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PROJECTOR AUGMENTED-WAVE METHOD: AN ANALYSIS IN A
ONE-DIMENSIONAL SETTING

Mi1-SoNG Dupuy*

Abstract. In this article, a numerical analysis of the projector augmented-wave (PAW) method is
presented, restricted to the case of dimension one with Dirac potentials modeling the nuclei in a
periodic setting. The PAW method is widely used in electronic ab initio calculations, in conjunction
with pseudopotentials. It consists in replacing the original electronic Hamiltonian H by a pseudo-
Hamiltonian H™W via the PAW transformation acting in balls around each nuclei. Formally, the new
eigenvalue problem has the same eigenvalues as H and smoother eigenfunctions. In practice, the pseudo-
Hamiltonian H™W has to be truncated, introducing an error that is rarely analyzed. In this paper,
error estimates on the lowest PAW eigenvalue are proved for the one-dimensional periodic Schrodinger
operator with double Dirac potentials.

Mathematics Subject Classification. 65N15, 65G99, 35P15.

Received December 13, 2017. Accepted February 18, 2019.

1. INTRODUCTION

In solid-state physics, to take advantage of the periodicity of the system, plane-wave methods are often the
method of choice. However, Coulomb potentials located at each nucleus give rise to cusps on the eigenfunctions
that impede the convergence rate of plane-wave expansions. Moreover, orthogonality to the core states implies
fast oscillations of the valence state eigenfunctions that are difficult to approximate with plane-wave basis of
moderate size. The PAW method [5] addresses both issues and has become a very popular tool over the years.
It has been successfully implemented in different electronic structure simulation codes (ABINIT [13], VASP
[11]) and has been adapted to the computations of various chemical properties [2,12]. It relies on an invertible
transformation acting locally around each nucleus, mapping solutions of an atomic wave function to a smoother
and slowly varying function. Moreover, because of the particular form of the PAW transformation, it is possible
to use pseudopotentials [10,14] in a consistent way. Hence, the PAW eigenfunctions are smoother and because
of the invertibility of the PAW transformation, the sought eigenvalues are the same. However, the theoretical
PAW equations involve infinite expansions which have to be truncated in practice. Doing so, the PAW method
introduces an error that is rarely analyzed.

In this paper, the PAW method is applied to the one-dimensional double Dirac potential Hamiltonian whose
eigenfunctions display a cusp at the location of the Dirac potentials that is reminiscent of the Kato cusp
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condition [9]. Error estimates on the lowest PAW eigenvalue are proved for several choices of PAW parameters.
The present analysis relies on some results on the variational PAW method (VPAW method) [3,4] which
is a slight modification of the original PAW method. Contrary to the PAW method, the VPAW generalized
eigenvalue problem is in one-to-one correspondence with the original eigenvalue problem. By estimating the
difference between the PAW and VPAW generalized eigenvalue problems, error estimates on the lowest PAW
generalized eigenvalue are found.

2. THE PAW METHOD IN A ONE-DIMENSIONAL SETTING

A general overview of the VPAW and PAW methods for 3-D electronic Hamiltonians may be found in [4] for
the molecular setting and in [3] for crystals. Here, the presentation of the VPAW and PAW methods is limited
to the application to the 1-D periodic Schrodinger operator with double Dirac potentials.

2.1. The double Dirac potential Schrodinger operator

We are interested in the lowest eigenvalue of the 1-D periodic Schrédinger operator H on Lgcr(O, ):={f¢€

L (R) | f 1-periodic} with form domain H].(0,1) := {f € H|_(R) | f1-periodic}:
d2
H=-5-70) 0k = Za) ke (2.1)
keZ kez

where 0 < a < 1, Zy, Z, > 0.
A mathematical analysis of this model has been carried out in [6]. The spectrum of H is purely discrete.
There are two negative eigenvalues Eg = —w? and E; = —w? which are given by the zeros of the function

f(w) =2w?(1 — cos h(w)) + (Zo + Z,)wsin h(w) — ZoZy sin h(aw)sin h((1 — a)w).

The corresponding eigenfunctions are

() = Ay cos h(wgx) + By ksin h(wgz), 0<z <a,
M A i cos h(wgx) + Ba g sin h(wgz), a<xz <1,

where the coefficients A; j, Az i, B1x and By, are determined by the continuity conditions and the derivative
jumps at 0 and a.
There is an infinity of positive eigenvalues Ej o = w? 4o Which are given by the kth zero of the function:

flw) = 2w2(1 —cos(w)) 4+ (Zo + Zy)wsin(w) + ZoZ, sin(aw) sin((1 — a)w),

and the corresponding eigenfunctions H, = w,%qj)k are

i <zx<
() = {Al,}c cos(wix) + By sin(wiz), 0<z <a, (2.2)

Ay cos(wix) + Ba g sin(wiz), o<z <1,

where again the coefficients A; , Az, B1r and Bsj are determined by the continuity conditions and the
derivative jumps at 0 and a. Notice that the eigenfunctions of H have a first derivative jump that is similar to
the Kato cusp condition satisfied by the solutions of 3D electronic Hamiltonian [9]:

Ve(04) = 95(0-) = —Zoyy,(0).
Because of these derivative jumps, Fourier methods to solve the eigenvalue problem

Find (Ey, %) € R x H.,.(0,1) such that Hiy = Epth (2.3)

per

slowly converge. The PAW method is one way to circumvent this difficulty.
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2.2. The PAW method

2.2.1. General principle

The PAW method consists in replacing the original eigenvalue problem Hw = Et by the generalized eigen-
value problem _ _
(Id+T*)H(Id+ T)y = E(Id + T*)(Id + T, (2.4)

where Id 4+ 7' is an invertible operator. It is clear that (2.4) is equivalent to Hiy = Ev where ¢ = (Id + T)zﬂ/;
The transformation T is the sum of two operators acting in regions near the atomic sites that

(o) oo
T=Ty+T., To=Y (¢)—¢) (@B, = (67 —¢8) (B .-)
i=0 i=0
where for f,g € Lper(O 1), fo x) dz denotes the Lger(O, 1) scalar product. The operators Ty and

T, act respectively on UkeZ[ n + k,n+ k] and Ukezla —n + k,a 4+ n + k]. To ensure the invertibility of the
operator Id 4+ T', these regions do not overlap. Thus Ty and T, satisfy ToT, = T,To = 0 and the PAW cut-off
radius 7 must be chosen such that n < a —mn and a +n < 1 — 7 hence n < a/2.

The atomic wave functions (gi)(;) jen are solutions of an atomic eigenvalue problem

2¢0

H0¢§') =T

ZO Z(Skd)o = 6

keZ

and the pseudo wave functions (g?)jeN and the projector functions (ﬁ?)jeN are l-periodic and satisfy the
following conditions:
(1) for each j € N, N
— for 2 € R\ Uez[—n+ k.0 + k], 65(2) = ¢](x);
— ¢9 restricted to Uy cz[—n + k,n + k] is a smooth function;
(2) for each j € N, supp p} C Upezl—n+ k,n + EJ;
(3) the families (@h—nm])J‘EN and (p9];_;,.n)jen form a Riesz basis of L*(—n,7), i.e

VJ,]{:GN / d$—6k_77
and for any f € L?(—n,n), we have
Y (B ) R(x) = f(o), foraa xe (J[-n+kn+h] (2:5)
k=0 kez

This property is generally referred to as the completeness assumption in the original paper by Blochl. This
assumption is crucial in the PAW formulation since it allows to split physical quantities in a convenient way
(see Eq. (2.6) below).

SiNmilarly, (¢%)ien~ are eigenfunctions of the operator H, = f% — Zo Y ez datk, the pseudo wave functions

(#%)jen~ and the projector functions (pf);jen- are defined as above.
The completeness assumption (2.5) enables one to write the expression of (Id + T*)H(Id + T) and
(Id +T*)(Id +T) as

W+ THHW+T)=H+ Y 5 (<¢{,H¢§-> - <~f ,H5§>) (B, (2.6)
4,7=0
I={0,a}
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and
o0

(d+THW+T) =1d+ Y- 5l ((of.0]) = (o].4])) (3] .-).- (2.7)
i,§=0
I={0,a}

Remark 2.1. It can be shown that Id+T is invertible provided that (¢; — 51)1@1 is a family of linearly indepen-
dent functions (see Prop. 1.3.1 in [1]). Since we focus on the error resulting of the truncation of equations (2.6)
and (2.7) (and of Eq. (2.8) below for the version with pseudopotentials), we will not discuss this further.

2.2.2. Introduction of a pseudopotential

Further modifications of the PAW formulation are possible based on the introduction of the pseudopotentials.
The pseudo wave functions ¢) (resp. ¢7) are equal to ¢) (resp. ¢¢) outside Uy cp[—n+ k,n+ k] (resp. Uyezla —
n+ k,a+ n+ k]). Using the periodicity of these functions, the integrals appearing in (2.6) can be truncated to
the interval (—n,n) (resp. (a — n,a+n)). Doing so, another expression of (Id + 7*)H (Id + T') can be obtained:

(d+THId+T)=H+ Y pl (<¢{ VHOL), — <~{ ,H$§>I n) (7
{00y
where
B " f(x)g(x)dr, when I =0,
(9= f;}: f(z)g(x)dx, when I =a.

Using this expression of the operator HPAW | it is possible to introduce a smooth 1-periodic potential y. =
> okez %X (%’“) with € < 5, such that

(1) x is an even, smooth and nonnegative function with support [—1, 1] and f_ll x(x)dz =1,
(2) Xe — > O in Hy1(0,1).
0 kez P

The potential x. will be called a pseudopotential in the following.
Using the closure assumption (2.5) and that supp xe C Uyez[—7+ &, + k], it is possible to show

* ~7 I I pes Py ~T
(Id+T*)H(Id+ T) = Hps + .ZO D; ((qﬁz ’H¢j>l,n — < ; ,Hps¢j>l,n> pj > , (2.8)
12700}
with
d2

o =~

- ZOXE - ZaXe(' - a)-

2.3. The PAW method in practice

For computational purposes, the double sums appearing in the operators (2.6)—(2.8) have to be truncated to
some level N. Doing so, the identity ¢» = (Id + T')% is lost and the eigenvalues of the truncated equations are
not equal to those of the original operator H (2.1). The PAW method introduces an error that will be estimated

in the rest of paper. First, we define the PAW functions appearing in (2.6)—(2.8).

2.3.1. Generation of the PAW functions

For the double Dirac potential Hamiltonian, the PAW functions are defined as follows.
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Atomic wave functions d)g. As mentioned earlier, the atomic wave functions (qﬁ%)lgkg ~ are eigenfunctions
of the Hamiltonian Hy
d2
HO == _@ _ZOZ(S]C‘
kEZ

By parity, each eigenfunction of this operator is either even or odd. The odd eigenfunctions are z — sin(27kx)
and the even ones are the 1-periodic functions such that

@Y () := cos h(wo(z — 3)) for z € [0,1],
#%(2) == cos(wy(z — 1))  forz €[0,1], k € N*.

Since we want to solve difficulties due to the cusps, it seems reasonable to only keep the non-smooth eigenfunc-
tions in the PAW formulation. In the sequel (and in particular in (2.10) and (2.13) below), only the non-smooth
thus even eigenfunctions (qﬁ?)lgig n are selected. The corresponding eigenvalues are denoted by (6?)1§i§ N:

Hog} = €]4;.

Remark 2.2. An analysis of the PAW method with odd PAW functions is also provided. incorporating odd
eigenfunctions in the PAW method with pseudopotentials can improve drastically the error on the PAW eigen-
value (see Thm. 3.5 below). The construction of the PAW method with odd functions is explained in Section 4.2.3.

Pseudo wave function ggg The pseudo wave functions (fi;?)lgigN € (HL.(0, 1))N are defined as follows:
(1) for & ¢ Upegl—n+ b+ H, 30(2) = 62(0).

(2) for & € Uyey[—n + k,n + k], ¢? is an even polynomial of degree at most 2d — 2, d > N.

(3) 3 is ¢4 at e, (G () = (6B (1) for 0 < k< d 1.

Projector functions p?. Let p be an even, positive, smooth function with support included in [—1,1] and

() = hez P (%) The projector functions (p?)1<;<n are obtained by an orthogonalization procedure from

the functions p?(t) = p, (t)¢?(t) in order to satisfy the duality condition:
(9.69) = 5.

More precisely, the matrix B;; := <p? , $9> is computed and inverted to obtain the projector functions

N
Ph=> (B~ )k;pl.
j=1

The matrix B is the Gram matrix of the functions (gb?)lgjg ~ for the weight p,. The orthogonalization is possible

only if the family (¢9)1<;<n is linearly independent — thus necessarily d > N.

2.3.2. The eigenvalue problems

For the case without pseudopotentials, the PAW eigenvalue problem is

Find (E™W, f) e R x f € H}..(0,1), H™AWf = pPAWGPAW g, (2.9)
where N
HP = H o Y0 5 (o] Hop) — (1 Ha])) (7)) (210)
i,j=1

I={0,a}
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and
N

ST —td+ 30 (ol ety - (8,6)) (5. (211)
5
IZ:?{O,(L}
The practical interest in solving the eigenvalue problem (2.9) is very limited since this version of the PAW
method does not remove the singularity caused by the Dirac potentials. The next eigenvalue problem where
the Dirac potentials are replaced by smoother potentials is closer to the implementation of the PAW method in
practice.
For the case with pseudopotentials, the PAW eigenvalue problem becomes

Find (EIY, f) € R x f € Hlp (0,1), HENY f = EPAY SPA £ (2.12)

where

N
HEMY = Hyo+ 30 5l ((of He) = (91 Hyd! ) (71 .+). (2.13)
i,5=1
I1={0,a}

and
N

S —td+ 30 5 (ol ety - (81,60)) (BT (2.14)
1200

If the projector functions (p;)1<i<n are smooth, then the eigenfunctions f in (2.12) are smooth as well, and
their plane-wave expansions converge very quickly. Suppose that the difference |E§f‘w — E| is smaller than
a desired accuracy. Since the plane-wave discretization of the original eigenvalue problem converges slowly, it
will be computationally more interesting to solve (2.12). However, an estimate on the difference \EIE’SAW —E|is
needed in order to justify the use of the PAW method. To the best of our knowledge, there exists no estimation
of this error except a heuristic analysis in the seminal work of Blochl ([5], Sects. VIL.B and VII.C). However, his
analysis relies on an expansion of the eigenvalue in f — Zivzl Di, f) &; which goes to 0 if the families (Pi)ien
and (@)ieN* form a Riesz basis, but a convergence rate of the expansion in the Riesz basis is not given. Moreover
the inclusion of a pseudopotential in the PAW treatment is not taken into account.

The goal of this paper is to provide error estimates on the lowest PAW eigenvalue of problems (2.9) and
(2.12). To prove this result, the PAW method is interpreted as a perturbation of the VPAW method introduced
in [3,4] which has the same eigenvalues as the original problem. In the following, when we refer to the PAW
method, it will be to the truncated equations (2.9) or (2.12).

2.4. The VPAW method

The analysis of the PAW method relies on the connection between the VPAW and the PAW methods. A brief
description of the VPAW method is given in this subsection.
Like the PAW method, the principle of the VPAW method consists in replacing the original eigenvalue
problem
Hy = Ev,

by the generalized eigenvalue problem:
(1d + T )H(Id + Ty ) = E(Id + Ty )(Ad + Ty ), (2.15)

where Id + Ty is an invertible operator. Thus both problems have the same eigenvalues and it is straightforward
to recover the eigenfunctions of the former from the generalized eigenfunctions of the latter:

= Id+Tn).
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T is also the sum of two operators acting near the atomic sites

Tn =Ton +Tan- (2.16)
To define Ty, v, we fix an integer NV and a radius 0 < n < min(%, I’T’l) so that Ty y and T, n act on two disjoint

regions e [—n+ k,n + k] and {J,czla — 0 + k, a + 1 + k] respectively.
The operators Ty y and T, n are given by

N N

TO,N = Z(¢? - QZ?) <ﬁ? ) > ) Ta7N = Z(¢? - (E?) <§? ) ) ) (2'17)

i=1 i=1

with the same functions ¢!, 5{ and p!, I = 0,a as in Section 2.2. The only difference with the PAW method is
that the sums appearing in (2.17) are finite, thereby avoiding a truncation error.
In the following, the VPAW operators are denoted by

HYPAW — (1d + T})H(1d + Ty), (2.18)

and
SVPAW — (1d + T%)(Id + Tw), (2.19)
A full analysis of the VPAW method can be found in [3]. In this paper, it has been proved that the cusps
at 0 and a of the eigenfunctions J are reduced by a factor n?Y but the dth derivative jumps introduced by the
pseudo wave functions ¢, blow up as 7 goes to 0 at the rate '~¢. Using Fourier methods to solve (2.15), we
observe an acceleration of convergence that can be tuned by the VPAW parameters 1 (the cut-off radius), N
(the number of PAW functions used at each site) and d (the smoothness of the PAW pseudo wave functions).

3. MAIN RESULTS

The PAW method is well-posed if the projector functions (p! )i<i<n are well-defined. This question has
already been addressed in [3] where it is shown that we simply need to take n < ng for some positive 7.

Assumption 3.1. Let ng > 0 such that for all 0 < n < g, the projector functions (p;)1<i<n in Section 2.3.1
are well-defined.

Moreover since the analysis of the PAW error requires the VPAW method to be well-posed, the matrix
(<]’5JI , ¢£>)1<j pen 18 assumed to be invertible for 0 < n < ng.
Assumption 3.2. For all 0 < n < 19, the matriz (<]3§ , ¢£>)1§$ng is wnvertible.

Under these assumptions, the following theorems are established. Proofs are gathered in Section 4.

3.1. PAW method without pseudopotentials

Theorem 3.3. Let ¢!, QZZI and p!, fori=1,...,N and I € {0,a} be the functions defined in Section 2.3.1.
Let EPAW be the lowest eigenvalue of the generalized eigenvalue problem (2.9). Let Ey be the lowest eigenvalue
of H (2.1). Then under Assumptions 3.1 and 3.2, there exists a positive constant C' independent of n such that
for all 0 <n <mno

—Cn < EPAWV _ By < O, (3.1)

The constant C appearing in (3.1) (and in the theorems that will follow) depends on the other PAW param-
eters N and d in a nontrivial way. The upper bound is proved by using the VPAW eigenfunction J associated
to the lowest eigenvalue Ey for which we have precise estimates of the difference between the operators Hgfw
and HVPAW  As expected (and confirmed by numerical simulations in Sect. 5.1.1) the PAW method without
pseudopotentials is not variational. Moreover as the Dirac delta potentials are not removed, Fourier methods
applied to the eigenvalue problem (2.9) converge slowly.
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3.2. PAW method with pseudopotentials

The following theorems are stated for € = 7, i.e. when the support of the pseudopotential is equal to the
acting region of the PAW method. Indeed, in the proof of Theorem 3.4, it appears that poorer estimates are
obtained when a pseudopotential y. with € < 7 is used.

Theorem 3.4. Let ¢!, 5{ and pt, fori=1,...,N and I € {0,a} be the functions defined in Section 2.3.1. Let
ngw be the lowest eigenvalue of the generalized eigenvalue problem (2.12). Let Ey be the lowest eigenvalue of
H (2.1). Then under Assumptions 3.1 and 3.2, there exists a positive constant C independent of n such that for
all0 <n <mno

—Cn < ngw — Ey < On?. (3.2)

As the PAW cut-off radius 7 goes to 0, the lowest eigenvalue of the truncated PAW equations is closer to the
exact eigenvalue. This is also observed in different implementations of the PAW method and is in fact one of
the main guidelines: a small cutoff radius yields more accurate results [7,8].

Introducing a pseudopotential in HPAW worsens the upper bound on the PAW eigenvalue. This is due to our
construction of the PAW method in Section 2.2 where only even PAW functions are considered. Incorporating
odd PAW functions in the PAW treatment, it is possible to improve the upper bound on the PAW eigenvalue
and recover the bound in Theorem 3.3 (see Sect. 4.2.3 for the construction of the odd PAW functions).

Theorem 3.5. Let ¢!, 5{ and pt, fori=1,...,N and I € {0,a} be the functions defined in Section 2.3.1. Let
(aé)lngN be the functions given by (4.28) and (qi)i1<k<n be the functions given by (4.30). Let EESAW be the
lowest eigenvalue of the generalized eigenvalue problem HII;SAWf = EII))SAWSPAWf with HlljsAW defined in (4.31).
Let Ey be the lowest eigenvalue of H defined by (2.1). Then under Assumptions 3.1 and 3.2, there exists a
positive constant C' independent of n such that for all 0 < n < ng

—Cn < ESMY — By < O, (3.3)

3.3. Error estimates of the plane-wave discretization of the PAW method with
pseudopotentials

The potential appearing in the PAW eigenvalue problem (2.12) is smooth. Hence eigenfunctions are smooth
and convergence is faster than ﬁ for any n € N. There is however a prefactor which depends on the n — 1th
derivative of the eigenfunction. An estimate of the L°°-norm of the PAW eigenfunction is given by Lemma 4.7.
Using this lemma, an error estimate of the plane-wave discretization of the eigenvalue problem (2.12) can be
proved.

Theorem 3.6. Let ¢!, 5{ and pl, fori=1,...,N and I € {0,a} be the functions defined in Section 2.3.1.
Let Egﬁw be the lowest eigenvalue of the variational approzimation of (2.12), with H]fSAW given by (2.13) in
a basis of M plane waves. Let Eq be the lowest eigenvalue of H (2.1). Under Assumptions 3.1 and 3.2, there
exists a positive constant C' independent of n and M such that for all 0 < n < ng and for any n € N*

2
|EJI\3/1AW—E0‘SC<77+ U >

(M)

According to Theorem 3.6, if we want to compute Ey up to a desired accuracy &, then it suffices to choose
the PAW cut-off radius 1 equal to & and solve the PAW eigenvalue problem (2.12) with M > % plane-waves.

Remark 3.7. Using more PAW functions does not improve the bound on the computed eigenvalue. It is due
to the poor lower bound in Theorems 3.4 and 3.5. Should the PAW method with odd functions (Sect. 4.2.3) be
variational, we would know a priori that EE;AW > FEy. Therefore, we could prove the estimate

2
0<EyY —E <C (7}2N + (772\74)”) :
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Hence taking a plane wave cut-off M > % would ensure that the eigenvalue Fy is computed up to an error of
order O(n?M).

4. PROOFS OF ERROR ESTIMATES

We introduce some notation used in the below proofs. Let I € {0,a} and

p'(t) == (pi(t),...,pN(t)" € RY,
p'(t) == @i(t),....pn()" €RY,
L) = () B ) €eRV Ve L2,(0,1),
@I(t) (1), ..., on ()" € RY,
(t) (@1(t),.... ok ()" €RY,

({pis $5)1<ijen € RV,

For p € [1, 00], we denote by
fllpnf—{l Jert-np, IO

Hf”LP(afn,ajLny ifl=a

In the remainder of the paper, C' denotes a generic positive constant that does not depend on the PAW cut-off
radius 7.

4.1. PAW method without pseudopotentials

The main idea of the proof is to use that the PAW operator HPAW (2.10) (respectively STAW (2.11)) is close
to the VPAW operator HVPAW (2.18) (resp. SYPAW (2.19)), in a sense that will be clearly stated. Then it is
possible to use this connection and bound the error on the PAW eigenvalue EFAW | since the VPAW generalized
eigenvalue problem (2.15) has the same eigenvalues as the original eigenvalue problem (2.3).

Proposition 4.1. Let HPAW  SPAW - [fVPAW nq SVPAW be defined by equations (2.10), (2.11), (2.18) and
(2.19) respectively. Then for f € H},.(0,1), we have

(FLHVPAV Y = (f HPW Y 42 30 <<ﬁ1,f> (®; — By), ( —(p f>T51>>, (4.1)
I1={0,a}
and
(F SV = (1SN e S (070 @20, f =) ). (42)
I={0,a}

Proof. Let f € H},.(0,1). By expanding HYPAW = (Id + T )*H(Id + Ty) and using that Ty y and T, y act
on strictly distinct region, we have

<f,HVPAWf>:<f+ SN G N @ - H [+ Y @ (@) >

I={0,a} I1={0,a}

= (N + > 2(FHG ) (@-0)

I1={0,a}

N @), B G @ 3)

I={0,a}
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= H1N+ > 2(F @G ) @ =)+ (1) e HEF) )

I={0,a}
2. ) e HE ) o)+ (5 ) S HE ) &)
Notice that for each I, we have
(G0 o m@ ) o) = (@) & HEG 1) (@ -8))

D e G ).

Hence
(f PN F) = (B + ; }<<z’5[,f>T o HG 1) @)= (0.0 S HE ) &)
I={0,a
2(f = 1) b HE ) (@ -8))
= (f H™Wf) + ; }2<f @) S H G ) (@ - 80).
I1={0,a
The second identity is proved the same way. (Il

4.1.1. Proof of the upper bound of Theorem 3.3

The upper bound on the PAW eigenvalue is proved by replacing f in Proposition 4.1 by the VPAW eigen-
function v and estimating the differences <1/J , HPAWz/J> — <w , HVPAWJ> and <w , SPAW1/1> — <¢ , SVPAWz/J>.

~ AT~ ~
By Lemma A.1 in the appendix, we only have a good bound on %, — <§I , ¢> ®;, where 1), is the even part

of {/)v This is however sufficient because of the parity of the PAW functions and of the operator H close to the
Dirac potentials. Before proving this upper bound, we will need the following result on the H'-norm of the
VPAW eigenfunction.

Lemma 4.2. Let {/; be an Lger-normalized generalized eigenfunction associated to the lowest eigenvalue of the
VPAW eigenvalue problem defined in (2.15). Then there exists a positive constant C' independent of n such that
for all 0 <n <ng

”"/JHHI{H <C.

Proof. The operator H defined in (2.1) is coercive. A proof of this statement can be found in [6]. Let « > 0 be
such that for all f € H}.(0,1)

(FHD) +olr, ) 2 51

Then )
(6, BG4 a (3, 5VPAVGY > |(1d + Tw)dl,

By item 1 of Lemma A.3, we have _ _
TN, < O 218y,

per per
for some positive constant C' independent of 7. Hence, for 7 sufficiently small, there exists a positive constant
C independent of i such that

(Bo+a) (,8VPAYG) > O, -
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Using item 1 of Lemma B.1, we obtain B _
C||¢||2LI2)er > HT/)H%I;W,

and the result follows from the normalization of the eigenfunctions 1; O
We now have all the necessary tools to prove the upper bound of Theorem 3.4.

Proof of the upper bound of Theorem 3.3. Let zz be an Lier-normalized eigenvector of the lowest eigenvalue of
HVPAWJ = EOSVPAWJ. Then by Proposition 4.1,

~ ~ ~ ~ ~ AT~ W\ T ~
(0, HYPAW ) = (6, HP WG ) 42 ) <w —(p"0) &, (5" 0) H@ - <I>I)>.
I={0,a}
Equation (A.2) yields
= /1 A\ & -1,.1 \T
G- (0 0) Br=v— (A7 0) @,
Thus form Proposition 4.1 we have:

(B, HVPWE) = (5, HPYE) +2 3 <¢ (A ) e a1 (75 (@ - 61)>

I={0,a}

— (5T vz 5 (B (A ) e (7 0) @) 6

I={0,a}
where we used H®; = EX®; in (I —n, I +n) for I € {0,a}. By Lemma A.1,

| Eowe = (ATt 0" || <oy,

00,7,

So for each I,
AT ~
’<Eo¢e — (A7, ¢>T gy, <I~)I ,¢> (¢ — (I’I)>‘

< || o — (a7%" )" 5’@,”00 (" ,QZ>T (@ — &)

.1 1,n,I

By item 1 of Lemma A.3, we have

where we bound ||1F/;||H][1)e by means of Lemma 4.2. Hence, using Lemma A.1, we obtain

~\ T ~ ~
(' .0) @ =81 <Oy, <O

1n,1

T ~
(B = (ar's! o) €101 (7 0) (@1 - 80))| < O
Going back to equation (4.3),

E, <1Z7SVPAWJ> Lo > <1Z7HPAW{Z>
> EPAW <1Z7SPAW,LZ>.
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By item 4 of Lemma B.1 and Lemma 4.2, it holds
‘<J, SVPAWQZ> _ <QZ7SPAWIZ>‘ < CnpPN+2,

Hence, together with item 2 of Lemma B.1, we obtain

The VPAW eigenfunction 7:/; is L%er—normalized, thus item 5 of Lemma B.1 completes the proof. O

4.1.2. Proof of the lower bound of Theorem 3.3

The proof of the lower bound will roughly follow the same steps as the proof of the upper bound of Theo-
rem 3.3.

Lemma 4.3. Let f be an Lger—normalized generalized eigenfunction associated to the lowest generalized eigen-

value of (2.9). Then there exists a positive constant C independent of n such that for all 0 < n < g

| fllm: <C.

per

Proof. We proceed as in the proof of Lemma 4.2. Let a be the coercivity constant of H and f be an L2 -
normalized eigenfunction associated to the lowest eigenvalue of (2.9). Then we have

1
QS+ HE) 2 I
From equation (2.10), we can prove that we have
PAW 7 T ~ T ~
FoEPN Y = 1+ Y () @+ @) B G ) (@-80).
I€{0,a}
Hence, we have

alf S+ (F ) = S (T @ @) BT @ 80) >

I€{0,a}

a(f,f>+<f7HPAWf>lelf\l%n —C Y NG @+ @Dl B 5 (@ = @) s

per
I€{0,a}

Combining items 1, 3 and 4 of Lemma A.3, we obtain

[@ 0" @an|,, DT @=E|,,  <Cnlfly,. (4.49)

Hln,I

Thus, for n sufficiently small, for a positive constant C' independent of 7, we have

alf )+ H2Y) 2 Clfli, - (4.5)

Since f is a generalized eigenfunction of HFAW

alf [y +EPWY (£, 5PV E) > O f -

, we have

From item 5 of Lemma B.1, it holds

(18P EY < (1) + Onllf I,
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which yields
Ol < alf, f)+ BV, SPAVE) < (BPW 1) (f, f) + CnEPAV|| 13

meaning that
EPAW 4 o
||f||H < W(f,f%
n

with (f, f) =1 and C — CnEP*W > 0 for 5 small enough. O

Proof of the lower bound of Theorem 3.3. Let f be an Lper—normalized eigenfunction associated to the lowest
eigenvalue of HPAW f = EPAWGPAW ¢ Then we have:

(FHPE) = (F HP + Y <<5f,f>T (@ + 1), H (G, 1) (@1 - 1))

I={0,a}

>Eo(f.f)-C > | T @+ Bt (B ) (@ — B0 a
I={0,a}
Z EO <faf> _C,',]HfH%{éera

where we used (4.4) in the last inequality.
It remains to show that | (f,S™AW f) — (f, f)| < Cnllf||3;; which is precisely item 5 of Lemma B.1. Hence

we have

(f HYF) = Eo (f, S8V F) = Cnllf 7,
We then conclude the proof by Lemma 4.3. (]
4.2. PAW method with pseudopotentials

In this section, we focus on the truncated equation (2.12) where a pseudopotential is used. First, we see
how H;{WV and HVPAW are related. Recall that € is the size of the support of the pseudopotential defined in
Section 2.2.2.

Lemma 4.4. If e <, then

HPW = BV sy - N ()T <€131 ,5V€13?>I ) (4.6)
I€{0,a} ’

where 8V = —ZoXe — ZaX®+ Z0 Y Ok + Za Y. Okta-
= kEZ

Proof. By definition of the pseudo wave functions 51-, we have

(ol Hol) — (of Hay) = (ol Ho)), , — (31 HE}) . (4.7)
By definition of 6V, Hy = H + 0V thus leading to (4.6). O
Proposition 4.5. Let g € HL,(0,1). Then
(9. HEV gy = (g P g) —2 S (g (5" g)" &1, (5" g)" (H® — (H +6V)3)) )
Ie{0,a}

+ 3 (9= 9) BV (9- @ 9) W) (4.8)

I,
1€{0,a} K
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Proof. By Lemma 4.4, we have

(9. HZg) = (g B g) + (9.6Vg) = > ((#'.9)" @1.0V (3" ,9)" @1)

I,
1€{0,a} K

Applying Proposition 4.1, we obtain
(9, HiMW gy = (g, HY""Wg) —2 3~ <g — (", 9) B, (B, g) H(®, - 51)>
I€{0,a}

+{g.0Vg) = > (5 .0) 1,0V (5 g) Br).
1€{0,a}

Now, using Hps = H + 6V, we get

(9. HMW gy = (g, H""Wg) —2 3~ <g — (9 B, (B g) (HD, — Hp551)>

I€{0,a}
—2 Y (9= (" .9) B0V (i g)" Br)
I€{0,a} "
+{g,0Vg)— > <<5’,9>T<T>1,5V<ﬁ179>T51>. (4.9)
1€{0,a}

Notice that for each I,
9 <g — g B0V L g) 2131>I V), - <<ﬁ’ ) B 6V (L g)" &>z>

~ T ~ ~ T ~ ~ T ~
= <g,5Vg>I,,,—2<g,5V<pI7g> <I’1)>I,n+<<pl,g> ®;,6V(p",g) <I>1>I

— <9— <5I79>T‘51’5V (g_ <ﬁl’g>T§)I)>1

o1

n
Substituting this expression in (4.9), we obtain the expected result. O
4.2.1. Proof of the upper bound of Theorem 3.4

To prove the upper bound of Theorem 3.4, we proceed as in the proof of the upper bound of Theorem 3.3.
We substitute g in Proposition 4.4 by the VPAW eigenfunction {/; and estimate the difference <1Z , HESAW ~> -

<{/;7 HVPAW{/;>.

Proof. We start by estimating <1Z , HESAW ~> where {/; is the generalized eigenfunction associated to the lowest

eigenvalue: H VPAWJ = EOSVPAW{E. From Proposition 4.5 we have:

(5. 150) = (3.7 T) <2 Y (G (7 0) & (7 0) (e - (4 oV

I€{0,a}

£ 2 () Eav (5 (7 0) w)) (1.10)

I€{0,a}

The last two terms in the previous equation are estimated separately.
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By equation (A.2), we have for each I
T (0 B=v - (4 ) e,
so for each I
<J— <5I ,J> -3y, <5f ,J>T (H(I)I — (H + 5V)&>,)>

_ <¢ — (A7 ) @y, <]51 ,@T (H<I>, —(H+ 5V)&>,)>

- <E0w — (AT ) ey <§I ,{/?>T (@ — ci,)>
_ <¢, —(arpt 0) e (7 ,{Z>T 5v&>1>1 n

We have already proved in the proof of the upper bound of Theorem 3.3 that
-1.1 T or 1 \T s 2N
oty — (A7'p"0) €10, (B, 0) (@1 -®)) )| < O™,
Using the parity of the PAW function (Ek and of the pseudopotential y., it holds

(v=arsf o) o (57.0) oven) = (vt oo) o (7.0) ovEr)
I,n I.n

where 1, is the even part of ¢. By definition of the pseudopotential ., we have for any f € LS (0,1)

per

1
/0 Xe (@) F(@) dz| < Ol fll 1oy

Hence

~\ T ~ ~\T ~
‘<¢—<A;1pf,w>T o, (5, 7) 5v<1>1> < Cllee = (A7 6) @ loont | (7 8) ®illocinr

I,n

From Lemma A.1 and item 3 of Lemma A.3, we obtain

‘<w — (A w) e (B ,J>T 5V&>,> < o,

I,n

For the last term in equation (4.10), first notice that by parity of PAW functions the odd part of 1; —
T~
<5I ,1/)> ®; is equal to the odd part of ¥. Let 1, be the odd part of 4. Using again Lemma A.1, we obtain

(-0 wav (5= (7.9) 1))

n
< Clle — (A7l ) @p|2, , + / Xe (@) () ? da

I,n -n

n
<o 4 / xe (@) lto (@) ? da.

-n
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By Lemma 4.2 in [3], we know that for |z| < 7, there exists a constant independent of 7 such that:

|¢0($)|2 < Cn27

hence
~ g AT~ ~ g AT~ )
G- (50 @0v (90— (50) b)) | <ot
I
Thus B N N N
ESAV (), SPAVEY < By (5, 8VPAVG) + O,
and we conclude using item 4 of Lemma B.1. O

4.2.2. Proof of the lower bound of Theorem 3.4

The core of the proof of the error on the lowest PAW eigenvalue lies on the estimation of
f- vail (Pi, f) @i, which is of the order of the best approximation of f by the family of pseudo wave func-
tions (&Fi)lgig ~- In order to give estimates of the best approximation, we analyze the behavior of the PAW
eigenfunction f. In this regard, an estimate on the PAW eigenvalue will be useful.

Lemma 4.6. Let EII;AW be the lowest generalized eigenvalue of (2.12). Then EII;AW is bounded from below as
n goes to 0.

Proof. Let f be an L2 -normalized generalized eigenfunction of (2.12) associated to EFAW. By (4.5), we have

alf )+ (L H™YW ) = Ol fliF,

where C' is some positive constant, o the coercivity constant of H defined by (2.1) and H"AW the truncated
PAW operator (2.10). By Lemma 4.4, we have

Q)+ (FHEV ) = Cll iy, = 0V + Y (G0 &0V (57 5) ). (4.11)
I1€{0,a}

We have

/ @@ — [fO)P) dx

—€

(£,6V o] < 20

€

<O xe@)f(@) + fO)lf (=) — f(0)] dx

—€

< Ol fllsonllf — FO)llorn
< | £, (4.12)

where in the second inequality, we used f; Xe(z)dx =1 and € < 7 and in the last inequality, ||f — f(0)]lco,y <

C’nl/QHfHHécr and the Sobolev embedding || f|[z= < C||f|my,,-
Similarly, we have

‘<<ﬁl7f>T %],(SV <5I 3 f>T (51>‘ < 0771/2” <§I7f>T zi)]”%{éﬁa

thus by items 3 and 4 of Lemma A.3, we obtain

(G0 @0, 0v (50" &0)] < Cnllf . (4.13)
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Thus injecting (4.12) and (4.13) in (4.11), we get for n sufficiently small and a positive constant C,
alf )+ (f H2 ) 2 Clf i, -
Thus
alf )+ BtV (f STV = Cl I (4.14)
and we conclude the proof using item 5 of Lemma B.1. O

Lemma 4.7. Let f be a generalized eigenfunction of (2.12) and k € N*. Then there exists a constant C
independent of n, € and f such that

1 1
1f* oo < C (77’“ + Ekl) [ flloo,n.1- (4.15)

Proof. This lemma is proved by induction on k. We show the lemma for 7 = 0 and drop the index I.
Base case. To get the desired estimate for f’, we integrate (2.12) on (—n, ) where x € (—n,n):

- f”(I) —+ %X (%) f(iZ?) + <ﬁ7 f>T <<‘b ) H(I)T>,7 - <(AI; ) HpsEI;T>n> ﬁl(x)
— EPAW (f(a:) + (5,07 <<¢>,q>T>n - <<§,E>T>n> ﬁ(x)) . (4.16)
First, we bound f'(xn) and f'(axn). Forz € |J(n+k,a—n+k)andz € |J (a+n+k,1—n+k), f satisfies

kEZ kEZ
—f"(w) = Byt f ().
From Section 4.2.1, we already know that
EFMW < By + On.

Since Ey < 0, then for 7 sufficiently small, ngw < 0. Thus, outside the intervals (—n,n) and (a —n,a + 1), f

can be written as
f(z) =aicos h (@x) 4+ as sin h (\/@x) .

The coefficients a; and as are determined by the continuity of f at +n and a £+ 7. By Lemma 4.6, E}E)SAW is
bounded from below as 1 goes to 0, hence |f'(£n)| and f’'(a £n) are uniformly bounded with respect to n as n
goes to 0.

We now prove that f’(z) is uniformly bounded with respect to n and € as ,e — 0 for x € |, (—n+k,n+k)
and v € Jy,epla —n+ka+n+k) x (;) is a bounded function supported in (—¢,€), we have

1/ X(z)f(t)dt‘ < Cllflloon-

€J—n

I lloo.m
n

To finish the proof, it suffices to show that the remaining terms are at most of order O ( ) with respect

to the co-norm. These terms will be treated separately.
(1) For (p, f)" <<I>,<I>T>?7 p(z), by item 2 of Lemma A.2, we have

T

0" (@8, 5 = (31, [ ot P o)

1

(G v (e |o)) ()2 (2)

n
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According to item 3 of Lemma A.2, we already know that

)l =
0,1

(5.0 (@07, 52)| < Cllflen |0 (2) P (2)]-

ol
0

thus

Using item 2 of Lemma A.2, the term (p, f)T <§> , QN3T> p(x) can be written as
7

@.0H" <5f> : 5T>n pla) = (M,, /11 p(t) f(nt)P(t) dt)T <P (5) PT (;)>n M,p (g) P (%) .
Hence, we obtain

.07 (5.57) 7

< Clfllen o (2) P (2)]-

On the LHS of (4.16), the term (7, f)" (®,HIT) p(x) is given by

@) (@ HOT), bw) = (5. ) (@ 27) 5) ~ Zo (5. )T B(0)(0) Bla)

Similarly to item 1 above, we can show that

@17 ®0)0)5)| < Cllflen o (2) P (2)]- (4.17)
Using item 3 of Lemma A.2,
(L
0 o - 777
we get
G0 (20T 5| < Sl o (3) P ()] (418)

Finally, for (7, f)" <§> ) Hps<f>T> p(z), we have
"

G (B HBT) o) = )8 FT) G- 2 )" [ () PP ),

Since € < 7, f; x (%) P(%)P(%)T dt‘ < Ce where C is independent of 1 and e. Moreover,

T

0" (.57 o) = (3 [ ssanpoa) (PG PGT), o (5)P(5).

n

hence

G757 o)

< len |p (2) P (3)]-
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Inductive step. Suppose the statement is true for any & < n. We differentiate (4.16) (n — 1) times

— 1@ 2 () ) @+ )T <<<I>,H<1>T>n - (2. HpsffT>n) PV (@)
= EJAV (f("‘”(w) +@. 0" <<<I>,<I>T>n - <€13 , 213T> )ﬁn—ﬂ(x)) . (4.19)
n
By the induction hypothesis and since € < 1, we have
)
L@ )‘ e <|f||m Z 1% |M> . Cw 20)

We simply give an estimate of the term
B, 1" (2, HET) H (@),

since the other terms appearing in (4.19) can be treated the same way. By (4.17), we already know that

.07 22O 5V @) < o [PV G| < S e
By (4.18), we have
G0 T) 5@ < Wl [P )] € e (421)
Injecting (4.20) and (4.21) in (4.19) concludes the proof. O

We next provide an estimation of the best approximation by (qzi)lgig n of the even part f. of the PAW
eigenfunction f.

Lemma 4.8. Let f be an eigenfunction associated to the lowest eigenvalue of (2.12) and let f. be the even part
of f. Suppose that € < 1. Then there exists a family of coefficients (cu;)i1<i<n and C independent of n and €

such that
N ~
- Z Oéi@l
i=1
and for the same family of coefficients
N ~
=Y i
i=1

Proof. For clarity, we will drop the index [ in this proof. First we write the Taylor expansion of f around 0, for
|z < m:

n 2N—-1
<O (2) I lsoanr:

oo,n, I

< () o

oo,n,1

= Fe(0) o,

felz) = k) *

+ Ron (f)(2),

k=0

where Rapn(f) is the integral form of the remainder

v p(2N)
RgN(f)(x):/O M(m—t)w‘ldt.
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The remainder Ryn(f) satisfies
[Ron (f)(@)] < €™ |79

< ()N 1 oo

where, in the second inequality, we used Lemma 4.7. Thus, the best approximation of f by a linear combination
of (¢k)1<k< N is at most of order 7. In the remainder of the proof, we will show that this order is attainable.
Setting t = £, we obtain

al 7 Ry f(Qk)(O) 2k 42k al -
— Y idi(a) =Y @ =Y idi(nt) + Ran (f)(nt).
i=1 k=0 ’

i=1
By Lemma 4.7, we have for all 1 <k < N —1:

FER(0) o,
e

The family ((E] ) 1<j<N satisfies

where P(t) is the vector of polynomials Py (t) = 54 (> — 1)¥. By Lemma 4.9 in [3], we know that C7(,P) can be
written:

O = ®(n)eg +n® ()81 + O, (4.22)
where f3; is a vector of R? uniformly bounded in 7. Thus we have
N— N
f(2 )(0 ~ n\2N-1
> Lyt 3 adinn) = £(0) e + 0 (n (1))
k= i=1

To get the result, o has to be chosen such that o ®(n) = £(0), which is possible because ®(n) # 0.
For f!, we proceed the same way. However, by Lemma 4.7, the remainder of the Taylor expansion of f!
satisfies

[Ron (f)(@)] < O [ FEND] <0 ()™ flloeun

)

We simply have to check that [|®’||«.., is bounded when 7 goes to 0. By (4.22) and because P§ = 0,
(@) = ' ()8} P'(£) + O(n),
hence ||<T>’||Oo’77 is bounded when 7 goes to 0. O

We can now give an estimate for f, — Zi\;l o, f) i

Lemma 4.9. Assume that [ is the generalized eigenfunction of (2.12) associated to the lowest generalized
eigenvalue. Let f. be the even part of f. Then

n 2N—-1
() Il

a7

oonI

and ON 1
~ T+ -
=@ 0| <o () Il

€

oo,n, I
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Proof. For clarity, we will drop the index I. For any family (o;)i<j<n, we have for € (—n,n)
(@)= B, /)" ®(x) = fe() - <5, fe=D ajoi+ ) aj¢j> ®(z)
Jj=1 j=1

N N \T

= fe(x) - Zaj(bj - <57fe - Zaj¢j> (I)(Z‘)
Jj=1 j=1

By Lemma 4.8, (oj)1<j<n can be chosen such that for any x € (—n,n)
N
~ N\ 2N-1
fol@) =Y agds@)| < Cn (2) 1o
j=1

Thus by item 3 of Lemma A.3,

Similarly, we have by item4 of Lemma A.3 for any function g € Hécr((), 1) with ¢’ € L*°(—n,n),

o=@ 08| < (D) Il

|5.9)" (@] < Cllglnn < 2 (lglloom + 1 loo): (423)

and with the same coefficients («;),

N " N—
7@ = oy < (D) e
j=1

So,
\fé—@,f)%’ <= a8+ <ﬁ,fe—zaj¢j> @’
e j=1 j=1
oo, oo,
n\2N-1
<C()7 Wl

€

where in the last inequality, we used (4.23) with Lemma 4.8. |

In the proof of the lower bound of Theorem 3.4, we will need to bound terms of the form

we fix € = 7).
To estimate the term <f - <ﬁ1 , f>T o, 0V (f — <ﬁ1 , f>T 51) >I , we will need the following estimates.
M

fe— <171,f>T ;I;[HOO ot If € < 5, we will get poorer bounds than by setting ¢ = 7. Hence, from now on,

Lemma 4.10. Let f be an eigenfunction associated to the lowest generalized eigenvalue of (2.12). Then

lr=@ 0" <onlflenr

and

=G,

< C| flloo,n,1s
oo,n, I
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Proof. This follows from Lemma 4.9 and that the odd part of f is bounded in (—n,n) by 1| f'||Le(—y,»p), which
is itself bounded by Cn||f||ze(—y,n) according to Lemma 4.7. O

We need a uniform bound in 77 on the PAW eigenfunction f, in order to prove Theorem 3.4.

Lemma 4.11. Let f be an Lger-normalized eigenfunctions associated to the first eigenvalue of (2.12). Then

there exists a positive constant C independent of  such that for all 0 < n < ng

N fllm: <C.

per

Proof. This is a direct consequence of equation (4.14). O
We now have all the elements to complete the proof of Theorem 3.4.

Proof of the lower bound in Theorem 3.4. Let f be an Lger—normalized generalized eigenfunction of the PAW
eigenvalue problem (2.12). By Proposition 4.5, we have

(FAHEV Y = (PN =2 S (F = 1) & )" (Her - (H +6v)3))

I€{0,a}

+ D <f—<1317f>T<f’I75V(f—(z?’,f>T<51)> : (4.24)

Ic{0,a} ml
We simply bound terms with I = 0 as the terms with I = a are treated exactly the same way. First, we estimate

<f— <f5,f>T<f>,5V (f — (ﬁ,f)Tff)>I . By Lemma 4.9, we have:

‘<f— @.1)" %6V (1= G.0"T))
(ro-@.0"80) - [

-n

n

_ 2 (@) (f@) - .07 3) d

= 2| [ vt (560 - 5.7 3@)" = (10) - 5.1 50))
<on|r-e.n"¥|_ |r-e.0"E
< O (1.25)

where in the last inequality, we applied Lemma 4.10.
We then estimate <f’ — (ﬁ,f>T P’ , <j5,f>T (@' — 5’)>:

(5= @078 0" @ -8))
N ' / (fi@) = . 0" ® @) G0N (@ - ) (@)

SCn‘

Fe= @0 |l

< Ol flloomll £ a1z, (4.26)

per
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where in the first inequality, we used item 1 of Lemma A.3 and in the second, Lemma 4.9. Finally, it remains
to estimate <f —(p, f>T 3, P, f)T (60® — Xn§)>:

(1= 30" %, 5. 62 —x,®))]
< |(FO) = 5.0 80) @, /)" (@(0) - B(0))]
+ \ | xol@) ((£e0) = 5.0 8@) (5, )" B(@) = (£0) = 7.HT 8(0)) 7./ B(0)) de

per

< Pl g, + €| (5~ 5.0)" ®) .17 &)

00,1

We have

(- 607 %) .07 3)

oo,m

<|(f-@.0"2) N

(- w0 50" 8|

oo,n oo,M

< Cnll fllconll Flaz,, + Cll flloonllfll .

where we applied Lemma 4.9 and items 3 and 4 of Lemma A.3. Thus,
(7= @07 ®.5.N" (002 = x®))| < Collfllocnll 1y, (4:27)
Inserting (4.25)—(4.27), in (4.24), we obtain
(F HZ ) 2 (f HYPWY ) = Ol Il — Cnll fllooll Flla,,
> Eo (f, SV ) = CP [l 17 — Cll flloomll Fll -
Using item 3 of Lemma B.1, we obtain
Eo (f,S"WF) = CPll I — Coll flloomll Fllzs,, < (f s H™ F)
< BV (7,57 ),

and the result follows from Lemma 4.11 and the Sobolev embedding || f||r= < C||fllg1_ - O

per

4.2.3. The PAW method with odd functions and proof of Theorem 3.5

_ The poor upper bound of Theorem 3.4 is due to the poor approximation of f by the pseudo wave functions
¢r. The latter are only even polynomials inside the cut-off region, hence incorporating odd functions to the

PAW treatment should improve the upper bound on the PAW eigenvalue EESAW.
The odd atomic wave functions are the functions
0, (z) = sin(2rkz), ke N*, (4.28)

which are eigenfunctions of the atomic Hamiltonian —% — Zy > Ok. As these functions are already smooth,
kEZ
there is no need to take pseudo wave functions different from the atomic wave functions.

To define the corresponding projector functions g, we consider

G = < / " p (1) sin(2rjt) sin(2kt) dt> , (4.29)

-7 1<4,k<N



48 M.-S. DUPUY

where p,, is the smooth cut-off function defined in Section 2.4. G is an invertible matrix since it is the Gram
matrix of the linearly independent family of functions (sin(27kx))1<k<n. Now let gi be defined by

Mz

= pyl) 3G )by (4.30)

J:1

so the functions (gk)lngN and (qx)1<k<n satisfy

<fJ~ja§k> = Ojk-

The functions (5‘1)1<k<N are equal to (gk( —a))1<k<n and the projector functions (g )1<x<n denote the shifted
projector functions (g (- — ))1<k<N

Since 6y, is an eigenfunction of — —Zy >, Ok, forall 1 <i,j < N and I € {0,a},

keZ

d7c2

<§ZI ,H§ZI> - <§{7Hps§z‘l> = <§z‘17_ZIX775iI>~

Hence, the new expression of HI*W is given by

B e S 7 (010, (3 Bet), ) (70
1€10.0)
N
= 3 @0z, (@),
et |

(4.31)

and STAW

remains unchanged. N B B
We denote by ¢! the vector of functions (g1, ...,q%)T and ©; the vector of functions (01,...,05)7.

The proof of Theorem 3.5 follows the same steps of the proof of Theorem 3.4. First, we prove that for g € H!

pcrv

the quantity <g , HII))SAWg> is equal to <g , HVPAWg> and error terms of the form g — <p ,g> <I>1 — <q 7g> @[
that needs to be estimated.

Proposition 4.12. Let g € H},.(0,1). Let HY*W be the operator given by (4.31). Then

per

(9, HiMW gy = (g, HY""Wg) =2 >~ <g — (5, 9) B, (B, 9)" (H<I>z —(H+ 5V)<51)>
I€{0,a}

+2 Z <g 7g> 61,< ,9) 5Vé[>

I1€{0,a}

£ (o) - 0) OV (9= (7o) B - 0 0) )

I€{0,a}

I,n

In
Proof. The proof is similar to the proof of Proposition 4.5. (]

We now focus on the estimation of g — <Ejl ,g>T él. To do so, we first need a bound on the linear form

(@ .9)" O
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Lemma 4.13. There exists a constant C' independent of n such that for all f € H}..(0,1) and x € (—n,7),

@ )" 81(@)] < Cllf e

Proof. For clarity, we will drop the index I. For 0 < j < N — 1, let

1
2j+1 1
— 27+1 N — )
vj = (27777) : ’ vj = n2j+1 Uy
N2i+1

Let (w;)o<j<n—1 be the dual basis of (0;)o<j<n—1 and w; = nzﬁle Let M be the matrix such that for all

My = (—1)itk /1 p(t)t2j+2k+2 dt
T2+ DI+ 1), '
By a Taylor expansion, we obtain for ¢ € (—1,1),
1
sin(27nt) Nl 2j+1
~ )k (2mnt) 2Rt | 2
O(nt) = : Z 2k+1 + Rg (nt),
sin(27rnNt) k=0 N2.j+1

where |Rg(nt)| < Cn**1. Then, we can rewrite the matrix G given by (4.29) as

G = ' S 1 2j+1 P (—1)16772“l o 2k+1 !
/_1 ;0 2y+1 ot R () (kz_o e M +Ré(’7t>> d
1 N—1
- Z Maktit +77/ Z 2j +1 tzm (v Re ()" + Rg(nt)vf) dt +On*™*).

7,k=0

Hence, we have for 0 < j,k < N — 1,
ijka =M + nw]T’Rk + nRijk +0(n°),

where

1
R"’:/, p(t)(;ki))t%JrlR (nt) dt.

But [lwy| = O(n=2*~1) and |Rg(nt)| < Cn*N*!, hence R?wk = O(n?). Thus, if we denote by

wg vg
W = : , V= : ,
W1 VN1
we obtain
WGWT =M+ O(n*),
and

w e 'wt=va vt = %M‘l +0(n). (4.32)
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Thus, we have for f € L®(—n,n) and x € (—n,n)

T : Yy '
(@ 1) 6@ =n / P f)GH | D Wt%“%‘ + Rg(nt)" | dt
N-1  .\; NG
X 2 (Q(j 41-)1)! (W) vj + Rg(z) | . (4.33)

By expanding (4.33), three types of terms arise involving

7

(2) v] G 'Rg(x): by (4.32), [[v;G7 | = O (Wl,l) and because Rg(x) = O(n*N*1), we have |[v] G~ Rg(x)| =
O (n?);

(3) Rg(nt)"G~'Rg(x): by (4.32), we deduce that ||G™Y|| = (’)(7741\,%), but Rg(z) = O(n*N*1), hence
|Rg(nt)" G~ Rg ()] = O (n°).

(1) v] G~ 'oy: by (4.32), we have [v] G~ 1o = O (1>;

Hence we finally obtain

1@, )T O(@)] < C| fllo.n-

Lemma 4.14. Let f be a smooth and odd function. Then we have

lr- 57

< 0772N+3 ||f(2N+3) Hoo,n,lo
I

0,1,

Proof. The proof of this lemma is similar to the proof of Lemma 4.9. Hence it boils down to the estimation of f
by its best approximation on [—I + 7,1+ 7], I € {0,a} of f by a linear combination of the odd PAW functions
0r. We can prove that this best approximation is determined by cancelling the first orders appearing in the
Taylor expansion around I of f. As we can cancel all the orders up to 2N + 1, the difference between the best
approximation and the function f in the L>-norm is of order O(n*N*3). We conclude the proof of this lemma
using Lemma 4.13. O

The presence of 9~J and g; (see (4.31) above) does not change the lower bound of the PAW eigenvalue as it
does not improve the estimate of critical terms in the proof of the lower bound in Theorem 3.4. From the proof
of the upper bound of Theorem 3.4, it appears that only the odd part of the VPAW generalized eigenfunction
1 prevents to have a better bound. This is due to the absence of odd PAW functions in the PAW method. With
these odd PAW functions, using Lemma 4.14, denoting by 1, the odd part of the VPAW eigenfunction, we

- T ~ ~ ~ ~
Y, — <E]VI 71/)0> Or < Cn2N+3H¢£2N+3)||OO,nJ. Since ¢! and ¢! are even functions, 9, is equal to
oo,m,1

have

the odd part of the original eigenfunction . Hence ||1Z((,2N+3) lloo,n,r can be bounded independently of 7. Using

this approximation result on the odd part of the VPAW eigenfunction with Proposition 4.12, we have the upper
bound of Theorem 3.5.

5. NUMERICAL TESTS

In this section, some numerical tests are provided to confirm the theoretical bounds obtained in Theorems 3.3—
3.5. The simulations of the different PAW versions are done with a = 0.4 and Zy = Z, = 10. The regularity of
the pseudo wave functions (bi[ is set to d = 6.
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FIGURE 1. Error on the lowest eigenvalue of the truncated PAW equations (2.9).

5.1. The PAW equations
5.1.1. Without pseudopotentials

We solve the generalized eigenvalue problem

HPAWf _ EPAWSPAW f,

where HPAW and SPAW are defined by equations (2.10) and (2.11), by expanding f in 512 plane-waves. We
study how EPAW behaves as a function of 7. In our case, the PAW eigenvalue EPAW can be smaller than Fy,
which shows that the PAW method is not variational. When EFAW — Ey < 0, Theorem 3.3 states that EFAW
converges at least linearly to Ey. This is what we observe in Figure 1.

5.1.2. With pseudopotentials

The eigenfunction f is expanded in 1000 plane waves for which convergence is reached. The Fourier coefficients
of the PAW functions are computed using an accurate numerical integral scheme. The function y used for the

pseudopotential y. is
el/(1—2%)

[=Er

The parameter € of the size of the support of the pseudopotential is equal to the PAW radius 7.

In view of Figure 2, the lower bound in Theorem 3.4 seems sharp. The use of odd PAW functions improves
the error on the PAW eigenvalue (Fig. 3) for a range of moderate values of the cut-off radius 7. However, the
use of odd PAW functions does not give a better lower bound.

Finally, the upper bound in Theorem 3.5 seems optimal (see Fig. 3). For N = 2, we have a slope close to the
theoretical value (2N = 4).

Vo e [-1,1], x(z) =

5.2. Comparison between the PAW and VPAW methods in pre-asymptotic regime

Using Fourier methods to solve the VPAW eigenvalue problem (2.15), we have the following bound on the
computed eigenvalue EY/*W [3]:

0< E;™W —Ey<C ﬂ—ki# (5.1)
M 0= M 72d—2 p2d—1 ) ’

where M is the number of plane-waves, N the number of PAW functions and d the regularity of the PAW
pseudo wave functions ¢y.
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FIGURE 2. Error on the lowest eigenvalue of the PAW equations (2.12) with pseudopotentials.
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FIGURE 3. Error on the lowest eigenvalue of the PAW equations with pseudopotentials including
odd PAW functions.

In Figure 4, Ey is the lowest eigenvalue of the 1D-Schrédinger operator H. The PAW method considered in
Figure 4 is the generalized eigenvalue problem (2.12). The simulations are run for a fixed value of d = 6 and
different values of n = 0.1 and 1 = 0.2.

As expected, the PAW method quickly stagnates to EIE)SAW which, according to Theorem 3.4, is close but not
equal to Ey. Although the VPAW method does not remove the Dirac singularities -which is why, asymptotically,
the VPAW method convergence rate is of order O (%), it converges faster to Ey than the PAW method with
pseudopotentials. The plane-wave convergence of the VPAW method is sensitive to the choice of the cut-off
radius 7. For small values of the cut-off radius, the plane-wave convergence is fast and of order O ( MZd 1) The
prefactor is however larger since it scales as W' For small plane-wave cut-off, it can hence be preferable to
use a larger cut-off radius n for a better accuracy.

6. CONCLUSION

In this paper, error estimates of the PAW method applied to a one-dimensional toy model reproducing the
difficulties due to the cusps has been proved. These estimates are supported by numerical evidences.

A similar analysis of the PAW method applied to periodic Hamiltonians with Coulomb potentials should be
achievable. The fundamental relation between the PAW and the VPAW Hamiltonians (Props. 4.4 and 4.5) holds
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for more general setting. A study of the VPAW method for three-dimensional Hamiltonian is in preparation,
which is crucial for the analysis of the PAW method.

APPENDIX A. BOUNDS ON EXPRESSIONS INVOLVING PAW FUNCTIONS

We have gathered in this section some technical results involving PAW functions. Most of these results can
be found in [3] or are corollaries of lemmas in this paper.

Lemma A.1. Let {/; be an eigenfunction of (2.1) associated to the lowest eigenvalue Fy and {/;e be its even part.
Let ) = (Id4+Tn ) where Ty is the operator (2.16) and . be the even part of . Under Assumptions 3.1 and 3.2,
there exists a constant C independent of  such that for any 0 < n < ny we have

~ ~\T -
‘ be=(p10) | <O,
oo,n,I
and
1,1 I N—
HEO’L/Je - (<A[ lp 7’(/}>)Tg (I)IHOOJLI < CT]2 2a
where 1 is the N x N diagonal matriz with entries (—el, ..., —ek).

Proof. In the neighbourhood of I, I € {0,a} by definition of the operator Tt y in (2.17), we have

B — <5I,J>T&>, — <5I,J>Tq>l. (A1)
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Multiplying this equation by p! for some 1 < i < N, integrating over [ —n, I + 7] and using the duality between
the pseudo wave functions (;SJI and the projector functions ﬁ]I , we obtain

N o~
(R (Pl .o <~f¢>

Jj=1

Let ﬁl = (<;b“f , ¢§>)1§i,j§N' Writing the last equation in a matrix-vector format, we have

(0. 0) = A7 (5 0).
By definition of the projector functions, gfl <]7I ,1/)> = A;l <pI ,1/)>. Hence we have

T -
b= (B 0) & =v - (A 0) 0, (A2)

and in combination with Lemmas 4.2 and 4.6 in [3], we obtain

where C' > 0 is independent of 7.
The second estimate is proved the same way. O

S Cf,'72N7
oo,n,1

T (7. 0) &

Lemma A.2. Let Py(t) = 52 (2 — 1)F and P(t) = (Po(t),..., Pi1(t))T. Let C) € RV*4, d > N be the
matriz such that fort € (—n,n),

(T)](t) = C,(]P)P (%) .
Let C; € RN*N gnd Cy € RVXU=N) pe the matrices such that
o = (a1 | ).

Let M, € R4 pe the matric

where G(P) is the matriz f_ll p(t)P(t)P(t)T dt.
Then the following statements hold.

(1) the norm of the matriz M, is uniformly bounded in 1.
(2) for all x € (—n,n)

1 T

@) 010 = (1, [ osanrwa) (G) e

and
1 T

G 1) (o) = (Mn | stosamr dt) P(a/n).
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(3) for all0 <n<mny and x € (—n,n)

Cr'®;(z) = <i> +0(n) and C7'®}(z) = % (2) + 0O(1),

where (i) and <2) are vectors of RN with a first entry equal to 1 (resp. 0) and are uniformly bounded in
n and x.
Proof. Proofs of these statements can be found in the proof of Lemmas 4.13 and 4.14 in [3]. O
Lemma A.3. There exists a positive constant C' independent of f and n such that we have the following
estimates

(1) forall f € H..(0,1),0<n <mno and x € (—3,3), we have

G @) = 81@)| < Cnllf iy, and (B, )" (@) (@) = ()| < Cllflly,,;

per

(2) forall f e L2..(0,1),0<n<mno and z € (—%,1), we have

_ ~ C
(@0 (@1(e) = Br(@)| < 7,

(3) forall f € H},.(0,1), 0 <n<no and x € (—n,n), we have
5. ®1@)| < Clflew and |5, 1)" @1(@)] < OIS

(4) forall f € H}.(0,1), 0 <n <no and x € (—n,n), we have

per

G ) @) < Clfly, and |G, 5)" @4@)] < Clflay,.

Proof. (1) Proof of this statement can be found in [3] (Lems. 4.12 and 4.14).
(2) By Lemma A.2,

1) (@) - 810) = (v [ w0500 dt)T (O ECEEOT

Applying the Cauchy-Schwarz inequality to [ _11 p(t) f(nt)P(t) dt suffices to prove the estimate.
(3) By item 2 of Lemma A.2,

1 T

<5f,f>T<T>I<x>=(Mn / p(t)f(nt)P(t)dt) Pa/n).

-1
Thus the first inequality follows from the uniform boundedness of M, with respect to n (item 1 of Lemma

A.2). For the second inequality, we proceed the same way and conclude using item 3 of Lemma A.2.
(4) For the first inequality, we simply replace Step 1 in the proof of Lemma 4.12 in [3] by

1 LP/(a/n) = L <2) +0()

and keep on the proof. For the second inequality, we replace Step 1 in the proof of Lemma 4.12 in [3] by

item 3 of Lemma A.2.
O
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APPENDIX B. RESULTS ON THE OPERATORS SVPAW AnND SPAW
Some properties of the operators SYPAW and SPAW are stated in the next lemma.

Lemma B.1. The operators SVPAV and STAWV satisfies the following properties. There exists a constant C
independent of n such that for all f € H},.(0,1):

(1)

(SR < ClIf I,
(2)

(£, 8"V [ < ClIFIIZs,-
(3)

[(f, SVPAYEY = (f,SPW Y < Ol £, -

(4) let 1:/; be a generalized eigenfunction of (2.15)

’<J7SVPAWJ> _ <J,SPAWJ>’ < CTIQNHHZZJHHl _

per

[(FSPAVE) = (f D] < Cnll fIl -

Proof (1) y item 2 of Lemma A.3, there exists a constant C independent of n and z such that for all
€ (-3, %) and for all 0 < 1 < g

)" (@1(0) = D] < 5.
Then from (2.17), we have

2
Tty = [ 6.0)" (@0 - )| 0

~ 2
s/"Mﬁhﬂ @%@—@%mﬂ<n

-n
<ClfI3,,,.

Similarly, || Ty, f|| L2

per

< C| fllrz,,- Thus

(SYPAVF L F) = (d +Tn)f, (1d + Tw) f) = |(1d + Tw) fl1 22, = 0d + Tonv + Tun) flI72,,
< ClIflIz,.-

(2) By Proposition 4.1, for all f € H](0,1)

(18P p) = (5.8 2 3 ()@= @0 £ = ) ).

I={0,a}

From items 1 and 2 of Lemma A.2, it is easy to show that there exists a constant C' independent of n and
x such that for all x € (—n )O<n<770andf€ (0,1)

per

@ 1) 10| < 711

per



PROJECTOR AUGMENTED-WAVE METHOD 57

Hence

(£ PN < |(F. 8PN 42 X (G0 @ =F0) . f~ (1) @)

I€{0,a}

<Ollff3s + 3 H<5I’f>T(‘I’f“T’I)HLg <|f”Lf,er+H<ﬁ1af>T€)IH2m’I>

1€{0,a} er
< ClIflIzz,,-

(3) This is a consequence of Proposition 4.1 and items 1 and 3 of Lemma A.3.
(4) By Proposition 4.1

(5.575) = (5,8705) =2 5 ((5)" w805 (51.5) 81,
I1€{0,a}

By Lemma A.1, we have for each I € {0,a}

b (710) & <oV,

oo,m, I

where 7:[;@ denotes the even part of {/zv and C > 0 is independent of 1. Hence, using the parity of the PAW
functions ¢y and ¢ and item 1 of Lemma A.3,

(7 0) @ =800 (7.0) &) = [((7.9) @ =800~ (7.0 &)
< H<ﬁ1 ,1Z>T (@ — ;)

< PN 2 .

T (7)) &

1,n,1 oo,m, I

and the result follows.
(5) By item 3 of Lemma B.1, we have for all f € H}.(0,1)

[(FSVEAV L) = (f, ST < CPll f Il

where C' is a constant independent of 1 and f.
Using the definition of the operator SYPAW in (2.19) and item 1 of Lemma A.3, we can show that

[(f,SVPAV Y — (f. )] < C’?||f||?vgcra

with a constant C' independent of n and f. By a triangular inequality, the result follows.
O
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