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Acoustic tweezers allow to manipulate small objects like elastic spheres with a force
generated by the radiation pressure which arises from the nonlinear interaction be-
tween the incident and scattered waves by the object. The accurate control of
the object by acoustic tweezers requires the study of the components of the three-
dimensional force.If the physical properties of the elastic sphere are known, then the
3D components of the force can be calculated thanks to a decomposition of the in-
cident acoustic field in the spherical functions basis. In this work, we propose to
evaluatethe expansion coefficients. Three methods are used and compared. The first
one consists in measuring the acoustic field on a spherical surface centered on the
theoretical position of the object and to calculate the spherical functions decompo-
sition by Lebedev quadratures. The second method is based on the measurement of
the acoustic field at random points in a spherical volume and on the resolution of the
inverse problem by a sparse method called the orthogonal matching pursuit. In the
third method, the incident beam is measured on a transverse plane, decomposed into
a sum of plane waves and then the expansion coefficients are calculated. The results

of the three methods will be presented and compared.
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I. INTRODUCTION

Acoustic tweezers like optical and magnetic tweezers are used for 3D manipulation of
small objects such as cells and molecules. These micro manipulators are in a strong demand
in the field of biophysics. Among these tweezers, optical tweezers'™ have been developed
first and demonstrated their precision and trap capabilities. However, the high intensity
at the focus of optical tweezers can lead to photo-damage and heating of the target ob-
ject, especially in vivo samples. Magnetic tweezers are not limited by photo-damage and
are widely used in the biology field especially for manipulation and analyses of DNA and
RNA?*%2 The main limitation of magnetic tweezers is the limited range of constant-force
that can be exerted due to their low trap stiffness. Moreover, applying large force requires
high-current electromagnets which would cause heating or produce non constant-force. The
radiation force is proportional to the field intensity divided by the speed of propagation.
As the velocity of light is 5 orders of magnitude larger than sound speed, acoustic tweezers
are able to afford large forces with much smaller intensity than optical tweezers and are a
solution for the heating issue. This advantage enables a wide range of applications of acous-
tic tweezers in various domains such as materials science, study of biophysical properties of
cells and molecules, micro-rheology, biophysical characterization of DNA, etc.

Different kinds of acoustic traps exist. Most of them are based on standing waves either

13,14 " Tn these schemes, all

in the bulk® or propagating at the surface of a solid substrate
pressure nodes (or anti-nodes depending on the object density and compressibility) act as

potential traps. On the contrary, optical tweezers are selective traps with a single position
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of equilibrium. Radial selectivity was achieved by Wu** using two counterpropagating fo-
cused ultrasonic beams. Single beam acoustic tweezers are characterized by the ability to
pick up, trap and manipulate a single small elastic particles in three dimensions*>"*
optical counterpart. For all the possible applications, the calibration of the force provided
by acoustic tweezers is of importance, especially for micro-rheology studies. The optical
and magnetic tweezers’ forces calibration is achieved mainly by two methods: the first one
consists in studying the Brownian motion of trapped objects with sizes comparable to the

wavelength, then the force is determined from Hooke’s law'%?*; the second one is to use the

viscous drag force generated by a controlled fluid flow?’.

Nonetheless, the first method is not applicable for acoustic tweezers since the wavelength
and the object can be much larger and the Brownian motion disappears at these scales. As
for the second method, the fluid drag forces are also used to calibrate the acoustic trapping

force??, but difficulties arise for single beam acoustic tweezers due to the Magnus effect'®

caused by the rotation of bead in an acoustic vortex beam®

. Previously, the three dimen-
sional force exerted on a spherical particle was modeled using the incident beam expansion

on spherical functions. This model depends on the expansion coefficients, A]", dubbed beam

shape coefficients (BSC), and the scattering coefficients of the particle, R,°.

In this article, we are interested in characterizing the radiation pressure exerted by acous-
tic tweezers on a spherical particle using this model. Thus, this is not a direct measurement
of the force. The acoustic field is measured with a calibrated hydrophone and then the force
is deduced. Section II is a short reminder of the model focused on the equations needed

4
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to calculate the radiation pressure exerted on an elastic sphere. To obtain the BSC of
the incident pressure field, three methods are numerically investigated in section III: Lebe-
dev quadrature, inverse problem regularization by sparsity and angular spectrum method
(ASM). In section IV, a focused Gaussian beam and a focused acoustic vortex are synthe-
sized and measured. The BSC are recovered by applying the three methods. Then, the
acoustic field is reconstructed and compared with measurements and finally the radiation

pressure is determined by the three methods.

II. THEORETICAL BACKGROUND: RADIATION PRESSURE

Let us consider a 3D Cartesian system of coordinates (z,y, z). The three components of
radiation pressure exerted on an arbitrarily located elastic sphere in a perfect fluid by an

arbitrarily incident beam are®:

F,=— @ DD S A AT C

+ QAN ATEC),
y + 2 Z Z (Q n+1
+ QAT ATCY),

Z > S(GrATAR L C). (3)

n=0 |m|<n

5
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With :

V= p%/(4p003)7

Cn = R;; + Rn+1 + 2R;:Rn+la

QP =/(n+m+1)(n+m+2)//(2n+1)(2n + 3),

GM =/(n+m+1)(n—m+1)/\/(2n +1)(2n + 3).

Pa(x,y, z,t) is the linear component of the acoustic pressure, its time average is zero. po
and cg are respectively the fluid density and speed of sound at rest. Coefficients A" are the
coefficients of the expansion into spherical functions:
Palr, 0,0, 8) =00 S S A (k)Y (0, ¢ )eap(—icwt) (4)
n=0 |m|<n

where the spherical harmonics are defined by:

2 1 —m)! ,
v2(0,) = | DI pr gy
47 (n+m)!
()
= N P™(cos 0)e™?

with (7, 6, ) the spherical coordinates linked to the Cartesian coordinates by x = 7 sin § cos ¢,
y =rsinfsing and z = rcosf. j, designates the spherical Bessel function, P (cos(f)) are
the Legendre polynomials and k is the wave number. The azimuthal number m and the
radial degree n satisfy |m| < n.

From the theoretical expressions of the radiation pressure, two sets of coefficients are required

to determine the forces:
e Scattering coefficients: R,

e Incident BSC: A}
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The scattering coefficients R,, for an arbitrary incident beam are known and depend only
on the physical characteristics of the object and propagation medium®. Therefore, our
problem of determining the radiation forces can be solved by searching the incident BSC
A™. These coefficients are known analytically for several beams (plane wave, Bessel beam,
vortex beam). Nevertheless, in real applications the pressure field is sampled in time and
in space on a finite set of points and make the determination of BSC a challenge. In the

following part, three different methods for calculating these coefficients are investigated.

III. CALCULATION OF BEAM SHAPE COEFFICIENT A7 FROM THE PRES-

SURE FIELD

For each method, the determination of the BSC is tested on the same incident field: a
focused vortex beam of topological charge m’ = 1. This beam is very important because,

49,728 - Ag this paper proposes to address the

it is the keystone to create acoustic tweezers
problem of the characterisation of the radiation force and especially the one exerted by
acoustic tweezers, it is reasonable to validate the methodology on a field as close as possible

to the final target. The BSC for a focused vortex beam are’:

A™ = 5, dm (ko) 2R (ko) / P™ (cos')N™ db'. (6)

T—aQQ
with 0, v the Kronecker delta, hg) the spherical Hankel function of first kind, m’ the

topological charge of the vortex and «q, ag, 7o are respectively the aperture half angle, the

radius of the transducer and the focal distance as illustrated on top of Fig. 1. In this paper,
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we use the expression of normalized spherical harmonics with a factor N (see Eq. 5), hence

A™ are different from previous works®,”.

-24-18-12 -6 0 6 12 18 24
m

FIG. 1. (Top) Modulus of the complex pressure field at frequency corresponding to a wavelength
of 1.25mm in water, and (bottom) BSC, for a focused vortex with topological charge m’ =1 the

spherical basis is centered at the focus of the incident beam (color online)

Using Eq. 4, the pressure field can be computed anywhere. Fig. 1 shows the pressure
field for a focused vortex beam of charge m’ = 1 (top row), and the BSC (bottom). We

1 as propagating medium and a frequency of

selected the case of water, ¢g = 1500m - s~
1.2M Hz. The wavelength is A\ = 1.25mm. The pressure field has a zero amplitude along
the axis of propagation. This is a common feature associated with vortex beam'?*°. The
focusing is sharp because the aperture of the transducer is 110mm(88)), 75mm(60\) away
from the focus (corresponding to an aperture half angle equal to oy = 43°). As expected

the BSC are restricted to the column m = 1 with a non intuitive variation in function of

the radial degree. We assessed numerically the error on the radiation force, Eq. 1-3 by
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decreasing the truncation order. Thereafter, all series are truncated at n < N = 25 and the

error on the force is 0.001.

A. Lebedev Quadrature

The first method is based on the orthogonality of the spherical harmonics: < Y, Yn”?/ >=
O Omm Where the scalar product on the sphere is defined by < f(0,¢),9(0,¢) >=
[ [ £(0,0)g(0,p)sinbdide. By applying this property, BSC A7 can be expressed by inte-
grals over a spherical surface:

1
A=~ p YT >
pan(k:

/ / ©)Y (0, ) sin 0dfdp.
pO]n

The integrals in Eq. 7 are computed by numerical integration. Using a numerical quadra-
ture to perform this integration in the context of acoustic radiation force or torque have
already been investigated'™'®. In these previous works, the sphere was sampled with a very
fine grid incompatible with actual measurements of the pressure fields and there was no
noise. Different quadrature rules have been tested: Legendre-Gauss quadrature, Chebyshev
quadrature'” and Lebedev quadrature. Among these quadratures, the Lebedev quadrature®!
gives the best precision for a given number of points and only that quadrature is used here?’.
The number, position and the weight of Lebedev grids defined on an unit sphere ((z;, y;, ;)
and weights w;) have been derived by Sobolev®!. Therefore, measuring the pressure field at

the Lebedev points (see Fig. 2 to visualize their positions) and using this quadrature give

9
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the BSC A™.
I—

1
A = ——— p(bi, )Y, (6, pi)w;. 8
PoJn (k) ; ( 4 ) (0,0 ) (8)

—_

Lebedev quadrature has optimal efficiency, i.e. the number of points required, I =
(N +1)%/3, is the smallest, where A is the highest order of the polynomials integrated on
the sphere. Moreover, the distance between the Lebedev points is roughly constant. This
feature is very interesting since it provides an optimal sampling of the sphere in regards
with the finite size of an hydrophone and thus it optimizes the signal-to-noise-ratio (SNR)
The integrand is the product of spherical harmonics, Eq. 4, 7. If the series is truncated at
n < N, the integrand is a polynomial of order smaller than 2N and hence N' = 2. For our
case, N = 25 and this yields I = 867. It must be noted that the number of Lebedev points
is not arbitrary. Here, we use I = 974 Lebedev points on a sphere with radius 7mm(5.6)).
This choice amendellows to perfectly retrieve the high order modes (here up until n = 25) as
shown in Fig. 2, the BSC obtained by the Lebedev quadrature for a focused vortex beam. Of
course, this previous estimation does not take into account the noise in the measurements.
It is known that the determination of the BSC are prone to errors in the presence of noise®”.
To assess the robustness of the method in presence of noise, we proceed in three steps. First,
the BSC of Eq. 6, named thereafter A7 , are computed and the corresponding pressure field
calculated with Eq. 4 on the Lebedev grid and in the focal plane to determine the maximum
pressure. Second, a noise with a uniform distribution in an interval of amplitude 5% of this
maximum pressure is added to the pressure field calculated on the Lebedev grid. Third, the
BSC of this noisy pressure field, noted A", are estimated with Eq. 8 and shown on Fig. 2.
In Fig. 2, the lines where the BSC are very different from the original ones correspond to

10
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the values closest to zero for the Bessel function (Fig. 3). Indeed, since the scalar product
with spherical harmonics is a linear operation, the result is the scalar product with the ideal
pressure fields plus the scalar product with the noise. Hence the error is proportional to
1/jn(kr). On Fig. 3, we can observe a first oscillating part up to n = 35 followed by a fast
decrease converging to 0. We selected a sphere radius large enough, 7mm(5.6)\), so that the
truncature order N = 25 is located in the oscillating part.

To assess the numerical performance of the method, we compute the relative error:

N

= N+12zzma1’\A ) ©)

n=0m

(N + 1)2 is the total number of BSC A" of order n < N. Here the relative error is 0.061.

300
200
100

-24-18-12 -6 0 6 12 18 24
m

0
300

c 10 200

20 100

24-18-12 -6 0 6 12 18 24
m

FIG. 2. (Top) points on a Lebedev sphere, and (Middle) reconstructed BSC for an incident focused

vortex beam without noise and (Bottom) with 5% noise. (color online)

11
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FIG. 3. (Top) Amplitude of the spherical Bessel j,(kr) function for a radius r = 7mm/(5.6\) (the
blue triangles show the values close to zero) and (Bottom) for two different radii r; = 7.11mm(5.7))
and ro = 7.45(6)) (the red points show the maximum values between |j,(kr1)| and |j,(kre)| for

each order n). The frequency is fo = 1.2M Hz. (color online)

An upgrade in order to mitigate the detrimental effect of noise is to use a double layer

9 The idea is to use two spheres with different radii and to apply the

Lebedev sphere”
Lebedev quadrature, for a given ordrer n, to the sphere for which the Bessel function has
the greatest absolute value. Using the asymptotic behavior of Bessel function for large x
compared to n, j,(z) ~ cos(x — w/2)/x, in Fig. 3, we selected the radius of the second
sphere such that j,(z') =~ sin(2’ — 7/2)/2’ to optimize the estimation, this leads to r; =
7.11 mm(5.7X) and ry = 7.45 mm(6\). The red stars indicate the chosen value between the

two Bessel functions to compute the BSC of order n. The double layer Lebedev sphere grids

are presented in Fig. 4. For each sphere, 974 Lebedev points are used. Fig. 4 shows the

12



17 BSC obtained with this method. They are close to the original ones (Fig. 1) and the relative
168 error decreases from 0.06 to 0.015. Nevertheless, one can see that the BSC for m # 1 are

160 not strictly equal to zero and thus a weak error remains on the estimated BSC.

300
200
100

-24-18-12 -6 0 6 12 18 24
m

FIG. 4. (Top) measurement points of a double layer Lebedev sphere, (Bottom) reconstructed
BSC for an incident focused vortex beam with 5% noise by the double layer Lebedev quadrature

method. (color online)

170 B. Regularization of the inverse problem by a sparse method

171 Instead of solving Eq. 7 with its discretized version Eq. &, another strategy consists
12 in solving Eq. 4 whose discretized counterpart can be reformulated under a matrix/vector

173 form:

P=MA+e (10)

s with vector P whose components are the Fourier transform of the pressure field at frequency
s fo at points of discretization (z;, i, z;) :© p(xi, vi, 2, fo) of length I, vector A whose compo-

13
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nents are the BSC A; = A7 with [ = n(n + 1) + m of length L = (N + 1)?, the matrix M
whose elements are (j, (kr;)Y, " (0;, ¢;)) with (74, 6;, ;) the points (z;, y;, z;) written in spheri-
cal coordinates of size (I x L)and vector € the additive noise on points (z;, y;, z;). To compare
this method with the double layer Lebedev sphere quadrature, we set the same number of
points: 1948 dispersed in a spherical volume of identical radius r = 7.11mm(5.7)). As
previously, the truncature order is set to 25. At this stage the points distribution is free and
this can be used to avoid an ill-conditioned matrix. Then, the best choice is a set of random
points distributed in a spherical volume as illustrated on Fig. 5.

Because of the noise, the matrix M is always full rank, the direct inversion is then always
possible but unstable in regard of a small change in the noise. This ill-posed problem required
regularization to get a meaningful solution. As can be seen on Fig. 1 for a focused vortex
beam, a large number of BSC are null. So, vector A is sparse. This a priori can be used to

regularize the inversion:

A = argmin [|A|p such as P = MA (11)

With this formulation, vector A is searched with a particular constraint: it must contain a
minimum of non-zero terms.

To solve Eq. 11, we choose to use Orthogonal Matching Pursuit algorithm (OMP)'!.
This algorithm is iterative. For each iteration, the component of M with the highest inner
product with the remaining part of vector P is selected. Then its contribution is subtracted
and the iterations continue on the residue. This procedure stops when the iteration reaches
the number of non-zero elements of the BSC (25 in our case) or when the residual reaches
a limit.

14
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FIG. 5. (Top) randomly distributed measurement points in a sphere, and (Middle) reconstructed
BSC for an incident focused vortex beam with 5% noise by the OMP method and (Bottom) block-

OMP method. (color online)

With the OMP method, we should be able to recover the BSC on the column m = 1 with
25 iterations. However, tests for a vortex beam have shown the inefficiency of this stopping
criterion. Thus, the stopping criterion of the OMP procedure will be the residual limit
(lower than 0.001). Fig. 5 shows the BSC obtained with the OMP algorithm for the same
noisy pressure field as before.There is a very good agreement with the original set of BSC
even if some BSC laying outside the column m = 1 are not exactly set to zero. Here, the
relative error is 0.0141 close to the 0.015 obtained with the Lebedev method. A drawback is
the number of iteration required, the computation can be very long. A method to improve

this is the Block version of OMP. It’s the same procedure but with the matrix M in a block

15
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version'®. Fig. 5 shows the BSC obtained by applying the Block-OMP method, the matrix

M is divided into blocks of (/N x 10), and the iteration number is 35 only. An unexpected

result is that the relative error is then twice better : 0.006

C. Angular spectrum method (ASM)

A third approach is to use a transformation from angular spectrum to spherical harmonics.

The Fourier transform of the pressure in plane z can be seen as a superposition of plane

waves:

ﬁ(x7y7 z7w) =

(12)

L // S(ij’ ky)eikzw-‘rikyy-‘rh/kQ—k%—kgzdkxdkzﬁ
4m? k2+k2<k?

where the angular spectrum S(k,, k) is the 2D spatial Fourier transform of the pressure

in plane z = 0:

400 —+o00
S(ks, ky) = / / Py, = = 0,0)e E ) gy (13)

According to®, the pressure field can be rewritten:

. 1= . z
p(x,y,z,w) :; ZZ ]n(kr) Z Ynm(ea(p)
n=0

m=—n

(14)

/ / Sk, k)Y (60, op)dbndy,
K2Hk2<k?

30

with: k, = ksin(6x) cos(pr) ky = ksin(by)sin(py) and k, = kcos(f;). The comparison of

Eq. 4 and Eq. 14 shows that the A" can be written as:

Am =" / / Sk, k)Y, (O, 1) dkodk,.
m k2+k2<k>

(15)

The noisy pressure field is simulated here on a square grid of dimension 7Tmm X

7mm(5.6\ X 5.6)) regularly sampled with a total of 2500 points.

16
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grids of ASM should be very fine otherwise errors of integration in Eq. 15 arise.The square
grid is located at the focal distance (x,y,z = 0). This field is Fourier transformed (Eq.
13) with a discrete Fourier transform (DFT). The sampling after a DFT can be refined
by zero-padding for instance. We performed a polynomial interpolation instead. Indeed,
knowing the polynomial coefficients, numerical integration of Eq. 15 can be achieved with
a variable step method to increase accuracy.

Fig. 6 shows the BSC obtained with the ASM method The agreement with the original
BSC is quite good especially for column m = 1. Nevertheless, other columns contain non

null BSC with a relative important amplitude. The relative error is 0.014.

0

300
10 200

100
20

-24-18-12 -6 0 6 12 18 24 0

m

FIG. 6. Computation of the BSC by angular spectrum decomposition. (color online)

Therefore, all methods except the Lebedev quadrature on a single sphere allow to retrieve
the BSC for a focused vortex beam with a good confidence even in presence of noise. The

results are synthesized in Tab. I.

D. Estimation of the radiation pressure by the three methods

To assess the efficiency of each method, we calculate the radiation forces exerted on a
polystyrene sphere of radius » = 0.1\ using equations 1, 2, 3. These forces are then decom-

17



235

236

237

238

239

240

241

242

243

244

245

246

Methods Relative Error

Lebedev quadrature (Single sphere) 0.061

Double layer Lebedev quadrature 0.015
OMP 0.014

Block - OMP 0.006

ASM 0.014

TABLE 1. Relative error for three methods

posed into three components: radial, azimuthal and axial forces (F,, Fy, F.) in a cylindrical
basis (p, ¢, z). On the left of Fig. 7, the forces are calculated by using all the BSC obtained
by the three methods, while on the right of Fig. 7, the forces are computed with A} only.
All methods yield accurate estimations of the radial force. On the contrary, the azimuthal
force, F, has a much weaker amplitude and all methods give poor estimates. Nevertheless,
OMP method roughly recovers the original shape of the force. These differences originate
from the estimated BSC with finite value outside column m = 1. It is shown in Fig. 7 that
after filtering out these BSC, all methods recover perfectly the theoretical force. In the case
of the axial force, F,, both OMP and the ASM turn out to provide good estimations while
again, the Lebedev method is less efficient and leads to fast oscillations around the expected
curve. However, these errors can not be reduced by filtering BSC outside m = 1. We may

assume that the error is hidden in column m = 1.

18
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FIG. 7. (Left) radiation force exerted on a polystyrene sphere of radius » = 0.1\ with all the BSC,

and (Right) with only BSC on column m = 1. (color online)

The oscillations on the axial force calculated by Lebedev method are periodical, similar
to those caused by a standing wave. Moreover, we know that the radiation pressure due to
a standing wave is much stronger than the one due to a progressive wave’’. Any error on
the estimated BSC in this regard should lead to large discrepancies on the force estimation.
In order to investigate this assumption, a weak amplitude wave propagating in the opposite
direction is superposed to the incident wave. The BSC of the counter propagating wave can
be computed as follow. The symmetry z — —z transforms cos(f) into cos(m —6) = — cos(0).

Then, considering that the associated Legendre functions P (cos(f)) satisfy the relation :

Py (—a) = (=1 B (@), (16)

19
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and Eq. 4, 5, the BSC of the wave propagating in the opposite direction can be computed
by multiplying the BSC by (—1)™+™ . Taking into account the mean relative error on the
estimated BSC 0.006 for block OMP, we fixed the amplitude of this weak counterpropagating
wave at 0.005 so that the new BSC are (1 + 0.005(—1)(”+m))A,’Zh. On Fig. 8 is plotted the
axial force for the progressive wave only and with the counterprogating wave superposed.
Comparing with Fig. 7, oscillations with the same periodicity but weaker amplitudes are
obtained.

There remains to explain why the Lebedev method is more sensitive to the noise than the

20 _— With stationary wave
—— Theory
2
:f‘ Of— AN """""""""""""""""""""
-20
-2 0 2
Z/A

FIG. 8. Axial force exerted on a polystyrene sphere of radius » = 0.1\ with theoretical BSC A"
(black) and theoretical BSC with a counter propagating wave with 0.5% amplitude (red). (color

online)

other two methods. In our simulation, the random noise amplitude is evenly distributed
between —5% and 5% of the maximum pressure of the incident beam in all three cases.
However for Lebedev quadrature, the pressure field is sampled at the surfaces of two spheres
with radius 7 = 7.11mm/(5.7)) and r = 7.45mm(6\) where the wave is either yet converging,
z < 0, or diverging, z > 0. Since the wave is sharply focused, on these spheres its amplitude
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and hence the SNR is 10dB lower.On the contrary, the set of points used either inside a
spherical volume (OMP) or on a focal plane (ASM) contains locations where the pressure
amplitude is maximum. By calculating the SNR at a measurement point where the signal
is the maximum for each method, we obtain the results of 22.5dB, 32.2dB and 32.5dB for
the Lebedev quadrature, OMP and ASM respectively. To confirm the role played by the
SNR, the OMP method is now applied in conditions similar to the ones used for Lebedev
quadrature. The pressure field is sampled on a set of points randomly distributed on a
spherical surface of r = 7mm(5.6X). The axial force obtained by the two methods are
now similar with oscillating errors of about the same period and amplitude. Besides, if we
increase the radius to 10mm(8)), the fluctuations become stronger as expected since the
SNR is even more degraded.

To compare the numerical estimation of the forces by different methods (with all the BSC

50

—— Theory

— OMP 7mm
—_ —— OMP 10mm
=
:5, Ot-% XS WL \NWVWNYN\N S\ 7

FIG. 9. Axial force exerted on a polystyrene sphere of radius » = 0.1\ with BSC computed by
OMP method on two spherical surfaces (black and blue) and the theoretical force (red). (color

online)

A, the relative errors between the force calculated with the A F, in the presence of
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noise and the force computed with the A7 | Fy;, are then calculated :

135 |F — Fal
K max|Fy

errforce -

(17)

K is the total number of positions where the forces are estimated. The results are presented
in Tab. II. We can conclude that both the OMP and angular spectrum are effective methods
for estimating the radiation force from pressure field measurements with very low relative
error as presented in Tab. II. The task is nevertheless difficult since small errors potentially
result in spurious standing waves and the radiation pressure exerted by standing waves is

much stronger than for progressive waves.

Relative error|Lebedev|OMP | ASM

F, 0.036 [0.012/0.018
Fy 0.87 | 0.23 ]0.22
F, 0.29 ]0.05610.096

TABLE II. Relative error of the forces for three methods

IV. EXPERIMENTAL MEASUREMENTS

In this section, the three methods are applied on experimental data. A focused Gaus-
sian beam, with charge m’ = 0, and a focused vortex beam with charge m’ = 1 have been
synthesized using a large antenna made of 120 piezoelectric transducersdistributed on a
hexagonal pattern on a concave surface with a radius of curvature of 45¢m. The array aper-
ture is 11em(88A). An acoustic lens is used to reduce this focal to 7.5¢m(56). With the

22



298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

318

316

317

318

319

320

lens, the half-angle, ag, is comparable to the simulated cases. The pressure field is synthe-
sized by selecting the electric signals fed to each transducers by a multichannel electronics
made of 120 arbitrary signals generators. These signals are calculated using the inverse

26,2133 The set-up and procedure are identical to the ones used in previous

filter technique
work”. The incident sound beam was then measured by a calibrated needle hydrophone of
0.2mm(0.2)) diameter (Precision Acoustics Ltd, UK) on three different grids corresponding
to the different algorithms presented in the previous section. The measurement grids are
all centered on the focal point of the vortex beam. For each location of the hydrophone, an
ultrasound burst of 10 cycles is repeated 128 times and the records are averaged to increase
the SNR. The experimental SNR is 20d B lower than the SNR in the previous section.After
these measurements on the different grids, we apply the three methods described in sec-
tion II to estimate the BSC. The obtained BSC completely describe the field, Eq. 4. We
measured the acoustic pressure on the transverse plane (zy) (on the ASM grid) and the
vertical plane (zz) (on a rectangular grid of dimension 7mm x 20mm (5.6A x 16\) with
steps of 0.4mm x 0.3mm (0.3 x 0.2)\)). A DFT is then used to get the measured pres-
sure in the Fourier domain and then extract the modulus at 1.2M Hz. Fig 10 displays the
computed and measured modulus of the pressure field at this frequency. The reconstructed
fields computed with the three different methods are in very good agreement with the direct
measurements.On the lateral, (xy), plane. The main lobe is perfectly recovered and in the
case of the vortex beam the small anisotropy on the bright ring is accurately estimated.

The secondary ring of high pressure modulus characteristic of diffraction by a truncated

aperture, i.e. the array of transducers, is also efficiently estimated. Compared to simulated
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FIG. 10. Reconstruction of the incident beam in Fourier domain, (pressure modulus is shown),
for the focused Gaussian beam (Left), and the focused vortex beam with m’ = 1 (Right). (color

online)

results of the previous section, the noise is not the single source of discrepancy between A"
and A7’ and as consequence between F and Fy,, Eq. 17. The inverse filtering while very
efficient does not achieve a perfect synthesis of the looked for pressure fields, Fig 10. For
instance, the experimental measurements are not perfectly axisymmetric and this will have
an impact on the azimuthal force. For the axial plane, (zz), OMP and ASM methods also
provide quite a good reconstruction on main and secondary lobes. The ”X-shape” and high
pressure at the focus, features expected for sharply focused beam, are perfectly reproduced,

while the Lebedev quadrature estimation has some spurious amplitude oscillations. These
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oscillations have a comparable period with the one observed on the axial force, F,, Fig. 7,
in the numerical simulation when noise was present. We provided an explanation for this
phenomenon in the previous section. As a result, both the OMP and ASM are able to es-
timate the incident BSC A} and hence the acoustic pressure field in the volume of interest
around the focus.

Finally, we use these obtained BSC of the focused Gaussian beam and the vortex beam
m’ = 1 to calculate the radiation forces exerted on polystyrene spheres of radius r = 0.1\
with Eq. 1, 2, 3. The results are shown on Fig. 11 and Fig. 12. The axial force obtained
with Lebedev method is not presented on the Figures since it’s very fluctuating like its re-
construction on (zz) plane. As in the previous section, the relative error of the experimental

forces for Gaussian beam and vortex are calculated and reported in tables Tab.I1I, IV.

Relative error|Lebedev|OMP |ASM

F, 0.036 |0.036(0.012

F, 0.23 |0.11]0.07

TABLE III. Relative error of the experimental forces for three methods (Gaussian beam)

According to Fig. 11, for a focused Gaussian beam and for each method the radial force is
in good agreement with the theoretical one. Theoretically no azimuthal force is applied, but
a weak rotational force exists in the force estimation by three methods. This dissimilarity of
azimuthal force can be due to the difference between the theoretical and experimental field

synthesised by inverse filtering, as well as the presence of the noise in the measurements. As
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Relative error|Lebedev|OMP |ASM

F, 0.027 |0.057(0.034
Fy 0.71 | 0.6 |0.99
F, 0.8 |0.14 [0.14

TABLE IV. Relative error of the experimental forces for three methods (Acoustic vortex m’ = 1)

for the axial force, the force estimated by ASM is very close to the theoretical one with a very
low relative error of 0.07. However, the one calculated by OMP appears to be oscillating
though in the reconstruction on plane (xz) no oscillations are visible. Note that the trap
slope is positive for both radial and axial forces. Therefore at the origin the force is null but
the equilibrium is unstable. To achieve acoustical tweezers for a stiffer and denser particle
compared to water, cancellation of the pressure field at the focus is required as the case

studied below.

For the focused vortex beam of charge m’ = 1, the forces are quite similar with the ones
obtained by adding noise in the numerical assessment of the three methods (see previous
section). First, the computation of the radial force agrees with the theoretical force whatever
the method. Secondly, the azimuthal forces computed by the experimental BSC are different
from the theoretical one. These differences are caused by the value of A]" coefficients outside
column m = 1. If we keep only column m = 1 and recalculate the azimuthal force, then, all
the forces for different methods superpose with the theoretical force. This filtering makes

the pressure modulus axisymmetric and eliminates any anisotropy in the transverse plane
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whatever its origin inverse filtering imperfection or biased estimation of BSC. The third
observation is that both OMP and ASM provide a good estimate of the axial force which
has the same negative slope as the theoretical one, i.e same trap strength and stiffness. The
OMP axial force has some fluctuations, but performs much better than the Lebedev method,
the force obtained with ASM is smooth and close to the theory but with a shift about 0.2\
of the equilibrium position where F, = 0. This shift can be caused by a slight shift 0.2\
(0.25mm) of the focal point in the experimental measurements. As reported in the Tab. IV,
even with this shift, the relative error is small (0.14), by cancelling the shift, the relative
errors will decrease to 0.091 and 0.085 for the OMP and ASM respectively which are very

similar to the numerical estimations in the Tab. II of section III.

V. CONCLUSION

In this paper, the measurement of the radiation pressure on an elastic sphere exerted by
acoustic tweezers is presented. The radiation force is not measured directly but is obtained
from measurements of the pressure field associated with a model (see Eqs.1-3). To obtain the
forces, it is necessary to estimate the BSC from experimental sampling of the pressure field.
Three methods were developed in section I1I: the Lebedev double layer sphere quadrature,
the OMP method, and the ASM. First, we assessed the methods by simulating an acoustic
vortex of charge m’ = 1 with 5% noise. The results show that all these methods can recover
the BSC. In spite of that, the forces computed by the different methods agree well with the
theory, except the Lebedev quadrature for which the axial force is fluctuating.

The experimental verification of these methods is done in section V. Compared with the
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FIG. 11. Experimental radial F),, azimuthal F; and axial F, forces exerted on an polystyrene

sphere of radius r = 0.1\ in a focused Gaussian beam with charge m’ = 0. (color online)

measurements in (zy) plane, the reconstructions of the field by the three methods are similar
and almost identical. Nevertheless, for (xz) plane reconstructions, the field rebuilt by the
Lebedev quadrature contains a lot of oscillations. Apart from that, both the OMP method
and the angular spectrum method are in good agreement with the experimental data. From
the analysis of the forces, the OMP and angular spectrum (ASM) methods allow to pre-

dict the radial and axial forces with a good precision and the azimuthal force with a lower
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FIG. 12. Experimental radial F},, azimuthal I, axial F, forces exerted on an polystyrene sphere
of radius » = 0.1\ in a focused vortex beam with charge m’ = 1, calculated by the total coefficents

(Left), and only by the BSC in column m =1 (Right). (color online)

s precision because it is sensitive to the noise outside column m’ = 1 of the matrix of the BSC.

392

303 With the help of these methods, we are able to anticipate the radiation forces by mea-
s suring the acoustic field. As presented in previous sections, a very important component of
35 three dimensional radiation force is the axial force which is much smaller than the transverse
36 ones. In our experiments, we were capable to measure the axial force with a low relative
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error of 0.14. For further measurements, this accuracy can be improved by increasing the
axial force, for example, in the case of an acoustic vortex we can increase the aperture angle
ap (Fig.1) to get larger axial forces. At the same time, reducing the noise by any methods:
shielding, averaging, filtering would help. The SNR leading to spurrious standing wave is

the main limitation for axial or azimuthal force measurements.
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