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effect (QSHE) or quantum valley Hall effect (QVHE) is emulated by solely imposing different perturbations to the geometry. When occurring at the deep subwavelength scale, the valley-polarized edge state emulating QVHE becomes evanescent at the zigzag termination and can be enhanced by a locally resonant mode. When occurring at high frequency, the refracted patterns (refracted modes and angles) can be tailored. Furthermore, we demonstrate the occurrence of the pseudospin and pseudospin-valley combined edge states and the valley-dependent propagation at a T-junction constructed by PPnCs supporting QSHE and QVHE respectively.

The willingness to manipulate the propagation of elastic waves, especially Lamb waves, in phononic crystals (PnCs) by tailoring the band structures through either band folding or local resonances has been one of the most fruitful scientific pursuits in the past decades. Abnormal wave propagation phenomena, such as negative refraction, lensing, and clocking, unachievable in natural materials, have been demonstrated [1][2][3][4]. Recently, the emergence of topological insulators has provided a fascinating scheme to achieve defect-immune and lossless energy transport [5][6][7][8]. By analogy with quantum spin Hall effect (QSHE) [9][10][11][12][13][14] or quantum valley Hall effect (QVHE) [15][16][17], this concept was soon extended to PnCs to realize robust guiding of Lamb waves at the interface between two topologically distinct configurations.

In the former case, it explores the pseudospin degree of freedom (DOF) and requires intricate designs to obtain a double Dirac cone at either Γ or K (K') points of the Brillouin zone (BZ). Usually, a double Dirac cone is easily achieved at the Γ point owing to a band folding mechanism [18][19][20], whereas, its occurrence at K (K') points at high frequency scale can be obtained in specifically patterned plates [21]. It has been afterwards simplified with perforated macro holes [22] which significantly reduces the geometric complexity and further allows for the experimental observation of the pseudospin-protected edge states in continuous elastic plates. Regarding QVHE, it takes advantage of the valley DOF and only requires a single Dirac cone at the K or K' points of the BZ. This significantly simplifies both the design and the fabrication even though a large separation between two opposite valleys must be ensured to avoid the inter-valley scattering.

Very recently, the topologically protected edge state, that combines both pseudospin and valley DOFs, has gained more and more interest. Specifically, it has been reported that pseudospin-valley combined edge states can occur at the domain wall formed by two distinct configurations supporting QSHE and QVHE respectively [23][24][25][26][27][28][29]. Usually, these two configurations involve totally different geometries which renders their designs very complex. Therefore, designing a programmable platform that allows for swapping between QSHE and QVHE is of primary importance for this research field. Likewise, little attention has been paid to the refracted pattern of the valley-polarized edge state at the valley-conservation zigzag termination so far. Recently, an elastic phononic plate with perforated holes mimicking QVHE by either expanding or shrinking the holes and QSHE by using blind holes was reported [23]. These geometries allowed the authors to demonstrate the splitting of the equal-frequency helical edge waves in the highfrequency regime. In this work, we go a step further. By setting up pillar-shaped resonators on the perforated phononic crystal plate, the dispersion curves are significantly altered: Dirac cones in the deep subwavelength scale or at high frequency regime, and even a double Dirac cone when the dimensions are properly chosen, are achieved. We describe a symmetric double-sided PPnC where QVHE or QSHE can be emulated by merely imposing dissimilar perturbations to the geometries of the attached pillars. We demonstrate the occurrence of the valley protected, the pseudospin protected, and the pseudospin-valley combined edge states at different domain walls. When emulating QVHE, we show a variety of refracted patterns at the zigzag termination for the valley-polarized edge state including positive or negative refraction, and even evanescence. Then, we investigate the valley-dependent feature of the pseudospinvalley combined edge state and we demonstrate the valley based splitting of the pseudospin protected edge states in a T-shaped waveguide constructed by merging PPnCs supporting QSHE and QVHE respectively. Design of the system. The unit cell of the honeycomb lattice formed by assembling two identical periodic arrays of pillars over a thin plate, together with its first irreducible BZ, are shown in Fig. 1 The most suitable way to investigate the edge states is to consider the three-layer ribbon supercell shown in Fig. 2(a). It is built by sandwiching eight unit cells with perturbation Δd V = 10 µm, in between two sets of six unit cells, each of them with perturbation Δd V = +10 µm. This supercell features two different zigzag domain walls of type SDW and LDW with adjacent pillars having respectively small and large diameters. (Table 1 below summarizes the geometries we investigate in this work). The projection of the valleys K and K' on these domain walls is k x = -2π/3a and k x = 2π/3a, respectively. Three branches appear in the reopened band gap, as shown in Fig. 2(b). The eigenmodes at k x = 0.5π/a are also displayed in Fig. In contrast, there is no vibration enhancement if the resonant pillars (highlighted in blue in the zoom) are removed, as shown in Fig. 2(d). This well explains that the magnitude at the bottom interface is nearly zero. It should be noticed that such a behavior may be fairly different from the refraction scheme undergone by TE and TM electromagnetic modes at the outlet of a photonic crystal having a quite similar geometry. Actually, instead of the evanescence of the elastic modes observed here, the photonic structure made of metallic cylindrical rods in between two parallel plates described in Ref. [26] allows for the anomalous refraction, while in a different manner, of both TE and TM optical modes.

Note that another Dirac cone occurs at 5.916 MHz in the symmetric dispersion curves when the height of the pillars is reduced down to 80 µm. In that case, the edge state refracts into both S 0 and SH 0 Lamb waves (see Figs. The spin Chern numbers
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were derived from the integration of the Berry curvature of the four constitutive branches around the valley K (Fig. S12 in [30]). Therefore, the juxtaposition with another PPnC whose height of pillars is reduced by Δh S = 3 µm (type-IV), allows for pseudospin protected edge states at the domain wall, as shown in Fig. 3(c). The spin Chern number difference 1 at each valley guarantees that two spin-locked pairs of edge state occur in the reopened band gap, namely, a forward spin-down (↓) pair (cyan dotted lines) and a backward spin-up (↑) pair (magenta dotted lines). Figure 3(d) shows the propagation of the spin-locked edge states at 1.782 MHz at the valley K, the harmonic source being located in the middle of the domains limit. Both the left-going (spin-up) and right-going (spin-down) waves are excited, which is consistent with the two available edge states. The refracted patterns at the left and right zigzag terminations predicted by EFCs analysis are depicted in Fig. 3 In conclusion, we have demonstrated in this Rapid Communication that the proposed symmetric doublesided PPnC can emulate both and QSHE by solely imposing different geometric perturbations.

When QVHE is emulated, the type of refracted Lamb modes as well as the angles of the valley-polarized edge states at the zigzag and armchair terminations can be tailored through a proper choice of the height of the pillars. Specifically, in the deep subwavelength scale, the edge state becomes evanescent and can be enhanced by the locally resonant mode at the interface. By optimizing the geometrical parameters of the

  (a). Four perforated holes are drilled at the corners of the unit cell. The lattice constant and the thickness of the plate are a = 400μm and e = 100μm. The diameter and the height of the pillars are d A,B,C,D = D = 120 μm and h A,B,C,D = H = 160μm, and the radius of the hole is R H = 140 µm. In what follows, both the plate and the pillars are made of steel whose Young's modulus, Poisson's ratio, and mass density are E = 200 GPa, v = 0.3, and ρ = 7850 kg/m 3 , respectively. conditions to the unit cell and solving the eigenvalue equations. Thanks to the symmetry about the midplane of the plate, it can be further decomposed into symmetric (red dotted lines) and antisymmetric (blue dotted lines) subcomponents (see the eigenmodes in Supplemental Material Fig. S1 in [30]). For comparison, the band structure of the single-sided PPnC, obtained by removing all the pillars on one side of the plate, is shown in Fig. 1(c). Clearly, two Dirac cones related to the antisymmetric branches that can be seen in Fig. 1(b) at K point of the BZ at 0.937 and 2.361 MHz persist, unlike the Dirac cone at 2.068 MHz created by the symmetric modes. In view of the wavelengths of both Lamb modes involving symmetric displacements, i.e. 2557 and 1513 μm for S 0 and SH 0 modes respectively, the latter Dirac cone occurs in the deep subwavelength scale and should be attributed to local resonances of the pillars. It should be noticed here that the position of the Dirac cones can be easily modified by adjusting the height of the pillars (Fig. S2 in [30]). In what follows, emphasis is placed on the Dirac cone formed by the symmetric branches, the other one being analyzed in [30].

FIG. 1 :

 1 FIG. 1: (a) Elementary unit cell and its first irreducible BZ. Band structures of (b) the double-sided, (c) the singlesided and (d) the perturbed PPnCs with Δd V = 4 µm (d). (e) Energy flux (black arrows) and phase distribution at the lower (bottom panel) and higher (top panel) bounding of the lifted Dirac cone at the valley K. (f) Evolution of the valley pseudospin states at the valley K against the perturbation. Red (blue) symbols represent the frequencies of the symmetric (antisymmetric) dispersion curves.
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  (b). The magenta and cyan dotted lines represent the edge states occurring at SDW and LDW respectively whereas the black dotted line is the locally resonant mode at the bottom end where the pillars with a large diameter are placed at the extreme end of the supercell (see the zoomed view in the inset).Let us now consider the propagation of the K'-polarized edge state along SDW and its refraction at the zigzag termination. To this end, a left-going wave at 2.042 MHz is excited by two phase-matched sources[31] and the displacement field on the top surface of the plate is recorded. The in-plane component is plotted in Fig.2(c) (see Fig.S7in[30] for the out-of-plane component). The edge state, which is mainly SH polarized, turns downwards and remains mostly localized at the interface, even though some elastic energy is spread across the plate and a small portion propagates along the bottom interface. The equifrequency contours (EFCs) shown in the inset of Fig.2(d) allow one to interpret this mapping. The deformation associated to the edge state having the mirror symmetry, only the S 0 and SH 0 Lamb modes should be considered; the corresponding EFCs are represented in Fig.2(d) by the red and green solid lines respectively. The two cyan dashed lines represent the normal to the zigzag termination. The edge state is locked to three K' valleys (black dots) in the BZ (black solid line). The wave vector in the plate can be graphically obtained owing to the conservation of the component of the wave vector parallel to the interface. Obviously, it is imaginary and the refracted wave is thus evanescent. However, due to the coupling with the locally resonant mode occurring at the edges ending with pillars having a large diameter [see the zoomed view in the inset of Fig.2(c)], the magnitude of the evanescent wave is strongly enhanced.
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 62 FIG. 2: (a) Schematic of the three-layer ribbon supercell constructed by type-I (Δd V = 10 µm) and type-II (Δd V = 10 µm) PPnCs. (b) Symmetric dispsersion curves of the supercell and the eigenmodes of the edge states (magenta and cyan branches) and locally resonant mode (black branch) at k x = 0.5π/a with a zoomed view of the undeformed supercell at the bottom end. Plots of the magnitude of the in-plane displacement on the top surface of the plate (c) with and (d) without the resonant pillars at the interfaces. Inset in (c): zoomed view at the left bottom corner. Inset in (d): EFCs anlysis.
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 83104 FIG. 3: (a) Occurrence of the double Dirac cone for specific dimensions (see text). (b) Band structure of the perturbed PPnC with Δh S = 3 µm and the eigenmodes at two Dirac cones. (c) Dispersion curves of the two-layer ribbon supercell constructed by type-III and type-IV PPnCs and the eigenmodes of the edge states (magenta and cyan branches) at k x = 0.5π/a. (d) Plot of the out-of-plane displacement on the top surface of the plate and the refracted patterns at the left and right zigzag terminations predicted by EFCs analysis.
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unit cell, a double Dirac cone can be obtained. We put into evidence the occurrence of the pseudospin protected edge state, in analogy to QSHE. Furthermore, we have demonstrated the valley-dependent feature of the pseudospin-valley combined edge state and the valley based splitting of the pseudospinprotected edge states in a T-shaped wave guide.