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Abstract

In a separable Hilbert space X, we study the linear evolution equation
u'(t) + Au(t) + p(t)Bu(t) = 0,

where A is an accretive self-adjoint linear operator, B is a bounded linear operator on X,
and p € L? (0,400) is a bilinear control.

We give sufficient conditions in order for the above control system to be locally controllable
to the ground state solution, that is, the solution of the free equation (p = 0) starting from
the ground state of A. We also derive global controllability results in large time and discuss

applications to parabolic equations in low space dimension.
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1. Introduction

In a separable Hilbert space X, consider the control system

u'(t) + Au(t) + p(t)Bu(t) =0, t>0

(1)
u(0) = up.

where A : D(A) € X — X is a linear self-adjoint maximal accretive operator on X, B
belongs to L(X), the space of all bounded linear operators on X, and p(t) is a scalar function
representing a bilinear control.

In the recent paper [1], we have studied the stabilizability of (1) along the ground state
solution of the free equation (p = 0). More precisely, denoting by { A }ren+ the eigenvalues
of A and by {@x }ren+ the corresponding eigenfunctions, we call ¢ the ground state of A and
Y1(t) = e My the ground state solution of the equation

u'(t) + Au(t) = 0.

In [1, Theorem 3.4], we have given sufficient conditions on A and B to ensure the superex-
ponential stabilizability of (1) along ¢1: for all ug in some neighborhood of ¢; there exists a
control p € L2 ([0, +00)) such that the corresponding solution u of (1) satisfies

loc
Ju(t) = a(B)]] < Me @20 v >0 (2)

for some constants w, M > 0. In the same paper, we have discussed several applications of
the above result to parabolic operators. For instance, we have studied the stabilizability of
the equation

Up — Ugy + p(t)p(x)u =0

with Dirichlet or Neumann boundary conditions, as well as the equation with variable coef-
ficients
ur = (14 2)*us)s + p(t) Bu = 0,

or n-dimensional problems with radial symmetry. In [13], we have also shown how to recover
superexponential stability for a class of degenerate parabolic operators, still applying the
above abstract result.

In this paper, we address the related, more delicate, issue of the exact controllability of
(1) to the ground state solution #; via a bilinear control. Such a property, that is obviously
stronger than superexponential stabilizability, holds true in more restrictive settings than
those considered in [1]. Nevertheless, our new results, that we state below, apply to all the
aforementioned examples of parabolic problems.

Theorem 1.1. Let A: D(A) C X — X be a densely defined linear operator such that

(a) A is self-adjoint,
(b) A is accretive: (Az,z) >0, Vo € D(A), (3)
(¢) IXN>0, M+ A X — X is compact,



and suppose that there exists a constant o > 0 for which the eigenvalues of A fulfill the gap
condition

V>\k+1_\/ )\kZOé, VEk e N, (4)
Let B : X — X be a bounded linear operator such that there exist b,q > 0 for which

(Bo1,01) #0, and A|(Be1,pr)| >b VE> 1 (5)

Then, for any T > 0, there exists a constant Ry > 0 such that, for any ug € Br,(¢1), there
exists a control p € L*(0,T) for which system (1) is controllable to the ground state solution
i time T'. Furthermore, the following estimate holds

e—NQCK/Tf
1Pl 220y < o2m2Crc[(3T4) _ 1’ (6)
where 5
T =min{T, 7.},  Tn:= % min {1,1/a%} (7)

and Ck s a suitable positive constant.

The main idea of the proof consists of applying the stability estimates of [1] on a suitable
sequence of time intervals of decreasing length 77, such that Zj; T; < oo. Such a sequence,
however, has to be suitably chosen in order to fit the error estimates that we take from [1].

From the above local exact controllability property we deduce two global controllability
results. In the first one, Theorem 1.2 below, we prove that all initial states lying in a suitable
strip, i.e., satisfying |(uo,¢1) — 1] < 71, can be steered to the ground state solution (see
Figure 1). Moreover, we give a uniform estimate for the controllability time.

Theorem 1.2. Let A and B satisfy hypotheses (3), (4), and (5). Then there exists a constant
r1 > 0 such that for any R > 0 there exists Tr > 0 such that for all ug € X that satisfy

[(uo, 1) — 1] <71,
(8)

Huﬂ - <u07901>901|’ S R7

-\t

problem (1) is exactly controllable to the ground state solution 11(t) = e '@y in time Tg.
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Figure 1: the colored region represents the set of initial conditions that can be steered to the ground state
solution in time T'g.

Our second global result, Theorem 1.3 below, ensures the exact controllability of all initial
states ug € X \ 1 to the evolution of their orthogonal projection along the ground state
solution defined by

¢1(t) = (uo, 1)U (t), Vt=>0, 9)

where 1)1 is the ground state solution.

Theorem 1.3. Let A and B satisfy hypotheses (3), (4) and (5). Then, for any R > 0 there
exists Tr > 0 such that for all ug € X satisfying

[luo = (w0, p1)erl| < Rl (uo, ¢1)] (10)
system (1) is exactly controllable to ¢y, defined in (9), in time Tr.

Notice that, denoting by 6 the angle between the half-lines R, ¢; and R, ug, condition
(10) is equivalent to
|tan | < R,

which defines a closed cone, say Qg, with vertex at 0 and axis equal to Rep; (see Figure 2).
Therefore, Theorem 1.3 ensures a uniform controllability time for all initial conditions lying
in Qr. We observe that, since R is any arbitrary positive constant, all initial conditions
ug € X \ @i can be steered to the corresponding projection to the ground state solution.
Indeed, for any uy € X \ ¢i, we define

u
Ry = ‘ * e —
(uo, ¢1)
Then, for any R > Ry condition (10) is fulfilled:
1
—— ||uo — (uo, =Ry < R.
|<u0’¢1>‘ || 0 < 0 QD1>Q01|| 0
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Figure 2: fixed any R > 0, the set of initial conditions exactly controllable in time Tz to their projection
along the ground state solution is indicated by the colored cone Qg.

Finally, we would like to recall part of the huge literature on bilinear control of evolution
equations, referring the reader to the references in [1] for more details. A seminal paper in
this field is certainly the one by Ball J.M., Marsden J.E., Slemrod M. [2], which establishes
that system (1) is not controllable. More precisely, denoting by u(t; p, ug) the unique solution
of (1), the attainable set from wug defined by

S(ug) = {u(t;p,up);t > 0,p € L,.([0, +00),R),r > 1}
is shown in [2] to have a dense complement.

Among positive results, we would like to mention Beauchard K. [4] for bilinear control of
the wave equation and Beauchard K., Laurent C. [6] for the bilinear control of the Schrédinger
equation (see also [3] for a first result on this topic). The local exact controllability results
obtained in these papers rely on linearization around the ground state, the use of the inverse
mapping Theorem, and a regularizing effect which takes place in both problems. The local
exact controllability is proved for any positive time for the Schrodinger equation and for a
sufficiently (optimal) large time for the wave equation. Both papers require the condition

(B, o) #0,Vk > 1 (11)

to be satisfied, together with a suitable asymptotic behavior with respect to the eigenvalues.

If (11) is violated then it has been first shown by Coron J.-M. [14], for a model describing
a particle in a moving box, that there exists a minimal time for local exact controllability to
hold. This model couples the Schrédinger equation with two ordinary differential equations



modeling the speed and acceleration of the box (see also Beauchard K., Coron J.-M. [5] for
local exact controllability for large time). A further paper by Beauchard K., Morancey M. [7]
for the Schrodinger equation extends [6] to cases for which the above condition is violated,
namely there exist integers k for which (B, pr) = 0. Under some additional assumptions,
the authors prove that the system is locally exactly controllable in a sufficiently large time.

Another example of controllability to trajectories for nonlinear parabolic systems is stud-
ied in [15], where, however, additive controls are considered. In such an example, one can
obtain controllability to free trajectories by Carleman estimate and inverse mapping argu-
ments. Such a strategy seems hard to adapt to the current setting.

It is worth noting that the bilinear controls we use in this paper are just scalar functions of
time. This fact explains why applications mainly concern problems in low space dimension.
A stronger control action could be obtained by letting controls depend on time and space.
We refer the reader to [10, 9] for more on this subject.

This paper is organized as follows. In section 2, we have collected some preliminaries as
well as results from [1] that we need for the proof of Theorem 1.1. Section 3 contains such a
proof, while section 4 is devoted to examples of applications to parabolic problems.

2. Preliminaries

In this section we recall some results from [1] that are necessary for the construction of
the proof of Theorem 1.1. First, fixed 7" > 0, consider the following bilinear control problem

u'(t) + Au(t) + p(t)Bu(t) + f(t) =0, t€[0,T]
(12)
u(0) = uo.
We introduce the following notation:

1120 = [If1lz207:x) VfeL*0,T;X)

1 llse.0 = llflleqoryix) = supen LF@I, V[ € C(0,T]; X).
The well-posedness of (12) is ensured by the following Proposition.

Proposition 2.1. Let T > 0. Ifuy € X, p € L*(0,T) and f € L*(0,T;X), then there
exists a unique mild solution of (12), i.e. a function u € C([0,T]; X) such that the following
equality holds for every t € [0,T],

¢
u(t) = e~y — / e~ 0=9A0p(6) Bu(s) + f(s)]ds. (13)
0
Moreover, there exists a constant C1(T) > 0 such that

[lulloo.o < CL(T)(l|uoll + [1f1]2.0)- (14)

We refer to [1] for a proof of Proposition 2.1.



Our aim is to show the controllability of the following system

W' (t) + Au(t) + p(t)Bu(t) =0, t €0,T]
(15)
u(0) = up,

to the ground state solution ¢; = e *!p,, that is the solution of (15) when p = 0 and uy = ;.
We first consider the case A\; = 0 and prove the controllability result to the corresponding
ground state solution 17 = ;. Then, we recover the result also for the case A\; > 0.

Set v :=u — ¢y, then v is the solution of the following Cauchy problem

V'(t) + Av(t) + p(t)Bu(t) + p(t)Ber = 0, t € [0,T]
(16)
v(0) = vy = ug — 1.

We observe that the controllability of u to ¢ is equivalent to the null controllabiliy of (16).
In order to prove this latter result, we consider the following linearized system

o(t) + Av(t) + p(t) By =0, t€[0,T]
(17)
?7(0) = 1.

and we introduce the following constant

_ 1/2
6_2>\kT€C\/E/O‘
Ap = - . 18

' (Z (RN )

where « is the constant in (4). We observe that, thanks to assumption (5), Ay converges for
any T > 0. The next Proposition guarantees the null controllability of (17) and furthermore
it yields an estimate of the control p with respect to the initial condition wy.

Proposition 2.2. Let T' > 0 and let A and B be such that (3), (4), (5) hold. Furthermore,
assume that \; = 0. Let vy € X. Then, defining p € L*(0,T) by

i)=Y <<““’—“"’f>ak<t> (19)

LEN* Bsola 90k>

where {0y }ren+ is the biorthogonal family to {e M }ren- given by [12, Theorem 2.4], it holds
that v(T) = 0.
Moreover, there exists a constant Co(T) > 0 such that

1Pl 20,1y < Ca(T)Ar|lvoll (20)
where A is defined in (18) and « is the constant in (4).

For the proof of Proposition 2.2 we refer to [1].



Remark 2.3. The behavior of C,(-) with respect to its argument has been studied in [12] and
18 given by

(7 + 72a2) €100, T < 5

CX(T)=C- (21)
Ca?, T

IN

v

1
a2
where C' > 0 is a constant independent of T and o.

We now use the control p built in Proposition 2.2 also in the nonlinear system (16) and
we give an estimate for the corresponding solution v.

Proposition 2.4. Let A and B satisfy hypotheses (3), (4), (5) and, furthermore, assume
A\ =0. Let p e L*(0,T) be defined by (19). Then, the solution v of (16) satisfies

sup [o(@)][* < B DATIIFCET (1 4 Cy(T)AZ)vol (22)
telo,

where Cg > 1 is the norm of the operator B, Cs(T) = 2v/TCpC(T), and Cy(T) :=
CpC%(T).

For the proof of Proposition 2.4 we refer to [1].
We introduce the function w(t) := v(t) — v(t) that satisfies the following Cauchy problem

w'(t) + Aw(t) + p(t)Bu(t) =0, t € [0,T]

(23)
w(0) = 0.
We define the function K on (0,00) by
K*(T) := CpemVTHCtOT 0 (TYAZ(1 + Cy(T)AZ). (24)

In the following Proposition we estimate how close we are able to steer v to 0 in time T by
means of the control p defined in (19).

Proposition 2.5. Let A and B satisfy hypotheses (3), (4), (5), and, furthermore, we assume
M =0. Let T >0, p be defined by (19), and let vy € X be such that

Co(T)Ar|lvo]| < 1. (25)

Then, it holds that
[|lw(D)|] = [[o(T)]] < K(T)][vol*. (26)

Proof. Observe that w € C([0,T]; X) is the mild solution of (23). Moreover w € H'(0,7; X)N
L*(0,T; D(A)) and thus w satisfies the equality

w'(t) + Aw(t) + p(t)Bu(t) = 0 (27)

for almost every t € [0, T7.



We multiply equation (27) by w(t) and we obtain

5 2 @I < @O Bu(®)]][w(®)]]

. . (28)
< SllwOIP + Co5 @ Plle @)l

Therefore, applying Gronwall’s inequality, taking the supremum over [0,7] and using (22)
and (20), we get

sup [[w(t)|* < Cxe’lplli20r) sup ()]
t€[0,7) t€[0,T7]

< OO DAl (11 Cy(T)AZ)| ool Pl P 20,1 (29)
< CAHC2(T) N3 ATll O 0T (1 Oy (T)AZ) oy

We can suppose, without loss of generality, that C,(T") > 1. Thus, thanks to (25), we obtain

sup ()| < CRCATIAF YT (14 CT)AR ol
te[o, T

that is equivalent to

sup |[w(®)|[* < K(T)[vol["
t€(0,T)]

By the last inequality we infer that
[[w(T)|| < K(T)][wo|[* (30)

3. Proof of Theorem 1.1
Fixed 0 < T' < min {1,1/a?}, we define the sequence {T}};en+ by

T ="T/5", (31)
and the time steps
To=» Tj, VneN, (32)
j=1

with the convention that 2?:1 Ty = 0. Notice that > 22| Tj = %QT.

The proof of our result relies on the construction of the solution v of (16) in consecutive
intervals of the form [7,,, 7,,41] for which we are able to perform an iterate estimate of (26).

First, through the following Lemma, we study the behavior of the constant K(7') with
respect to 7.

We define the function

M e~ 2MT+MVXi
Gu(T) ==y —— — __  0<T<I1 33)
72 2 B P (

where M is a positive constant.



Lemma 3.1. Let A: D(A) C X — X be such that (3) and (4) hold and B : X — X be such
that (5) holds. Then, there ezists a suitable positive constant Cy such that

Gu(T) <ef™/T Vo< T<1. (34)
Proof. Thanks to assumption (5), we have that

M o0 —2)\kT+Mx/
Gyu(T) = M/TE -
wl) =7 « |(Ber, on) 2

35
6M2 /(8T) (35)

M/ _ =
|<B<P17 801>|

S T2

li )\211 —)\kT) —/\kT+Mf]
b

For any A > 0 we set f(\) = e *T+*MV2 The maximum value of f is attained at A = (%)2
So, we can bound Gy (T) as follows

€M2 /(87) M2 /(4T)

ﬂeM/T q,— T
Gu(T) < BoranE + Z)\ ] . (36)

S T

Now, for any A > 0 we define the function g(\) = A\?%e=*T". Its derivative is given by
d(\) = (2¢ — ANT)\*7 e T
and therefore we deduce that

increasing if 0 <\ < (2¢)/T

g(\) is
decreasing if A > (2¢)/T

and ¢ has a maximum at A = (2¢q)/7. We define the following index:

2
k= ko (T) = Sup{k: EN* 1\ < Tq}

Note that k1 (T") goes to oo as T converges to 0. We can rewrite the sum in (36) as follows

oo

2 — 2 — 2 — 2 _
g Npde M = g el T E il T E Ml T (37)
k=1 k<ki—1 ki <k<k1+1 k>k1+2

For any k < k; — 1, we have

Ak+1
/ N AN > (Aen — A)ATe M > a(y/dg + V)N e T (38)
Ak

and for any k > ky + 2

Ak
/ A2 AN > (A — M)Al ™ T > (/g + VA ATe M (39)

Ak—1

10



So, by using estimates (38) and (39), (37) becomes

oo 2 00
Ale M = / Nae N + Al T (40)
; ’ a(vA2 + VA1) Jo ,ﬁgglﬂ ’

Furthermore, recalling that g has a maximum for A = 2¢/T, it holds that
k=kik+1 = XNl < (2¢/T) e, (41)

Finally, the integral term of (40) can be rewritten as

o0 - 1 [ /s\2 _ 1 o0 3 ['(2g+1)
2q—AT s 2q,-50¢ —
/0 A le™ M d\ = /0 ( ) e tds = 5. /0 sle 4ds = e (42)

where by I'(+) we indicate the Euler integral of the second kind.
Therefore, we conclude from (41) and (42) that there exist two constants C,,Cy, > 0
such that

> C C
2qg -\, T q a,q
E )\kqe k< qu + Tiveq: (43)
k=1

We use this last bound to prove that there exists Cj; > 0 such that

< eOm/T 0<T<1

Gu(T) < —e +
v < T [ BeneP T B

M MIT eM?/(8T) eM?/(4T) & Ca,q
T2q = Tl4+2q

as claimed. O

Remark 3.2. We recall that K(-) is defined by
KA(T) i= ChetOmVTHEm DI CHT)AL (1 + CoCE(T)AG).

For any 0 < T < min{1,1/a?}, C2(-) is given by

_ (1 1 =2
207 — E C/(@>T)
Ci(T)=C T + T2.0 e

Thus, we have the following bound for K(-)
K(T)? < C2e28VTHCIT G (T (1 4 CpGu(T)), (44)

where G (+) is defined by (33) and the subscribed M is given by M = C (1 + 5).
Thanks to Lemma 3.1, we infer that there exists a suitable constant Cx > 0 such that
CK > CM and
K(T) <efx/T yT e (0,1]. (45)

In the following Proposition we prove that it is possible to iterate the construction of v
in consecutive time intervals of the form [7,,_1, 7,].

11



Proposition 3.3. Let 0 < T < min{1,1/a?}, and consider the sequence (T})jen~ defined by
(31). Let vy € X for which ||vo|| < e x/T let A: D(A) € X — X be such that (3) and
(4) hold and let B : X — X satisfies (5). Moreover, we assume that \y = 0. Then, for every
n € N*, problem

V'(t) + Av(t) + p(t) Bu(t) + p(t)Bpr =0, t € [1-1, T4
(46)
v (Tn—l) = Up-1,
where v,_1 is determined by induction from the previous steps, p € L*(T,_1,Tn) is given by

oo

> S ), (a7)

k=1 nglagpk
admits a unique mild solution v € C ([T,—1,T,], X) that satisfies
o ()| < elEm 2], (48)
where the time steps {7, }nen are defined by (32).

Proof. To prove the result, we proceed by induction on n. For n = 1, by Proposition 2.5, the
hypothesis on vy and Remark 3.2, v it satisfies

[o(T)]] < K(T)[[wol|* < 7/,

Now, suppose the statement is true for all indices k& < n — 1, we show the validity for index
n. Therefore, by inductive hypothesis, the solution v has been constructed in consecutive
intervals until [7,,_o, 7,,_1] and it satisfies

o (Ta)l| < (B0 2712 0) /T,

Hence,

Co(Tn)Ar, [|v (Ta-1)]| < €CM"2/T6(Z;L:_II 2n=1=952-9"=16)Cx /T
< M H(=(n=1)?=4(n—1)+2""16-6-2""16)Cx /T (49)
— 6*(2n+3)CK/T
where we have used that C; < Ck and the identity

-

27
J=0

=2"(—n?—4n+6(2"—-1)), n>0, (50)

which can be easily checked by induction.

Consider problem (46) with v,,_; the solution built in the previous interval, evaluated at
Tn—1. By the change of variables s = ¢t — 7,,_1, we shift (46) into the interval [0,7,]. We
introduce the functions o(s) = v (s + 7,-1) and p(s) = p (s + 7,—1) and we rewrite (46) as

U'(s) + Av(s) + p(s)Bo(s) + p(s)Bp1 =0, s € [0,T,,]
(51)
(0) = v,_1.

N

12



From (49) it follows that C,(7,,)Ar, ||v(7,-1)|| < 1 and thus we can apply Proposition 2.5 to
problem (51), obtaining
19(T)ll < K(To)|lvna | (52)

We shift back the problem into the original interval [7,,_1, 7,,] and we get
[lv (Tl < K(T)[[on-]]>- (53)
By inductive hypothesis, we can estimate ||v (7,)|| as follows

o (r)l] < O/ [ 22t (SR roe ()

O

Proposition 3.4. Let 0 < T < min{1,1/a?} and consider the sequence (1});en= defined by
(31). Let vy € X be such that ||vo|| < e x/T let A: D(A) C X — X be such that (3) and
(4) hold and let B : X — X satisfies (5). Let p € L*(1,_1,T,) be defined by (47). Moreover,
we assume that \y = 0. Then, the solution of (46) satisfies

n

v (7)] H ) ool I, (55)

for all n € N*.

Proof. We prove formula (55) by induction on n. The case n = 1 follows from Proposition
2.5, thanks to the assumption ||vg|| < e 9“%/T. Now, suppose the formula holds for all the
indices less than or equal to n — 1. We prove it for n as follows. We consider problem (46)
and in order to shift it in the interval [0, 7,,], we introduce the variable s =t — 7,,_; as before
and the functions 0(s) = v (s + 7,,—1) and p(s) = p (s + 7,—1). Thus, (46) can be rewritten as

U'(s) + Av(s) + p(s)Bo(s) + p(s)Bp1 =0, s € [0,T,]
(56)
(0) =vyp_1.

(o4}

By Proposition 3.3, it holds that Cy(7,,)Ar, ||vn-1|| < 1 and hence, we can apply Proposition
2.5 considering as final time 7, (instead of 7'), obtaining that

o ()l = [[0(T)| < K(To)l[vn-1|I*. (57)

Finally, by inductive hypothesis, we conclude that

n—1
o ()l < K(T)lfoa|* < K(T) | T (T2 Mwol (58)
j=1
that is equivalent to formula (55). O

We are now ready to prove our main result.

13



Proof of Theorem 1.1. We start the proof by considering the case in which Ay = 0. Let 7' > 0
and let T, and Ty be defined by (7). We define T = 5Ty and Ry = e ™ Cx/Tr . Observe

that 0 < T < 1 and we define the time steps {7, }nen as in (32) with Tj := T/j2. Fixed
vo € Bgr,(0), we apply (55) to obtain

K (T;)* ool [**

=

v (Il <

<.
Il

=

= 2T n
S <€C’K]2/T> ||UO||2
! (59)

— (Or2Y/TYT, j2/2j||v0||2"

.
Il

< ORI |y

. 2
< (ol
where we have used that Y72, j%/2/ = 6. We take the limit as n — oo of (59) and we get
72 -
)=
«(57) -

since ||vg|| < e ™ Ox/Tr = e~6Ck/T | This means that, we have built a control p € L2 ([0, 00)),
loc
defined by

n

o (57)|| = etz <0 (60)

ZZO:() pn<t>X[Tn,Tn+1](t)a t € (0, Tf] )
p(t) = (61)
0, t e (Tf, —|—OO)

where

= t—1,), Vn € N, 62
Z B¢17§0k ( ) ( )

such that the solution u of (1) reaches the ground state solution ¢; in time 7', and stays on
it forever.

Observe that, thanks to (20) and (49), we are able to yield a bound for the L*norm of
such a control:

19112207y = Z 172 r—

< Z a n+1 ATn+1 ||U (Tn)H)

< Z o —22(n+1)+3)Cx /T (63)
n=0
e—6CK /T

64CK/T _ 1
6—7T2CK/Tf

627T2CK/(3Tf) _ 1
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Now we face the case \; > 0. We define the operator
Al =A— )\1[

It is possible to check that A; satisfies (3) and moreover it has the same eigenfuctions,
{¢k tren+, of A, while the eigenvalues are given by

He = A — )\1, Vk € N*, (64)

In particular, gy = 0 and furthermore, { g }ren+ satisfy the same gap condition (4) fulfilled

by { Ak fren-
We define the function z(t) = e**u(t), where u is the solution of (1). Then, z solves the
following problem
2'(t) + Arz(t) + p(t)Bz(t) =0, t >0,
(65)
Z(O) = Ug.

For any T' > 0, we define T} as in (7) and the constant Ry := e Cx/Tr - We deduce from

the previous analysis that, if uy € Bg,.(¢1), then there exists a control p € L(]0, 400)) that
steers the solution z to the ground state solution ¢; in time Ty < T'. This implies the exact

controllability of u to the ground state solution 1 (t) = e *¥p;: indeed,
|u(Ty) = or (Ty)|| = [|[e M7 2 (Ty) — e M ou|| = e [[2(Ty) = @ul| = 0.
This concludes the proof of our Theorem. n

Remark 3.5. We observe that, from (63), it follows that ||p||r20r;) — 0 as Ty — 0. This
fact is not surprising because as Ty approaches 0, also the size of the neighborhood where the
matial condition can be chosen goes to zero.

4. Proof of Theorems 1.2 and 1.3

Before proving Theorem 1.2, let us show a preliminary result that demonstrates the
statement in the case of a strictly accretive operator.

Lemma 4.1. Let A and B satisfy hypotheses (3), (4) and (5). Furthermore, we assume
A1 = 0. Then, there exists a constant r1 > 0 such that for any R > 0 there exists Tg > 0
such that for all vy € X that satisfy

|<U07g01>| < ri,
(66)
l[vo — (vo, p1)¢1]| < R,

problem (16) is null controllable in time Tg.

Proof. First step. We fix T' = 1. Thanks to Theorem 1.1, there exists a constant r; > 0
such that if [|u;(0) — ¢1|| < v/2r; then there exists a control p; € L?(0,1) for which the
solution u; of (1) on [0, 1] with p replaced by py, satisfies u;(1) = 1. We set v; = u; — 1 on
[0,1]. We deduce that if |[v;(0)|| < v/2r; then there exists a control p; € L?(0,1) for which
the solution v; of (16) on [0, 1] with p replaced by pi, satisfies vy(1) = 0.

15



Second step. Let vy € X be the initial condition of (16). We decompose v, as follows

Vo = (o, P1)¥1 + Vo1,

where vy € @i and we suppose that |{vg, p1)| < 1. We define t5 as

1 R?
= —1 _—
tr e og ( 2 ) (67)

and in the time interval [0,tg] we take the control p = 0. Then, for all ¢ € [0,¢g], we have
that

_ 2 _ _
lo@)[* < []le™ ((wo, pr)r +v01)||” < o 1) "+ €22 [Jooa ||* < rf + e ='R2.

In particular, for ¢t = tg, it holds that ||v(tg)||> < 272.

Now, we define T := tgr + 1 and set v1(0) = v(tg). Thanks to the first step of the proof,
there exists a control p; € L?*(0,1), such that v;(1) = 0, where v; is the solution of (16) on
[0, 1] with p replaced by p;.

Then v(t) = vi(t — tg) solves (16) in the time interval (tg, Tg] with the control p,(t —tg)
that steers the solution v to 0 at Tx. O

Proof (of Theorem 1.2). We start with the case A\; = 0. Let uy € X that satisfies (8). Set
v(t) := u(t) — @1, then v satisfies (16) and moreover vy := v(0) = uy — o fulfills (66). Thus,
by Lemma 4.1, problem (1) is exactly controllable to the ground state solution ¥y = ¢; in
time Tkg.

Now, we consider the case \; > 0. As in the proof of Theorem 1.1, we introduce the
variable z(t) = eM'u(t) that solves problem (65). For such a system, since the first eigenvalue
of A is equal 0, we have the exact controllability to ¢ in time Tg. Namely z(Tg) = 1, that
is equivalent to the exact controllability of u to 1)y:

Z(TR) = <~ €A1TRU(TR) = 1 < U(TR) = % (TR) (68)
The proof is thus complete. O

The proof of Theorem 1.3 easily follows from Theorem (1.2).

Proof (of Theorem 1.3). Suppose that v := (ug, p1) # 0. We decompose ug as ug = y¢1 + (1,
with ¢; := ug — (ug, p1)¢1 € ¢; and define @(t) := u(t)/v. Hence, @ solves

{ w'(t) + Au(t) + p(t)Bu(t) =0, t>0 (69)

u(0) = @1+ (1,

where ¢4 := (/7.

We apply Theorem 1.2 to (69) to deduce the existence of Tr > 0 such that a(Tg) =
Y1 (Tg). Therefore, the solution of (1) with initial condition uy € X that do not vanish along
the direction ¢ can be exactly controlled in time Tg to the trajectory (ug, ¢1)11(+).

Note that if uy € X satisfies both uy € @i and (10), then we have trivially that uy = 0.
We then choose p = 0, so that the solution of (1) remains constantly equal to ¢; = 0. m
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5. Applications

In this section we present some examples of parabolic equations for which Theorem 1.1
can be applied. The hypotheses (3)—(5) have been verified in [1] and [13], to which we refer for
more details. Furthermore, we observe that also the global results Theorem 1.2 and Theorem
1.3 can be applied to any example.

5.1. Diffusion equation with Dirichlet boundary conditions
Let I = (0,1) and X = L?(0,1). Consider the following problem

u(t, ) — g (t, ) + p(t)p(x)u(t,x) =0 z € l,t >0
u(t,0) =0, u(t,1) =0, t>0 (70)

u(0,z) = up(x) el
We denote by A the operator defined by

d2
D(A) = H*nHNI), Ap=-"F

dx?’

and it can be checked that A satisfies (3). We indicate by { A\ }ren+ and {¢x }ren+ the families
of eigenvalues and eigenfunctions of A, respectively:

M= (km)% gi(z) = V2sin(knz), Yk € N*.

It is easy to see that (4) holds true:

VNl — Ve =7m,  Vk €N

Let B : X — X be the operator
By = pyp
with u € H3(I) such that

p(1)£p'(0)#0 and  (upr, ) #0 ke N (71)
Then, there exists b > 0 such that

MNP (upy, on)| > b, Vk e N

For instance, a suitable function that satisfies (71) is u(z) = 22, for which b = 2233,

For any T' > 0, we define Ty as in (7). Then, there exists a constant Ry, > 0 such that
the solution w of (70), with uy € By, (1), reaches the ground state solution ¢y (t,x) =

V2sin(rz)e ™" in time T} and stays on it forever.
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5.2. Diffusion equation with Neumann boundary conditions
Let I = (0,1), X = L*(I) and consider the Cauchy problem

w(t, ) — Uge(t, ) + p(t)p(x)u(t,x) =0 z € I,t >0
e (t,0) = 0, uy(t,1) =0, £>0 (72)

u(0,z) = up(x). el
The operator A, defined by
2 / / dzgp
D(A) ={p e H(0,1) : ¢/(0) =0, ¢'(1) =0}, Ap=——73
satisfies (3) and has the following eigenvalues and eigenfunctions

Ao =0, po =1
Mo = (k)2 or(z) = V2cos(kmr), V> 1.

Thus, the gap condition (4) is fulfilled with @ = m. The ground state solution is just the
stationary function ¥y (z) = @o(x) = 1.

We define B : X — X as the multiplication operator by a function € H*(I), By = up,
such that

W () £4(0)£0 and  (u,pr) #0 VkeN. (73)
It can be proved that, there exists b > 0 such that

For example, u(z) = 22 satisfies (74) with b = 2v/2.
Therefore, equation (72) is controllable to the ground state solution ¢; = 1 in any time
T > 0 as long as ug € Bg,(1), with Ry > 0 a suitable constant.

5.83. Variable coefficient parabolic equation

Let I = (0,1), X = L*(I) and consider the problem
w(t, z) — (14 2)us(t, 7))o + p(O)u()ult,z) =0 x€1,t>0
u(t,0) =0, wu(t,1)=0, t>0 (75)
u(0,z) = up(x) el
We denote by A: D(A) C X — X the following operator
D(A)=H*nHy(I),  Ap=—(1+2)"¢s)a

It can be checked that A satisfies (3) and that the eigenvalues and eigenfunctions have the
following expression

1 Er\ 2 2 km
e =+ [ — =4/ —(1 “12g6in [ = In(1 .
¢ 4+<1n2> o= gL He) s <1n2 a( J“’”))
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Furthermore, {\g}ren+ verifies the gap condition (4) with @ = 7/1n 2.
We define the operator B : X — X by By = up, where u € H?(I) is such that

2¢/(1) £ p/(0) #0, and (1, o) #0 Vk € N™. (76)

Hence, thanks to (76), (5) is fulfilled with ¢ = 3/2. An example of a suitable function p that
satisfies (76) is u(x) = x, see [1] for the verification.

Thus, from Theorem 1.1, we deduce that, for any T" > 0, system (75) is controllable to
the ground state solution if the initial condition u, is close enough to (.

5.4. Diffusion equation in a 3D ball with radial data
In this example, we study the controllability of an evolution equation in the three dimen-
sional unit ball B? for radial data. The bilinear control problem is the following

ur(t, ) — Au(t,r) + p(t)u(r)u(t,r) =0 r€[0,1],£ >0
u(t,1) =0, t>0 (77)

u(0,7r) = up(r) r € [0,1]

where the Laplacian in polar coordinates for radial data is given by the following expression

Aplr) = Bplr) + 20rplr).

The function yu is a radial function as well in the space H3(B?), where the spaces H*(B?)
are defined as follows

X:=L(B%)={peLl*B) |3 :R— R, p) =1z}
H*(B?) .= H*(B*) n L3(B?).
The domain of the Dirichlet Laplacian A := —A in X is D(A) = H? N H}(B?). We

observe that A satisfies hypothesis (3). We denote by {A;}ren+ and {@x }ren+ the families of
eigenvalues and eigenvectors of A, Ay = Mgy, namely
sin(k7r) 5
= ——, A = (km 78
Pk N k= (k) (78)
Vk € N*, see [17, Section 8.14]. Since the eigenvalues of A are actually the same of the
Dirichlet 1D Laplacian, (4) is satisfied, as we have seen in Example 5.1.
Let B : X — X be the multiplication operator Bu(t,r) = p(r)u(t,r), with u be such that

f(1) £ p'(0) #0, and (upr,pr) #0 Vk €N (79)
Then, it can be proved that
N e o)l 2 b VR EN, (80)

with b a positive constant. For instance, u(x) = x? verifies (79) and (80) with b = 27(;27;3.

Therefore, by applying Theorem 1.1, we conclude that for any T" > 0, the exists a suitable
constant Ry > 0 such that, if uy € Bg,. (1), problem (77) is exactly controllable to the ground
state ¥ in time 7.
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5.5. Degenerate parabolic equation

In this last section we want to address an example of a control problem for a degenerate
evolution equation of the form

(wy — (27uy), + p(t)z*Tu =0, (t,z) € (0,400) x (0,1)
u(t0)=0,  ifye 1)

u(t,1) =0, (81)
(x7u,) (¢,0) =0, ifye€[1,3/2),

| u(0,2) = uo(x).

where v € [0,3/2) describes the degeneracy magnitude, for which Theorem 1.1 applies.
If v € [0,1) problem (81) is called weakly degenerate and the natural spaces for the
well-posedness are the following weighted Sobolev spaces. Let I = (0,1) and X = L*(I), we

define
Hi([) = {u € X : u is absolutely continuous on [0, 1], 27/%u, € X}

Hlo(I)={ue H)I): u(0)=0, u(l) =0}

H2(I) = {ue HI(I): 2"u, € H'(I)} .
We denote by A : D(A) C X — X the linear degenerate second order operator
Vue D(A), Au:=—(2"uy),,

(82)
D(A) := {u € H' (1), 27, € H'(I)}.

It is possible to prove that A satisfies (3) (see, for instance [8]) and furthermore, if we denote
by { Ak }ren+ the eigenvalues and by {¢x }ren+ the corresponding eigenfunctions, it turns out

that the gap condition (4) is fulfilled with v = &7 (see [16], page 135).

If v € [1,3/2), problem (81) is called strong degenerate and the corresponding weighted
Sobolev space are described as follows: given I = (0,1) and X = L*(I), we define

H}(I) = {u € X : uis absolutely continuous on (0,1], z7/%u, € X}
Hl (1) :={ue H(I): u(l) =0},

H2(I) = {ue HI(I): 27u, € H'(I)}.
In this case the operator A : D(A) C X — X is defined by
( Vu S D(A), Au = —(wvux)x7
D(A) :={ue H!(I): 27u, € H'(I)}

={u € X : uis absolutely continuous in (0,1] , 27u € H}(I),
\ 2u, € H'(I) and (27u,)(0) = 0}
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and it has been proved that (3) holds true (see, for instance [11]) and that (4) is satisfied for
a =75 (see [16]).

For all v € [0,3/2), we define the linear operator B : X — X by Bu(t,r) = 2 u(t, )
and in [13] we have proved that there exists a constant b > 0 such that

X2(Boy, or)| > b Yk € N*,

Finally, by applying Theorem 1.1, we ensure the exact controllability of problem (81) to
the ground state solution, for both weakly and strongly degenerate problems.
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