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FIXED POINTS
FOR NON-EXPANSIVE SET-VALUED MAPPINGS

JEAN SAINT RAYMOND

Let E be a Banach space and F : E =2 E be a 1-Lipschitz set-valued
mapping with closed convex non-empty values. We study the set of fixed
points Fix(F) = {x € E : x € F(x)} and provide in any space E with
dim(E) > 2 an example of such a mapping F such that Fix(F) is not
connected.

1. Introduction

In this paper we are concerned with set-valued mappings from a Banach space
E into itself having closed convex values. We will consider only mappings F
which are 1-Lipschitz for the Hausdorff distance dy on the set .% (E) of non-
empty closed subsets of E. Recall that, for A and B in .% (E):

dp(A,B) = max (supd(x, B),supd(y,A))
XEA yEB

sod(z,F(y)) < |[x—yl| forall x,y € E and z € F(x).

For such a mapping F we will be essentially interested in the set Fix(F) =
{x € E:x € F(x)} of fixed points of F which is clearly closed in E. Of course
it can happen that Fix(F) = 0, for example if F(x) = {x+a} where a is a fixed
non-zero vector in E.
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The case of multivalued contraction mappings, i.e. the case where F is g-
Lipschitz for a ¢ < 1 was extensively studied for long (see [2], [1], [3], [4]) and
many properties of structure or conservation for the set Fix(F) of fixed points
were shown. For example:

i. Fix(F) # 0 (even for non convex-valued mappings). ([2], [1])
ii. Fix(F) is an absolute retract, in particular it is path-connected. ([3])

iii. Fix(F) is not a singleton if all values F(x) have several points ([4] for the

case where g < 5 or E is a Hilbert space, [5] for the general case)

iv. Fix(F) is bounded if so are all values F'(x) for x € E (or even for only one
x€E). ([5D

v. Fix(F) is compact if so are all values F'(x) for x € E.([5])

We shall show in this paper that most of these results disappear when the
Lipschitz constant g of F (which is < 1 if F is a contraction mapping) is only
assumed to be < 1 and dim(E) > 2.

In the sequel we will call quasi-contraction any 1-Lipschitz set-valued map-
ping from E to E with (non-empty) closed convex values.

Clearly properties (iv) and (v) become false already in the trivial example
where E = R and F(x) = {x} since F(x) is then always single-valued, and a
fortiori compact and bounded though Fix(F) = R is unbounded. We provide in
section 4 an example of quasi-contraction in a Hilbert space for which property
(iii) does not hold. Concerning property (ii) and namely the connectedness of
the set of fixed points of a quasi-contraction, the main part of this paper consists
in proving that it does not hold in general.

After studying in section 2 the very simple case where E has dimension 1,
we look in section 3 at the case where F(x) is single-valued. It turns out that if
E is finite-dimensional we can prove that Fix(F) is connected but that this is no
more true for infinite-dimensional spaces.

The remainder of the paper is devoted to show that in every normed space
of dimension at least 2 one can construct a quasi-contraction having a non-
connected set of fixed points. In section 5 we provide such a construction for the
2-dimensional euclidean space, and generalize it to every 2-dimensional smooth
normed space in section 7. The general case is dealt in sections 6 and 7.

For any two points a and b in a normed space E we will denote by [a,b] C E
the segment with endpoints a and b, it is the set {(1 —7)a+1tb:t € [0,1] }. The
following simple lemma will be of constant use troughout the paper.
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Lemma 1.1. Let E be a normed space, a, b, ', b’ be points of E. Then
dn(la,b], [, b)) < max(|la—a'|, [b— ).
Proof. If w € [a,b] we have w =ta+ (1 —1)b for some ¢ € [0, 1] hence

d(w,[d,b']) <d(ta+ (1 —1)b,td' + (1 —1)b')
=t((a—d)+(1—1)(b-b")|
<tlla—d'||+(1-1)]b—b|
<max(|la—d'|,||b—b']])

whence it follows that sup d(w,[d’,b']) < max(|la—d'||,||b— b’

we[a,b]

dp([a, b, @', b]) < max([la—d'||,[[b—b"])). 0

), hence that

2. The case of dimension 1

Proposition 2.1. Let F be a quasi-contraction from R to R (the values of F are
closed intervals). Then Fix(F) is either empty or a closed interval. In particular
Fix(F) is connected.

Proof. Since F is a quasi-contraction, it is easy to see that there are two map-
pings a and b from R to R = RU {—o0, 40} such that F(x) = RN [a(x),b(x)]
where a(x) = —co for all x or a(x) > —oo for all x (and b(x) = oo for all x or
b(x) < 4eo for all x). If —eo < a(x) < a(y) we have d(a(x),F(y)) = |a(y) —a(x)]
hence dy(F(x),F(y)) > |a(y) — a(x)| and similarly dg (F(x),F(y)) > |b(y) —
b(x)| if b(x) < +eo. So by Lemma 1.1

dp (F (x), F(y)) = max(|a(x) —a(y)], |b(x) = b(y)])

whence it follows that both a and b are 1-Lipschitz or constantly infinite.
Suppose towards a contradiction that there exist xo,x;, € Fix(F), x{, < x < xo
and x ¢ Fix(F). Then we have b(x) = b(xp) = +o0 or b(xp) > xo, hence

b(x) > b(xo) — |x —x0| > x0 — (xo —x) = x

Thus since x ¢ Fix(F) we necessarily get a(x) > x, so a(x) > —oo, and since
Xy < X,
a(xp) = a(x) — [x—xp| >x— (x—xp) =xp

hence x{, ¢ F(xo), a contradiction. This shows that Fix(F) is an interval. O
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3. The case of functions

In this section we consider single-valued quasi-contractions ¥, which we iden-
tify with 1-Lipschitz functions f by F(x) = {f(x)}. More generally we will
study the case where H is a closed convex subset of the Banach space E and
f+H — H is 1-Lipschitz.

Proposition 3.1. Let E be a strictly convex normed space, H C E be closed and
convex, f: H — H be I-Lipschitz. Then Fix(F) is convex, possibly empty.

Proof. Clearly, ift H=E, a € E is not zero and f is the translation x — x+a, f
is an isometry and Fix(f) = 0.

If f: H— H is 1-Lipschitz and u,v are two distinct points of Fix(f) then
for all 7 €]0, 1] the points x, = fu+ (1 —¢)v and y, = f(x,) satisfy

lye —ull = 11 () = f)l] < [lxe —ull = (1 =2) [Ju— v
[y =vll = 1F Ger) = FW) < [l = vl| = 2lfu— v

thus |ju—v|| < |lyr —ul| + ||y — v|| < |lu—v]||, whence y; € [u,v] because E is
strictly convex, and y, — v = s(u — v) for some s € [0,1]. Then since s|ju —
v|| = |lyr —v|| = t]ju —v||, we conclude that s =7 and y, = x;, hence that x; €
Fix(F). O

If E is not strictly convex, the previous result does not hold any more. For
example if E = R? equipped with the norm u = (x,y) — ||u/|.. = max(|x],|y]|),
the function f : (x,y) — (x,sinx) is 1-Lipschitz: indeed

1 (x,3) = f ()] = max(|x — x|, | sinx — sin'|) = [x =] < [| (x,y) = ()

and Fix(f) = {(x,sinx) : x € R} is connected, but not convex. So far it is un-
clear, even in a finite-dimensional space, whether a 1-Lipschitz mapping could
have a non-connected set of fixed points. Nevertheless we shall see later on, in
Theorems 3.3, 3.4 and Corollary 7.7 what really happens.

Lemma 3.2. Let H be a non-empty convex compact subset of a finite-dimensio-
nal space E and f : H— H be a I-Lipschitz function. Then the set Fix(f) is
compact connected and non-empty.

Proof. Tt follows readily from Brouwer’s theorem that Fix(f) is non-empty.
And it is closed in H hence compact. For the connectedness we proceed by
induction on the dimension of E, or more precisely on the dimension §(H)
of the linear subspace Ay generated by H —H. If §(H) = 1 then Ay =~ R is
strictly convex and it follows from Proposition 3.1 that Fix(f) is convex, hence
connected.
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Assume that the statement of the lemma holds for all compact convex K such
that 0(K) < n, that H is a compact convex subset of E such that 6 (H) = n and
that ap and a; are two distinct fixed points of the 1-Lipschitz function f : H — H.
By translation invariance we can and do assume that 0 € H and H spans E.
Choose by Hahn-Banach’s theorem a linear functional & € E* of norm 1 such
that (§,a1 —ao) = ||la1 — ao|.

For all ¢ € [0, 1] consider the set

H ={xeH:|x—aoll <tllar —aol and [}x — a1 [ < (1 =1)l|ar —aol[}

which is convex and compact. Then f(H,) C H;: indeed if x € H;,y = f(x) € H
and

[y —aill = lf(x) = fla)] < x—a]] < (1 =1)[lar —aol| -

Moreover for x € H,,

{<§7X—ao> < [IGII-[lx = aoll < tllar —aoll

(& a1 =x) <[|G[|llx—ar]] < (1 =1)[lar —ao

{ [y = aoll = [1f (x) = f(ao) || < llx—aol| < tllar —aol

hence

0=(§,a1—ao) — |la1 —aol| = (§,x—ao) +(&§,a1 —x) — [la1 — ao|
= ((§,x—ao) —tllar —aoll) + ((§,a1 —x) — (1 —1)]|a1 —ao|)

and
0 < tllay —aol| — (§,x—ao) = ((§,a1 —x) — (1 =1)]|a1 —aol) <O
from what we deduce that
(§,x—ao) =tllar —ao| and (5, a1 —x) = (1 —1))llar —aol|,

hence that (&, x) = 0 := (&, ag) +1||a; — ao||. Thus this shows that H; is included
in the affine hyperplane Vg = {x € E : (§,x) = 6} for which §(Vp) < dim(E) =
n. It follows then from the induction hypothesis that H; NFix(f) = Fix(fjg,) is
compact connected and non-empty.

Assume that Fix(f) is not connected. So it would exist two disjoint compact
subsets Ap and A; of H such that Fix(f) C AgUA; and two points ag and a; with
a; € A;. Fort € [0, 1], let H; be the set intoduced above which corresponds to the
points ag, a;. Then, from what precedes, for all ¢ € [0, 1], Fix(f‘Ht) C AgUA,
(i € {0,1}) and, by connectedness of Fix(f|y,), Fix(fis,) C A; for some i. Then
the sets 7; = {r € [0, 1] : Fix(fjy,) C A;} form a partition of [0, 1]. Moreover,
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note that 0 € Ty and 1 € T;. Thus, if we prove that Ty and 77 are also closed, we
will get a contradiction which will complete the proof of the connectedness of
Fix(f).

Let (f,) be a sequence in Ty which converges to t*; there exists for all n
a point x, € Ao NFix(fg, ). Since H N B(ao,||a1 — ao||) is compact and H,, C
H N B(ap, |lar — ao||), up to passing to a subsequence we can assume that (x;,)
converges to some point x* € Ayg. We have

lx* — aol| = li’?l\\xn—aOH <limsupty|la; —ao|| = t*||a; — ao|
n

and similarly [|x* —a;|| < (1 —1)||a; — ao|-

Thus x* € H;«. Moreover || f(x*) —x*|| = lim || f(x,) — x,|| = 0. It follows
that x* € Fix(fg,.) N Ao, hence that Fix(fy.) NAg # 0 and that t* € Ty. By the
same argument one can show that 77 is closed. This completes the proof of the
connectedness of Fix(f), hence this of Lemma 3.2. O

Theorem 3.3. Let E be a normed finite-dimensional space, H C E be a closed
convex subset and f : H — H be a I-Lipschitz function. Then the set of fixed
points of f is connected.

Proof. 1t is enough to consider the case where Fix(f) is non-empty. Then let
a € Fix(f). For all integer n > 1 the set H, = {x € H : ||x — a|| < n} is com-
pact convex non-empty and stable under f. So it follows from Lemma 3.2 that
Fix(fin,) = Fix(f) N H, is connected and contains a. Then |, Fix(fg,) = Fix(f)
is connected. O

We now show that for infinite-dimensional spaces E there is no particular
topological property of the sets Fix(f) for 1-Lipschitz functions f : E — E.
Indeed :

Theorem 3.4. Let X be a complete metric space. Then there exist a Banach
space E and a 1-Lipschitz function f : E — E such that Fix(f) is isometric to
X. Moreover is X is separable the space E can be chosen separable.

Proof. Remark first that since Fix(f) is closed in E hence complete, the com-
pleteness of X is a necessary condition.

It is well-known that any metric space X can be isometrically embedded into
a Banach space. For example if a € X and D is a dense subset of X the function

Yoix— <d(x,y) - d(a,y)) ” is an isometry from X to a subset of the space
ye
(5. And if X is separable, the space span(y(X)) is a separable Banach space.
Recall that ¢y denotes the Banach space of all real sequences converging to

0 equipped with the norm : u = (x,) — ||u|| = sup, |x,| and denote O the null
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sequence in cg. Choose an isometric embedding j : X — W for some Banach
space W and define H = j(X) C W and E = W X ¢( equipped with the norm
(w, 1) = max ([[wl], [[ul])-
For w € W and u € c¢g define f(w,u) = (w,v) where v = (v,) € co is defined
by
_ JdwH) ifn=0
= Up—_1 ifn>0

Claim 3.5. The function f is 1-Lipschitz and even an isometry.

Proof. We have

1 (w,0) = f (W) || = max([[w —w'|], d (w, H) —d(w’,H)!,sgll)lun_l —ttp 1)

= max (||w —w'||,|d(w,H) —d(w ,H)|, ||u—u'l])

= max ([w —w[|, u—u[[) = | (w,u) — (W', ) |

since |d(w,H) —d(W' ,H)| < [[w—W||. o
Claim 3.6. Fix(f) =H x {0}.

Proof. ltis clear that if w € H then f(w,0) = (w,0).

Conversely, if u = (x,) and (w,u) is a fixed point of f we have xo = d(w,H)
and x,, = x,_ for all n > 1. Thus u is the constant sequence with value d(w,H ),
which does not belong to ¢ if d(w,H) #0. Sow € H and u = 0. o

It follows from previous claim that the function x — (j(x),0) is an isometry
from X onto Fix(f). O

4. Uniqueness of fixed points

We provide in this section an example of a quasi-contraction F' on a Hilbert
space H such that F(x) is a singleton for no x € H but Fix(F) is a singleton.
And this shows that Property (iii) in the Introduction does not hold in general
for quasi-contractions.

Theorem 4.1. There exists a quasi-contraction F on a Hilbert space H such
that diam(F (x)) = 1 for all x € H but Fix(F) is a singleton.

Proof. Let H be the Hilbert space ¢, S : H — H be the isometric mapping
defined by x = (x,)n>0 — ¥ = (¥n)n>0 where yop =0 and y, = x,,_; for n > 0.
Let u = (u,) € H be the unit vector such that uo = 1 and u, = 0 for n > 0, and
0 be the null vector of H.
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For x € H define F(x) as the segment [S(x),S(x) 4 u] whose diameter is 1.
We claim that F' is a quasi-contraction. Indeed by Lemma 1.1:

dy (F(y), F (x)) < max (|[S(y) = Sl [ (S() +u) — (S(x) +u)l])
= ISG) =S = ISG=x)[ = lly — |-

If x* = (x}) is a fixed point of F there exists some 7 € [0, 1] such that
x'=1=1)S&") +1(S(x*) +u) =S(x")+r1u

s0 x§ =tup =t and x; = x*_, for n > 0. This implies that the sequence (x,) € ¢*
has to be constant with the value ¢, which is possible only with r =0, and x* = 0.
And this shows that Fix(F) = {0} is a singleton. O

5. The 2-dimensional euclidean space

The aim of this section is to construct a quasi-contraction on the 2-dimensional
euclidean space R? whose set of fixed points is not connected. It follows from
Proposition 2.1 that such a construction cannot be achieved in a 1-dimensional
space, and from Proposition 3.1 that it is impossible with a single-valued quasi-
contraction.

Consider the points xo = (—1,0) and x; = (1,0) of the euclidean space R>
and the symmetry S : (u,v) — (—u,v) of R? exchanging xo and x;. We want to
define two 1-Lipschitz mappings o and 8 from R? to itself such that o (xg) = xo
and Sof(z) = aoS(z) for all z. In particular this implies B(x;) = Soo(xp) =
S(x0) = x1. We define then the set-valued mapping F by F(z) = [a(z),B(z)],
which is clearly convex and closed.

Lemma 5.1. If the mapping o is 1-Lipschitz then F is a quasi-contraction.

Proof. Since S is an isometry it is clear that § = SoaoS is 1-Lipschitz too. Then
by Lemma 1.1, if z and 7’ are in R?

du(F(2),F () < max(||a(z) — ()|, 1B(z) = B)) < [z,

the wanted inequality. O

Fix € €]0, 1] and define the function ¢ : R — R by

)= £ ifr <0
o= t+ee !t ift>0

Claim 5.2. The function ¢ is 1-Lipschitz and has no fixed point on R.
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Proof. It is immediately checked that ¢ is continuous, derivable on R\ {0},
that ¢’(t) =0 forr <0 and ¢'(t) =1—¢ee* > 0ifr > 0. Since |¢'(¢)| < 1
for t # 0, the function ¢ is 1-Lipschitz. It is non-decreasing with values in
[€,+oo[ and if * were a fixed point of ¢ we would have t* = ¢(t*) > & > 0 and
t* = @(t*) =t"+ee™" hencee™" =0, that is impossible. o

Define now the function a on X = {xp,x;} U ({0} x R) by

Lemma 5.3. It is possible to choose € €10,1] such that this function a be 1-
Lipschitz on X.

Proof. Forv € R denote y, = (0,v) € X. We have to prove that for some conve-
nient € > 0:

i Jle(xo) — e |1? < [lxo —x1 > = 4,

2

bl

ii. YveR,

a(xo) — at(yy)[* < [lxo —yu

iii. ¥y € R, [loe(xr) — a(yo)[I* < [l —nl%,

. Yv,w e R, [la(yy) — ot(yw)ll < [lyv — ywll-

For (i) we must have 1+ &% < 4, that is true since € < 1 < V3.

For (ii) we must have

1
(—1+§)2+(p(v)2 <1447

1
it is Z—l—(p(v)2 <142 Andsince p(v)? =e?ifv<Oandifv>0:

2=y 4 efe P4 2eve " < v+ €X 4 2esupre”

>0

o(v)* = (v+ee™)
=V t+e2+2 le< v +elte

1 3
we must have 1 +v2 + €2+ <142 that holds as soon as €2+ € < T hence

1
whenever 0 < € < 5
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For (iii) we must have (%)2 +(@(v) —€)* < 1412 And since @(v) > & we
have (@(v) — €)% < @(v)?. We have seen that if € is chosen in ]0, %] then for all
v %—1— @(v)* < 1412, so a fortiori %—&— (p(v) —€)> <142,

Finally for (iv), we have to show that

la(v) —a(yw)ll = o) —@W)| < llyv —ywll = v —w|
but this follows immediately from Claim 5.2.

1
Taking € = 3 completes the proof of Lemma 5.3. O

Using Kirszbraun-Valentine’s Theorem, we can extend the function ¢ into
a 1-Lipschitz function (still denoted by &) from R? to R?, and then define f =
SotoS, wich is 1-Lipschitz too.

Theorem 5.4. The set-valued mapping F : z — [a(z),B(z)] is 1-Lipschitz, but
the set Fix(F) of its fixed points is not connected.

Proof. That F be 1-Lipschitz follows from Lemma 5.1. Since xo = o(x)
F(x0) we have x( € Fix(F) and since x; = 3(x;) € F(x;) we have x| € Fix(F
Hence {xo,x; } C Fix(F).

We now show that ({0} x R) NFix(F) = 0. Indeed if there were some
yy» = (0,v) in Fix(F) we should have y, € conv(ct(y,),B(yy)). Since o(y,) =

(‘%»‘P(V)) and B(y,) = (%,(p(v)) we would get

€
)-

1

(0.v) = v € comv(@(n). B)) =[5 5] % {9}

hence @(v) = v, in contradiction with Claim 5.2.
It follows that the two disjoint open subsets Wy = {(x,y) € Fix(F) : x < 0}

and W; = {(x,y) € Fix(F) : x > 0} of Fix(F) are both non-empty and cover
Fix(F). Thus Fix(F) is not connected. O

6. The non-smooth case

It is also possible to give a simple example in any normed space E whose dual
space E™ is not strictly convex (in particular if the norm of E itself is not smooth)
of a quasi-contraction whose set of fixed points is not connected.

It E* is not strictly convex there are two non-zero vectors u and v of E* such
that ||u|| = ||u+v|| = ||u—v|| = 1. Define then the real function 4 on E by

h(x) = (u,x) +sin®((v,x))
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Lemma 6.1. The function h is 1-Lipschitz.

Proof. Infacthis of class ¢! and its differential at x is /' (x) = u+sin(2(v,x)).v.
The convex function v : ¢ — ||u+1v|| satisfies v(—1) = v(1) = 1 hence v(¢) < 1
for t € [—1,1]. It follows that ||#’(x)|| < 1 for all x hence that A is 1-Lipschitz.

O

Lemma 6.2. The set-valued mapping P : R = E defined by P(t) = {y € E :
(u,y) >t} is 1-Lipschitz and takes closed convex non-empty values.

Proof. Ttis clear that P(x) is convex closed and non-empty. Notice that if # < ¢’
then we have P(t") C P(t), so dp (P(t),P(t')) = sup,ep(,) d(», P(t')). If y € P(t)
and € > 0 we can find some z € E with ||z]] < 1+ € and (u,z) = 1.

Theny =y+ (' —1)z satisfies (u,y’) = (u,y) + (' —t) > ', hence y’ € P(t')
and ||[y—y'|| < (1+¢&)(t' —t). Sod(y,P(')) <t'—t and P is 1-Lipschitz. [

Theorem 6.3. Let E be a normed space. Assume that the norm on E* is not
strictly convex. Then there exists a quasi-contraction F : E = E with closed
convex values such that Fix(F) is not connected.

Proof. Take h and P as in previous Lemma, and define F = Poh which is clearly
1-Lipschitz since so are P and &. If x € Fix(F) we must have

(u,x) > h(x) = (u,x) +sin*({v,x))

hence sin((v,x)) = 0, that implies (v,x) = k7 for some integer k € Z. If a € E
satisfies (v,a) = 1 (and such points exist since v # 0) we get

Fix(F) = | J (k.a+kerv)
keZ

which is the discrete union of a countable family of pairwise disjoint closed
hyperplanes, hence it cannot be connected. O

7. The smooth case

We now want to extend Theorem 5.4 to every normed space E of dimension 2. It
follows from Theorem 6.3 that one can assume the norm of E is smooth. Recall
that a basis (ej,ey,...,e,) of a finite-dimensional normed space E is called an
Auerbach basis of E if ||e;|| =1 for all j = 1,2,...,n and moreover ||e}|| =1
forall j=1,2,...,n where (e},e3,...,e) is the dual basis of E* (what means

<e>;'7€k> = 5}/()

Lemma 7.1. If E is a 2-dimensional normed space with smooth norm, there
exists an Auerbach basis (ey,ez) of E such that ||ex +tey|| > 1 for all real t # 0.



332 JEAN SAINT RAYMOND

Proof. Let B be the unit ball of E. It is a well-known fact that if the determinant
function A : (u,v) — uAv attains at (x,y) its supremum on B x B then (x,y) is an
Auerbach basis. It can be easily seen that the converse is not true: the canonical
basis (ey,ez) of £5 satisfies A(ej,e2) = 1 though e; + ¢, and e, — e; have norm
1 and A(e; +e2,e7 —e1) = 2.

Assume that (e}, e;) is such an “extremal” Auerbach basis. If there is some
t # 0 such that e +te; € B then we have e; Ae; > 0 and for all s > 0

N N N N
((1 —5)6’1 —;ez)/\(ez+tel) = (l—i—l—s)el/\eg = (1+§)€1/\€2 >e1Nep

what shows that z; = (1 — %)el - ;ez ¢ B: indeed if not the basis

(25,€5) = (25, €2+ 1e1)

would satisfy A(z,, €5) > A(er,ez) with (z4,€5) € Bx B.

For s < 0 we have ||z, > (e],z,) = 1—% > 1. It follows that ||z,|| > 1 for all

t
s € R. Denote u* = e} — Ee; Ifue{v:(u*,v) =1} wehave (u*,u—e;) =0so0
u =z, for some s € R, hence ||u|| > 1. This shows that |[u*|| < 1. Then ||e}|| =1,
||lu*|] <1 and
1> Au"+(1=2A)er || = lle} —liezH > (€] —1532780 =1

for A € [0,1], what shows that the norm of E* is not strictly convex, in contra-
diction with the hypothesis of smoothness of E. O

Lemma 7.2. Let f : R — R be a continuous positive function such that f(0) <
1. Then there exists a convex non-increasing positive and 1-Lipschitz function

¢ : R — R satisfying ¢(x) < f(x) for all x > 0.

Proof. Forall a > 0 set f(a) = infy<,<2¢ f(¢) which is positive by compactness
of [0,2a]. And the affine decreasing function

fa:xr FRa)(1 = 5)

satisfies fo(x) < 0 < f(x) for x > 20, fo(x) < f(2a) < f(x) for 0 < x < 2
and fo(a) = Ef(Za) > 0. It follows that @ : x — supy> /, fa(x) is convex,

. . . 1 o
non-increasing, everywhere positive on [5, +oo[ hence a fortiori on R, and that

p<f.

2o
Finally since the function fy, is f(205 )—Lipschitz the function ¢ is A-Lipschitz
fa) -
forl—supa>1/2f(2a)—f(l)Sf(O)Sl. ]
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Lemma 7.3. If the basis (ey,ez) of E is as in Lemma 7.1 there exists a positive
convex non-decreasing 1-Lipschitz function ¢ : R™ — R such that for all x € R™
the inequality

[+ @ (|x]) < [ler +xea]

holds true.

Proof. Consider the function f : x — ||e; +xez|| —x on RT. Since (ey,ez) is
an Auerbach basis we have |le; +xez|| > ||xe2|| = x, hence fi(x) > 0. And if
we had f(x) = 0 for some x € R™ we would have x = |le; + xez|| > 1 hence

1 =|ex+ lel | > |le2]] = 1 since by hypothesis ||ez + se;|| > 1 for all s # 0.
It follows t)lclat [+ is positive. And in the same way one sees that the function
f- x> |le; —xez|| —x is positive on R™. Moreover f = min(f,, f_) satisfies
f(0)=1.

Applying then Lemma 7.2 to f we get a positive convex non-decreasing
1-Lipschitz function ¢ : RT™ — R such that |x| + @(|x|) < ||e; + xez]| for all
xeR. O

Still assuming the basis (ej,e;) of E satisfies the condition of Lemma 7.1,
we define the closed convex set H by

H={x€E:(e],x)c[—1,1]and (e;,x) >0}
Claim 7.4. There exists a 1-Lipschitz retraction p from E to H.

Proof. The function p; : (x,y) — (x,max(y,0)) is 1-Lipschitz: indeed if u and
v belong to E, p;(u) — pi(v) is a convex combination of the vectors u — v and
(€7,u—v)e; which have both a norm at most ||u — v||. Thus ||pi(u) — p1(v)|| <
||u—v||. Moreover p is the identity mapping on H and p;(E) C R x R™.

In the same way the mapping p; : (x,y) — (max(—1,min(1,x)),y) is the
identity on H and is 1-Lipschitz since when u and v belong to E, p>(u) — p2(v)
is a convex combination of the vectors u — v and (e}, u — v)e; which have both a
norm at most |lu — v||. Moreover p,(R x R") C H.

Then p = pyop is the identity on H, is 1-Lipschitz and satisfies p(E) C H,
so is a 1-Lipschitz retraction on H. o

Theorem 7.5. If E is a 2-dimensional normed space with smooth norm, there
exists on E a quasi-contraction F such that Fix(F) is not connected.

Proof. Choose the basis (ej,ez), the function ¢ and the set H as above. We
will define two 1-Lipschitz functions o and 8 from H to H and set F(x) =
[ae(x), B(x)] which will be a quasi-contraction by Lemma 1.1.
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In order to ensure Fix(F) is not connected we want to have ot(—ej +tes) =
—e1 +tey, B(e) +tey) = ey +tey, and tey ¢ Fix(F) forallr >0, so {—1,1} x
R* C Fix(F) and ({0} x RT) NFix(F) = 0.

Let ¢ be as in Lemma 7.3 and define the function & : Hy = {—1,0} x RT —
Eby:

o(u) =—e;+A(u)er

where A : Hy — R7 is defined by A(—e; +1ep) =t and A(te;) =1+ ¢(¢). In
particular o/(Hyp) C H, a(—e;) = —ej and a(yez) = (—1,y+ @(y)).

Claim 7.6. The function A is 1-Lipschitz from Hy to R™.

Proof. Denote a; = (—1,t) and ¢, = (0,7). We have to prove the following
inequalities, for s and t > 0:

i. 2.(a5) — Aa)| < las —a].
ii. A (e) = Aer)| < lles — .
i, |A(a) = A(e)| < flas — <l
For (i) we have || (ay) — A(ar)|| = [s — 1] = [|a; — ai.
For (ii) we have |[c; — /|| = || (s —t)ea|| = |s — | and
1A(es) = Ae) | = |+ 9(0) — (s + 9(s)| = s+ @(s) — 1 — p(1)|

Without loss of generality we can assume s < #; so we have @(r) < ¢(s) and
s+ @(s) <t+ () since s — s+ @(s) is non-decreasing, so

s+ o(s)—t—0@)=t—s—(9(s) = (1)) <t —s=[s—t| = [e;— |
Finally for (iii) we have
[A(as) = A(c)l = s = (1 + (1) = [s— @(1) —1]
Sls—tl+ (1) <[s—t[+o(s—1])
since t > |s —¢| and by Lemma 7.3 appliedtox =7 —s:
las —cill = || —e1 +sex —teaf| = [ler + (t — s)eal| = [s — [+ @(|s — 1)

hence |A(as) —A(c)| <|s—t|+@(|s—1]) < |las—c]- o

It is well-known that any 1-Lipschitz function A defined on a subset Hy of
the metric space H can be extended into a 1-Lipschitz function A on H by the
formula

200 = inf (A +d(x.y))

y€Hy
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which yields a non-negative function A if A > 0. Define then the function o on
H by o(u) = —e; + A(u)ez. We clearly have for u and vin H :

la(u) —a@)| = [|(A(u) = A(¥))e2]| = |A(u) = A(¥)| < ||u—v]

Replacing —e; by e; we can define in the same way a 1-Lipschitz function
B :H — H suchthat B(e; +tey) =e) +tey and B(tez) =1+ (1 +@(t))ez. Then
the set-valued mapping F defined on H by F(u) = [at(u), B (u)] takes closed
convex values. It is 1-Lipschitz because by Lemma 1.1:

dp (F (), F (v)) < max([[e(u) — a()|,[|B(u) = BW)I) < [lu—v].

By definition we have a(—1,t) = (—1,¢) and B(1,#) = (1,¢) ; so all points of
{—1,1} x R" are fixed points for F.

Conversely for t > 0 we have F(0,7) = [—1,1] x {r + ¢(¢)} and this shows
that (0,7) ¢ Fix(F) since ¢(r) # 0, hence that the two non-empty open subsets
Wo = {u = (x,y) € Fix(F) : x < 0} and W; = {u = (x,y) € Fix(F) : x > 0}
of Fix(F) form a partition of Fix(F). Thus Fix(F) is not connected. And since
G = Fop satisfies Fix(G) = Fix(F), we have just constructed a quasi-contraction
on E whose set of fixed points is not connected. And this completes the proof
of Theorem 7.5. O

Corollary 7.7. If the normed space E has dimension at least 2, there exists on
E a quasi-contraction G such that Fix(G) is not connected.

Proof. Notice that following Theorem 2.1 the condition “dim(E) > 2” is neces-
sary and that following Theorem 3.3 such a quasi-contraction cannot be single-
valued if E is finite-dimensional.

Take a closed linear subspace Ey of codimension 2 and denote 7 the canon-
ical projection onto the quotient space E/Ej. Recall that the norm on E/Ey is
given by [[y[| = inf{[lx] : x € 771 (y)}.

It follows from Theorems 7.5 and 6.3 that there exists on the 2-dimensional
space E/Ey a quasi-contraction F with closed convex values such that Fix(F)
is not connected. Define then for x € E : G(x) = = (F(x(x))) which is clearly
a non-empty closed convex subset of E. And

x € Fix(G) <= x € G(x) <= n(x) € F(n(x)) <= n(x) € Fix(F)
so Fix(G) = n~ ! (Fix(F)), and 7(Fix(G)) = Fix(F) since 7 is onto.

If Fix(G) were connected so would be Fix(F) = w(Fix(G)). Thus Fix(G))
is not connected. It remains to show that G is 1-Lipschitz. And this follows
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immediately from the facts that F is 1-Lipschitz and that the mapping 7 —
n~1(T) is 1-Lipschitz from .Z (E /Ey) to .Z (E). Indeed :

d(x,7 '(T)) = infinf||x—y|| = inf inf |(x—u)—y)||

teT yet teT ucky,yct

= inf|7(x) ~1]| = d(x(x), )

whence dy (7' (S), = 1(T)) = du(S,T). O
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