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We examine the time-dependent distortion of a nearly circular viscous domain in an infinite viscous
sheet when suction occurs. Suction, the driving force of the instability, can occur everywhere in the two
phases separated by an interface. The model assumes a two-dimensional Stokes flow; the selection of the
wavelength at short times is determined by a variational procedure. Contrary to the viscous fingering
instability, undulations of the boundary may be observed for enough pumping, whatever the sign of the
viscosity contrast between the two fluids involved. We apply our model to the suction by lipoproteins of
cholesterol-enriched domains in giant unilamellar vesicles. Comparison of the number of undulations
given by the model and by the experiments gives reasonable values of physical quantities such as the
viscosities of the domains.
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Interfacial instabilities have been the subject of numer-
ous experimental and theoretical works in the past [1–3].
They mimic pattern formations, and, in the case of
Laplacian growth [4,5], they are well understood.
Recently, the sucking instability of a viscous patch in a
Hele-Shaw cell has been revisited [6–8], and comparisons
with new experiments using a lifting Hele-Shaw cell have
been performed [7]. For a two-dimensional Darcy flow, the
destabilization of the circular interface [9,10] is easily
understood by the Saffman-Taylor instability [4,11], which
occurs as soon as a less viscous fluid (usually the air)
penetrates a more viscous one (usually the oil). A linear
perturbation analysis confirms this interpretation, the
agreement of the selected number of oscillations, and the
experimental data being only qualitatively correct [6,8].
The same suction process for a two-dimensional Stokes
flow has received much less attention, probably because of
the difficulty to realize a true 2D flow experimentally but
also because of the difficulties of the calculations [12,13]
when the physical answer is generally expected to be
similar to the Laplacian flow. The rapid development of
microfluidics [14] and new dynamical experiments involv-
ing either Langmuir-Blodgett films [15] or inhomogeneous
lipidic membranes [16] prompt us to reexamine the suction
instability for a 2D Stokes flow because this model is a
good representation of the experimental setups. It turns out
that the Stokes instability of suction differs significantly
from the Darcy instability [10]. It occurs only for conver-
gent radial flow independently of the sign of the viscosity
contrast between the two phases involved. The dispersion
relation is also unusual; it is why we perform a selection
analysis based on a variational procedure taking into ac-
count the balance of capillarity and of viscous stresses to
predict the correct number of oscillations. The range of
applications of this result is broad, especially as biological

processes are involved, and experimental verifications are
rather easy. In this Letter, we focus on the suction of an
inhomogeneous lipid membrane including a liquid-ordered
(LO) phase [17], and we show that such a theory allows us
to explain the experiments and to deduce correct values of
physical parameters hard to measure for these soft-matter
systems.

Theoretical treatment.—We consider a planar biphasic
viscous sheet made of a viscous patch of viscosity�i (i for
inner) in an infinite two-dimensional bath of viscosity �o
(o for outer). The thickness of the sheet h is assumed to be
constant; this explains a part of the experimental difficul-
ties. Langmuir-Blodgett films or lipidic membranes whose
thickness is chemically determined may correspond to this
case, except there is a third phase: the surrounding water
bath, of viscosity �w (see Fig. 1). Before pumping, the
inner domain at rest is circular, with a radius R0.

Whatever its origin (chemical or physical), the pumping
can occur in both phases. It is described by the extraction
rate q�r�, which has a radial symmetry around the center of
the inner domain. This extraction rate may be time-
dependent. Once integrated over the whole domain, it gives
the total mass extraction per time unit, a quantity easy to
measure and control experimentally. The question we ask
concerns the existence of a symmetry breaking when the
extraction rate increases, inducing a contour fingering not
explained by an isotropic pumping process.

Once modified by the water drag [18–20], the Stokes
equation becomes in each phase of the membrane:
 

~rPl � �l� ~Vl � 2
�w

h

��������@
~Vw
@z

��������z�0
; with

div ~Vl � �ql�r�;

(1)

where Pl is the pressure, Vl the fluid velocity, ql�r� the
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local suction rate in the domain l, and Vw the water velocity
induced by the pumping (see Fig. 1). The surrounding
water bath is described by the classical 3D Stokes equation
for an incompressible fluid. Boundary conditions at the
interface are the continuity of the velocity and shear
stresses and a jump of normal stress as given by the
Laplace law (see [12,13]). If the boundary does not remain
circular, we do not have at the moment an analytic solution
of the full problem including the water drag, measured by
the dimensionless number N � ��wR�=��lh�. But, if in
the experiment both phases are sufficiently viscous in such
a way that N is small, the water drag can be neglected, and
it becomes possible to solve Eq. (1) with the boundary
conditions for a circular or nearly circular domain of radius
R��; t� � R0�t��1� �0

n exp�n�t� cosn��, with �0
n much

smaller than 1 and n an integer, with n � 2. After a tedious
but standard linear perturbation analysis, we find the
growth rate �n of the perturbation

 �n �
2Qi

R2
0

�
n
2

�
��o ��i�R0

; (2)

where Qi is the suction rate of the inner phase only: Qi �RR0
0 �q���d�. As usual, the surface tension � stabilizes the

flow. Instability can occur only if Qi � 0 (net inward flux)

whatever the viscosity difference � � ��i ��o�=��i �
�o�, in contrast to the Saffman-Taylor instability
[6,7,11]. Cholesterol extraction in the liquid-disordered
(LD) phase induces also the collapse of the LD phase by
chemical transfer from the boundary, but in this case Qi is
zero and there is no instability. The relation (2) has been
obtained by Cummings, Howison, and King [13] in a more
restricted context. However, this dispersion relation is un-
usual. Remember that, for Darcy flows, we have �n �
�2Q=R2

0��1 � n�=2� � n�n2 � 1��h2
0=12R3

0��o � �i�
(see, for example, [6]). To obtain the selected mode, we
construct and minimize an energy functional for this suc-
tion problem, the associated Euler-Lagrange equations
being Eq. (1) with the correct boundary conditions:

 � � �
I
�� ~Vl: ~n�dl�

X
l

�
�l

ZZ
�div ~Vl � ql�dS

�
X
ij

ZZ
f�pl�ij ��l�2eij � eii�ij�geijdS

�
; (3)

with eij the viscous tensor given by 1
2 �@Vl;j=@xi �

@Vl;i=@xj) in Cartesian coordinates and �ij the Kronecker
symbol. Variation of (3) has to be performed with respect
to the two velocities in each phase. The curvature � is
chosen positive, and ~n is the external normal to the domain
boundary. This functional � takes into account the me-
chanical energy variation per time unit [third integral in
Eq. (3)], the capillary energy (first integral), and the loss of
mass (second integral) being fixed by the Lagrange multi-
plier �l. The contribution of mode n is

 � 	��Q=R0�2� 3n2�=2� �n�n2 � 1�=2��i ��o��

for the capillary term, while, for the third integral, it gives

 	���o��i�Q
2=R2

0�8n��6���2n�n2�1�=2��i��o��:

The minimum of � is then obtained for ns � 8�2��i �
�o�Q=3�R0, which shows that a contrast of viscosity is
necessary for the instability to be observed. In the case
where one viscosity is dominant, this selected value is
close to the one of the marginal stability mode.

The instability can be observed experimentally only if
ns � 2, which gives a threshold value for Qi which can be
tested in experiments. To illustrate our purpose and to test
the hydrodynamic viscous properties of lipidic mem-
branes, we choose the cholesterol extraction from a
cholesterol-enriched phase in an inhomogeneous giant uni-
lamellar vesicle (GUV). The pumping is achieved by high
density lipoproteins (HDLs) [21–23], which in vivo re-
move the cholesterol from the cell membrane [17].

Heterogeneous GUVs as a model system.—In lipid bi-
layers or vesicles, lateral cohesion is, in general, weak, and
the membrane behaves as a fluid for in-plane displace-
ments, while it is considered as an elastic solid for out-
of-plane deformations [16,24]. Studied for at least 30 years,
their elastic properties are now well understood [25,26].

FIG. 1 (color online). Picture of the bidimensional film with a
destabilized inner domain, with a side view of the hydrodynamic
currents in the three phases involved in the suction process.
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The hydrodynamics, however, has been much less ex-
plored. When vesicles contain cholesterol and sphingo-
myelin, lipid segregation into domains called rafts in
biological cells [27–29] can occur. So inhomogeneous
artificial vesicles offer a system with two phases separated
by a well-defined boundary. One of the phases, enriched in
cholesterol, is called LO. The other, where cholesterol
lipids are present at lowest concentration, is less structured
and is called LD. Then it is tempting to test the fluid
properties of both phases by an interfacial dynamical in-
stability such as mass extraction. The difference with
Langmuir-Blodgett monolayers [15,19] comes from the
existence of two strongly connected layers surrounded by
water for the GUV instead of one, the advantage of the
GUV being its obvious biological relevance [27–29].

Experimental setup and results.—To compare the sen-
sitivity of LO and LD phases to HDL-cholesterol pumping
[21–23], we add HDLs in the vicinity of inhomogeneous
GUVs and observe the decrease up to the collapse of one
LO domain [compare Figs. 2(A) and 2(B)]. The vesicles
are formed by electroswelling [30] from a mixture of egg
yolk phosphatidylcholine (EYPC), egg yolk sphingomye-
lin (EYSM), and cholesterol (Chol), with a lipophilic
membrane probe (Di-Q), with EYPC/Di-Q/EYSM/Chol
55:5:20:20 mol=mol as described in Ref. [17]. At room
temperature, one or several domains, enriched in Chol and
EYSM, are observed since the probe is excluded from them
(see Fig. 2). Initially, the LO domains are circular. We
added 100 �l to 350 �l of human HDLs at 2 mg=ml in
apo-A1, the main protein component of HDLs. We always
observe a decrease of the LO domain [see Figs. 2(A) and
2(B)], the suction rate increasing with the number of added
HDL particles (see Fig. 3). For volumes higher than
350 �l, a destabilization of the circular shape is observed
[see Fig. 2(B) for typical examples of our observations].
Initially, about eight oscillations appear on the boundary,
this number decreasing to four with the domain size during
the experiment. In Fig. 3, only case �, corresponding to
Fig. 2(B), shows a contour instability. It corresponds to a
typical time scale for disappearance of the order of 7 mi-
nutes (with an initial radius of 10:5 �m), while case �

[Fig. 2(A)] corresponds to 20 minutes for an initial radius
of 12 �m.

Discussion and conclusions.—Collapse of the LO phase
does not mean that extraction takes place mostly in this
phase, since any extraction implies a lateral flux of chemi-
cal equilibration. If cholesterol extraction occurs mostly in
the LD phase, the chemical flux is outward, and the col-
lapse occurs without instability. So the experimental evi-
dence of an instability above a threshold value is in favor of
a preferred pumping of the LO phase. Typical values of
Qi=R

2
0 are 5	 10�3 s�1 (estimated from the slope at time

t � 0 in Fig. 3) for the case with destabilization (�) and
Qi=R2

0 
 6	 10�4 for the case without destabilization
(�). The line tension � is about 10�5 or 10�6 N=m

[15,16]. A number of undulations of several units, as
observed, implies values of the viscosity of order 10 up
to 100 Pa s, in the range of values suggested for LO do-
mains [26,31]. In the literature, there is a wide dispersion
for membrane viscosities which may vary from 0.5 (diffu-
sion of lipids or small proteins [26,31]) to 100 Pa s (closure
of macroscopic pores [32]) depending on the measurement
techniques. Moreover, our model predicts an unphysical
value of ns 
 1 for the case of slow suction [Fig. 2(A) and
� in Fig. 3], which explains why the boundary remains
circular during its collapse. Finally, the water drag effect
may be given by a heuristic argument: It increases the
effective viscosity of each phase as �eff ��l 

�wR0=nh. It gives here a correction of order 1%, which
allows one to neglect the water bath.

FIG. 2. Evolution of a vesicle containing a LO domain (PC/Di-
Q/SM/Chol 55:5:20:20, 31C) following a bulk addition of hu-
man HDLs. The LO domain appears as a dark round spot. The
time counting (t � 0) starts about 10 min after HDL addition to
the GUVs (time interval during which domain changes are not
yet detected). (A) HDLs bulk concentration 0:1 mg=ml in apo-
A1 (adding 100 �l of HDLs at 2 mg=ml in apo-A1): the GUV in
fluorescence and (a)–(f) continuous decrease of the LO domain
keeping its circular shape (no contour undulations can be re-
solved). Bar � 10 �m. (B) HDLs bulk concentration
0:35 mg=ml in apo-A1 (adding 350 �l of HDLs at 2 mg/ml in
apo-A1): the GUV in fluorescence and (a)–(f) destabilization of
the LO domain circular shape upon decreasing—the number of
oscillations on the domain boundary being initially about eight
decreases with the size of the domain to about four. Bar �
20 �m.
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Despite its theoretical interest, experimental two-
dimensional Stokes flow has been neglected compared to
Hele-Shaw flow. In this Letter, we suggest that some
specific processes acting on inhomogeneous bilayers in a
situation far from equilibrium can be understood with
interfacial hydrodynamical instabilities. The treatment of
the 2D Stokes instability simplifies in the case where
dissipation in water is neglected, for enough viscous mem-
branes. It turns out to be rather different from the analo-
gous Saffman-Taylor instability [6,7,11]. For our
experiment, comparison yields to reasonable viscosity val-
ues for the liquid-ordered phase, intermediate between the
liquid [25,26] and gel [26,31] estimated values. From a
biological point of view, we show that (i) the number of
HDLs is critical for the stability, and (ii) the passive
cholesterol efflux takes place predominantly in the LO
domains. Since there is also some debate about this ques-
tion, our study is in favor of a preferred cholesterol ex-
traction from LO domains.
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FIG. 3. Kinetics of domain size decrease. Raftlike domain
diameter (Dr) as a function of time for different HDL bulk
concentrations (in apo-A1): 0.1 (�) and 0:35 mg=ml (�).
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