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THE GAME OPERATOR ACTING ON WADGE CLASSES OF
BOREL SETS

GABRIEL DEBS AND JEAN SAINT RAYMOND

ABSTRACT. We study the behavior of the game operator © on Wadge classes
of Borel sets. In particular we prove that the classical Moschovakis results still
hold in this setting. We also characterize Wadge classes I' for which the class
oI' has the substitution property. An effective variation of these results show
that for all 1 < n < w{™ and 2 < ¢ < W™, (D, (X¢)) is a Spector class
while D(D2(X%?)) is not.

1. INTRODUCTION

The game operator © was extensively studied by Moschovakis in the context of
adequate classes (see [7] for the definition). Let us only mention that an adequate
class is closed under finite Boolean operation, and this seemingly mild closure
property becomes extremely restrictive if one aims to cover general Wadge classes.
As a matter of fact the only Wadge classes of Borel sets which are adequate are the
Baire classes. The problem is that this closure property is used in a crucial way in
most of the proofs in [7] and seems to be mandatory as far as one is working with
“abstract” classes (see Section 5.2). However as we shall see, this assumption
can be dropped if one restrict the study to Wadge classes of Borel sets. This
is the main content of Theorem 5.5 from which one can prove all fundamental
Moschovakis results such as the norm-transfer Theorem or the definable winning
strategy Theorem for an arbitrary Wadge class of Borel sets.

Independently of this feature we also investigate the substitution property for
oI classes when I' is a given Wadge class. More precisely we prove that for a non
self-dual class I' the class OI" has the substitution property if and only if either
OT' = IIj, or OT' = X}, or T is of level > 2. Minor “effective” adaptations of
these results provide new Spector classes. This is in particular the case for the
classes E)(Dn(Zg)) for 1 <n < wfX and 2 < ¢ < WK,

We mainly follow the notation and terminology of [7] with the exception of the
notion of norm that we shall discuss later on in Section 6.

By a class I' we shall always mean a class of pointsets closed under recursive
substitutions and non trivial, that is I" as well as its dual class I" are not reduced
to {0}, and as usual we define A(I") = I'NI". However we shall very often identify
a given class I' to its relativization [~ to w“ and view thus I" as a subset of

P(w).
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2 GABRIEL DEBS AND JEAN SAINT RAYMOND

2. WADGE CLASSES OF BOREL SETS

By a Wadge class we shall always mean a Wadge class of Borel subsets of w*,
that is a class of the form T' = {p=}(U) : ¢ : w¥ — w* continuous } for some
Borel set U C w”. Such a Borel set U is then said to be generating I'. If T is non
self-dual (T' # T") then by determinacy, a Borel set U generates T if and only if
U €T \T. Also given any space X C w®, we shall consider the relativization of
I’ to X, that is the class 'y ={BNX: BeT}.

For more on the description of Wadge classes we refer the reader to [5]. We
only recall here some basic definitions and Folklore results needed for the sequel,
and not easily found in the literature.

Proposition 2.1. Let I" be a non self-dual Wadge class generated by a set U, let
X Cw” be a Borel set and suppose that X =, ¢, Va and each V;, is open in X.
Then for a set A C X the following are equivalent:
i) AeT'x
i) Vn e w, ANV, €Ty,
iii) A =y~ Y(U) for some continuous function 1 : X — w® .

Proof. i) = ii) is obvious.

i1) = 14ii) Refining the open covering (V},)ne, if necessary we may suppose that
each V,, is a clopen subset of X and (V,)ne, is a partition of X. Then for all
n € w, since ANV, € I'y, there exists a continuous function ¢,, : V;, = w* which
reduces ANV, to U. Then glueing together the ¢, we get a continuous function
@ : X — w* which reduces A to U; hence A € T'x.

iii) = i) Set U’ = w¥ \ U € T'\ T and consider the game in each run of which
the players construct separately two reals in w“: x constructed by Player I , and
y constructed by Player II, and:

Player II wins the run <= (z ¢ X or (z € Ay €U))

Note that any winning strategy for Player I provides a continuous function
¢ : w¥ — X which reduces U’ to A, hence op : w* — w" is a continuous
function which reduces U’ to U, which is impossible since U ¢ I'. Hence Player
IT has a winning strategy which provides a continuous function 6 : w* — w* such
that X N0~1(U) = A, and since by definition §~1(U) € T then A € T'x. O

We also recall the notion of level which will play a central role in our study.

Definition 2.2. Let m = (P,)n<nN be a countable partition of w*. A set A C w* is
said to be a m-partioned union of T sets if for alln < N, ANP, € I'p,, equivalently
if there exists (Ap)n<n € TV such that A=, . Pn N An. Moreover given any
class I1:
—if each P, is in II then A is said to be a II-partitioned union of I sets.
~if N =2 and 7 = (Py, P}) € II x II then 7 is said to be a basic (I, TI)-
partition and A a basic (IT, IT)-partitioned union of T' sets.

Definition 2.3. Let 1 < £ < wy. A class T is said to be of level > £ if T' is closed
under Ag—partitioned unions, and of level & if moreover T is not of level > £+ 1.
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The reader can find in [6] other various formulations of the notion of level.
Notice that the complement of a Ag—partitioned union of I' sets being itself a
Ag-partitioned union of T sets, the classes I' and I are of the same level. In fact
the notion of level is significant only for non self-dual classes (I' # T"). We recall
that the Wadge class I" generated by the set A is self-dual if and only if any point
in w* admits a A{ neighbourhood V' such that the set V' N A is of class < T.

Proposition 2.4. Any self-dual Wadge class is of level 1.

Proof. Suppose that T is a self-dual Wadge class of level > 2, and let A C w¥
be a generating set for I'. For all n < w let 0" denote the sequence of length n
with constant value 0, and for n < w let A, = {0""a: a € A}. Then the set
B = {0} UU, e, An is clearly a A-partitioned union of T' sets, hence B € T
since T" is of level > 2, and since BN (0" x w*) = A, ~ A then B is a generating
set for I'. Then since T is self-dual any point = € w* admits a A(l) neighbourhood
|4 Su*cu])a that the set V N B is of class < T', but this is clearly not the case for
z=0". O

Proposition 2.5. For any Wadge class T' and any set A C w® let:
kerM (A) = {z € w* : YVAY neighbourhood of z, VN AT}
and let W = w® \ ker™) (A). Then:
a) ker™)(A) is a closed subset of w”,
b) ANW €Ty, hence if A€ T then ANW € A(Tw),
¢) ker'™(A) = 0 if and only if AT,
d) if A € °\T then for any V € AY such that Vnker™ (A) £ 0, VNA e D\TI.

Proof. By the very definition of ker™) (A) it is clear that ker™)(A) is a closed
subset of w* and we can find a A(l)—covering (Vi)new of W such that for all n,
VN A € Ty, hence by Proposition 2.1, ANW € T'yy.. This proves a) and b). For
¢) the implication from left to right is obvious and the converse follows from b).
Finally for d) observe that if A € T' then VNA € T and if moreover VNker(A) # ()
then it follows from the definition of ker™ (A) that VN A ¢ T, O

Proposition 2.6. Let T' be a non self-dual Wadge class, let A € T\ T and set
K =ker™(A). Then the following are equivalent:
(i) T is of level > 2.
(ii) T is closed under basic (II{, XY)-partitioned unions.
(iii) For allV € AV if VN K #0 then VANKNA¢Tg.

Proof. Observe first that all three conditions are symmetrical, in the sense that
whenever one of these conditions is satisfied by the class I" then it is automatically
satisfied by the dual class T.

(i) = (ii) is obvvious.

(i1) = (iii): Note that since T' is non trivial then for any basic (I, X9)-
partition 7 = (P,Q) and any set A € T the set PN A = (PNA)U(QNO) is
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a m-partitioned union of I" sets. It follows then from (i) that PN A € T, and
similarly QN A € T'. So T is closed under intersection with closed sets and with
open sets; and the same holds for T

Suppose now that (i) fails and fix a AY set V such that VN K # ) and
VNKNAE€TI'ynk then we can find B € T such that VN KNA=(VNK)NB,
and since K NB €T then VAN KNA=VN(KNB)cT. On the other hand
by Proposition 2.5 a) we have that A\ K € f‘ww\K and we can find B’ € T such
that A\ K = B'\ K

Then setting P = VN K and Q = V\ K, 7 = (P,Q) is a basic (IT}, 39)-
partition of V ~ w* with PNA=VNKNAcTand QNnA=QnB €Ty
Hence VNA = (PNA)U(QNB’) is a m-partitioned union of I sets, and it follows
then from (%) applied to Ty ~ T that V N A € T which is a contradiction since

V Nker™(A) £ 0.

(iii) = (i): Suppose that T', equivalently T, is of level 1. Then we can find a TT{-
partition (F},)pew of w* and a set B ¢ I such that for all n € w, F,NB = F,N B,
for some B, € I'. So B = Unew F,, N B, is Borel and since B ¢ I then B reduces
any set in I'. In particular since A € T then we can find a continuous function
@ : w¥ — w¥ such that A = ¢~ %(B). Then for all n € w, F, := ¢~ Y(F,) € IIY,
Ap = ¢ YB,) €T and F, N A= F.NA, Since A¢T then K = ker(A) is
a non empty Polish space, and applying Baire Theorem we can find a A(l) set V
and some n such that () # V N K C F! hence by (iii), VN KNA ¢ Tynk. But
VAKNA=VNKNE, NA=VNKAnNA, € Tyng which is a contradiction.

O

Corollary 2.7. If T' is a non self-dual Wadge class of level 1 then for any set
A €T there exists a basic (T19, =9)-partition (P,Q) such that AN P € T'p and
ANQ elg.

Proof. Applying Proposition 2.6 (iii) to some fixed set B € T'\ T, we can find a
AY set V such that Py = V Nker™(B) is non empty and PyN B € I'p,. Then
setting Qo = V' \ ker(B) we have by Proposition 2.5 a) that Qo N B € FQO‘ This
proves Corollary 2 7for A=V NB.

Since V Nker™(B) # 0 then VN B € T'y \ I'y and since V ~ w* then the set
BNV as a subspace of V is I'~complete. Then for any set A € I" we can find a
continuous function ¢ : w* — V such that A = ¢~1(B); and setting P = ¢! (P),
and Q = ¢~ 1(Qo) it is clear that the partition (P, Q) satisfies the conclusion of
Corollary 2.7. O

3. A VARIATION OF THE GAME OPERATOR o

For any set £ C w¥ we denote by G the standard free game on w in which
E is the payoff set for Player I. If X C w® and A C w¥ x w" let:

OXA={z e X: Player I wins the game G}
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and if I" is a given class we denote by DX I the class of all subsets of X of the
form DX A with A C w¥ x w* in I'. When X = w* we shall use the standard
notation and write o instead of O“°.

For all basic results on the operator O we refer the reader to [7]. Let us only
mention that for any class I, since I' is closed under recursive substitutions,
F¥ol' C oI and VWoI' C oI'. In particular if I' is closed under continuous
substitutions then oI is closed under countable unions and intersections.

Let T denote the set of all trees on w with no terminal nodes, that we identify
to a I19 subset of the compact space 2¢~*  Given any T € T we denote by GT
the game on w with rules T, meaning that any finite run in G” has to be an
element of T. Hence the set of all infinite runs in G” is just the set [T7] of all
infinite branches of 7. Then given any set E C [T'] we denote by GL the game
with rules T' with E as payoff set for Player I.

Also given any mapping ® : X C w* — T and any set A C w” x w* we define:

0% := {z € X : Player I wins the game Gigg }
and given any class I" we denote by O%I" the class of all subsets of X of the
form E)fg with A C w* x w® in I'. Note that if ®x denotes the constant mapping
z = w< from X to 7 then 0®x is just 0.

Proposition 3.1. Let ® : X — T and d: X — X x T the mapping defined by
O(z) = (x,®(x)). Then for any set A C w* X w® in some class I" there exists a

~

set A C (W x T) xw? in I such that O*A = = 1(DA).

Proof. Let ¥ : T x w<* — w<¥ defined by ¥(T,0) = 0 and for all s € w<¥, if
U(T,s) =t then for all m € w, V(T,s"m) =t n with:

n_{ max{k <m: t"keT} if3k<m: t"keT
| min{k: tTkeT} if not
which is well defined since T has no terminal node.

Then for all ' € T, ¥(T, -) induces a tree homomorphism from w* onto 7', and
one easily checks by induction that for all s € T', U(T,s) = s.

Then the function ¢ : 7 X w¥ — w* defined by setting for all « € w*:

(T a) = | U(T, )

is clearly recursive. Moreover for all T' € T, the function ¢ (T, -) is a Lipschitz
retraction from w® onto [T']; in particular for all E C w*, p({T} x E) = EN[T].

If AC w¥ xw*in I then the set
A={(z,T,0) e’ xT xw”: (x,9(T,a)) € A}
is in I" too and for all (z,T) € X x T
—If 0 is a winning strategy for Player I in the game G A7) then o is necessarily

valued in (J, T N wtl g0 1 = 0|, Tnw?s is a winning strategy for Player I in
the game Gg(m).
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— If 7 is a winning strategy for Player I in the game G:";(x) and if for all o € w?"
we define o(s) = 7(¥(T,s)) € T Nw?"*! then o is clearly a winning strategy for
Player I in the game G 4(z)n[7] = GA(%T).

In particular for all x € X:

Player I wins the game Gi%i; <= Player I wins the game GA(x ®(x))

hence 0% A = d~1(DA). O
4. THE GAME OPERATOR ON WADGE CLASSES OF LEVEL > 2

We recall the following notion from [7]:

Definition 4.1. (MOSCHOVAKIS) A given class X is said to have the substitution

property if for any partial X-recursive function f : D C w¥ — w* and any set
B € X there exists a set A € X such that f~Y(B) = AN D.

Let us point out that dealing with partial X-recursive functions rather than
total ones is fundamental for most uses of this notion. Note also that if 39X C X
then any partial X-recursive function is also X-recursive, hence if ¥ has the
substitution property then so does X.

The substitution property is actually a very strong closure property not easy
to verify in general, and the following stability result is one of the rare results
ensuring it. In fact, though not stated explicitly by Moschovakis, this result is
essentially contained in the proof of Theorem 6D. 4 in [7]. For completeness we
give here a slightly modified and simpler version of Moschovakis’ proof.

Theorem 4.2. Given a class I' let T' = (U ¢ I'(¢€) and assume Det(T"). If I’
is closed under basic (I1Y, X9)-partitioned unions then OI' has the substitution
property.

Proof. Let f: D C w¥ — w* be a partial O '-recursive function and B € oI". We
have to find a set A € OI" such that f~1(B) = D N A.

Since B € OI" we can fix a set B C w” X w* in I" such that B = DB. Also
since f is OI-recursive we can fix a set L C w<* x w* in oI such that for all
sew< DN f 1 (Ng) =DnNLs where Ly = L(s) C w*. Let

M ={(s,z) ew xw”: Hew™, NyNN;=0and z € L;}
so that for all s € w<¥, D\ f~Y(INs) = DN M, with a set M C w<% x w* in oI
so we can fix M C w<¥ x w¥ X w* in I" such that M = OM. Since we assume
Det(T") then for all x € D:
f(x) ¢ Ny <= Player I wins the game GMS(:(:)
f(x) € Ny <= Player II wins the game GMS(x)'

For all x € w* consider the game H, which runs as follows:

I: (io, ]{0) (ila k2) T (im k2n)

H, : . . .
IT: (]kal) (]17k3) (]n>k2n+1)
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with iy, jn, kn € w.
We shall identify any infinite run p in H, to a triple (y, z,a) € (w*)? with:

Yy = (in)new y R = (jn)nEw y = (kn)new
and refer to y as the real constructed by Player I in this run. We also set for all
pEw:
O[(p) = (kp—i-n)nEw c ww.

Then Player I wins the run p = (y, z, a) if:
(Vn e W, Y = 2 and (y,a) € B) or (Ine W, Yjn # 2 and (z,a®"2) e Msn)
Lemma 4.3. The set A= {x € w* : Player I wins the game Hz} is in oI .

Proof. We shall define a set A € Q := w” x (W x w* X w*) such that for all
x € w¥, Player I wins the game H, if and only if Player I wins the game G Az)"
For this let:

P={(r,y,2,0) €Q: Vn€w, yp =2} ; Q=Q\P

By ={(z,y,2,0) €Q: (y,0) € B}
and for all s € w™ \ {0} :

Vs ={(z,y,2,0) €Q: Vm <n €w, Yjp, = 2}y, and y}, # 2}, = 5}

By ={(z,y,2,a) € Q: (z,a®5+2)) ey},
and
A=Pnipu |J Vn4,
D#scw<w

Then ANP = AgnP with Ay € I" hence ANP € I'p; and ANQ = Uy ep<w VaNA,
is locally in I'g hence in I'y. This proves that A is a basic (119, 29)-partitioned
union of I sets hence A € I'; and clearly for all z, Player I wins the run (y, z, )
in H, if and only (z,y,z,a) € A. O

Lemma 4.4. For all x € D,
a) if Player I wins the game GB(f(a:)) then Player I wins the game H,.

b) if Player II wins the game GB(f(ac)) then Player II wins the game H.

Proof. Fix € D and set z = f(z). We shall describe in each case a strategy
for the concerned Player, and it will follow readily from the win conditions of the
game that these strategies are winning.

a) Let o be a winning strategy for Player I in the game G Bx)" Then in any
run in H, Player I plays i,, = z(n) for all n, so that in any infinite run z = y
is the real constructed by Player I in the run. Then as long as s, =y, Player
I plays ko, following o, and at the first Player II's move for which s, # y,, in
which case y = f(z) € N,, Player I starts playing kapy212, for n > 0 following
a winning strategy in the game G N, (2)°
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b) Let 7 be a winning strategy for Player II in the game GB({E)' Then in any
run in H, Player II plays s, = z, for all n. If y is the real constructed by
Player I in the run then as long as s, = z|,, =y, Player II plays ks, following
7, and at the first Player I's move for which s, # z,, in which case y # f()
and f(z) € Ny, , Player II starts playing k2pi142, for n > 0 following a winning
strategy in the game G N, (2)° O

Since Det(T') holds then the game G B(f(x)) I8 determined, hence by Lemma 4.4
the game H, is determined too and for all z € D we have:

f(z) € B <= Player I wins the game Gt

<= Player I wins the game H,
> xcA

Hence f~1(B) = DN A and by Lemma 4.3 the set A is in OI", which finishes the
proof of Theorem 4.2. O

Corollary 4.5. If T is a Wadge class of level > 2 then oI' has the substitution
property.

The converse of Corollary 4.5 is not true since £ = OIT{ and I} = 0%9 do
have the substitution property while IT{ and X{ are of level 1. However as we

shall see these are the only possible counter-examples. The proof relies on the
following general determinacy result for which we need first to fix some notation.

Notation 4.6. For all © € w<¥ let:
I if |ul is even

_ <w . _
Su={s€w™: sDu} and J“_{H if Ju is odd

So S, € T and for any set ¥ C w“ we can consider the game G%‘. Then a run in
G%“ is just a run in the standard free game G g which extends u, and the moves

of Player J, in the game G%“ are in one-to-one correspondence with the moves
of Player I in the standard free game Gg.

Proposition 4.7. Let B,W C w* with W € XV. Then Player I wins the game
Gpuw if and only if one of the following two conditions holds:

i) Player I wins the game Gy,
i1) Player II wins the game Gy and Player I wins the game GTW, where

Tw = {t € w~¥: Yu C t, Player J, has no winning strategy in G%}}

Proof. a) Set for simplicity T' = Ty and suppose that (i) or (ii) holds:

If Player I wins the game Gy then he obviously also wins the game Gpuw by
following the same strategy.

So suppose that Player I1 wins the game Gyy. Then by the proof of the Gale-
Stewart theorem, T = Ty is a winning quasi-strategy for Player II in the game
Gw, hence T € T and [T|NW = (. Moreover if u € w<*“\T is of minimal length
(i.e. w ¢ T and u* € T') then by definition of T' Player J,, has a winning strategy,

say oy, in Ga}‘. Note that since T € T then the game Gg\w is well defined,
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and if Player I wins this game with some strategy o, then Player I has a winning
strategy 7 in Gpuw by following o as long as the run is in 7" and if u € W" is a
run of minimal length, which is compatible with ¢ but not in 7', then from step
n on, Player I (who corresponds to Player J, in G®+) follows the strategy o,.
Note that such a run u might be of even length (if Player I gets out of T" by the
requirements of the strategy o) or of odd length (if Player IT decides freely to get
out of T"). Then for any infinite run o compatible with 7:

— either o € [T'] and then « can be viewed as an infinite run in G% compatible
with o, hence a € B

— or else for some minimal n, «),, = u is compatible with o but v ¢ T, and
then « is compatible with the strategy o, hence o € W.
This proves that the strategy 7 is winning for Player I in the game G puw .

b) Conversely suppose that Player I wins the game G gy but does not win the
game Gy then Player II wins the game Gg. More precisely if o is any winning
strategy for Player I in the game Gpuw then o is also a winning strategy for
Player I in the game Gg. Indeed since T is a quasi-strategy for Player II in
the game Gy then for all s € T Nw? and all k € w, sk € T. Thus in any
infinite run a € w¥, as long as Player II stays in T, Player I is forced to stay in
T too, and then a € [T] C w¥ \ V; and if moreover « is compatible with o then
a € (BUW)N[T]=BnNJ[T] since WN[T]| =0. This proves that the strategy
o is winning in the game Gg. O

Given two classes X, A and a function f we shall write informally f~1(X) C 4
to mean that the inverse image by f of any set in X' is in A.

Definition 4.8. We shall say that a given class X has the weak substitution
property if f~1(X) C X for any total function f :w*” — w*, equivalently for any
partial function f: D C w* — w* with domain D in A(X).

Note that if A is a class closed under continuous substitutions and countable
unions, in particular if A = OT for some Wadge class I, then for a total function
f the notion of A-recursivity coincides with the notion of A-measurability, that
is f71(=9) c A.

We can now sate the following converse to Theorem 4.2.

Theorem 4.9. Let T be a non self-dual Wadge class containing the class TINUXY.
If OT has the weak substitution property then T is of level > 2.

Proof. Fix a recursive isomorphism 2 : (w¥)? — w* and let 7 : (wW¥)? — (wW¥)? be
defined by j(z,y, 2) = (1(z,y),2). U C w* x (w* x w*) is universal for the T’
subsets of w* x w* then A = j(U) C w* x w* isin I so 0A C w¥ is in OT', and
one easily checks that 17 1(DA) C w* x w¥ is universal for the OT subsets of w*.
Hence A € T and DA € oT'\ OT.

Suppose now that I is of level 1. Since A € I' then by Corollary 2.7 we can find
a basic (IT{, £9)-partition (F, W) of w* such that ANF € T'r and ANW € T'yy.
Hence we can fix B € T' such that AN F = BN F, and we can also fix a AY
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partition (V;,)ne,, of W such that for all n, V,, = N, x Ny, is a basic AY subset
of w x w¥, and A, := ANV, is in Ty, hence A, € A(Ty,) C A(T).

Then let ¥ : w* — 2% be the function whose n™ coordinate U™ is the char-
acteristic function of the set 0 A,,, so:

p(n) (x) =1 <= Player I wins the game Gf‘t:(x)_

and let U : w® x w¥ — w* x 2 x w* defined by U(z,0) = (z,%(x),a). Since
each A, is in A(T') then ¥ and V¥ are oI'-measurable.
Let A, B, W be the subsets of Q := w* x 2 x w* defined by:

A=BUW
B ={(z,y,0) € Q: (z,0) € B}
W ={(z,y,0) €Q:Incw, (z,0) €V, and y(n) = 1}
and note that B € T' and W € %Y.

Claim 4.10. DA = U~ (DA).
Proof: Fix x € w* and let y = ¥(x); we have to show that:

Player I wins the game G4,y <= Player I wins the game GA(z V)

If Player I wins the game G 4(,) with some strategy o then Player I wins the
game G Azy) by following the same strategy o. Indeed suppose that a is an
infinite run compatible with o; then (z,«) € A and:

— either (z,a) € F and then (z,0) € ANF = BN F hence (z,y,0) € B C A,

—or (z,a) € W and then there exists some k € w such that (z, )|, = (sn,tn)
and we claim that we necessarily have y(n) = 1. For otherwise Player I would
have a winning strategy 7 in the game Git:(z), and playing 7 against o from k on,
would lead to an infinite run o’ compatible with o with (z,o/) € V,\ 4, C W\ A
which is impossible since the strategy o is winning in G 4(,). Hence y(n) =1 and
so (z,y,a) € W C A.

Conversely if Player I wins the game G Alzy) with some strategy ¢ then he has
a winning strategy o in the game G 4(,) by following & as long as the run is of
the form ¢, with x € N5, and y(n) = 0; and at the first step at which y(n) =1
Player I is then in a position to win the game Git:(z), he then follows from k
on a winning strategy in this latter game, which constructs an infinite run in
Ap(x) C A(z). This proves that the strategy o is winning in the game G 4(;). ©

Claim 4.11. DA € OT.
Proof: Let Z = w* x 2¥ \ ©W and consider ® : Z — T where for all z € Z,

D(2) = {t € w<¥: Vu C t, Player J, has no winning strategy in G%}*(Z)}.

is the Gale-Stewart quasi strategy for Player II in the game GW( 2 Since W € 9
then OW € II} C OT, and since 31 C OT then OW € A(DT). Moreover since
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the relation ¢t € ®(2) is 1 € A(DT) then the function ® is A(DT')-measurable
with domain in A(QT).

Since A = BUW and W € >0 then by Proposition 4.7, DA = 0°BUOW.
And since B € T then by Proposition 3.1 there exists a set B C Z x T in I such
that O*B = &~1(DB) where & : Z — Z x T is defined by ®(z) = (z,®(z)). So
® is A(DI')-measurable with domain in A(DT') and it follows then from the weak
substitution property of OI" that D®B = i)_l(af}) € OI. Then since O is closed
under countable unions, DA € OT. o

Finally since ¥ and ¥ are total OT'-measurable functions then it follows again
from the weak substitution property of OI' that 04 = ¥~1(DA) € OI', which
contradicts the choice of the set A and finishes the proof of Theorem 4.9. g

Corollary 4.12. Let T be a non self-dual Wadge class and let I' D I U XY be
a class such that T' = |J.c o I'(€). If OI' has the substitution property then T is
of level > 2.

Proof. Since I' D ITY U X9 then T D TI?UXY. To see that T' has the substitution
property observe that given any partial I"(¢)-recursive function f : D C w* — w¥
there exists a I'-recursive function f : D C w® x w* — w* with D(e) D D such
that f(z) = f(e,z) for all z € D. O

Observe that one cannot a priori replace in the arguments of Corollary 4.12
the substitution property by the weak substitution property.

Combining Theorem 4.2 and Theorem 4.9 we then get:

Corollary 4.13. IfT is a non self-dual Wadge class containing the class H?UE?
then the following are equivalent.

i) T is of level > 2.
i1) OT has the substitution property
ii1) OT has the weak substitution property

5. NORMS AND SCALES ON WADGE CLASSES

5.1. Norms: By a I'-norm on a set A we always mean a mapping ¢ : A — On
such that both relations:

{xeA and (y & A or p(z) < o(y)
reA and (y¢&Aor o) <o)

are in T.

Note that, though quite universal, this definition is not the one adopted in [7]
where Moschovakis considers a weaker notion, which happens to be equivalent to
the previous one if the class I' is adequate (see [7]), or at least if I" is closed under
finite boolean operations. Unfortunately Moschovakis’ definition is too weak to
recover several of the fundamental properties of normed classes. On the other
hand many normed Wadge classes are non adequate (see [6]), and for such classes
working with the definition above is necessary.
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5.2. Scales: We recall that a I'-scale on a set A C X is a sequence ¥ = (¥k)kew
of I'-norms on A satisfying:

If a sequence (x;)icw in A is such that x = lim; x; ezists in X and for
(%) each k and each i large enough py(z;) = &k is constant, then x € A and
for all k, pr(z) < &.

Note that in almost all significant uses of scales some additional properties are
actually needed for the proofs. The most common ones are the following:

A scale p will said to be:

a) good if any sequence (z;)ie, in A such that for each k and each i large
enough ¢k (x;) = & is constant, admits a limit in X.

b) monotonic if:
Vk € w, Vae,y € A, if ¢ry1(x) < pp1(y) then or(x) < pr(y).
The scale will be said to be very good if it is good and monotonic.

In fact as far as one is working with adequate classes very good scales are easy
to obtain. Indeed given any I'-scale (g )rew On some set A C w® with ¢ : A — A,
if we order \, = (w x \)*+1 lexicographically and define ¢y, : A — N by:

¢r(z) = (x(0),00(x), - (k) ox())
then one can easily check that if the class T' is adequate then (@) is both good
and monotonic. But this is no more true if I' is not adequate. However as we
shall see in this section if I" is a any normed Wadge class of Borel sets one can
still construct nice I'-scales for any set in I'. The proof of this result relies on
results due to Louveau — Saint Raymond ([6]) as well as their proofs. For the ease
of the reader we give first a brief presentation of these latter results.

In fact in [6] the authors characterize normed Wadge classes of Borel sets as
exactly those which admit a Wadge description avoiding a prescribed number of
Boolean set operations. This gives an internal inductive definition of these classes
(see [6], Définition 16), and the main result of [6] is the following :

Theorem 5.3. (LOUVEAU-SAINT RAYMOND) For any Wadge class T' the fol-
lowing are equivalent:
(i) T has the reduction property;
(i) T is normed;
(iii) T is scaled.

However the scales in (77i) given by the proof of Theorem 5.3 in [6] are far away
from being good or monotonic, and our main goal is to prove that this can actually
be achieved. For this we need the following fundamental notion introduced in [6].

Definition 5.4. (LOUVEAU-SAINT RAYMOND) Let I' be a Wadge class of Borel
sets and A C w® inT'. A family (An,&n)new is said to be a norming family for
the set A if:

(1) for alln € w, & <wi and A, € Hgn,

(2) (Ap)new is a partition of A,
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(3) for any families (Cp)new and (Ve)econ of subsets of w®” x w®, if for all
ﬁ,ﬁf‘ C, € Egn and Vg € Zg then the set U, e, (An x w?¥) N (Cy \ Vg,) is
inT.

nEw(

Theorem 5.5. If T' is a normed Wadge class then any set in T' admits a very
good T'-scale.

Proof. Let A € T; then by [6] (Théoréme 20) A admits a norming family (A, &,)new-
Set A = sup,,(w- &, +n) and let ¢ : A — X be defined by:

oz)=w-&+n ifze A,

By a classical result of Kuratowski ([4], §37.II Corollary 1a) for all n € w, setting
&, = 1+ &, we can fix a continuous bijection f,, : w¥ — w* such that g, := f, ! :
W — w¥ is of class & and F,, = g,(A) = f;1(A) € T} (see also [1] for a much
stronger version).

Then for all k € w, let ¢ : A — X x w¥ be defined by

and set:

By = {(z.y) € xw* sa € Aand (y £ A or pi(e) < eu(y))}.

where < refers to the lexicographical ordering on A x wF.

Claim 5.6. B, €T

Proof: For all n € w and all £ € On the sets
ﬂ w’ X (W \ A4y) and Ve =w” X U Ap,

m<n mew:

Em=¢&n Em <€

are clearly Egﬂ (resp. 22) subsets of w* x w®. Also since for all u € w¥ the set
g H(N,) = {z e w”: gn(T))), = u} is Agn then

Dp={(2,9): gn(@) <@t = U {21 ga(@) = u}x{y: gnly)y, = v}

u<lv

u,vEAX Wk
isa 20 subset of w* x w* too, and so are the sets C!! = D, U(w* x (w*\ 4,)) and
C, = C' N C}. Hence by Definition 5.4 the set By = [J,,c,,(An x w¥) N (Cy \ Ve,)

is in T, and we now show that By = Bj.

Observe first that A x (w*\ A) C By C Axw* and Ax (w“\A) C B; C Axw"
so we only need to show that By N (A x A) = B, N(Ax A). So fix (z,y) € Ax A4;
then x € A, and y € A, for some uniquely determined n, p.

If (z,y) € By, then since y € A, and (z,y) € C;, \ Vg, then either £, > &, or
(&p = &, and p > n), and in both cases ¢(z) < ¢(y):

—if p(2) < p(y) then pr(x) < @r(y), so (z,y) € By;

— if not then ¢(z) = ¢(y) hence m = n so y € A,, and since (x,y) € CJ! then
y € Dy so gn(x)“g < gn(y)|k7 hence ¢ () < ¢r(y)) and (z,y) € B]:;
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Conversely if (z,y) € By, then gi(x) < ¢i(y), in particular:

w-ptn=p) <ely)=w-§+p.

Then for all m, if either m < n is such that &, = &,, or if &, < &,, then
w-&m+m < p(y) =w-&+p, and it follows that y & Ap,; hence (z,y) € C} \ Vg, .
~If p# n then y € A, so (z,y) € C);, hence (z,y) € C, \ V¢,,.

—If p=mnthen y € A, and p(z) = ¢(y), and since px(z) < @i(y) then gn(z),, <
gn(y)lk, so (z,y) € Dy and again (z,y) € Cy, \ V,.

Then since x € A,, then in both cases (z,y) € By.

This finishes the proof of the claim. o

In a similar way one can prove that for all k the set
By ={(z,y) €’ xw” :z € Aand (y ¢ A or p(x) < ¢x(y))}

is in T too. Hence if 6 is any embedding of A x w¥ in w; then ¥, = Oropy is a
I'-norm on A.

Suppose now that a sequence (z;);e, in A is such that x = lim; x; exists in w*
and that for all k£ and all @ > ik, pr(x;) = pg is constant. In particular for all

i > g, p(x;) = w- &, + n is constant, that is x; € A,. Moreover for all k, if g,(lk)

denotes the k™" coordinate of g,, then lim; ggk) (x;) exists, hence lim; g, (z;) =y
exists. Since F,, = g,(A,) is closed and g, (z;) € F,, for all i > iy, then y € F),
and so f,(y) € Ay; and since f,, = g, ! is continuous then

o = limz; = lim fu(gn(xi)) = fuly) € An
Moreover for all k and all i > i, we have:

pr(x) = (0(2), gn(0)) = (9(2), yp) = (p(@), gn(2i) 1) = r(wi) = e

This proves that the sequence (1x)ren, which is obviously monotonic, is also a
good I'-scale on A. O

Remark 5.7. As one can easily check the scale (¢y)recw constructed in the pre-
vious proof satisfies the following additional “continuity” property:

If a sequence (x;)ic, in A is such that x = lim; x; exists in X and for
(%) each k and each i large enough vy (z;) = & is constant, then x € A and
for all k, Yp(x) = &.

6. THE GAME OPERATOR ON NORMED WADGE CLASSES

Most fundamental results on 01" are due to Moschovakis. Unfortunately all
these results are stated and proved in [7] under the assumption that the class I’
is adequate class. However, inspecting the proofs one can observe that in each
case the adequateness assumption on I" is only used to reformulate the hypothesis
and is no more needed in the core of the proof. More precisely we can restate
Theorem 6D.3 and Theorem 6E.1 of [7] as follows:
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Theorem 6.1. (MOSCHOVAKIS) Let I' be a class, and assume that Det(T') holds
where T' = | J ¢ I'(€).

a) If I' is normed then OI" is normed.

b) If the set A C w® X w® admits a monotonic I'-scale then there exists a OI -
recursive function which assigns to any element x € OA a winning strateqy for
Player I in the game G 4(z)-

In fact for part a) the adequateness assumption on I" in [7] (Theorem 6D.3)
is used to ensure that any I"-norm (in the weak sense of [7]) is automatically a
I'-norm (in the sense of Section 5.1). Then the rest of the proof of Theorem 6D.3
associates explicitly to any I'-norm on a set A C X x w*, a Ol-norm on the set
DA .

Also part b) is stated in [7] (Theorem 6E.1) under the (weaker) hypothesis
that the set A admits an arbitrary I'-scale, but again assuming I" to be adequate.
In this case the adequateness assumption is used to construct first a very good
I'-scale @ for the set A, but as one can check only the monotonicity of @ is used
in the rest of the proof.

Combining Theorem 5.5 and Theorem 6.1 we get:

Theorem 6.2. If T is a normed Wadge class of Borel sets then:

a) OT is normed.

b) For any set A C w* x w* in T there exists a OT-recursive function which
assigns to any x € OA a winning strategy for Player I in the game G 4(z)-

We now give two applications. The first application relies on the main result of
[2] which asserts that if the class OT satisfies conditions a) and b) of Theorem 6.2
and has moreover the substitution property then oI' satisfies the conclusion of
Corollary 6.3, which generalizes a result of Kechris ([3]) for the class TI} = 0X9.

Let us recall that given a class A, a set A is said to be A-hard if any set B € A
is reducible to A by a continuous function that is if there is some continuous
function ¢ : 2¥ — X such that B = ¢~ 1(A).

Corollary 6.3. Let T' be a normed Wadge class of level > 2, and A a subset
of some Polish space X. If any. OI'-set is reducible to A by a OT'-measurable
function then A is OTI'-hard.

Proof. If X = w® then it follows from Theorems 4.9 and 6.2 that all the assump-
tions of Theorem 1.4 in [2] are satisfied; hence A is oI'-hard. For the general
case fix any continuous bijection f from w® onto X; then f~! : X — w® is
automatically Borel. Note that if a set B C 2“ is reducible to A by a oT'-
measurable function ¢ : 2¥ — X, then B is reducible to f~!(A) by the function
flop : 29 — w* which is OT-measurable too, since the class OT is closed under
countable unions and intersections (see [7], Theorem 6D.2). It follows then from
the particular case X = w* that f~!(A) is oI'-hard. Hence any set B C 2* in oT'
is reducible to f~1(A) by a continuous function v : 2* — X, so B is reducible to
A by the continuous function fot) : 2 — X, which proves that A is OI'-hard. O
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The second application concerns Spector classes which are introduced and stud-
ied in [7]. We recall that a class X' is said to be a Spector class if:

1) X is w-parametrized and closed under recursive substitutions, 3 and V%,
2) X is normed,
3) X has the substitution property.

In fact the only known Spector classes are all of the form oI'. Note that in
this case condition 1) is satisfied for any w-parametrized class I'. By a result
of Kechris and Moschovakis ([7], Theorem 6D. 4) X9 is a Spector class for all
n € w; but the arguments extend easily to DEg forall 1 < ¢ < wch . We

also recall that in [6] it is proved that for all 1 < n,{ < wy, the class Dn(Eg)
is normed, and by a straightforward adaptation of the arguments one can show
that the corresponding effective class Dn(Z’g) is also normed. Then it follows from

Theorem 6.2 a) that the class D(DU(Z‘Q)) is normed. Hence, aside the case n =1

for which E)(Dl(Eg)) = E)Zg is always a Spector class, for the class E)(Dn(Zg))
with > 2, being Spector is equivalent to have the substitution property, which
by Theorem 4.2 and Corollary 4.12 is equivalent to be of level > 2.

Corollary 6.4. For all 2 < n,& < wch,
a) D(Dn(Zg)) is a Spector class.
b) O(Dy(X?) is not a Spector class.

Let us also mention without proof that following similar arguments one can
prove that if T' is a A}-Wadge class in the sense of [5] and I' = I' N A} then
the class OI" is a Spector class if and only if either OI" = II{ or T is a normed
Wadge class of level > 2, in which case OI' D ©X9. An exhaustive proof of this
necessitates to resume completely the content of [6] and give effective versions of
all the results.
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