
pd

H
e(eg)
Hyb =

(√
6

5
C1,0 −

14

3

√
2

15
C3,0 −

7

3
√

3
(C3,3 − C3,−3)

)
V
e(eg)
pd

H
e(t2g)
Hyb =

(√
3

5
C1,0 −

14

3
√

15
C3,0 +

7

3

√
2

3
(C3,3 − C3,−3)

)
V
e(t2g)
pd

(B14)

where the Vpd hybridization coefficients are related to
the Ak,m by:

V
a1(t2g)
pd = − 2√

15
A1,0 −

3

7

√
3

5
A3,0

V
e(eg)
pd =

√
2

15
A1,0 −

1

7

√
6

5
A3,0 −

1

7

√
3A3,3

V
e(t2g)
pd =

1√
15
A1,0 −

1

7

√
3

5
A3,0 +

1

7

√
6A3,3

(B15)

c. Matrix

In the basis of the C3v irreducible representations, the
matrix of the total Hamiltonian HCF +HHyb is:
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d d d d d p p p

e+(eg) e−(eg) a1(t2g) e+(t2g) e+(t2g) a1(t1u) e+(t1u) e−(t1u)

e+(eg) E
e(eg)
d 0 0 5

3

√
2Dτ −

√
2Dσ 0 0 V

e(eg)
pd 0

e−(eg) − E
e(eg)
d 0 0 5

3

√
2Dτ −

√
2Dσ 0 0 V

e(eg)
pd

a1(t2g) − − E
a1(t2g)
d 0 0 V

a1(t2g)
pd 0 0

e+(t2g) − − − E
e(t2g)
d 0 0 V

e(t2g)
pd 0

e+(t2g) − − − − E
e(t2g)
d 0 0 V

e(t2g)
pd

a1(t1u) − − − − − E
e(t1u)
p 0 0

e+(t1u) − − − − − − E
e(t1u)
p 0

e−(t1u) − − − − − − − E
e(t1u)
p

3. C4v symmetry

In C4v, the C4 axis along the z-axis, and the x- and
y-axes are normal to the σv planes (Fig. ??).

x

y

z

FIG. 8. Orientation for the C4v geometry.

In C4v symmetry, the non-zero Ak,m with k ≤ 4 and
−4 ≤ m ≤ 4 are: A0,0 (real), A1,0 (real), A2,0 (real), A3,0

(real), A4,0 (real) and A4,4 = A4,−4 (real).

a. Crystal field Hamiltonian

In C4v symmetry, the cubic d orbitals are eigenfunc-
tions of the crystal field Hamiltonian. The Ak,m of the
Hamiltonian VCF are related to the energy of the mono-
electronic d levels as:

A0,0 =
1

5
(Ea1d + Eb1d + Eb2d + 2Eed)

A2,0 = Ea1d − E
b1
d − E

b2
d + Eed

A4,0 =
3

10
(6Ea1d + Eb1d + Eb2d − 8Eed)

A4,4 = A4,−4 =
3

20
(
√

70Eb1d −
√

70Eb2d ) (B16)

The relationship between the energy of the real or-
bitals and the crystal field parameters is (Ref.37 (p. 21

Eq.(3.84))):

Ea1d = 6Dq − 2Ds− 6Dt, (dz2)

Eb1d = 6Dq + 2Ds− 1Dt, (dx2−y2)

Eb2d = −4Dq + 2Ds− 1Dt, (dxy)

Eed = −4Dq − 1Ds+ 4Dt, (dxz, dyz) (B17)

b. Hybridization Hamiltonian

In C4v symmetry, p and d orbitals can mix along two ir-
reducible representations: a1 and e. Thus, the hybridiza-
tion Hamiltonian is defined by HC4v

Hyb = Ha1
pd +He

pd with:

H
a1(t2g)
Hyb =

(√
3

5
C1,0 +

7√
15
C3,0

)
V
a1(t2g)
pd

H
e(eg)
Hyb =

(
3√
5
C1,0 −

14

3
√

5
C3,0

)
V
e(eg)
pd (B18)

where:

V a1pd =
2√
15
A1,0 +

3

7

√
3

5
A3,0

V epd =
1√
5
A1,0 −

3

7
√

5
A3,0 (B19)

c. Matrix in the C4v (cubic) basis

In the cubic basis of p and d orbitals, the matrix of the
total Hamiltonian HCF +HHyb is given by:
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dxy dyz d3z2−r2 dxz dx2−y2 px py pz

dxy Eb2d 0 0 0 0 V epd 0 0

dyz − Eed 0 0 0 0 V epd 0

d3z2−r2 − − Ea1d 0 0 0 0 V a1pd

dxz − − − Eed 0 0 0 0

dx2−y2 − − − − Eb1d 0 0 0

px − − − − − Eep 0 0

py − − − − − − Eep 0

pz − − − − − − − Ea1p
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