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Reaction-diffusion systems with initial data of low regularity

El-Haj LAAMRI* Benoit PERTHAMET
August 26, 2019

Abstract

Models issued from ecology, chemical reactions and several other application fields lead to semi-
linear parabolic equations with super-linear growth. Even if, in general, blow-up can occur, these
models share the property that mass control is essential. In many circumstances, it is known that
this L' control is enough to prove the global existence of weak solutions. The theory is based on
basic estimates initiated by M. Pierre and collaborators, who have introduced methods to prove L?
a priori estimates for the solution.

Here, we establish such a key estimate with initial data in L' while the usual theory uses L2.
This allows us to greatly simplify the proof of some results. We also establish new existence results
of semilinearity which are super-quadratic as they occur in complex chemical reactions. Our method
can be extended to semi-linear porous medium equations.

2010 Mathematics Subject Classification. 35K10, 35K40, 35K57

Keywords and phrases : reaction-diffusion system; global existence; super-linear growth; L? estimate;
semi-linear parabolic equations; nonlinear diffusion; quadratic systems; Lotka-Volterra; chemical ki-
netics.

Introduction

Ecology with Lotka-Volterra systems, chemistry with reaction-rate equations, multi-species diffusion of
molecules and many other scientific fields lead to reaction-diffusion systems characterized by different
diffusion coefficients. We consider such systems, set in a smooth domain € of RY, under the form

%ui(t,x) — d;iAu; = fi(ug, ...up), zeQ, t>0,i=1,..,m,
%ui =0 on 0f.

Even though they are standard, the mathematical understanding of these parabolic systems is still
very limited. There are two major obstructions to the construction of weak solutions. Firstly, the
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right hand sides f; often has quadratic, and possibly faster, growth for large values of the u;’s. A
typical example, for three species is for {7, j, k} = {1,2,3} (see section 1 for precisions)

_a B Y
Ji = ufuy —u

Secondly, when the diffusion coefficients d; are very different, there is no maximum principle, and
thus a priori estimates are not available besides L' control. To circumvent these difficulties, a major
L' theory has been elaborated, which can be roughly summarized as follows: if an L' bound can be
proved for the f;’s, then the existence of a weak solution can be proved, see [26, 27, 18]. Such an
L' bound can itself be derived thanks to general fundamental lemmas which were initiated by Pierre
and Schmitt [29, 30]. The most elaborate version is the L? lemma of Pierre [27] which we recall below.

Our main contribution is to construct an existence theory based on the following L' N H~! lemma,
which is typically applied to combinations of equations in the above system. Namely, consider a
constant B € [0, 00), smooth functions U, F : [0,4+00) x @ — R and V : [0, +00) x @ — R¥such that

/ A,V (t,z)dx = 0, and satisfying the relations
Q

2U(t,2) — A,V =B~-F(t,z), t>0, v€QCRY,
%—g(t,x) =0 on (0,+00) x 09, (R)
Ut=0)=U">0 inQ.

Then, we have

Lemma 1 (First key estimate with L' data) With the notations above, assume F > 0, U > 0,

U e LY Q)TN HY(Q) and / A,V (t,x)dx = 0. Then, there ezists a constant C > 0 depending only
Q

on ), such that

T 1 T
/ /UVgK(T)+§\|U°||§,1(Q) where K:/ [CF() + (V(1))] [B|Q|t+/ UO)dr. (1)
0 Q 0 Q

The proof of this lemma, and of a more precise version, is given in Appendix A, and is reminiscent
of the lifting method introduced in [7] for the Cahn-Hilliard equation. Several variants can be derived,
for instance in dimension N < 3, a variant allows us to relax the assumption on the sign of F', see
Appendix B. Also, Lemma 1 will be used for the porous media equation with a little more work.

This result can be compared with the L? version of Pierre [27] (we indicate here a simple variant).

Lemma 2 (Pierre’s L? lemma) Assume V = AU with A(t,z) > 0 and bounded i.c (0 < a <
A(t,z) <b<o00), U>0,U%€ L?(Q) and (R) holds, then

a/OT/QU2 < /OTA(t,a:)dt Lm(m/ﬂ(UO)Q. (2)

For the ease of the reader, we reproduce the proof in Appendix C.

This a priori L? estimate (2) was stated in [29, 30] and then widely exploited, see for example
[10, 27, 6, 8, 28] and the references therein. Moreover, this estimate has a natural extension to the
case where the diffusion operators are degenerate of porous media type, i.e., A(u;") where m; > 1,
see [18, Theorem 2.7].



Unfortunately, Estimate (2) heavily depends on the L?(Q2)-norm of the initial data, and does not hold
any longer when the initial data are merely in L'(£2). However, the space L!(f2) is a natural functional
setting for the systems at hand, as shown by the a priori L'(Q)-uniform estimates (3) and (5) (see
section 1 below).

The paper is composed of four sections and four appendices. In section 1, we expose in detail the
type of nonlinearities f;’s which have usually been treated so far in the literature, and we present the
state of the art about existence theory. Section 2 is devoted to show how Lemma 1 can be used to
prove new results, namely, to extend the range of possible nonlinearities f;, or to lower the required
regularity on the initial data. Furthermore, our approach simplifies the existing proofs known for L'
initial data. The case of porous media type systems is treated in section 3 thanks to an application
of Lemma 1. Lemma 1 is proved in appendix A and it is complemented in appendix B with the case
where the right hand side F belongs to L' with no sign condition. Lemma 2 is proved in appendix C
while appendix D is devoted to the case of the porous media system.

We have tried to write the paper in an almost self-contained form, moreover we give precise references
for all the points that are not detailed in the work.

1 Assumptions, overview and two motivating examples

Throughout this paper, Q C RY is open bounded with “good enough” boundary, and we denote
Q :=(0,400) x Q,Q7 := (0,T) x Q, ¥ := (0,400) x 9N, X7 := (0,T) x 9N and, for p € [1,+00)

1/p T 1/p
Hu(t,-)lm(m:(/g \u(t,xnf’dw) , uuHLp(QT):(/O /Q ru<t,x>rpdtdx) .

1.1 Assumptions

Let us consider a general m x m reaction-diffusion system

Vi=1,..,.m
Wi — diAu; = fi(u1, uz, ..., Um) in  Qr, g
% =0 on X, (8)
u;(0,-) = ud(.) >0 in  Q

where for all i =1,--- ,m, d; > 0 and f; : [0,+00)™ — R is locally Lipschitz continuous.

Moreover, we assume that the nonlinearities satisfy :
(P) :foralli=1,---,m, f; is quasi-positive i.e
Vr = (7’1, To, - ,Tm) € [0, +OO)m, fi(Tl', Ti—1,0, 7541, -eny Td) > 0.

(M) : there exists (a1, -+ ,am) € (0,4+00)™ such that Vr € [0, +00)™, Z a; fi(r) <0.
1<i<m

Remark 3 Most of our results can be extended to:
(M’) \V/'I"E [07 +Oo[m7 Z aifi(r) é C[l + Z ri]:

1<i<m 1<i<m
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or to the more general situation when the nonlinearities f; depend also on t and x:
(M) V(t,z) € Q and Vr € [0, 4o00[™, Z a; fi(t,z,r) < H(t,z) + C Z r; where H € L'(Q).

1<i<m 1<i<m

Properties (P) and (M) (or (M’)) appear naturally in applications. Indeed, evolution reaction-
diffusion systems are mathematical models for evolution phenomena undergoing at the same time
spatial diffusion and (bio-)chemical type of reactions. The unknown functions are generally densities,
concentrations, temperatures so that their nonnegativity is required. Moreover, often a control of
the total mass, sometimes even preservation of the total mass, is naturally guaranteed by the model.
Interest has increased recently for these models in particular for applications in biology, ecology and
population dynamics. We refer to [27, Section 2] for examples of reaction-diffusion systems with
properties (P) and (M) or (M’).

1.2 Overview

Many mathematical results are known about the global weak solutions to System (S) and we recall
some of them and refer to [33] for classical solutions.

First of all, let us make precise what we mean by solution to (S) on Q7 = (0,7") x Q.

By classical solution to (S), we mean that, at least
(Z) U= (ulv U 7um) € C([07T)7 Ll(Q)m) a Loo([ovT] X Q)m7VT € (07T) ;
(13) VE, £ =1...N,Vp € (1,+00)

atuiaamkuiyakalui € LP(QT) 1= 17 e, M

(7i1) equations in (S) are satisfied a.e (almost everywhere).

By weak solution to (S) on Qr, we essentially mean solution in the sense of distributions or, equiv-
alently here, solution in the sense of Duhamel’s formula with the corresponding semigroups. More
precisely, for 1 <i <m, fi(u) € L'(Qr) and

wilt,) = Su®ul()+ /0 Sur(t — 5) fi(u(s, ) ds

where Sy, (.) is the semigroup generated in L'(Q) by —d;A with homogeneous Neumann boundary
condition.

For initial data u® € (L®(9))™, the local Lipschitz continuity of the nonlinearities implies the
existence of a local classical solution to (S) on a maximal interval [0, Tiax ). Moreover, the initial data
are nonnegative, so the quasi-positivity (P) ensures that the solution stays nonnegative as long as it
exists, see [33]. The assumption (M) gives an upper bound on the total mass of the system i.e for all

te (Oajmax)
E a;ui(t, x) dx g aiud (z) dz.
,':1/9 iui(t,x)d <i:l/Q (x)d (3)

In fact, multiplying each i-th equation by a; and adding the m equations to obtain
m m m
Z ai&gui — Z aZdZAuZ = Z aifi S 0. (4)
i=1 i=1 i=1

4



aui
o0 ov
and (M), we obtain (3). In other words, the total mass of m components is preserved. Together with
the nonnegativity of u;, estimate (3) implies that

=0

By integrating (4) on (0,t) x © and taking into account the boundary conditions / Au; =
Q

1 m
vt € (0, Tmax) , JJui(t, )llrre) < — | > a1 o- (5)
i =1

So the w;(t,.) remain bounded in L'(Q) uniformly in time as long as solution exists.

Let us emphasize that uniform L>-bounds, rather than L'-bounds, would provide global existence

in time of classical solutions, by the standard theory for reaction-diffusion systems. The point here
is that bounds are a priori only in L' and one cannot apply the L>-approach (see [33]) even if the
initial data are regular except in the restrictive case where di = --- = d,.
However the situation is quite more complicated if the diffusion coefficients are different from each
other. Some additional assumptions on the structure of the source terms are needed for global existence
of classical solutions. This question has been widely studied. For some recent results, see e.g [17, 11,
15, 31, 35, 9, 34, 12]. Concerning the results established before 2010, we refer the intrested reader
to the exhaustive survey [27] for a general presentation of the problem, further references, and many
deep comments on the mathematical difficulties raised by such systems. In fact, the solutions may
blow up in L*°(Q2) in finite time as proved in [29, 30] where explicit finite time 7™ blow up is given.
More precisely, Pierre and Schmitt exhibited a system with two species fulfilling (P) and (M) with
dy # do and strictly superquadratic polynomial nonlinearities f; such that 7% < 400 and

lim

i, llua(t Mz = Jm, flua(t, )z = +oo.

t AT

Thus, even in the semi-linear case it is necessary to deal with weak solutions if one expects global
existence for more general nonlinearities and initial data of low regularity.

It is worth to pointing out that, while considerable effort has been devoted to the study of systems
with initial data in L>°(Q) or L?(£2) and at most quadratic nonlinearities, relatively little is known in
the case of systems with initial data in L*(2). We refer to [26, 27] for linear diffusion, and [16, 18, 19, 28]
for nonlinear diffusion.

Here, we just recall the following three theorems closely related to our present study.

e L'-Theorem:
In order to give the precise statement, let us introduce the following approximation of System (S)

1=1,...,m,
o — Aul = fl'(w") in Q= (0,400) x £, ©)
n 6
%Llj(t, )= on X =(0,400) x 08,
u(0,.) =uiy >0 in  Q,
where ' := inf{u; o, n} and f := T Ji .
’ L4 2 > 1<i<m 5]
For i = 1,---,m, ully € L>(Q) and converges to u;p in LY(Q), f is locally Lipschitz continuous
and satisfy (P) and (M). Moreover [|f'||f () < n. Therefore, the approximate system (6) has a
nonnegative classical global solution u™ = (uf',--- ,up) (see e.g [20]).



Theorem 4 (Pierre, [27]) Besides (P)+(M), assume that the following a priori L'-estimate
holds: there exists C(T') independent of n such that

Vi = Lo, VT >0 [ [f2f e ) < €T, (7)

T

Then, as n — 0o, up to a subsequence, u" converges in L'(Qr) for all T > 0 to some global weak
solution u of (S) for all (ug1, -+ ,uom) € (L*(Q)F)™.
For a proof, see [27, Theorem 5.9].

The two following theorems are more adequate for cases where the nonlinearities are at most
quadratic or super-quadratic respectively.

e [2-Theorem with linear diffusion:

Theorem 5 (Pierre, [27]) Besides (P) and (M), assume that the f; are at most quadratic i.e theres
exists C' > 0 such that for alli=1,--- ;m:

(QG) il <C(1+37r%).
j=1
Then, there exists a global weak solution to (S) for all ug = (ug1,- - ,uom) € (L2(Q)F)™.

For a proof, see [27, Theorem 5.11].

e L’-Theorem with nonlinear diffusion: Consider the following m x m reaction-diffusion system

Vi=1,..,m
NIDS) i — d;A]) = fi(ur, uz, oo ) in  Qr,
% =0 on X,
u;(0,-) = ud(.) >0 in  Q
where for alli =1,--- ,m, d; >0, m; > 1 and f; : [0,+00)™ — R is locally Lipschitz continuous.

Theorem 6 (Laamri—Pierre, [18]) Besides (P) and (M), assume that the f;’s are at most super-

quadratic i.e theres exists C' > 0 such that for alli=1,--- ;m:
(SQG) fi(r)] < C+Drimtt=e),
j=1

Then, there exists a global weak solution to (NLDS) for all ug = (ug 1, -+ ,uom) € (L?(2)7)™.

For a proof, see [18, Theorem 2.7].

1.3 Motivating examples

Now, let us introduce two systems we are considering in this paper. In fact, these systems contain the
major difficulties encountered in a large class of similar problems as regards global existence in time
of solutions.



e First system: Let (o, 8,7) € [1,+00)? and the following reaction-diffusion system

E(t, z) —diAuy = afud — u‘f‘ug) in  Qr,
ou .
8—t2(t’ x) — dyAuy = ﬁ(ug — u‘fug) in  Qr,
15} .

(Sapy) %(t, x) —dsAug = y(—uj + u‘f‘ug) in  Qr,
%ﬂ‘j (t,z) =0 on Xr,
u;(t =0) = u) >0 in
1=1, 2,3

If «, B and «y are positive integers, system (S,3,) is intended to describe for example the evolution of
a reversible chemical reaction of type

aUy + U = yUs

where uy, us, ug stand for the density of Uy, Us and Us respectively.

Let us recall the known results about the global existence of solutions to system (S,s,) ; for more
details see [17] and the references therein.

In the case where the diffusion coefficients are different from each other, global existence is more
complicated (it obviously holds if d; = do = ds3). It has been studied by several authors in the
following cases.

First case o = =~ = 1. In this case, global existence of classical solutions has been obtained by
Rothe [32] for dimension N < 5. Later, it has first been proved by Martin-Pierre [22] for all dimensions
N and then by Morgan [24].

Global existence of weak solutions has been proved by Laamri [16] for initial data only in L!(().
Second case ~ = 1 regardless of a and . In this case, global existence of classical solutions has
been obtained by Feng [13] in all dimensions N and more general boundary conditions.

Third case a+p <, or when 1 <~ < regardless of v and 5. In these cases, global existence

+
N +2
of classical solutions was established by the first author in [17].

Up to our knowledge, in the case o+ 8 > v > 1, global existence of classical solutions remain an open
question when the diffusivities d; are away from each other.

Exponential decay towards equilibrium has been studied by Fellner-Laamri [11].

Fourth case o = 3 =1 or v < 2. In this case, Pierre [27] has proved global existence of weak

solutions for initial data in L?((2).

e Second system: Let us consider the following system naturally arising in chemical kinetics when
modeling the following reversible reaction

aUy + pUs = yUs + 6Uy



W(t’ x) —diAu; = a(ugui - u‘f‘ug) in  Qr,
ou .
8—752(t’ x) — doAuy = ﬁ(u‘f‘u? — u;’ui) in  Qr,
0
( %(t, x) —dsAus = y(u;’ui — u‘fug) in  Qr,
Saﬁ%) )
%(t, x) — dgAuy = 5(u‘f‘u§ - u;’ui) in  Qr,
%(t, x) =0 on X,
u;(t =0) = u) >0 in  Q,
i=1,2, 3, 4

Up to our best knowledge, global existence in the more restrictive case a = =~ = 4§ =1 has
been studied by many authors. Concerning global existence of weak solution in all dimensions N, it

has been first obtained in [10] for initial data u) such ulogu? € L?(Q2), then in [27] for initial data in
L?(2) and later in [28] for initial data in L'(£2); see also [31, 35] and the references therein. In small
dimensions N < 2, global existence of classical solutions is established in [15, 8, 31]. Recent results in

[9, 34, 12] have proved that global classical solutions exist in all dimensions.

1.4 Brief Summary

In this work, we exploit the “good” L!'-framework provided by the two conditions (P) and (M) on
the one hand and our key estimate with L' data (1) on the other hand. This allows us to extend
known global existence results for initial data in L?(Q) to cases where the initial data only belong to
LY(Q) N H(Q).

More precisely, the main results of this paper can be summarized in the following points.

1) We are able to prove global existence of weak solutions

e to system (S,s,) in the following cases (y < 2 and whatever are «, 5) and (o = = 1 and
whatever is 7). See subsection 2.2 ;

e to system (S,g,5) in the following cases (y = 0 = 1 and whatever are «, ) and (o« = f =1 and
whatever are v, d). See subsection 2.3.

2) We are also able to establish that Theorem 5 and Theorem 6 hold for initial data only in L'(€) N
H=1(Q). See subsection 2.1 and section refsec:porous respectively.

As we will see in more detail in the next sections, our demonstrations are based on two ingredients :
our key estimate with L' data (1) and L!-Pierre’s theorem, Theorem 4.

Before ending this section, note that we state our theorems for Neumann boundary conditions, but
they can easily be adapted to Dirichlet boundary conditions. One must however be careful when
choosing two different boundary conditions for u; and u; for i # j, see [5, 23].

2 Applications of the key L' estimates

Our first estimate (1) can be exploited for establishing global existence -in- time of weak solutions to
a large class of reaction-diffusion systems with initial data of low regularity.



2.1 A classical quadratic model with mass dissipation

As a first use of our estimate (1), see also Appendix A, we show here how one may prove global
existence of weak solutions for quadratic nonlinearities and initial data of low regularity. In fact, this
case is of interest due to its relevance in many applications such as chemical reactions or parabolic
Lotka-Volterra type systems, see [25].

We consider the following general system: for t >0, z € Q C RV, 1 < i <m,

%ul(tax) - d’LAul - fi(ul7 e 7um)7
(?;fj (t,z) =0 on (0,400) x 0L, (8)

ui(t:()) :u? > 0,

where d; > 0 and f; : R™ — R is locally Lipschitz continuous. Besides (P) and (M), assume that the
fi are at most quadratic i.e there exists C' > 0 such that for all 1 <7 <m

Theorem 7 Besides (P) and (M), assume that the f; are at most quadratic i.e there exists C' > 0
such that for all 1 <i<m

QG) il <c+d0).

Then, for all u® = (u?,--- ,ul) € (LY(Q)T N H=YQ))™, System (8) has a non-negative weak solution
which satisfies for all T > 0

u; € L2(QT), u; € LOO((O,T);H_I(Q)).

Proof. We approximate the initial data and right hand side of System (8) with v := inf{u;0, n}

fi
and f' = o % zlgjgm 7 and set
1=1,...,m,
G — Aul = fr(u") in Q= (0,+00) x Q,
a;; (t,.)=0 on X =(0,+00) x 09, 9)
u(0,.) =uiy >0 in Q.
Fori=1,---,m, u}y € L*>(Q) and converges to u;o in LY(9Q), fI is locally Lipschitz continuous

and satisfies (P) and (M). Moreover || f/||go(q) < n. Therefore, the approximate system (9) has a
nonnegative classical global solution (see e.g [20]).

Thanks to Theorem 4, it is sufficient to establish the following a priori L!-estimate

Vi = Lo, VT >0, [ [f e )| <€) (10)

T

where C(T) is independent of n.
Multiplying each i-th equation of System (9) by a; and adding the m equations to obtain

8 m m m
5[; aiug] — ;aidiAU? = ;aiﬁl <0 (11)

9



m m m

Applying Lemma 1 with U = Z auy, V = Z diaul, B=0and F = — Z a; fi'. Then, there exists
i=1 i=1 i=1

C(T') independent of n such that

T m m
/ /[Z a;uy] [Z d;a;u}|dtde < C(T).
0 J0 0 i=1

Thanks to their non-negativity, the u?’s are bounded in L?(Qr) and then the f7(u")’s are bounded
in L'(Qr) independently of n.

Remark 8 The above proof seems very simple. But it rests on the very powerful Theorem 4, whose
proof is delicate. Moreover, Lemma 1 directly provides the L'-bound of the nonlinearities f;.

Remark 9 With a very fine analysis, Theorem 7 was proved by Pierre and Rolland in [28] under an
extra assumption on the growth of the negative part of the reaction terms, namely:
(H) Jp € C(]0,+00),[0,400)) such that for all r = (11, ,rm) € [0,+00)™ and for all 1 < i <m

[fi(r) = film(r))]™ < () [1+ ) i
i=1
where mi(r) == (r1, - ,7i—1,0,Tix1, -, Tm).
Also, it was noticed in [28] that the nonlinearities fo(r1,72) = — f1(r1,72) = (r? 4+ r3)sin(r1r) do not

satisfy (H): for this example, global existence with general L' () initial data had remained so far an
open question. But our theorem does apply to this example.

Example: Let us mention that our theorem 7 applies to the famous Lotka-Volterra’s system where
m

f,(u) = e; + Zaijuj (7 1 < ) <m (12)
j=1

in (S) and satisfying, with A := (a;;) € M (R),
(e1,- - ,em) €] — 00,0 and (Au,u) <0  Y(ug, - ,up) € [0,+00)™.
Let us recall that this result was obtained in [35] under the strong condition
tA=-A
and initial data in (L2(Q)%)™.

2.2 A 3 x 3 system with nonlinearities of general growth

To show how far our approach may be carried out, we now consider systems with nonlinearities of
higher degree of the following form: for t >0, =z € Q Cc RV,

Zun(t, ) — diAuy = a(ud — ufuf),
Dug(t, ) — dyAug = Bud — ugul),
Dus(t,x) — dsAug = y(uful — ),

(Saﬁv) s
5 (t, ) = 0 on (0, +00) x 0L,

u;(t =0) =u? >0,
1<:<3

10



where (o, 8,7) € [1,+[>.

Theorem 10 Assume u) € LY(Q)TNH-YQ),i=1, 2, 3.
1) For v < 2 and any «, 3, System (13) has a non-negative weak solution which satisfies, for all
T >0,

u; € L2(Qr), w; € L>((0,7); / / ulugdzndt < C(T).

2) For a« = 3 =1 and any ~, System (13) has a non-negative weak solution which satisfies, for all
T >0,

u; € L2(Qr), w;i € L>((0,7); / / uldzdt < C(T).

Proof. For the simplicity of the presentation, we consider the truncated system as before, but we
drop the indexation by n. Let T" > 0. Using the conservation laws for yu; + aus and ~yus + Bus and
Lemma 1, we conclude that u; is bounded in L?(Q7).

First case v < 2. We integrate the first (or the second) equation to obtain

/ul Ta;da:—l—a/ /ulugdxdt—a/ / da:dt+/ U(x)dz.

All the terms on the right-hand side are bounded, we conclude the L!-bound on u‘f‘ug .

Second case o = [ = 1. We integrate the third equation to obtain

T
/U3 T,z dm+’y/ / Jdxdt = /u%(a:)da:—k’y/ /u1u2dazdt.
Q 0o Jo

All the terms on the right hand side being bounded, we conclude the L'-bound on ug.

In the two cases, uf‘ug — uj is bounded in L' (Qr). Therefore, we conclude thanks to Theorem 4. 4

Remark 11 When v < 2, the specific form u‘fug does not play any role, and any function f(uq,us) >
0 satisfying f(0,uz) = f(u1,0) = 0 will work.

In the same way, when o = 8 = 1, the specific form u3 does not play any role, and any function
g(us) > 0 satisfying g(0) = 0 will work.

2.3 A 4 x4 system with nonlinearities of general growth

In this subsection, let us consider the following system naturally arising in chemical kinetics when
modeling the following reversible reaction

alUy + Uy = yUs + 6Uy.
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Fort >0, z € Q C RV,

o Yo Yo Yo
<
V)
—~
\.00-
8

us(t, ) — dsAug = y(ufuy — ugui),
(Sapys) srua(t,T) — dgAuy = 5(u‘f‘u§ ugug), (14)
Qui(t,z) =0 on (0,+00) x O
ui(t=0)=ud >0,
1<:1<4

Theorem 12 Assume u) € LY(Q)TNHY(Q),i=1, 2, 3, 4.
1) For v =6 =1 and whatever are o, 3, System (14) has a non-negative weak solution which satisfies
for all'T >0

u; € L*(Qr), u; € L=((0,7); / / u1u2dazdt < C(T).

2) For o = 8 =1 and whatever are vy, §, System (14) has a non-negative weak solution which satisfies
for all' T >0

u; € L2(Qr), u; € L>((0,7); / / uudadt < C(T).

Proof. We proceed in the same way as the previous theorem. Using the conservation laws for yuq +aus
and dug + Buy and Lemma 1, we obtain u; is bounded in L?(Qr) independently of n. o

Remark 13 As in Remark 11, we observe that

e when v = 0 = 1, the specific form u‘f‘ug does not play any role, and any function f(ui,ug) > 0
satisfying f(0,uz) = f(u1,0) =0 will work ;

e when a« = B = 1, the specific form ugui does not play any role, and any function g(us,uy) > 0
satisfying g(0,uq) = g(us,0) = 0 will work

Remark 14 As we see, the hypothesis (QG) is not used in the proofs of these last two theorems.
The a priori controls given by the conservation laws allow us to conclude without the assumption of
quadratic growth.

2.4 A classical quadratic model with mass control

Next, we establish global existence in time to another class of reaction-diffusion systems, which
includes, among others, Lotka-Volterra systems. Namely, we consider the following system: for
t>0,2€QCRYN 1<i<m,

wi(t,z) — diAu; = fi(ur, -, um),

where for all 1 <i <m, d; > 0 and f; : R"™ — R is locally Lipschitz.

12



Theorem 15 (Quadratic growth) Assume the nonlinearities f; satisfy (P), (M’) and (QG).
Then, for allu® = (u9,--- ,ul) € (LY Q)T NH~1(Q))™, System (15) has a non-negative weak solution
which satisfies for all T > 0

u; € L*(Qr), u; € L*((0,7); H1(Q)).

Comment: As we shall see, the crux is that mass control prevents the blow-up which may otherwise
occur, for example, when the right-hand side has quadratic growth.

Proof. For the simplicity of the presentation, we consider the truncated system as before, but we
drop the indexation by n.

We first prove the mass control. Again multiplying each i-th equation by a; and adding the m
equations gives, by using (M”):

% [; a;u;| — A[; aidiu;] < Co (; a; + ; aiui> ) (16)

m
Integrating (16) on € to obtain, with B = C Z a;,
i=1

d m m
E/Q [;aiui(t)] SB\QHCO/Q [;aiui(t)] (17)

Let T' > 0. By integrating the previous Gronwall inequality (17), we obtain, thanks to non-negativity,
for all ¢t € [0,T]

>l By < e | D llaiw i) + BIQIT

1<i<m 1<i<m

m m
The next step is to prove the quadratic estimate. We define U = g~ Cot Z a;u;, V = e Cot Z a;d;u;.
i=1 i=1
From equation (16), we compute

%U—AV:B—F, with F > 0.

Therefore, we can apply Lemma 1 and conclude a quadratic estimate (notice that fOT(F )dt is controlled
thanks to the mass control above)

T
/ /UV < K(T) + |U°|| -1
0 Q

from which we immediately deduce that the u;’s are bounded in L?(Qr). Thus, the f;(u)’s are bounded
in L'(Qr) according the assumption (QG). Therefore, we can apply Theorem 4.

13



3 System with Porous Media diffusion

We continue our gallery of applications of Lemma 1 with an example based on the porous medium
equation. Because most of the literature about porous media uses Dirichlet boundary condition, we
also do so. Consider the following system: for t >0, z € Q C RV, 1 <i < m,

9
ot
ui(t,z) =0 on (0,4+00) x 09, (18)

Ui(t,iﬂ) - dlAuzmz = i(ulv t 7um)7

ui(t =0) =u) >0,

where d; > 0, m; > 1 and f; : R™ — R is locally Lipschitz-continuous.

Moreover, we assume that the nonlinearities f; satisfy:
(SQG): there exists C' > 0 and € > 0 such that V1 <i<m

Vr = (r1,-+ ,rm) €[0,+00)™,  |fi(r)] < C(1+ Zr;njﬂ_a).
j=1

Remark 16 As is mentioned in [18], the main point of the “—e” in the above assumption is that it

makes the nonlinearities fI*(u™) not only bounded in L*(Qr), but uniformly integrable. This is the
main tool to pass to limit in the reactive terms.

We now define what we mean by solution to our system (18).

Definition 17 Given u;o € LY(Q)T fori=1,--- ,m. We say that u = (u1,- -+ ,uy,) : (0,+00) X Q —
(0, 400)™ is a global weak solution to system (18) if for alli=1,--- ,m

for all T' > 0,
u; € C([0,T); LY (), u™ e LY0, T; Wy (), fi(u) € LY(Qr) and Vi € Cr,
~ [ o - [ wow s = [ v,

Q Q Qr

T

(19)

where

Cr:={:[0,T] x Q= R; v, O, 8:%2_1,3_1,!) are continuous, ¥ = 0 on Xp and ¢¥(T") = 0}. (20)
The definition 17 corresponds to the notion of very weak solution in Definition 6.2 of [30].
Theorem 18 Assume that the nonlinearities f; satisfy (P), (M) and (SQG). Then, for all u® =
(uf, -, ud) € (LY(Q)T n H-Y(Q)™, System (18) has a non-negative weak solution which satisfies
for all'T >0

u; € Lmﬁ_l(QT), u; € LOO((O,T); HO_I(Q))

14



Preliminary remark about Theorem 18 and its proof: Let us emphasize that, under the
assumptions (P), (M) and (SQG), the existence of global weak solutions to System (18) subject
to homogeneous Dirichlet boundary conditions with initial data in L?(£2) was recently established by
the first author and Pierre, see [18, Corollary 2.8]). The proof is based on a dimension-independent
L™+ (Qr)-estimate which heavily depends on the L?-norm of the initial data (see [18, Theorem 2.7]),
and then it is not valid for initial data in L'(£2). But, we are able to establish the same uniform
bound in L™H(Qr) (see (29)) with initial data only in L'(Q)* N H~1(Q) thanks to the estimate
(1) of Lemma 1. This is a new result in this nonlinear degenerate setting and interesting for itself.
Nevertheless, the hypothesis (SQGQG) is crucial to pass to the limit.

Once the uniform estimate is established, the demonstration by Laamri-Pierre in [18] applies per se.
But, for the sake of completeness and for the reader’s convenience, we will give below the main steps
of the proof.

Proof. We divide the proof in three steps.
e [lrst step: Let us consider the following approximation of System (18)

1=1,...,m,
oul )
g — b ((p)™) = fr ") i Q=(0,+00) x O,
21

u' =0 on X =(0,400) x 09, (1)
u(0,.) = uly >0 in Q,

where u} := inf{u; o, n} and f}*:= T Ji .

’ L4 2 > 1<i<m 5]
Fori=1,---,m, u}y € L>°(£2) and converges to u;p in LY(Q), f is locally Lipchitz continuous and

satisfies (P), (M) and (SQG). Moreover | f{*[| o) < n. Therefore, the approximate system (21) has
a non-negative bounded global solution (see e.g [18, Lemma 2.3]). Moreover, this solution is regular
in the sense that

for all T > 0, u?* € L=(Q7r) N C([0,T]; L' (Q)), (u)™ € L*(0,T; H'(Q))

and the equations in (21) are satified a.e.
Consequently, we have for i =1,--- , m

Vi € Cr, — /Q B(O)ully — /Q wow+ iy av] = [ v (22)

Our goal is to pass to the limit as n — +o0 in (22).

o Second step : First we will establish a priori estimates and then we prove that the f*(u") are
uniformly bounded in L'(Qr). For this, we multiply each i-th equation by a; and adding the m
equations to obtain

a - n - n\m; - n n
E[Zaiuz] — AL diai(uf)™] = aif (un). (23)
i=1 i=1 i=1
Thanks to assumption (M) and the definition of f*, we obtain

%Un — AV, <0in Qr, V,=0on 2. (24)
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m m

where we set U,, := Z a;ui and V,, := Z d;a;(u)™. In order to apply Lemma 1, we first prove that
i=1 i=1

< Vi (t) > is bounded.

To this end, introduce 6 solution of

—A0=1inQ, 6=0in Q. (25)

Now, integrating (24) in time leads to
t
Un(t2) — A / Vi (s, 2)ds < Un(0,2) < U0, 2). (26)
0

Multilpying (26) by 6 and integrating over €2, to obtain

/QHUn(t,:E)d:n+/Qt9<—A[/0t Vn(s,:n)ds]> g/geU(o,x)dxg 1Ol Toli  (27)

After integration by parts, we obtain

t t
/Q /0 Vi (s, 2)dsde = /Q /0 Vi(s,2)(— A0)dsdzz < [|0]] =y | Ul 22 (28)

which gives the desired estimate.
Thus, according to Lemma 1, there exists C'(7") > 0 independent of n such that

T m m
/ / [Zaluﬂ [Z a;d; (ui")™ | dtdz < C(T).
0 JO i i=1
Thanks to the non-negativity, there exists C > 0 independent of n such that for all i =1,--- m,
HU?HL"WJrl(QT) S C (29)

Together with the assumption (SQG), the f7(u") are uniformly bounded in L!(Qr), more precisely,
there exists a constant C' > 0 independent of n such that

18" (W)L @r) < C- (30)

In fact, {f/*(u™)} is not only bounded in L*(Qr) but is also uniformly integrable on Q7. Indeed, for
all measurable set £ C Qr with Lebesgue measure denoted by |E/|, we have (recall that |f"| <|f;|)

m;+1—¢
/ |ff<u">|sc[|E|+ / <u?>mi+1—ﬂ <c |E|+( / <u?>mi+1> |
E E Qr

Thanks to (29), [ >, [f(u™)| may be made uniformly small by taking |E| small enough. This is
exactly the uniform integrability of the f/*(u").

e Third step: Passage to the limit as n — 400 in (22)
First, we apply the following compactness lemma wich allows us to extract a converging subsequence
from the .
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Lemma 19 (Baras, [4]) Let (wo, H) € LY(Q) x LY (Qr) and let w be the solution of
wy —dA(w?) = H in Qp, w=01in Xp, w(0,.) = wp.

(N-2)"
N

Since the f7*(u") is uniformly bounded in L!(Qr), according to Lemma 19, {u”} is relatively compact in
LY(Qr). Therefore, up to a subsequence, {u?'} converges in L'(Qr) and a.e to some limit u; € L*(Q7).
Moreover, f"(u™) is uniformly integrable and converges a.e f;(u). Then, Vitali’s theorem implies that
fi(u) € LY(Qr) and f'(u") converges in LY(Qr) to f;(u).

Second, thanks to the L™ !-estimate (29), there exists a subsequence which converges to u; in LP(Q7)
for all p < m; + 1.

Now we can pass to the limit as n — +o0 in the weak formulation (22) to obtain

The mapping (wo, H) — w is compact from L'(Q) x LY(Qr) to LY (Qr) for all ¢ >

- / $(0)u? - / [wids + u A = [ o f, (31)
Q T Qr

for all ¢ € Cr , recall that
Cr:={Y:[0,T] xQ —R; v, O, 8%1_%_1# are continuous, ¥ = 0 on X7 and ¥(T) = 0}.

To prove that u = (uy,- -+ ,u,) is solution to System (18) in the sense of definition 17, it remains to
establish that for all 7 > 0, u; € C([0,T); L' (2)) and u]"* € L' (0, T; WH1(Q)) ; in fact, we will prove

m; . 17
Lemma 20 (Lukkari, [21]) Let (wo, H) € L*(Q) x LY(Qr) and let w be the solution of
wy —dA(w?) = H in Qp, w=0inY7r, w(0,.)=wo. (32)

Then, there exists C' > 0

wl®* < C for 0<a<1l+—, 33
J = (33)
1
Vil <C for 1<f<1+4+—, 34
| v s <<ty g (34
Ha—w <C. (35)
Ot o rw-11@)

where C' = C (T,a, B, q, ”wo”Ll(Q), ”H”LI(QT)).

For a proof, see Lukkari [21, Lemma 4.7]. However, in this reference, the proof is given with zero
initial data, but with right-hand side a bounded measure. We may use the measure d;—g ® wg dzx to
include the case of initial data wy. We may also use the results in [I, Theorem 2.9]). O

Now let’s come back to the proof of theorem.
Let ¢ € {1,--- ,m}. According to the estimate (30), we apply the estimate (34) to i-th equation of

(18) to obtain V(u?)™ is bounded in the space L?(0, T} W(}B(Q)) forall g€ [1,1+ m) These
spaces being reflexive (for 5 > 1), it follows that V(u;)™ also belongs to these same Spacés.

5;: e L0, 7; W~11(Q)) which implies

According again (30), we deduce from the estimate (34) that
in particular that u; € C([0,T]; L}(Q)). O
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Remark 21 The paper by Gess, Sauer and Tadmor, [1/], provides another route for the compactness
argument which can be applied directly to the ul*. It states, among other results, that solution of
equation (32) in the full space, with data in L' as in Lemma 20, satisfy

w e LU((0; T); WH4(RY)), 5=

and a similar space-time reqularity result in fractional Sobolev spaces.

A First key estimate with L' initial data

We prove the key Lemma 1 and, for the sake of completeness, we recall the statement. We define
) = [ Py
=— x)dx
€2 Ja

and, the H~1(Q) norm of F as
[l = = VW[ L2,

where W solves
AW =F —(F), z€Q,

%—YzOon@Q.

Lemma 22 (First key estimate with L' data) Consider smooth functions F, U : [0, +00) x Q —
R and V : (0,+00) x Q — R such that / ALV (t,x)dx =0 and B a non-negative constant. Assume
Q

that UY = U(t = 0) € LY(Q) N H~Y(Q) and that the differential relation holds
2U(t,2) — A,V =B—F(tz)<0, t>0, 2€QCRY,
(36)
%—g(t,az) = 0 on (0,4+00) x OS.

Then, for some constant C depending on ), the inequality holds

T T
W@+ [ [ 0V < K@ I0s where & = [ [cPe)+vie)] [Biop [ v

(37)
Notice that, with our assumptions, F is controlled in L'(Q7) because
T
0 < (U(T)) = (U + BT — / (F(s))ds.
0
Proof. The proof is reminiscent from the lifting method introduced in [7]. We write, substracting its

average to equation (R),

8(U — (U)) — AV = (F) — F.

Then, we solve with Neumann Boundary Condition

AW =U —(U), (W)=0.
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Therefore, we find
—A[QW + V] < (F) (a constant),

and from elliptic theory, see [2, 3], we conclude that
oW +V <C(F)+ (V). (38)

Finally, multiplying by U,

/Q[_AW+<U>]81€W+/QUV§ [C(F>+(V>]/QU

=U
and, because [, 0;W = 0, this gives

1d 2 .
zdt/QWW(t)| +/QUV(’5) < [C(F) + (V)] [B|Q|t+/QU ].

The result follows after time integration.

Comment : An immediate variant of Lemma 22 holds true with the Dirichlet boundary condition
and its proof is even simpler because subtracting the averages is useless and the upper bound (38) can
be found thanks to explicit super-solutions.

B A key estimate with L' source, no sign condition

Lemma 22 can be adapted to the case when the right-hand side F' does not have a sign. However,
this loss of non-positivity is a major difficulty and this leads to the technical restriction N < 3. Be-
cause elliptic regularity is involved, the situation is more complicated and it is not clear whether the
restriction N < 3 is only technical or due to deeper phenomena. As we will see, it naturally appears
in the proof.

Again, for functions V, U, F : (0,400) x © — R such that / A,V =0, we consider the differential
Q

relation
2U(t,2)~AV=FelL', t>0,2€QCR",
9U(¢,2) = 0 on (0,+00) x I, (39)
Ut=0)=U">0.

Lemma 23 Assume N <3,V >aU >0 for some a >0, U’ € L}(Q)* N H~Y(Q), and / AV =0.
Q

Then, it holds
2

o /0 ' /Q U< c ( /0 IEOIL + <v<t>>]dt) U2 - (40)
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Proof. As in Appendix A, we first substract its average to equation (39) and find

(U —(U))— AV =F — (F).
Next, we solve with Neumann Boundary Condition

—AW =U — (U), (W) =0.
Then, as in Appendix A, we find

—A[OW + V] =F — (F),
and from elliptic theory, [2, 3], since 1 — % < % when N < 3,
Q=W 4V, satisfies |®|2<C|F|1+ (V).

Therefore, multiplying again by U,

/Q AW+ @Waw + [V = / U < B2 U (1)

%,—/
Because / oW =0, this gives

2 [ [TWE+a [0 < 2@ IU )]

Therefore, we conclude after time integration.

C Proof of Pierre’s L? Lemma
Integrating in time the equation (R) with V' = AU > 0, one finds, setting W (t,z) = fg AU (s, x)ds,
Ult,z) — AW (t,z) < U°,

We multiply by AU = W and find successively

AU%(t,z) — %—WAW(t,:U) < AUUY,

/AU2(t,x)+/ av—WVW t,x) /AUUO
Q o Ot

/QAU2(t’x)+%E/QWW(t’x)‘2S/QAUUO,
/()TAAU2(t,x)+%L\VW(T,x)’2 < </0T/QA(U0)2/OT/QAU2>1/2'

As a consequence, we arrive at the conclusion that

[ e <17 Cheer) ™ (f [

Comment: In this proof, the L? bound arises the time derivative, while in Lemma 22 it stems from
the Laplacian.

1/2
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D A priori bound for the porous medium equation

For the semi-linear porous medium equation, we need a consequence of Lemma 22 that we establish
here. With the notations of section 3 and for sake of simplicity, we assume a; = --- = a,, = 1 and
di =---=d,;, = 1. By summing the m equations, we obtain the problem

%Zui —AY uM = —F e L'Qr),

where F := —Zfz > 0.

We prove that for some constant which depends on T, ||u?||L1(Q)ﬁH71(Q) and [|F| 1 (q), we have

T T
/ / Zuz Zumidwdt <C and / / Zumidxdt <C. (41)
0o Ja - 0o Jo=

To prove these inequalities, we apply formula (1) with B = 0 and find

T T
i mi < O+ C i daxdt.
/O/QEZ:U El:u <C+ /O/QZ:UZ xdt

Therefore, using the Holder’s inequality

m;

T T T
/ / sup u; Zuml <C+ C’Z </ / u:-niﬂd:z:dt)
0 Q 4 i i 0 Q

<1,

and with o = sup; "5
]

T T a
/ / Sup u; Zumidxdt <C+ CZ </ / u;nﬂrldxdt)
0 Ja i - - 0 Jo
T o
<C+C </ / Zu;?"bi“d:cdt)
o Ja5

T o
<C+C </ / Sup u; Zu?idzndt)
o Ja i -

This proves that fOT Josup; ui >, uMidxdt is bounded and thus the result (41).
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