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Abstract

With ageing and various diseases, the vascular pore volume fraction (porosity) in cortical
bone increases, and the morphology of the pore network is altered. Cortical bone elasticity
is known to decrease with increasing porosity, but the effect of the microstructure is largely
unknown, while it has been thoroughly studied for trabecular bone. Also, popular microme-
chanical models have disregarded several microarchitectural features, idealizing pores as
cylinders aligned with the axis of the diaphysis. The aim of this paper is to quantify the
relative effects on cortical bone anisotropic elasticity of porosity and other descriptors of the
pore network microarchitecture associated with pore number, size and shape. The five stiff-
ness constants of bone assumed to be a transversely isotropic material were measured with
resonant ultrasound spectroscopy in 55 specimens from the femoral diaphysis of 29 donors.
The pore network, imaged with synchrotron radiation X-ray micro-computed tomography,
was used to derive the pore descriptors and to build a homogenization model using the Fast
Fourier Transform (FFT) method. The model was calibrated using experimental elasticity.
A detailed analysis of the computed effective elasticity revealed in particular that porosity
explains most of the variations of the five stiffness constants and that the effects of other mi-
croarchitectural features are small compared to usual experimental errors. We also evidence
that modeling the pore network as an ensemble of cylinders yields biased elasticity values
compared to predictions based on the real micro-architecture. The FFT homogenization
method is shown to be particularly efficient to model cortical bone.

Keywords: Bone microstructure, Elasticity, Homogenization, Resonant ultrasound

spectroscopy
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1. Introduction

Cortical bone is a porous material which forms the outer shell of bones. Pores are
observed at different length scales. The main component of the porosity is the so-called
vascular porosity network [1], constituted of quasi-cylindrical channels (Haversian canals,
approximately 50 pum in diameter) oriented along the long axis of the bones and inter-
connected to each other by a network of smaller transverse channels (Volkmann’s canals).
Larger pores formed by the removal of old bone by osteoclasts (from 50 pm to 250 pm [2])
are also present in bone and contribute to the vascular pore volume fraction depending on
the balance of the remodeling activity. The vascular pores host blood vessels and nerves.
Smaller pores of characteristic dimensions less than 10 um (as those hosting bone cells) also
contribute to the overall porosity. The volume fraction of the vascular porosity, hereafter
referred to as porosity, typically varies between a few percent and 20 %. Porosity and the
morphology of the pore network can be regarded as a signature of the physiological processes
regulating bone mass which are altered in the elderly and in pathologies such as osteoporosis
[3] or osteogenesis imperfecta [4]. An increased cortical porosity can be a consequence of
an increased number of canals, an increased canal size, or both [5]. At low porosity val-
ues, Haversian canals and small resorption cavities are more or less regularly distributed
on a hexagonal lattice [6, 7]. As the porosity increases, more irregular and large resorption
cavities are found, resulting in a less organized network with a disparity of pore dimensions.

Understanding the determinants of cortical bone elastic properties is important because
the bone cortex bears a substantial amount of the mechanical loads applied to the skeleton.
Millimeter-scale (mesoscale) elasticity [8] of cortical bone is known to strongly depend on
porosity [9-11]. Tt was suggested that not only the porosity but also the changes in pore
network micro-architecture may impact elasticity during growth and ageing [12]. As a
result, strain levels in a bone subjected to mechanical loading are partially driven by the
pore volume fraction. These strains in return mediate bone homoeostatic activity and
bone resistance to fracture [13, 14]. Also, recently, ultrasound methods [15, 16] have been
proposed to assess in vivo cortical bone porosity, a clinical marker of bone health [3]: in
short, ultrasound probes mesoscale elasticity from which porosity can be back-calculated
relying on a continuum mechanics homogenization model. Such a model requires extensive
validation. The above considerations are strong motivations to investigate the variation of
mesoscale elasticity associated with modifications of the pore network, which is the focus of
this work.

Investigations of cortical bone elastic properties at the mesoscale are conveniently con-

ducted resorting to a two-phase material model, i.e., a solid matrix (collagen fibers reinforced



by mineral particles of hydroxyapatite) pervaded by the vascular porosity, and disregarding
any fluid flow [17-20]. In this model, small pores are considered to contribute to the effec-
tive properties of the matrix. This two-phase model is particularly well suited to investigate
the contribution of the vascular pores to the mechanical properties. As the healthy vas-
cular pore network of a young individual resembles a regular assembly of cylindrical pores
[6], several authors have used an idealized representation of the network, namely infinite
cylindrical pores distributed randomly or on a hexagonal lattice, and associated analytical
homogenization methods such as Mori-Tanaka method [18, 21] or homogenization of peri-
odic media (asymptotic homogenization, AH) [17, 22]. However, with ageing the structure
of the vascular pore network departs from a regular assembly of cylindrical pores, in par-
ticular the average pore size increases with age as well as the range of pore size and canal
interconnections [5, 23]. Furthermore, the idealized representation of infinite cylindrical
pores disregards the effect of Volkman’s canal which are transverse to the bone axis. It is
unknown to which extent idealized microstructures are suitable to accurately account for
the variations of elastic properties of real cortical bones. This calls for models accounting
for the exact structure of the pore network, which can be conveniently captured by X-ray
micro-computed tomography (uCT). Few authors have attempted to do such modelling.
Baumann et al. [24] have used a uFE model to investigate the effect of mineral particles
orientation and porosity on the elastic anisotropy by analyzing three longitudinal stiffness
constants, disregarding shear stiffness constants. Donaldson et al. [25] used a yFE model
to investigate the correlations between parameters of the bone microstructure (porosity,
pore surface to tissue volume, mean pore diameter and degree of geometric anisotropy)
specifically focusing on heterogeneity between endosteal and periosteal sites, and evolution
with aging. They used small volumes of interest (VOI) leading to a large porosity range
(about 0 — 50%). They found that porosity could explain almost all the variations of the
effective elastic constants and that the contribution of other micro-architecture parameters
was small. However, the use of VOIs smaller than the representative volume element [8]
in the latter study may obscure the dependence of elasticity on some micro-architecture
parameters. Sansalone et al. [26] used synchrotron radiation micro-computed tomography
images coupled to a multiscale micromechanical model to account for the variation of local
porosity and mineral density. They described the heterogeneity of mesoscale elasticity in
the femoral neck. However, they modeled the pores as cylinders, disregarding the details of
the micro-architecture.

It is interesting to draw a parallel between the current development of knowledge re-
garding cortical bone and earlier researches regarding trabecular bone. Trabecular bone is

a spongy tissue found in large quantity in the inner part of bones, formed of a network of



thin rods and plates of mineralized collagen (trabeculae). Its porosity is typically larger
than 80 % in human. The mechanical properties of trabecular bone were first accounted for
with idealized geometrical models [27-29]. The morphological complexity of the trabecular
network has been accessible ez vivo with non-invasive techniques such as pCT for several
decades [30]. The analysis of the digital images provides parameters such as volume frac-
tion, trabecular thickness, inter-trabecular spacing, trabecular number [31], or architectural
anisotropy using the mean intercept length method and a fabric tensor [32]. Popular ana-
lytical methods to predict mechanical properties of trabecular bone consist in implementing
formula using the fabric tensor [33-35], or multiscale models in the framework of continuum
micromechanics [36, 37]. A transition occurred in the 1990’s when it became possible to
account for the full complexity of the trabecular network architecture with the advent of the
so-called micro-finite element modelling (WFEM) [38, 39] enabling to solve the homogeniza-
tion problems using a three-dimensional (3D) numerical model of the real micro-architecture
obtained with pCT. Micro-finite element models, which in general assume that bone tissue
is isotropic, can predict with a good accuracy the elastic properties measured along different
directions of a bone sample [40]. yFE modelization is considered as a reference method to
estimate elastic properties of trabecular bone samples and of skeletal sites [41]. In com-
parison, the research on the role of microstructure in cortical bone stiffness is in a relative
infancy because only idealized micro-architectures have been considered.

Twenty years after the successful introduction of uFEM to compute trabecular bone
effective properties, uFEM or other numerical techniques such as Fast Fourier Transform
(FFT) methods [42] can be conveniently used to compute the homogenized mechanical prop-
erties of cortical bone. We believe this opportunity will allow rapid progress in the under-
standing of the effects of cortical bone micro-architecture on different mechanical properties.

The aim of this paper is to quantify the relative contribution of the vascular poros-
ity and its microstructure (i.e., pore number, pore size and pore shape) to bone elasticity.
Considering inter-individual variations of bone matrix properties caused by various fac-
tors such as the physical activity, age, nutrition and health conditions among donors, the
question can hardly be addressed experimentally. Indeed, bone matrix material properties
should be controlled in order to evidence the sole contribution of the micro-architecture to
mesoscale elasticity. Consequently we resort to a model of bone which is as a two-phase
material with a matrix having fixed ’universal’ material properties but various possible
micro-architectures corresponding to real bone microstructures imaged with synchrotron
radiation micro-computed tomography imaging (SR-uCT) [43] enabling an accurate assess-
ment of micro-architecture descriptors [44, 45]. The full set of anisotropic effective elastic

constants predicted by the model are calibrated with experimental data obtained with reso-



nant ultrasound spectroscopy (RUS) [46], a state-of-the-art method to measure the stiffness
tensor of cortical bone specimens.

An ancillary objective is to introduce the FFT homogenization technique [42] to model
cortical bone stiffness. The method, which has recently been used to study trabecular bone
elasticity [47], is commonly used to study the mechanics of engineering materials. FFT-based
numerical methods are efficient in term of memory storage and computation cost to solve
the heterogeneous local problems using directly images of bone microstructure of relatively
large specimens. It has been applied to evaluate the effective properties of composites and
porous materials, including elastoplastic responses [42, 48], permeability [49], conductivity

[50] and piezoelectricity [51, 52].

2. Materials and methods

2.1. Specimens

Bone specimens were harvested from the left femur of 29 human cadavers. The fe-
murs were provided by the Départment Universitaire d’ Anatomie Rockefeller (Lyon, France)
through the French program on voluntary corpse donation to science. The tissue donors or
their legal guardians provided informed written consent to give their tissue for investiga-
tions, in accord with legal clauses stated in the French Code of Public Health. Among the
donors, 16 were females and 13 were males (50 — 95 years old, 77.8 £ 11.4, mean + SD).
The fresh material was frozen and stored at —20°C.

The samples were slowly thawed and then, for each femur, approximately a 10 mm-thick
cross-section was cut perpendicular to the bone axis from the mid-diaphysis. Using a water-
cooled low speed diamond wire saw (Model 3241, Well, Lyon, France), two rectangular
parallelepiped shaped specimens were prepared in the lateral and medial anatomical quad-

3 in radial

rants of each cross-section (Figure 1). The nominal specimen size was 3 X4 x5 mm
(axis 1), circumferential (axis 2) and axial direction (axis 3), respectively, defined by the
anatomical shape of the femoral diaphysis. This specimen size was chosen as a compromise
between the limited cortical shell thickness and the need to reduce stiffness measurement
errors caused by small sample dimensions. We took care not to include samples presenting
large resorption cavities close to the endosteum. Also, this size is believed to be sufficient
to include statistically representative micro-architectural information in the pCT images.
The mass density of each specimen which is needed in stiffness determination was derived
from the average values of four mass (Sartorius CPA224s, precision: 0.1 mg) and dimensions
measurements (Mitutoyo Coolant Proof Caliper 500-606, precision: 0.01 mm). All speci-

mens were kept hydrated during sample preparation. Specimens from one subject with a

porosity larger than 30% were not considered as representative of cortical bone and were



discarded. One specimen was broken during sample preparation. Finally, 55 specimens from

28 subjects were included in the analysis.

b
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Figure 1: Sample preparation procedure and the experiments, (a) a cross-section of femoral bone from which
two specimens were extracted at the lateral and medial quadrants. (b) RUS measurements for bone stiffness.
(c) A representation of the 3D microstructure of a bone specimen imaged by SR-uCT adapted from [11].
(d) Pore network obtained treating bone phase as background. (e) Bone microstructure idealized as infinite

cylindrical pores periodically distributed in bone matrix on a hexagonal lattice (see Section 2.5).

2.2. Stiffness measurements with resonant ultrasound spectroscopy

The determination of the stiffness constants of bone specimens by RUS follows the pro-
cedure previously described [46, 53] and consists of the following steps:

(1) A bone specimen was placed on two opposite corners between two ultrasonic trans-
ducers (V154RM, Panametrics, Waltham, MA), one for emission and one for reception, to
achieve a free boundary condition for vibration (see the experimental setup in Figure 1-b).

(2) The frequency response of the vibration in a specified bandwidth was amplified by a
broadband charge amplifier (HQA-15 M-10 T, Femto Messtechnik GmbH, Berlin, Germany)
and then recorded by a vector network analyzer (Bode 100, Omicron Electronics GmbH,
Klaus, Austria), from which the 20 to 30 first resonant frequencies were extracted.

(3) Assuming a transversely isotropic symmetry [6, 54], the stiffness constants Cj;
(ij = 11,33,13,44,66) (Voigt notation), were automatically calculated by optimizing the
misfit function between the experimental and model predicted resonant frequencies (inverse

problem), which is formulated in a Bayesian framework [53].



The prior information on the distribution of the stiffness constants, required for the
Bayesian analysis, was taken from a previous study [11] achieved on human femoral cortical
bone as well. In the stiffness tensor, Cio = C11 —2Cs6 and (1 — 2) is the isotropy plane; C1q
and Cs3 which correspond to pure longitudinal waves are denoted as longitudinal stiffness
constants, Cy4 and Cgg which correspond to pure shear waves are denoted as shear stiffness
constants [55], and C12 and Cy3 are the off-diagonal stiffness constants. The experimental
errors, e.g., irregularity of specimen geometry and uncertainties of the extracted resonant
frequencies, following this protocol, typically cause an error of approximately 1.7% for the
shear stiffness constants and approximately 3.1% for the longitudinal and off-diagonal stiff-
ness constants [56]. Bone stiffness constants of the specimens measured by RUS are denoted
as C;?X P in the following text.

The quality of the experimental data and of the determined C;; are reflected in the misfit
error (RMSE) o between the experimental and predicted resonant frequencies. We found
for all the specimens oy < 0.7% (mean value = 0.4% ) which is small in RUS measurements
of cortical bone [57]. This indicates that the assumption of transverse isotropy is very
reasonable. Moreover, the differences between the effective stiffness constants in the radial
and circumferential directions evaluated with homogenization using the SR-yuCT images of
bone microstructure were small (see Section 3.2). This means that the orthotropic behavior
created by the micro-architecture is small and it supports the assumption of transverse

isotropy.

2.3. Bone microstructure

After RUS measurements, bone specimens were defatted for 12 hours in a chemical bath
of diethylether and methanol (1:1) and rinsed in distilled water before SR-pCT scanning in
order to comply with the local regulation by the European Synchrotron Radiation Facility
(ESRF, Grenoble, France). Details of the defatting protocol can be found in Cai et al. [58].
Then, the specimens were scanned using SR-pCT 3D imaging, which was performed on
the beamline ID19 at ESRF. SR-uCT is the gold standard to assess cortical bone micro-
structure due to the high flux, the monochromaticity and the parallel beam geometry [45].
The SR~uCT setup is based on a 3D parallel beam geometry acquisition [59, 60]. The beam
energy was tuned to 26 keV by using a (Silll) double crystal monochromator. A full set
of 2D radiographic images were recorded using a CDD detector (Gadox scintillator, optic
lenses, 2048 x 2048 Frelon Camera) by rotating the specimen in 1999 steps within a 360°
range of rotation. The detector system was fixed to get a pixel size of 6.5 pm in the recorded
images in which a region of interest of 1400x940 pixels was selected to fit the specimen.
For each specimen, the SR-uCT images were reconstructed to obtain the 3D volume of the

specimens.



The orientation of the 3D volume of each specimen was corrected by slightly rotating
the ensemble of voxel using Fiji [61] so that the image reference frame coincides with the
orientation of the specimen’s faces. As the shape quality of our specimens was quite good
(perpendicularity and parallelism errors were about 1°, see [56]), the potential misalignments
due to orientation correction should be small. In each specimen, a rectangular parallelepiped
volume of interest (VOI, sized ~ 2.8 x 3.9 x 4.8 mm3) was selected manually on the principle
of retaining the maximum volume for morphometric analysis, as well as for the evaluation
of the effective stiffness using FFT homogenization (see Section 2.6). Note that VOIs are
much larger than the recommended representative volume element size [8]. Each VOI was
chosen to be comparable to the specimen’s volume in order to allow direct comparison
between measured and calculated stiffness. Following Bala et al. [12], the VOIs for the
morphometric analysis were binarized treating the void volumes as the solid and the bone
phase as a background (Figure 1 (d)). Then, the following microstrutural variables (Table 1)
were calculated using the software CTAnalyser (V 1.16.1, Skyscan NV, Kontich, Belgium):
pore volume fraction (¢), pore surface to pore volume ratio (PoS/PoV), the average diameter
of the pores (PoDm), the average separation between pores (PoSp), pore number (PoN),
connectivity density (ConnD), pore pattern factor (PoPf), structure model index (SMI)
and degree of anisotropy (DA). In the process of the DA calculation, the fabric tensor of
the porous network measured by mean intercept length (MIL) analysis [32, 62] was also
obtained, from which the main orientation of the Haversian canals can be evaluated. The
angle («) of the misalignment of the Haversian canals relative to the longitudinal direction
(material basis) was also extracted. A summary of the microstrutural variables and their
definitions are listed in Table 1.

To study the effect of pore shape on the elastic symmetry in the transverse plane, we
defined a transverse plane geometrical factor R, calculated as follows. Pores were regarded
as ellipsoids and the average ratio between the two short (circumferential and radial) axis
lengths of the pores were calculated, in analogy to the MIL analysis for fabric tensor. Specif-
ically, in each two-dimensional image of the CT dataset (plane defined by axes 1 and 2),
the axis length of the pores in one direction was estimated as the total number of pixels
contained inside the pores divided by the number of pores along each line of the image.
Then, the ratio between the average axis length estimated on each line in the circumfer-
ential (axis 2) and radial (axis 1) directions was calculated. Finally, Rq was calculated as
the average ratio over the entire volume. Note that R; does not quantify the aspect ratio
of Haversian canals in the transverse plane but rather a combination of the aspect ratios of
Haversian and Volkmann’s canals in that plane. The aforementioned steps to calculate Ry

was implemented in a customized Matlab script.



Table 1: Microstructural variables assessed by CTAnalyser and their definitions.

Variable Unit Definition

) % pore volume fraction

PoS/PoV mm~!  pore surface to pore volume ratio

PoN mm~!  pore number per mm

PoDm pm average diameter of the pores

PoSp um average separation between pores

PoPf mm~!  pore pattern factor, lower PoPf indicates

higher concavity, i.e., better-connected pore
network
ConnD mm connectivity density, a measure of the degree
to which a pore is multiply connected
SMI a.u. structure model index, the relative prevalence
of rods and plates in a 3D pore network
DA a.u. degree of anisotropy, the ratio between the
biggest and smallest eigenvalue of the fab-
ric tensor measured by mean intercept length
analysis [32, 62]
misalignment angle, the angle between the
eigenvector of minimum eigenvalue and the
vector of the longitudinal direction (material
basis)
Ry a.u. transverse plane geometrical factor, average

aspect ratio of pores in the transverse plane

2.4. Numerical model and method of solution

Each VOI was considered as a representative volume element of bone material. The
homogenized effective stiffness constants (CgF Ty were evaluated with the FFT method in
the framework of linear elasticity using the VOI as the unit cell for homogenization. After
binarization, one VOI contains bone matrix voxels and pore voxels. They were respectively
allocated elastic properties C™, a transverse isotropic stiffness tensor to be defined as de-
scribed in Section 2.5, and CP, corresponding to water, with bulk modulus = 2.2 GPa and
a null shear modulus. Note that inter- and intra-specimen mineralization heterogeneity
was disregarded after binarization, hence the same matrix elasticity was attributed to every
matrix voxel for every specimen.

The local mechanical problem in the VOI (V) consists of the equilibrium equation,
generalized Hooke’s law as constitutive equation, compatibility of the displacement field
and boundary conditions. The phases (bone matrix and the material filling the pores) are
assumed to be perfectly bonded. The local problem closed by periodic boundary conditions

[63, 64] can be solved by the FFT-based numerical approach proposed by Moulinec and



Suquet [42]. More details of the method can be found in Appendix A.

Developments of the FFT-based method have been proposed by several authors, in
particular to improve its convergence in the case of a high mechanical contrast on the local
properties [50, 65-67]. In the present study, we have used the augmented Lagrangian scheme
originally proposed by Michel et al. [65] and later reinterpreted by Moulinec and Silva [68]
as a special case of the polarization-based scheme of Monchiet and Bonnet [67]. The latter

is the one which has been chosen in the recent study on trabecular bone elasticity [47].

Once the local stress and strain fields are calculated, the effective stiffness tensor CFF'7T ig
obtained with the relation between average stress and strain tensors
() = CFFT . (g). (1)

The computation of the twenty-one independent coefficients of CF'F7T

is classically done by
considering six independent macroscopic strain loadings.

Preliminary tests (Appendix B.2) showed that increasing the size of the voxels to 35 ym
leads to an acceptable error on the solution. The total number of voxel in each VOI was
about 1.2 million. The 3D images of VOIs are provided in the online supplementary material.
One loading in the FFT homogenization method took around 50 iterations in our specimens
and the effective stiffness tensor could be computed in about 1 minute on a workstation
(CPU, Intel Xeon E5-2695 v3, 8 threads per loading).

Our implementation of the FF'T method was validated by comparison with the analytic
solution of the homogenized properties of hexagonal periodic pavement as reported by Bravo-
Castillero et al. [69] (see Appendix B.1). After the calculation of the 21 terms in CFF7,
we set to 0 the terms which are zero for orthotropy. We assume negligible deviation of the
material orthotropy axes compared to the sample axes. The orthotropy error due to this

assumption was evaluated following van Rietbergen et al. [39] (see equations 6 and 7 in [39]).

2.5. Model with idealized microstructure

For comparison purposes, we also calculated sample-specific effective properties using the
pore volume fraction ¢ as a parameter and assuming that the pore network is an ensemble
of infinite cylindrical pores periodically distributed on a hexagonal lattice (Figure 1 (e)).
The material in pores and the bone matrix are allocated the stiffness CP as defined above
and C™ as defined in Section. 2.6. The effective properties C’fj’l were calculated using the

AH method [19, 22].

2.6. Calibration of bone matrix stiffness
For all the specimens’ models, we used a unique bone matrix stiffness tensor C” chosen

such that the effective tensors CEFT

i;. ~ for the different specimens of the set match experimen-

tal data C’gX P The elastic symmetry of C™ was assumed to be transverse isotropy with
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the axis of transverse isotropy coincide with the longitudinal axis (axis 3). This calibrated
bone matrix stiffness C™ was accordingly obtained by minimizing the objective function

defined as

ijsk ijsk
EXP
Cij;k

UCOENDIDD

k=1 ij

<GEXP — CEET(Cm;Cr) ) i 2)

where C’gf P and Cgf;;T refer to the experimental and effective stiffness constants of the

kth specimen.

2.7. Data analysis

All analysis on modeled stiffness Cg;‘,zT were conducted after the calibration of the nu-
merical model with experimental data.
A possible anisotropy in the transverse plane (defined by axes 1 and 2) due to the

shape of the pores was investigated using Ryq and the relative difference between CfF7T

CEFT _FFT
and CLIT, and between CEFT and CEFT| denoted as d; = 2ot — X 100% and
CFFT _FFT . 1
045 = —Mgppt— X 100%, respectively.
55

To investigate the relationships between each stiffness constant C’f;F T and the mi-
crostructural variables, linear correlation analysis and stepwise multiple linear regression
analysis were conducted. We assessed the extent to which variations of bone stiffness can
be accounted for by variations of porosity only. The stiffness constants CEFT and CEXF
were fitted to an exponential function of ¢ because the variation of porosity were found to
explain a major amount of the variations of bone stiffness [11]. The exponential fit was

found to be superior to the linear fit (see Figure 2),
lejzt = aijebif¢, (3)

where a;; and b;; are the coefficients to be optimized. The root-mean-square-error (RMSE)

between the fit and data was calculated as,

55 fit 2
MSE = —-— E LA 1009 4
R S . 1( Cl X 00 0, ( )

where C;; stands for either Cil;F T or ng P RMSE values were used to reveal the part of
the variations of stiffness that cannot be explained by the variations of porosity.

The model with the realistic micro-architecture (C’f;F Ty and that with the idealized
micro-architecture (C; Jyl) were finally compared to reveal a potential bias in predicted stiff-
ness when details of the micro-architecture are disregarded. The significance level was set

to p < 0.05 for all statistical analyses.
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3. Results

3.1. Calibration of the model

After minimizing the objective function between CZ-?X P and Cil;F T (equation (2)), bone
matrix stiffness C77 was found to be CT} = 24.4 GPa, C55 = 33.5 GPa, CT5 = 14.7 GPa,
C = 6.9 GPa, C = 5.4 GPa.

The constants in CZ.]?XP agree well with Cf;FT except for Cy3 when ¢ > 12% (Figure 2).
As illustrated by the RMSE with the experimental fits (equation (3)), the fluctuations of
CgX P (RMSE between 3.1 —6.4%) at a given porosity value are larger than those of Cf; FT
(RMSE between 0.6 — 1.7%). This is expected because of the experimental uncertainty to
measure stiffness and because of possible differences of bone matrix stiffness between spec-
imens. Note that bigger discrepancies between O and CEXP was observed especially
when ¢ > 12% which was not fully understood and requires further investigation. A rea-
son that could partially explain this observation could be that RUS measurement errors

are larger for off-diagonal stiffness constants compared to shear and longitudinal stiffness

constants [56, 70].

3.2. Pore shape and the anisotropy in the transverse plane

The range of Ry was between 0.79 and 1.21 (Mean4SD, 1.024+0.08) and slight anisotropy
between CHFT and CLET, and between CHFT and CLFT was observed as the §2; was
between —5.0% and 6.5% (Mean+SD, 0.5% + 1.6%) and 45 was between —5.5% and 7.3%
(Mean=+SD, 0.8% + 1.7%). Pore shape parameter R, significantly correlates with do; (r =
0.77, p < 10711) and &45 (r = 0.73, p < 107?) (Figure 3) suggesting that pore shape
contributes to the orthotropic elastic behaviour of cortical bone. However, this anisotropy
effect is small, as the relative differences da1 or d45 of only 5 out of 55 specimens exceed 3%
(between 3.4% and 7.3%). In order to compare transverse isotropic stiffness (experimental

data CgX P and results from the cylinder model CPJ?’Z) to effective stiffness constants

FFT
% Cij

obtained in an orthotropic framework, we retained the mean value of (CHfT, CLFT) and

the mean value of (CEFT, CEFT).

3.3. Descriptive statistics

The orthotropic errors were between 0.6 —15.1% (Mean + SD = 4.7+ 3.5%). The values
of CgF T and the microstructural variables are summarized in Table 2, in which one can
observe that the coefficients of variation (CV) of the microstructural variables (7.8 —51.1%)
were wider compared to that of C’gFT (6.9 — 10.8%). The mean value of the misalignment
angle (o)) was small (6°). Nevertheless, the relatively large (16.4°) misalignment angle of one

specimen may be caused by the misalignment between cutting direction and bone axis during
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Figure 2: Calibration and validation of the model. Stiffness tensors CﬁXP and C’f;FT, and their corre-

sponding RMSE after fitting with the exponential model (equation (3)). The coefficients of the exponential

model are illustrated in Table 4.

sample preparation. The orthotropic error of this specimen was 8.4%. The ratio between
the maximum and second biggest eigenvalues (corresponding to two transverse directions)
was 1.240.1 (Mean+SD) much smaller than the values of DA (4.240.7, Table 2), indicating

that the microstrucure has a quasi-isotropic pattern in the radial-circumferential plane.

3.4. Correlations between bone stiffness and microstructural variables

and the microstructural variables

Pearson’s correlation coefficients (r) between Cil;F T

are summarized in Table 3. Among the microstructural variables, ¢, PoN, PoDm and DA

were negatively correlated with all the C’f;F T (r from —0.34 to —0.99). Positive correlations

were found between all the C/FT and PoS/PoV, PoSp, PoPf (r from 0.54 to 0.92). No
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Figure 3: Relationship between the transverse plane geometrical factor Ry and the stiffness computed from

the microstructure of the specimens. The vertical axis gives the relative difference (021 and d45) between
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. 7 is the Pearson’s correlation coefficient.
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Table 2: A summary (Mean+SD, range) of the values of Cf; FT and microstructural variables.

CEFT (GPa) CLEFT (GPa) CEFT (GPa) CEFT (GPa) CEF'T (GPa)
Mean+SD 19.6 £2.1 28.9+2.0 11.8+1.2 59+0.5 44+0.5
Range 13.1 — 229 21.9 - 32.0 8.2 —-13.8 4.3—-6.6 2.8—-5.1
¢ (%) PoS/PoV (mm~!) PoN (mm~') PoDm (um) PoSp (pm)
Mean=+SD 7.3£3.7 60.6 £17.8 0.80 £ 0.22 89 £ 31 320+ 31
Range 2.0 -18.3 29.6 — 106.2 0.40 — 1.51 44 — 174 253 — 401
PoPf (mm~—1) ConnD (mm~—3) SMI (a.u.) DA (a.u.) a (°)
Mean+SD 30.92 + 8.54 17.5+9.0 3.1+£0.3 4.2+£0.7 6.4+3.3
Range 15.16 — 52.51 3.9—-376 2.8 —-4.0 2.7—-5.9 0.7—-16.4

significant correlation was found with ConnD and SMI. Significant correlations were also
observed between ¢ and (negatively) PoS/PoV, PoSp, PoPf (—0.53 < r < —0.90), and
(positively) PoN, PoDm, DA (0.36 < r < 0.84). After controlling for the contribution of
@, the correlations between PoN, PoSp, PoS/PoV, PoDm, PoPf, DA and some constants in
Cf;FT remained significant (—0.57 < adj-r < 0.65), but lower than the non-adjusted ones.
The results of stepwise multiple linear regression analysis further showed that the adj-r?
values with ¢ in the model alone were between 98.9 — 99.7% for all the C’Z»I;F 7. Adding the
other microstructural variables in the regression models, the adj-r? values were improved
by less than 1.0%.

Significant but weak correlations between DA and the anisotropy ratios of the stiff-
ness constants were observed (Figure 4) (r = 0.48 for CELFT/CEFT and r = 0.36 for

CﬁFT/CGFéFT).
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Table 3: Pearson’s correlation coefficients r between Cf;.F T (in GPa) and microstructural variables and their

partial correlation coefficients (adj-r) after controlling for the contribution of ¢.

FFT FFT FFT FFT FFT
Cll C’33 C’13 C’44 CV66

¢ (%) T —-0.99 —1.00 —-0.99 —0.99 —-0.99
PoS/PoV (mm~1) r 088 087 089 088 086
adj-r 0.34 n.s. 0.46 0.28 n.s.
PoN (mm~1) r —0.83 —083 —082 —080 —0.83
adj-r —0.45 —0.57 —0.39 n.s. —0.51
PoDm (pm) T —0.83 —0.82 —0.84 —0.86 -0.81
adj-r  n.s. 0.29 n.s. —0.31 0.37
PoSp (pum) r 0.56 0.57 0.56 0.54 0.56
adj-r  0.36 0.55 0.36 n.s. 0.32
PoPf (mm~—!) r 092 090 092 091  0.90
adj-r  0.57 n.s. 0.65 n.s. n.s.
ConnD (mm~3) r n.s. n.s. n.s. n.s. n.s.
SMI (a.u.) r n.s. n.s. n.s. n.s. n.s.
DA (a.u.) T —-0.41 —0.34 —0.41 —0.37 —0.41
adj-r —0.56 n.s. —0.52 n.s —0.45
L
=
£
&
2
2
g CFFT CFFT: 4
é‘: 7'.i 0.é666
12t p<107°
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Figure 4: Relationship between DA and the anisotropy ratios of the stiffness constants. r is the Pearson’s

correlation coefficient.

3.5. Modeling of stiffness accounting only for variations of porosity

The RMSEs (equation (4)) between CEXF, CEFT and their corresponding exponential
models (equation (3)) were between 3.1—-6.4% and 0.6 —1.7%, respectively. As expected, the
RMSEs for Cil;-F T were smaller than for CgX P and even smaller than experimental errors
(1.7 —3.1%). The coefficients of the exponential fit (equation (3)) for C5*T and CEXF are
summarized in Table 4.
plotted against porosity (Figure 5) shows that

The comparison between CY' and

FFT
17 Cij

which considers real bone

all the constants in ijyl were consistently larger than Cf;F T

microstructure. The discrepancy increases as porosity increases. The discrepancy between

each constant in Cicjyl and Cf;-F T in the range of the investigated porosity are summarized
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Table 4: Coefficients of the exponential fit (see Figure 2 also) for CSFT and CEXP.

[a11, b11] [a33, b33] [a13, b13] [a44, baa] [ae6, bes)

EXP  [23.28, —0.022] [32.64, —0.016] [13.33, —0.015]  [6.98, —0.025]  [5.55, —0.033]
FFT  [24.12, —0.029] [33.06, —0.018]  [14.44, —0.028]  [6.92, —0.023]  [5.36, —0.029]

in Table 5.

Table 5: The discrepancy between ijyl and Cf;FT in the range of the investigated porosity.

C11 C33 C13 Cyq Ces

Min  1.3% 1.8% 1.5% 1.0% 1.2%
Max 9.9% 12.1% 8.0% 5.9% 14.7%

4. Discussion

In this work, we have investigated the relationships between the micro-architecture of
the cortical bone vascular pore network and the effective stiffness at the mesoscale. We used
the elastic data (transverse isotropic stiffness tensor measured with RUS) and microstruc-
tures (obtained with SR-uCT) of a collection of 55 human cortical bone specimens from
the mid-diaphysis of the femur. Specimen-specific numerical models were created using
each specimen’s microstructure and the bone matrix stiffness, which is identical for all the
specimen’s models, was determined in a calibration procedure to minimize the discrepancies
between the experimental and numerical data sets.

Doing so, we have built a numerical model that accounts reasonably well for the observed
variations of experimental stiffness (Figure 2) in which the elastic properties of the bone
matrix are controlled. This last point is crucial to analyze the minute influence of the details
of pore micro-architecture on stiffness.

CFFT indicates that orthotropy assumption is reasonable

The small orthotropy error in
[39]. The effective stiffness constants Cf;-F T estimated by FFT homogenization compared
well with the experimental ones CgX P (Figure 2). As expected, the values of C’f;F T ex-
hibited a smaller dispersion (Figure 2) compared to experimental values. This is related
to the facts that, (i) the homogenization model did not take into account the variations of
bone matrix stiffness between individuals and (ii) the experimental data includes random

FFT
o

and C’Z-J?XP

measurement errors. Moreover, the discrepancies between the RMSE for
cannot be entirely explained by experimental uncertainties. Overall, the above observation
suggests that bone matrix stiffness variations have a measurable contribution to the varia-

tions of bone mesoscopic stiffness. In our model, the matrix was assumed to be homogeneous
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Figure 5: Comparison between C{;FT and C’icjyl to reveal the effect of the simplified bone microstruture

(Figure 1-e) on the effective bone stiffness. Stiffness data was normalized by dividing the value of the

corresponding matrix stiffness coefficient (C7}).

within the sample. The mineral density and mechanical properties of the osteonal tissue are
heterogeneous in particular because of the presence of recently remodeled tissues [71]. The
effect of modeling the heterogeneity of elastic properties within trabeculae, associated to
variable mineral contents, has been investigated. It was found that modeling the tissue as
homogeneous lead to a slightly overestimated trabecular bone effective stiffness compared to
the stiffness obtained with a model incorporating tissue heterogeneity [72, 73]. However, the
effect of including matrix heterogeneity in the calculation of effective properties of cortical
bone has not been studied as far as we know.

The overall symmetry of the effective stiffness tensor results from the elastic anisotropy
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of the constituents as well as their shape and spatial distribution. Real pores in cortical bone
usually do not have perfect circular cross-sections, especially for the resorption cavities. In
this work, we quantified this deviation from a circular cross-section by the average ratio Ry
between pore axis length in the circumferential and radial directions. We must remind the
readers that R4 does not define the shape of the Haversian canals, but it corresponds to both
the information about the axis length and orientation of Haversian and Volkmann’s canals.
The correlations found between Ry and do1 and d45 (Figure 3) support the hypothesis
that non-circular pore shapes may cause the anisotropy of the elastic properties in the
transverse plane observed here, leading to mesoscopic orthotropy. However, the magnitude
of the differences d21 and d45 were averaged due to the randomized distribution of the pores
evidenced by the observation that d2; or d45 of only 5 specimens exceed 3%. On the other
hand, this observation highlights the fact that the FFT homogenization is able to reveal such
a small anisotropy in the transverse plane caused by bone microstructural features. Another
source of orthotropy could be related to porosity gradient. It is well known that a gradient of
porosity exists across cortical bone thickness both in males and females. Specifically, there
are more pores and pore size are bigger in the endosteal region than in the periosteal region
[23, 74]. Our specimens were retrieved in a typical periosteal zone with a low porosity and
mainly composed of the Haversian system from the modeling process. In a similar study in
femoral diaphyses imaged at ID 19 ESRF with a voxel size of 7.5 um, we have found very
close results of porosity about 7.3 + 6.7% [44]. However, although we observed a moderate
porosity gradient in some of our specimens (data not shown), we did not find significant
correlations between 021, d45 and the porosity gradient. As the specimens were prepared
with caution by avoiding the endosteal region, we assume the gradient was too small to
affect the elastic symmetry in our study.

The quantitative relationships between the microstructural characteristics of the porous
network and the elastic properties of cortical bone have not been thoroughly investigated,
so far. The only study that compares to ours is that of Bala et al. [12]. However, a differ-
ent skeletal site (fibular) was investigated (for children and adults) and different methods
were used to derive bone microstructure and stiffness. Also, the potentially confounding
factor (matrix stiffness) was controlled in our work, whereas this was not the case in their
purely experimental study. Nevertheless, consistent relationships between bone microstruc-
tural variables and stiffness constants were observed, e.g., negative correlations between ¢,
PoN, PoDm and bone stiffness, positive correlations between PoS/PoV, PoSp, PoPf and
bone stiffness. Both works showed that significant correlations still exist between several
microstructural variables and stiffness constants (e.g., PoSp) after controlling for the con-

tribution of ¢. In addition, we observed negative correlations between DA estimated from

18



the fabric tensor and all the effective stiffness constants and the correlations between DA
and the elastic anisotropy ratios were positive. Multiple regression analyses further con-
firmed that almost all the variations of the effective stiffness constants could be explained
by porosity which is consistent with the observations of Donaldson et al. [25].

As mentioned above, fixing bone matrix stiffness in the FFT homogenization, this study
has demonstrated the contribution of details of bone micro-architecture to mesoscale stiff-
ness. However, most of the correlations between microstructural variables and stiffness
constants vanished or were weak after removing the effect of porosity (Table 3). This can be
explained by the interdependence between microstructural parameters and porosity, which
means that the micro-architecture of all the specimens closely follows a specific pattern
depending on porosity. It is noteworthy that the RMSE for the exponential fit of CSF T
(0.6 — 1.7%) (Figure 2) is smaller than the estimated experimental errors (in the range
1.7 — 3.1% for the different elastic constants) which suggests that the small effects on stiff-
ness caused by the details of the micro-architecture, independent of porosity, cannot be
observed in the experimental data due to the limited accuracy of experimental techniques.

The above observation indicates that porosity variations explain a major part of stiffness
variations, which has already been observed in several datasets [9-11]. A consequence is
that it may not be necessary to record details of the microstructure (other than porosity),
to predict bone stiffness. Such prediction can be made on the basis of empirical models, such
as the exponential fit discussed above or a model physically rooted in continuum mechanics
and based on an assumption of pores architecture.

The model with vascular pores idealized as infinite cylinders aligned with the bone axis
is a popular model in bone biomechanics [17-20]. For the first time, as far as we know,
we present data to critically test this model. The idealized stiffness C’ijl was consistently
larger than Cf;F T for all coefficients (1.0 — 14.7%) in the range of the investigated porosity
(Figure 5). The difference becomes measurable if it is greater than experimental error
and the significance of such a difference depends on the acceptable error for one application.
Previous calculations in SiC/SiC composite materials [75] suggest that the decrease of CI'T
relative to C’ﬁ’l may be explained by non-cylindrical shape of the pores and random spatial
distribution in real microstructures. Indeed, the authors have shown that the non-cylindrical
shape results in a strong decrease of the Young’s modulus in the transverse direction whereas
no effect of both random distribution and irregular shape of the pores was observed on the
Young’s modulus in the axial direction (see also [76]). The differences between AH and FFT
for axial moduli thus have to be linked to other microstructural discrepancies than the spatial
distribution and the cross-section shape of cylindrical pores. An important microstructural

feature of cortical bone, as compared to a parallel cylindrical microstructure, is the presence
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of transverse connections (Volkmann’s canals) between quasi-cylindrical pores (Figure 6).
It can be thus be conjectured that they are responsible for the decrease in the effective
axial elasticity (Cs3 and Cyy). For the transverse shear stiffness constants Cgg, we noticed
that the results from AH are very close to the upper Hashin-Rosen bound [77] which has
been depicted in Parnell et al. [20]. Based on the aforementioned observations, we think it
is important to point out that the idealized model assuming infinite long cylindrical pores

yields, to some extent, biased effective stiffness.

Figure 6: Quasi-cylindrical pores (Haversian canals) connected by the transversely oriented Volkmann’s

canals.

An ancillary purpose of this work is to show that FFT homogenization is an attractive
alternative to uFEM which is popular in the bone micromechanics community to compute
local mechanical fields and effective properties. The meshing free feature and the low numer-
ical cost (problems with several millions of degrees of freedom can be solved in a few minutes)
pave the way for the investigations involving large series of specimens and specimens with
large size.

Limitations in this work are that (i) the specimens came from only a group in the
elderly with unknown healthy status and (ii) only one site (mid-diaphysis) of the femoral
bone was investigated. Therefore, the observations and conclusion should be restricted to
the specimens used in this work. In a future work, the findings in this work should be tested
using specimens from different ages (young to adults), unhealthy bones and various skeletal
sites. It may be also worthy to relate bone microstructure and anisotropic elasticity using
fabric tensor based models, an approach widely used in trabecular bone [35]. A comparison
with fabric tensor based models which provide analytical solutions may provide different
insights on the morphology-elasticity relationship for cortical bone.

The present study has been limited to moderate loading intensities for which the local
mechanical response remains elastic. However, the FF'T numerical method can as well be

used to study the nonlinear behavior after yield. Besides, the relationship between bone
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microstructure and local mechanical behavior such as local strain which regulates bone

remodelling process may be interesting to investigate.

5. Conclusion

Providing the evidence from the multiscale experimental data in this work, as well as the
results from the two homogenization approaches, we found that, among the microstructural
variables, porosity explains most of the variations of bone elasticity, all tissue properties
being equal otherwise. The effects caused by other microstructural features are smaller than
the experimental errors and therefore are masked by experimental uncertainties. Hence,
we propose that measuring detailed microstructure for cortical bone stiffness prediction is
unnecessary, i.e., knowing porosity is enough. However, a proper biomechanical model, yet
to be established, should be chosen as idealizing the pores as infinite cylinders may yield
biased stiffness values compared to stiffness predicted from the real microstructure. The

conclusion should hold true at least for human femoral mid-diaphysis in the elderly.
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Appendix A. FFT homogenization

The unit-cell problem reads: find the displacement field u and the stress field o such

that
Compatibility : e(z) = 3(Vu(x) + V'u(x)),

Static equilibrium : V-o=0, (A1)
Constitutive relation : o (x) = C(x) : e(x),
with periodic boundary conditions. The displacement field u can thus be split into an affine

part E-x and a correction term u*(x)
ux) =Ex+u*(x), VxeV, (A.2)

where E is the overall strain, u* is a periodic field characterizing the fluctuation of the
displacement due to the presence of the heterogeneities. Consequently, the average of its

gradient vanishes and the overall strain E coincides with the average strain in the unit-cell

(e).
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A usual practice in micromechanics is the introduction of a reference homogeneous
medium C(© to transform an elastic heterogeneous problem into an homogeneous elastic

problem with fictitious body forces. The solution strain field may thus be written as
e(x)=E —|—/ r© (x—x):7(x)dx!, T(x)=(C(x)— C(O)) s e(x), (A.3)
1%

with T'(©) the strain Green operator corresponding to the homogeneous medium with elas-
ticity C(®. This is an implicit integral equation for the strain field e which is obtained as

a series expansion reading

—+oo

e(x) =Y (-I?%6C(x))" : (e). (A.4)

i=0
Based on this expansion, Moulinec and Suquet [42] have proposed a fixed-point algorithm

to solve the local problem (Equation (A.1)).

Appendix B. Convergence study

Appendiz B.1. Convergence criterion in FFT homogenization

A convergence criterion on the compatibility of the strain field and the fulfillment of the
pointwise constitutive relation has been adopted [65]. The iterative resolution stops when
the relative error is less than a chosen value 7. For the choice of 7, a convergence study
was carried out by comparing the stiffness constants calculated by FFT homogenization
with different values of 7 (0.01, 0.03, 0.05, 0.07 and 0.09) for a hexagonal cell with 15%
porosity (Figure B.1) to the results estimated by the asymptotic homogenization (AH)
method [20, 22]. The stiffness of the bone and pore phases from Section 2.6 were used. The

relative differences of the stiffness constants were calculated as
CEFT . CAH
0C;; = % x 100% (B.1)
C’ij
As shown in Figure B.1, when 1 = 0.01, the relative differences on all the stiffness constants

are less than 0.3%.

Appendiz B.2. Choice of the pizel size

The convergence study was carried out on four specimens of 5%, 9.9%, 15.4% and 21.2%
porosity, respectively. The original pixel size (ps) of the 3D images was 6.5 pm. The pixel
size of the images of each specimen was increased to ps = 15, 25, until 115 pm, respectively,
with 10 pm interval. The stiffness constants of the specimens at each ps were calculated by
the FFT homogenization and compared with the results when ps = 6.5 pm to estimate the
relative differences (equation (B.1)). When ps = 35 um, the relative differences of all the
stiffness constants from all the specimens (from low to high porosity) were less than 1.4%.

See a example of the evolution of the relative differences of C1; and Cyy in Figure B.2.
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Figure B.1: A hexagonal cell of 15% porosity and the evolution of the relative differences of stiffness constants

using different values of 7.
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Figure B.2: The evolution of the relative differences of stiffness constants (C11 and Cy4) of four specimens

(5.0 — 21.2% porosity) varying pixel size of the images.
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