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On uniform observability of gradient flows in the vanishing
viscosity limit

Camille Laurent*and Matthieu Léautaud?

Abstract

We consider a transport equation by a gradient vector field with a small viscous perturbation
—eAy. We study uniform observability (resp. controllability) properties in the (singular) vanishing
viscosity limit ¢ — 0%, that is, the possibility of having a uniformly bounded observation constant
(resp. control cost). We prove with a series of examples that in general, the minimal time for uniform
observability may be much larger than the minimal time needed for the observability of the limit
equation € = 0. We also prove that the two minimal times coincides for positive solutions. The proofs
rely on a semiclassical reformulation of the problem together with (a) Agmon estimates concerning
decay of eigenfunctions in the classically forbidden region [[1584] (b) fine estimates of the kernel of the
semiclassical heat equation [LY&0].
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1 Introduction and main results

1.1 Introduction

Given a smooth connected compact manifold M without boundary (the case of a bounded domain of R" is
also discussed in Section 1.3 below), a smooth real valued vector field X on M and a real valued potential
q(z), we consider the question of observability /detectability for the autonomous transport equation

{((’%—X—q)uzo, in R x M, (11)

u|t=0 = up, on M,

from an observation set w C M through the time interval (0,7). More precisely, the question is whether
there exists a constant Cy = Cy(T,w) > 0 such that

T
CS/O / lu(t, z)|*ds(z)dt > ||u(T)||%2(M), for all ug € L*(M) and u solution of (1.1). (1.2)

Here, ds(x) denotes any positive density measure! on M, and the L? norm is defined accordingly. The
observability question (1.2) is naturally solved by introducing an appropriate Geometric Control Condition
(recall OM = 0): we say that (w,T) satisfies GCC(X) if for all z € M, there is ¢ € (0,T) such that
¢_+(z) € w, where (¢t):cr denotes the flow of X (see Section 2.3 for precise statements and proofs). We
also say that w satisfies GCC(X) if (w,T') does for some T' > 0; and if so, we denote by T'x (w) the infimum
of times for which (w,T') satisfies GCC(X).

On the other hand, endowing M with a Riemannian metric g, one may want to investigate the observ-
ability question for the viscously damped transport equation:

{(8t—X—q—6Ag)U—O, in R} x M, (1.3)

ult=0 = ug, on M,

from the same observation set (0,7) X w. The question is whether there exists a constant Cy(T,e) > 0
such that

T
Co(T, 5)2/ / lu(t, z)|[*ds(z)dt > ||u(T)||%2(M), for all ug € L*(M) and u solution of (1.3), (1.4)
0 w

1See e.g. [Leel3, Chapter 16 p427]: given a local chart (Us, k) of M, we have fUN uds = fn(UK) wo k™ 1(y)p" (y)dy for an

appropriate smooth positive function ¢®, and for any u € CS(UH).



(and one may then choose the Riemannian volume density ds(x) = d Vol,(x) without changing the prob-
lem). For fixed € > 0, Equation (1.3) is of parabolic type and the observability inequality (1.4) is known
to hold for an w # @ and T > 0, see | | (see also | | and its variant in | ). Of course, in
such results, the observability constant Co (T, ¢) in (1.4) depends a priori on €. For many different reasons
(some of them described in Section 1.2 below), it is interesting to investigate the behavior of the observ-
ability constant Co(T, ¢) in the vanishing viscosity limit € — 0. This problem was first studied in the one
dimensional setting by Coron and Guerrero in | |, and later extended to any dimension by Guerrero
and Lebeau [ |. Their main result in this direction states that :

e if (w, T) does not satisfy GCC(X) (hence the limit equation (1.1) is not observable), then the constant
Co(T,€) in (1.4) blows up as e — 07;

e if w satisfies GCC(X), (hence the limit equation (1.1) is observable from w in sufficiently large time),
then there exists another time T, (w) > Tx (w) such that for T' = T, (w), the constant Co(T, ¢) in (1.4)
remains uniformly bounded as e — 0.

Theorem 1.1 (Guerrero-Lebeau | D). The following two results hold.

o/ , Theorem 1] Assume (w,T) does not satisfy GCC(X). Then there is C,eq > 0 such that any
constant Co (T, ¢) in (1.4) satisfies Co(T,e) > exp(C/e).

o/ , Theorem 3] Assume w satisfies GCC(X). Then there is Ty(w) > Tx(w) and Ko > 0 such
that for all T > T,(w), (1.4) holds with Co(T,e) < Kg for all e < 1.

Note that the results in | | are even more general since time dependent vector-fields are allowed
and the boundary-value problem is also considered (with Dirichlet boundary conditions). We also refer
to our Proposition 1.11 below for a more precise lower bound of the constant C' when GCC(X) is not
satisfied.

Note that if (1.4) holds for some Ty and constant Cy(Tp, €), then it also holds for all times T' > T with
the same constant Cy(Tp, ).

In this reference, the question of the minimal time T, r(w) defined by

Tynif(w) = inf {T" > 0 for which there exist Ky,e9 > 0
such that (1.4) holds with Cy(T,¢) < K for all € € (0,¢9)},

and its link with the minimal observation time T'x (w) associated to the limit problem (1.1) is left open.
In particular, the formulation of the results in | | (see e.g. Theorem 2 and the discussion thereafter in
that reference) suggests the possible existence of a universal constant £ > 1 such that T (w) < RTx (w).

The present article investigates this question in a very particular case, namely assuming the vector field

X is a gradient vector field, i.e. X = Vf for a function § € C?*(M;R) (note that the gradient is taken
with respect to the Riemannian metric g). Hence, Equation (1.3) becomes

{(at—vgf~vg—q—sAg)u_o, in R} x M, 15)

ult=0 = uo, on M,

Here, given two vector fields Y7 and Ya, we have denoted Y7 - Yo = ¢g(¥7,Y2) or (V7 - Y2)(2) = Yi(2) -
Yo(z) = g-(Yi(z),Ya(x)) for all z € M. We denote similarly |Y|, = VY - Y the associated Riemannian
norm of a vector (or a vector field). Note that the vector field Vf is canonically identified with the
derivation V4f - V.

In this context, four consequences of our main results can be (loosely) stated as follows.

Theorem 1.2. Assume (M,g) is a surface of revolution in R® diffeomorphic to the sphere S? (with
canonical metric) satisfying a non-degeneracy condition. For § > 0, set ws := By(N,d) U B,(S,0) (where
N, S denote the north/south poles of M, which are the only two invariant points under the revolution
symmetry). Then there are cy,c1 > 0 depending only on the geometry of (M, g) such that for all § > 0,
there is fs € C°(M;R) such that

1. ws satisfies GCC(Vyfs) and Ty 5, (ws) = L — 20 < L = disty (N, S);



2. Tunis(ws) > co log(%) —c.

In particular, the limit § — 0% prevents from the existence of a universal constant & > 1 such that
Tunis(w) < RTx (w). Note that in this construction, the vector fields Vfs - V, are rotationally invariant
and independent of the metric g. Moreover, for § < ¢’, the two functions fs and fs coincide on M \ ws:.
We also obtain a related results for domains of R™. A simplified version is the following (see Section 1.3.1
for the definition of Ty;(092) and Tyyif(w) in this context).

Theorem 1.3. Assume M = Q with Q C R"™ is any smooth bounded connected open set endowed with
g = Eucl the Euclidean metric. Let w be any open neighborhood of O in Q such that W # Q). Then for all

A >0, there is f € C™(Q) such that Tynir(0Q) > ATw(0) and Tynif(w) > ATgj(w).

In our third result, the geometry close to that of Theorem 1.2. However, we consider fixed w and f
(and even a fixed vector field), but let the metrics g vary.

Theorem 1.4. Assume M = T? = S! x S! with coordinates (s,0), and let f € C°°(S') be O-invariant. Let
w = I, x St with I, a nonempty interval such that I, # S'. Then, there is a constant C > 0 such that
for any § € (0,1), there exist a function Rs € C°°(SY;RY) such that, with g5 = ds? + Rs(s)%df, the vector
field X = Vg, §- Vg, =f(s)0s does not depending on the metric gs and

1. for the transport equation (1.1), w satisfies GOC(V g, f) if f # 0 on S'\ I, and in this case,

[
S\ I, i (s)

2. for the transport equation (1.5) with viscosity given by the metric g5, we have

Tvgéf(lw X Sl) = < +00;

Tunif(L, x S*) > C6™1;

3. we have 6*/2(1 — C§) > ming1 Rs < 6'/2 for all § € (0,1).

This result stresses the importance of the viscosity one chooses. Namely, with the same vector field
X, changing the metric g, that is the viscous perturbation, may change the minimal uniform observability
time.

Our third main result in this setting concerns the uniform observability of positive solutions to (1.5).
Recall that nonnegative data ug > 0 give rise to positive solutions to (1.5). We define C; (T, ¢) the
observability constant for positive solutions, that is for which (1.2) holds for all uy > 0, and accordingly
set

T+

unif

(w) = inf {T > 0 for which there exist Ko, > 0 (1.6)
such that (1.4) holds for all ug > 0, with Cf (T,¢) < Ko for all € € (0,0)} .

Theorem 1.5 (Positive solutions). For all f € C3(M;R), and w C M satisfying GCCO(V4f), we have

le_nif (w) = Tvg f (w) .

As usual, these uniform observability /non-observability results reformulate in terms of uniform controllability /non-
controllability statements for an adjoint controlled equation, see Section 2.1.1 below.

1.2 Background and motivation

Uniform controllability problems for singular perturbations of partial differential equations already ap-
peared in the reference book of Lions [ , Chapter 3|. In the context of transport/heat equation in
vanishing viscosity limit, this study was initiated by Coron and Guerrero on the 1D problem with constant
speed in | |, where the authors make a conjecture on the minimal time needed to achieve uniform
controllability. Then, the estimates on this minimal time have been improved successivey in | , ,

, |. We also refer to the articles | , , | proposing numerical experiments to



find the optimal minimal time. Such uniform control properties in singular limits are also addressed for
vanishing dispersion in | | and for vanishing dispersion and viscosity in | |

Whereas the one dimensional problem with a constant vector field has received a lot of attention in the
past fifteen years, we are not aware of other results than [ | concerning the higher dimensional problem,
or the case of non-constant vector fields. Note that controllability problems for nonlinear conservation laws
in vanishing viscosity have also been studied in | I, [ |, and | ]

There are several motivations for studying the vanishing viscosity limit. A first motivation comes from
the theory of conservation laws, for which the vanishing viscosity criterium is a selection principle for the
physical (called entropy) solution, see | | or | , Chapter 6]. It is therefore very natural, when
considering control problems for conservation laws, to study the cost of the viscosity, that is, to determine
if known controllability properties for the hyperbolic equation are still valid for the model with small
viscosity, and how the size of the control evolves as the viscosity approaches 0. So far the only known
results in this directions seem to be | | and | |

Another important motivation for studying singular limits in control problems is the seek of control-
lability properties for the perturbated system itself. This is well-illustrated by the papers | , ,
, |, where the authors investigate the Navier-Stokes system with Navier slip or slip-with-
friction boundary conditions. They use a global controllability result for the inviscid equation (in this
case, the Euler equation) to deduce global approximate controllability of the the Navier-Stokes system.

On the other hand, the study of gradient fields naturally arises as the simplest dynamical situation
among all vector fields. The importance of gradient vector fields with a vanishing viscosity coefficient
also appears in theoretical physics and differential topology, through the Witten-Helffer-Sjostrand the-
ory | , |. See e.g. the monographs | , ]. In that theory, the operator —Vyf-V,—¢eA,
(and its analogues acting on forms) is conjugated to a particular semiclassical Schrodinger operator, namely

Vgfl3
4

P = —2A, + + gAgf, (1.7)
sometimes called the Witten Laplacian. Topological properties of the couple (M,§) (e.g. the Morse
inequalities, linking the number of critical points of the Morse function f with the Betti numbers of M) are
deduced from spectral properties of the Witten Laplacian. We also refer to | | for the understanding
of other links between the spectral theories of the Witten Laplacian and the vector field V4f - Vg (in
appropriate spaces linked to the dynamics of the gradient flow), in the semiclassical limit ¢ — 0.

Viscous perturbations of gradient dynamics also arise naturally in molecular dyamics. Indeed, in R™,
the operator —V§-V — €A is the infinitesimal generator of the so-called overdamped Langevin process

dX, = V{(X,)dt + V2edB;,

where X; € R™ and (Bi)¢>0 is a standard Brownian motion of dimension n. This stochastic process is a
classical model in statistical physics. It is used in particular for the simulation of molecular dynamics at
low temperature (proportional to ), see [ , |. The possible convergence to equilibrium, as well
as the so-called metastability phenomenon are closely related to the low-lying eigenvalues (and associated
eigenfunctions) of —V§-V—¢cA, or equivalently of the Witten Laplacian (1.7). For a very precise asymptotic

study of the exponentially small eigenvalues of this operator, we refer e.g. to | , | in the case
of a compact manifold and | , , | in the case with boundary (see also the references
therein).

We finally remark that the above-mentioned works concerning the Witten Laplacian mostly study the
behavior of the bottom of the spectrum P. (thus linked to critical points of f). In the present work, we
rely on a similar conjugation.

1.3 Main results

As already seen in the end of Section 1.1, the results of this article go in two different directions.



In a first part (Section 3), we prove some general lower bounds on the time Ty, (w) for a general class
of domains and vector fields. This implies in particular that the quite natural idea that T ;(w) is Tx (w)
or even KTx (w) for a universal constant R is false in general. This might be interpreted by the fact that
in the vanishing viscosity limit, some strong oscillations can be responsible for concentration phenomena.
The latter are not only described by the flow of X, but other parameters where an Agmon distance plays
a crucial role. We also study (in Section 4) the particular case of surfaces of revolutions where we obtain
refined lower bounds. This analysis also shows that the global geometry of the Riemannian manifold we
consider has an effect on the vanishing viscosity limit. In particular, with a fixed vector field, we show
that the choice of the Laplacian Ay can change drastically the time Typ;¢(w) of uniform controllability.
This shows definitely that the flow of the vector field is not the unique parameter defining Tyn, f(w).

In a second part (Section 5), our results go exactly in the opposite direction, but for a specific class of
solutions, namely positive solutions. As announced in Theorem 1.5, we prove that Tynif(w)t = Ty, 5(w)
for positive solutions. This shows that the dynamics of positive solutions is actually well represented by
the sole flow of V4f.

In both cases, using the change of unknown v = e u, see Section 2.2, the problem is reduced (modulo
lower order terms, and in weighted spaces) to observability of solutions of a semiclassical heat equation

e — e Agv+ Vo =0,

Vg5
4

where V' = . Note that most of the results we obtain are of interest for this particular question as

well.

1.3.1 A general lower bound

The first family of results in this paper concern the general setting of a compact connected Rieman-
nian manifold (M, g), with or without boundary dM, and the associated internal/boundary observability
question. Namely, we consider the parabolic/transport problem with small viscosity & > 0 and Dirichlet
boundary conditions:

(0 — X —q—eAy)u=0, in (0,7) x Int(M),

u=0 on (0,T) x OM, (1.8)

ult=0 = uo, in M.
Moreover, we assume that the vector field X is a gradient vector field for the metric g, that is: there is
f € W2°(M) (at least) such that

X =V4-V,.

For the Dirichlet problem (1.8) as well as for the case OM = @ discussed in Section 1.1, one may discuss
the behavior of the observability constant (and in particular its possible uniform boundedness in the limit
e — 07%) in the internal observability inequality (1.4). Also, a boundary observability problem for (1.8)
can be formulated as follows (see | | and Section 2.1.2 below). Given § € C*°(IM), there exist a
constant Co(T,€) > 0 such that

T
Co(T, 5)2/0 |00, u|orm (t)||§11/2(M) dt > ||u(T)H§Ié(M), for all uy € Hy (M) and u solution of (1.8).
(1.9)
Here 0, denotes a unit normal (for the metric g) vector field to OM. Then, the uniform observability

question is whether Co(T, ¢) remains uniformly bounded in the limit ¢ — 0%, and the associated minimal
uniform observation time is defined again by

Tyunif(8) = inf {T > 0 for which there exist Ko, > 0
such that (1.9) holds for all ug € Hj (M), with Co(T,e) < K for all € € (0,£0)} .
Two important geometric quantities in our results are the potential associated to the function f, defined
by

Vgf(z)I3

V()= ==, (1.10)



and the Agmon distance (see e.g. | , Chapter 3]) to the minimum of this potential, namely, with
FEy=minp V,

dala.y) mf{ / 0) = Bo) (0l € WH2(0, 1 M),(0) = 2(1) =
da(z) =da “(Ey)) = yevlnlf(Eo)dA(x,y), (1.11)

Here V~1(Ep) is the classically allowed region at the potential minimum, (V(z) — Eop), = max (V(z) — Ey,0),
and da(x) is the Agmon distance of = to the set V~1(Ey) for the (pseudo—)metrlc (V Ey)+g. Remark
that the index (-)4 is not needed at the bottom energy Fy = mina V'; however, we keep it here since the
definition (1.11) will also be useful for a general energy level.

Our main result in this general setting formulates as follows.

Theorem 1.6. We let Ey = miny V, set

W, (@) = 1 4 a,(),

and fit w C M (resp. 8 € C°(OM)), and in the case of boundary estimates, we further assume f,q €
C>®(M). For any § > 0, there is g > 0 such that for all € € (0,20) the observability inequality (1.4)
(resp. (1.9)) with constant Co(T,e) implies

1 f
Co(T,e) > - inWg, — - —FET -6
O( 75) Z €Xp c <H}Uln Eo H}%)E(O) 2 0 >

1
resp. Co(T,€) > exp R (b{lryne Wg, — ng%(o) g — EyT — 6)

In particular, we have

. f
EoTyni > W - 1.12
Tonss (@) 2 min W, — mac 3. (1.12)

(resp. EoTynif(0) > b{}r;)lpne Wg, — {r}%gio) 5): (1.13)

Note that the quantity in the right hand-side of (1.12)-(1.13) as well as Ey are invariant under the
change f — §+C for C constant on M. This is consistent with the fact that the equations remain unchanged
by such a modification of f. Note also that if Ey = 0 and V=1 (Ep) Nw = 0 (resp. V1 (Ey) Nsupp(f) = 0),
a precised version of this result (see Theorem 3.1 below) actually shows that Co(T, ) > e/ for one ¢ > 0
and all time 7" > 0 (in particular, uniform observability never holds). This is consistent with (and a
particular case of) the Guerrero-Lebeau | | result (first part of Theorem 1.1 above) for in this case, w
does not satisfy GCC(V,f). Indeed, a point zo € V~1(Ep) satisfies V,f(xo) = 0 and is thus a stationary
point of the gradient dynamics.

Before giving explicit examples, let us first give a (loose) definition of GCC(V,f) in case of a manifold
with boundary M # . For this, we need to extend (M,g) in a slightly bigger Riemannian manifold
(M, §), i.e. such that M C Int(./\/l) and § any Riemannian metric on M such that §[as = g. In the case
of a bounded domain of R™, one may choose M = R".

Definition 1.7. We first extend § € W2°°(M) as a compactly supported function § € W2 (M) such
that flo = §. For z € M, denote by v, the maximal solution to 4, (t) = —Vf(7x(t)) with 7,(0) = z.
Note that this solution is defined globally in time since f is compactly supported.

We then say that OM (resp. w) satisfies GCC(V4f) if there is T > 0 such that for all € M there is
t € (0,T) such that v, (t) € M (resp. 7,(t) € w). We then define accordingly the time Ty ;(OM) (resp.
Tv,5(w)) as the infimum of 7" > 0 for which this property holds.

Remark finally that these definitions do not depend on the extensions (M, §) and f.

As a corollary of Theorem 1.6, we obtain a family of counterexamples in any bounded domain of R™.



Theorem 1.8. Assume M = Q with Q C R™ is any smooth bounded connected open set endowed with
g = Eucl the Euclidean metric. Let w be any open neighborhood of 0$) in Q@ such that w # 2. Then for
any A > 0, there is fx € C™(Q) such that:

o the sets 002 and w both satisfy GCC(V§y) and we have Tys, (0Q) < diam(Q2) and Tyy, (w) < diam(Q);

)\2,,72 )\2,,72
o Tunip(02) > =22 and Typip(w) > ==, where we have set

Nw = sup{n > 0, there is x € Q, B(z,n) Nw = 0},
resp. maq = sup{n > 0, there is v € Q, B(z,n) N0 = 0};

e M2 +n< ||Vf,\||iw(m < A2 diam(Q)2 +n where n denotes either 1, or naq.

In particular, for all A > 0, there is f € C°°(Q) such that Tunif(0Q) > ATg;(0) and Typip(w) >
Ava(w).

The result of Theorem 1.8 is already of interest in dimension one, in which case Q = (=L, L) and the
vector field we consider is ()0, with f > 1 on [—L, L] and f(0) = 1. Note that the function fy in this
result satisfies max fy —minfy ~ A As a consequence, one cannot even hope to have existence of a constant
R > 0 depending only on mingcp,z)f'(z) (a uniform flushing time) such that Tynir(w) < RTv,5(w).
However, at this point, it does not seem hopeless that such a constant & depends only on ||Vf>\|\Lm(Q), at
least for a fixed metric.

1.3.2 Lower bounds on surfaces of revolution

In Theorems 1.6 and 1.8 above, the lower bound of the minimal uniform observability time is essentially

due to the contribution of the potential V(z) = M (and the difference between its maximal and
minimal values on M). In this section, we consider a family of geometric settings, namely surfaces of
revolution, for which the contribution of the geometry of (M, g) plays an important role. This leads in
particular to Theorems 1.2 and 1.4, already presented in Section 1.1.

The precise description of the geometry of the surfaces we consider is given in Section 4.1 and we only
describe here features required to state the result. We may consider either:

1. M =S8 C R3 a smooth compact surface diffeomorphic to the sphere S?;

2. M =S8 C R? a smooth compact surface diffeomorphic to the disk D;

3. M =38 C R? a smooth compact surface diffeomorphic to the cylinder [0,1] x S!;
4. M = S a smooth compact surface diffeomorphic to the torus T? = S x S!.

We assume moreover that it has revolution invariance around an axis. In particular, the axis may intersects
S in two points (sphere), one point (disk) or no point (cylinder or torus). Except near these points, S
has a global coordinate chart (s,6) € (0,L) x S! for some L > 0. In the first three cases, the surface is
endowed with the metric ¢ inherited from the Euclidean metric on R? which writes

g = ds* + R(s)*db?, (1.14)

on account to the the rotation invariance. Here the function R : (0, L) — (0, 00) describes the shape of S
(distance to the revolution axis). In the torus case, we simply endow T? with the metric (1.14).

We further assume that the function f is itself rotationally invariant, that is f = f(s) in these coordinates.
In this setting (and as opposed to results presented in above Section 1.3.1), the relevant quantities for our
analysis are the following.

We define for any ¢ > 0 (that can be chosen) the (f-invariant) effective potential

(1.15)



2 ’
Note that, as opposed to the potential appearing in (1.10), this potential V, is different from % = W.
Moreover, it depends explicitely on the geometry (namely, on R). We shall make the simplifying assumption
that
chl(min V.) = {Smin} consists in a single point Smin. (1.16)

Note that in case S has a boundary, one may have sy, at the boundary (see Section 4 for more precise
statements). As in the previous section, we introduce the associated Agmon distance, which simply writes:

da(s) = / VVe(y) = Ve(Smin)dy| - (1.17)
We also set,
We(s) = d5(s) + M, for s € (0, L). (1.18)

2

Then, our main result in this geometric context can be (loosely) stated as follows.

Theorem 1.9. Assume that V. satisfies (1.16) and that, in the coordinates (s,0) € (0, L) x St, we have
w=1(0,6)xS'U(L—3,L) xS (this can be rewritten in an intrinsic way on S). Assuming the observability
inequality (1.4) (resp. (1.9)) with constant Co(T,er,w) (resp. Co(T,ex,{L} x S')), there is a sequence
er — 0T such that for any & > 0, there is ko(8) > 0 such that

L (WS =W, Ve (smin) T—5)

Co(T,ep,w) > ex forallk > ko(6), WS=minW° WS = (%)an) we,

resp.  Co(T, e, {L} x S') > ei(WC(L)_W&_VC(S“‘i“)T_&) for all k > ko(0), Wg = (%an) we.

In particular, we have

Ve($min) Tunif (W) > WS — W5, (1.19)
Ve(Smin) Tunip({L} x S*) > WE(L) — W (1.20)

m*

Theorem 1.9 differs from Theorem 1.6 in several respects. First notice that the potential appearing in

Theorem 1.6 is M, that is Vp(s) with the definition of V. in (1.15). In particular, it does not depend
on R: neither does its minimal value, nor the associated Agmon distance and function W°. Therefore, in
this very particular geometric context, the results of Theorem 1.6 do not depend on the geometry of R,
and hence only formulate as a one dimensional result in the s variable. As such, they do not care about
the “transverse dynamics” in the #-variable. Theorem 1.9 overcomes this lack and shows that both have
to be taken into account.

Another difference with the estimates of Theorem 1.6 is that —maxy -1 (g, % = —maxy-1(g,) W is
here replaced by —inf o ) W¢. This improvement is due to the “one dimensional” underlying framework
(in which localization properties of eigenfunctions are better understood).

Again, we remark that the initial problem is invariant by changing f by a constant §f + Cy. In Esti-
mate (1.19), both the potential V. and the quantity WS — W, are as well invariant by this change of the
function f.

Theorems 1.2 and 1.4 are particular examples of application of Theorem 1.9. Another application is
given by the following result, which is an analogue of Theorem 1.4 for the boundary observability problem
in the cylindrical geometry.

Corollary 1.10. Assume S = [0, L] x St, and let § € C>°([0, L]). Then, for any v > 2, &y > 0 there is a
constant C > 0 such that for all § € (0,80], there exists a function Rs : [0, L] — R} such that

1. the vector field X = Vg, §- Vg, = §(5)0s does not depend on the metric gs5 (defined by (1.14) with
Rs);



2. the set S = ({0} U {L}) x S! satisfies GCO(V 45§) (in the sense of Definition 1.7) if and only if
f #£0 on [0, L] and in this case,

< 4005

L
Tv,,1(0S) = ’/0 %

3. for the transport equation (1.5) with Dirichlet boundary conditions, and with metric gs under the
form (1.14) associated to R, we have

Tunif (8S) > 72 o 1 ;—C
unif - r[%ia'L)]( 4 57/2_1 ’}//2—1 '

4. (5+8)27(1 —=C(s+9)) < Rs(s) < (s4+06)2 for s €[0,L/4] and (L —s+0)2(1 — C(L —s+0)) <
Rs(s) < (L —s+06)2 forse [3L/4,L);

Note the link between the asymptotic singularity of the metric Rs(s) ~ (s +6)2 (i.e. S becomes close
to a “conical geometry” for small §) and the blowup of the minimal time Typnif 2 m/%' Note also that
the in limit case v = 2, all calculations can be done as well and lead to Rs(s) ~ s + ¢ together with
Tunif 2 —logd. This corresponds to the case where the geometry of the cylinder degenerates towards
that of the disk, leading to the same blowup estimate as in Theorem 1.2 or Corollary 4.14 (which is an
analogue of Theorem 1.2 in the case of the disk).

1.3.3 Observability for positive solutions

As already mentioned, our last result concerns the uniform observability question for positive solutions
of (1.5), and is restricted to the case M = (). Note that if ug € L?(M;R"), then the associated solution
u to (1.5) satisfies u(t,z) > 0 for a.e. (t,z) € RT x M (see e.g. Theorem 9 in Section 7.1 p369 together
with Problem 7 in Section 7.5 in | |, or Chapter III, Theorem 7.1, p181 in | D-

We consider the observability inequality for nonnegative solutions:

T
Ci(T, 6)2/ / lu(t, x)|*ds(z)dt > ||u(T)||%2(M), for all up € L*(M;R™") and u solution of (1.5).
0 w
(1.21)

and the associated minimal time T

i f(w) of uniform observability for positive solution, already defined

in (1.6). The main result we obtain in this context is the above Theorem 1.5, stating that ij.f(w) =
Ty,;(w). As a byproduct of our analysis, we also obtain a lower estimate on the blow up of the control
cost when the Geometric Control Condition is not satisfied. It involves the definition of a quantity that
roughly speaking, measures how two points are far from being the image of a trajectory at time ¢, namely

de o) = Jint { [ 1506 = VoD Edsi € W00 M02(0) = 2n 0 =y} (122

Note that we have dv,(z,y,t) =~ d(z,$_+(y)) for bounded ¢, where d denotes the Riemannian distance
and ¢; the flow of the vector field V,f (see Lemma A.2 where dv (z,y,t) is interpreted as a control cost
from x to ¢_¢(y) with time varying metric).

Proposition 1.11. Assume that ([0,T],@) does not satisfy GCC(X). Then, we have

d o) = inf d t 0.
([0,7),m) ;gf/lmew,l?e[o,ﬂ v,y t) >

Moreover, for any § > 0, there is 9 > 0 such that for all € € (0,e¢), we have

d(o,11,@) =%

Co(T,e) > C(T,e) > e = . (1.23)

10



Note that this exponential blowup is a refinment of the Guerrero-Lebeau | | result (first part of
Theorem 1.1 above). However, we provide here with a precise geometric rate (namely d([o,71,5)) quantifying
this blowup phenomenon.

The proofs of Theorem 1.5 and Proposition 1.11 rely on estimates on the kernel of the associated
equation. Note that kernel estimates have already been used in [ | to prove lower bounds for the
cost of controlability of the usual heat equation in the short time asymptotics, and in [ | to prove
observability of positive solutions to the heat equation with optimal constants.

1.4 Further remarks

In this section, we collect several remarks and comments related to our results.

e The one dimensional one well problem is considered in | |. In this very particular situation, we
are able to provide with
— improved lower bounds on the minimal time when compared to Theorem 1.6;
— an upper bound on the minimal time.
This requires the knowledge of precise information on the spectral gap and the localization of eigen-

functions at all energy levels E > E (whereas Theorem 1.6 is only concerned with the bottom energy
level Ey). See also the discussion at the beginning of Section 3.

e Notice that if one is not interested in null-controllability (i.e. driving the solution exactly to zero at
time T'), but rather in approximate controllability with a reasonable cost (and a precision depending
on the viscosity €), one might be satisfied by the following statement.

Proposition 1.12. Suppose (w,T) satisfies GCC(X). Then, there exist C,Cy > 0 such that for all
yo € L2(M), € € (0,1] there is h = h. € L*((0,T) x w) with

Hh€||L2((O,T)><w) <C ||ZJ0||L2(M) ’

such that the associated solution to (2.1) satisfies
_%
1Y (T L2agy < Ce™ = Nlwollpzagy -

That is to say, one can drive the solutions e~ close to zero with a uniformly bounded cost.
This result follows from Proposition 5.7 below (a particular case of | , Proposition 3]) together

with | , Appendix|. This can be particularly useful for numerical purposes, since 2 =0
numerically for € small enough.

In the situation of Theorems 1.6 or 1.9, this means that for times 7" € (T+,5(w), Tunif (w)), controlling
the solution e~ = close to zero costs 1, whereas controlling the solution exactly to zero costs e<.
e Note that in the context of revolution surfaces of Section 1.3.2, we prove a complementary result

compared to | , Theorem 1.9/Corollary 1.10]. We prove in Proposition 4.9 that in all cases
of Section 1.3.2, for any rotationally invariant set w, we have (with the notation of | |, the

constant Reig(w) being the smallest constant & in the inequality [l 2(pg < CeVX Al 22wy
where —Aghy = Ahy)

Reig(w) = R(Smin)da(w), with da(w) = inf da(z).

rew
In | |, we only proved Reig(w) > R(Smin)da(w) (and only in case S is diffeomorphic to a sphere).
This result is close to that of Allibert [ |, which already proves this in case S is diffeomorphic to

a cylinder and the function R has a single local maximum which is non-degenerate.
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2 Preliminaries: duality, conjugation of gradient flows and GCC(X)

2.1 Uniform controllability problems and dual formulation

In this section, we reformulate the above uniform observability questions in terms of uniform controllability
statements. This follows essentially the classical duality approach, see | | or | , Chapter 2.3].

2.1.1 Duality between internal control and observation problems

In this section, we present the controllability problems associated to the above observability questions,
and we briefly describe the duality between the control and the observation problems. We introduce the
internal control problem

(O + X +divg(X) — g —eAy)y = 1A, in (0,7) x M,
y=0, on (0,7) x OM, (2.1)
Ylt=o0 = Yo, on M.

Notice that, as opposed to (1.3), the operator appearing in these control problems is X* = —X —div,(X),
where the adjoint is taken in the space L*(M,d Vol,).
That the appropriate dual observation problem is (1.3) is a consequence of the following lemma.

Lemma 2.1 (Duality equation). For all solution u € C°([0,T]; L*(M)) of (1.3) on [0,T] with Dirichlet
boundary conditions and all y € C°([0,T]; L*(M)) solution to (2.1) with h € L*((0,T) x M), we have

T
(U(T)a yO)Lz(M) - (u07 y(T))L2(M) + /O (]lwu(t)a h(T - t))L2(M)dt = 0. (22)

Notice that one passes from the observed evolution to the controlled evolution by changing (X, q)
into (—X,q — divy(X)). The interest of adding a potential term ¢(z) in these equations is that the free
equation (1.8) and the controlled equation (2.1) then have the same form (i.e. the adjoint of a vector field
is not a vector field but the adjoint of a first order differential operator is a first order differential operator).

Definition 2.2 (Controllability and cost). Given (w,e,T'), we say that (2.1) is null-controllable from (w, T')
if for any yo € L*(M), there is h € L?((0,T) x M) such that the associated solution to (2.1) satisfies
y(T) = 0. If (2.1) is null-controllable from (w,T'), we define for yo € L?(M) the set U(yo) # () of all such
controls h € L?((0,T) x M), and the cost function

ColT'€) i= sup {,nt n) b
Yo€L2 (M), lyoll L2 npy <1 LREU(W0) L2((0,T)x M)
As a corollary of Lemma 2.1, together with classical arguments (see | ] or | , Chapter 2.3))

we deduce the following statement.

Corollary 2.3 (Observability constant = control cost). Given (w,e,T), Equation (2.1) is null-controllable
from (w,T) if and only if the observability inequality (1.4) holds. Moreover, we then have Co(T, ) =
Oo (T, E) .

As a consequence, all lower bounds on Cy(7', ¢) formulated in Theorems 1.6 and 1.9 translate into lower
bounds on Co(T,¢). The time Typir(w) is equal to the minimal time of uniform controllability, and all
lower bounds on the time Ty f(w) obtained in Theorems 1.6 and 1.9 and their corollaries apply.

12



The uniform observability result for positive solutions of the heat equation in Theorem 1.5 also has a
controllability counterpart. This fact was indeed proved by Le Balc’H | , Theorem 4.1] for the classical
heat equation. In the present context, the uniform observability estimate for positive solutions, associated
to Theorem 1.5, implies the following controllability result.

Corollary 2.4. Let M be a compact Riemannian manifold with OM = 0, X = V f where f € C3(M).
Assume that w C M is an open subset satisfying GCCO(X), and T > Ty ;(w). Then, there exist C,eq > 0
so that for any yo € L*(M) and 0 < ¢ < &g, there exists a control h € L*([0,T], L*(w)) with

Hh||L2([0,T],L2(M)) <C ||3J0HL2(M)

such that the solution of (2.1) satisfies y(T') > 0.

We refer to Section 5.4 for a proof.

2.1.2 Duality between boundary control and observation problems

We now briefly discuss the boundary case and we refer to | | for the details. The boundary control
problem under interest is

(O + X +divg(X) —qg—eAy)y =0, in(0,7) x Int(M),
y = 6h, on (0,T) x IM, (2.3)
Yle=0 = Yo, on M,

where § € C*°(0M;R) is meant to be a smooth version of 1p,I' C OM. Solutions of (2.3) are defined in
the sense of transposition, and a well-posedness statement can be written as folows.

Lemma 2.5 (Guerrero-Lebeau | | pp 1814-1815). Assume X is a L™ vector field on M with divy(X) €
L>®(M), q € L®(M), and let T > 0. Then, there exists C > 0 such that for all yo € H-1(M), all
h € L2(0,T; H-Y/2(OM)) and all € > 0, there is a unique solution y to (2.3) in the sense of transposition,
which satisfies y € L?((0,T) x M)N C°([0,T]; H~Y(M)) N HY(0,T; H=2(M)) with

9l 20,7y xmy F 1Yl Loe 0,751 M)y + 10l 20,1112
C
<< (”yOHH*l(M) +e'/? ”hHL2(O,T;H*1/2(6M))) -

Such solutions in particular solve the first equation of (2.3) in the sense of distributions.

Definition 2.6 (Controllability and cost). Given (,e,T'), we say that (2.3) is null-controllable from
(0,T) if for any yo € H~'(M), there is h € L?(0,T; H~'/2(OM)) such that the associated solution
to (2.3) satisfies y(T) = 0. If (2.3) is null-controllable from (6, 7T), we define for yo € H~!(M) the set
Ul(yo) # 0 of all such controls h € L2(0,T; H='/2(dM)), and the cost function

Co(Te) = sup { inf (|l o g1 }
YoEH =1 (M), |lyoll g1 ngy <1 LREU(w0) L2(0,T;H=1/2(dM))

We now describe the link with the boundary observation problem (1.8). We start with the duality
identity.

T); HY(M)) of (1.8) on [0,T] and all y €

Lemma 2.7 (Duality equation). For all solution u € C°(]0,
12(M)), we have

C°([0,T); H=Y(M)) solution to (2.1) with h € L*(0,T; H~

T
(u(T), yo) p -1 — (o, y(T)) rp —/0 (020, uloam (), M(T = 1)) 129y, 11172 (9m) A = 0.

The proof is omited here and only consists in an integration by parts for smooth solutions, and then a
density argument. As in the internal case, classical duality arguments (see | Jor | , Chapter 2.3|)
yield the following statement.
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Corollary 2.8 (Observability constant = control cost). Given (0,¢,T), Equation (2.3) is null-controllable
from (0,T) if and only if the observability inequality (1.9) holds. Moreover, we then have Co(T,e) =
OQ(T, E).

Again, all lower bounds on Cy(T, €) formulated in Theorems 1.6 and 1.9 translate into lower bounds on
Co(T,€). The time Typnis(0) is equal to the minimal time of uniform controllability, and all lower bounds
on the time T, 7(0) obtained in Theorems 1.6 and 1.9 and their corollaries apply.

2.2 The vanishing viscosity limit for gradient flows. Conjugation and refor-
mulation

We focus in this article on the very particular case (1.5) where X is a gradient vector field (with respect
to the same metric g defining the viscous perturbation eAy) of a weight function f : M — R, that is
X = V,f-V,. In this case, it is classical (see e.g. | , |) that the operator —eA, — V -V, —¢q
can be conjugated to a “semiclassical selfadjoint operator”. Here, X - Y is the inner product of the two
vectorfields X and Y given by the metric g in T'M.

The first basic computation is the following:

e = Ager = Ay + gvgf-vg + 4529 2—2
We denote by
1 |ng|2 Agf ¢ . |ng|2
§P€ =g+ 462'(] + 2—; - thatis  P. = —e?A, + 1 4+ eqy, (2.4)
where q5 = AQQ f_ q. The above computation implies that
_i,.1 £ 1 q
e 2 (E—QP&.)QZE :—Aq_ququ_g (25)

The interest of this conjugation is that the operator P. is selfadjoint in LQ(M,dVolg) endowed with
domain D(P.) = H?*(M) N Hg(M). Henceforth, the operator —Ay — 1V §- V, — 4 is also selfadjoint in
L3(M, e%dVolg). Let us now reformulate the uniform observability problem (1.4) in terms of the heat
equation involving the operator P, defined in (2.4).

Note that the constant coefficient one dimensional problem introduced in | | enters the “gradient
flow” setting with M = (0,L) CR, g=1,A; =92, ¢q=0, f = Mx for M € R, and thus V,f-V, = M9,.
In that context, this form together with its formulation (2.4) have already been used in [ , ,

; J-

Lemma 2.9. Given Ty, Cy,e > 0 and a function u, the following statements are equivalent.

1. The function u solves

(Or —Vgf - Vou—qg—eAg)u=0, in (0,Ty) x Int(M), (2.6)

u=0 on (0,Tp) x OM, -

2 oo
resp TG < CF [ ol (2.7)
2 o 2
resp. ||U(T0)HH5(M) < Cg/o ||956uu|8M||H1/2(aM) dt. (2.8)
2. The function v(t,z) = e/®)/2eu(t, x) solves

edw+ Pv=0, in (0,Tp) x Int(M), (2.9)

v=20 on (0,Tp) x OM, '

14



; 2 To P2
resp. efTv(To)} L2 < 002/0 e 2 o) dt, (2.10)
L) c2 [ [loeeo ; d
. T2 < T2e¢0, t. 2.11
T R L A o L W 211
3. The function w(t,z) = v(t/e,x) = el@/2ey(t /e, x) solves
1 .
Jw + E—QPaw =0, n (0,Tp) x Int(M), (2.12)
w=0 on (0,Tp) x OM,
; 2 eTo ; 2
Tesp. e_%w(aTo)’ L2 < Og/o e_%w’ 2w dt,
; 2 eTo ; 2
resp. Heiﬂw(aTo)‘ < Cg/ 967%58,,111“ dt. (2.13)
L2 (M) 0 HY/2(0M)

Proof. Start e.g. with u satisfying (2.6). Using (2.5) and the definition of P., Equation (2.6) rewrites
equivalently as

il
Oyu+ e gPse%u =0, te]l0,Tp).

The function v = e% u then satisfies (2.9) (and conversely). Setting w(t,xz) = v(t/e, x) then satisfies (2.12),
and conversely.

The proof that (2.8)<(2.11)<(2.13) uses additionally that 8l,(e%u)|aM = e Oyut|opm, on account to
the Dirichlet boundary condition. O

2.3 GCC(X) and controllability of the limit equation ¢ =0

In this section, we characterize the observability inequality (1.2) for solutions of (1.1) in terms of a
Geometric Control Condition GCC(X). M is always assumed without boundary.
We denote by (¢¢)ier the flow of the vector field X, namely

Gi(z) = X (¢e(2)), o(z) =2 € M. (2.14)

This flow is globally defined on account to the compactness of M. We consider the following definition of
the geometric control condition for the vector field X, which we denote GCC(X).

Definition 2.10. Let M be a compact manifold wihout boundary and X a Lipschitz vector field on M.
Given w C M, x € C°(M), I C R and interval and T > 0, we say that

o [ x w satisfies GCC(X) if for all x € M, there is t € I such that ¢_,(z) € w;
e (w,T) satisfies GCC(X) if (0,7T) x w satisfies GCC(X);

w satisfies GCC(X) if there is T' > 0 such that (w,T") satisfies GCC(X);

(x, T) satisfies GCC(X) if ({x # 0},T) satisfies GCC(X);

x satisfies GCC(X) if {x # 0} satisfies GCC(X).

Note in particular that an open set w satisfying GCC(X) must contain all singular points of the vector
field X (i.e. all points © € M such that X (x) = 0). We now provide with different reformulations of this
property.

Lemma 2.11. Let M be a compact manifold and X a Lipschitz vector field on M. Given w C M and
T > 0, the following properties are equivalent:
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1. (w,T) satisfies GCCO(X);
2 Uscor) (@) > M;

3. Useo,r) #—t(w) D M;

4. (w,T) satisfies GCO(—X).

Proof. The definition of (w,T) satisfying GCC(X) is equivalent to: for all z € M, there is ¢t € (0,T) such
that z € ¢¢(w). Equivalence between the Items 1 and 2 follows. Item 3 is equivalent to U,¢ o ) ¢7—t(w) D

¢r(M) = M after having applied ¢, which itself is equivalent to Item 2. Equivalence between Item 4
and Ttem 3 finally follows from the fact that the flow of —X is (¢_¢)ter- O

Proposition 2.12. Assume M is a compact manifold, X is a Lipschitz vector field on M, ds is a positive
density on M, and q¢ € L®(M). Given w C M, x € C°(M) and T > 0, the following statements hold
true:

1. If (w,T) satisfies GOO(X), then the observability inequality (1.2) for solutions of (1.1) is true;
2. The observability inequality (1.2) for solutions of (1.1) implies that (@, [0,T)) satisfies GCC(X);

3. The observability inequality

Co/ / u(t, z)|*ds(x)dt > ||u(T)||2L2(M), for all ug € L*(M) and u solution of (1.1).
(2.15)

holds true if and only if (x,T) satisfies GCC;
4. In all the above observability statements, ||u(T)H%2(M) can be equivalently replaced by Hu(())H%z(M).

The proof below is inspired by that in | , | for the wave equation. It is constructive and
would also yield a characterisation of the HUM control operator (see e.g. | | or | , Section 1.2]
for more on controllability /stabilization properties for transport equations).

Proof. First notice that for ug € L?(M), the unique solution to (1.1) is explicitely given by
u(t,z) = efo 0t—r (@)dry o oi(x) € COR; LA(M)).
A first direct consequence is the existence of a constant C7 4 > 1 such that
Cr glluO) 1 22n0) < (D22 0ty < Crgllu(0) |70y, for all solutions to (1.1),

which proves Item 4. Next, we write the observation term in (1.2) (the same holds for (2.15) if we replace
1, by x) as

/ / lu(t, z)|>ds(z)dt = / / x)|u(t, z)|*ds(z)dt = / / z)ud o ¢y(z)e 2o @t (@)A7 g (1) dlt

Using the change of variable y = ¢.(z) (see e.g. | , Proposition 16.42 p432]), we obtain

T T
w(t, z)|?ds(z)dt = w(b_t(y))u2 2 Jo a0—= (y)dr *,ds
/0 /w| (1, ) 2ds(x)dt / /Mn (61 (0)u(y) (6" ds) (y)dt

(Note that divgs(X) is defined by < (¢7ds)|¢i—o = divgs(X)ds, so that this expression simplifies slightly in
case divgs(X) = 0). Using that the density is positive on the compact M, we get the existence of Cp > 1
such that

Crlds(y) < e? Jo 1°0—= W7 (4* ds)(y) < Cpds(y)  uniformy for (¢,y) € [0,T] x M.
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As a consequence, we obtain

/ / Nud(y)ds(y dt</ / z)|u(t, z)|?ds(x)dt < Cr /OT/M 1o, (oo (y))ud (y)ds(y)dt.

Hence setting

T T
gr(y) = / Lo(6—e(y))dt € LX(M)  resp.  gr(y) = / (6i())dt € CO(M),

we deduce

cit [ artutasy // Dluto)ds@at < Cr [ gruiwise). (219

Recalling that w is an open set and M compact, together with Definition 2.10, we deduce that if (w,T)
satisfies GCC(X), then we have the existence of ¢ > 0 such that gr(y) > ¢ for a.e. y € M. The lower
bound in (2.16) then implies the observability inequality (1.2), and Item 1 follows.

Concerning Item 2, if (@, [0,7T]) does not satisfy GCC(X), then there is a point 2y € M such that
¢d—1(xo) Nw = for all ¢ € [0,T]. The set w x [0,T] being compact, there is a neighborhood U of z such
that ¢_(U) Nw = () for all ¢ € [0, T]. Setting up = Ly, we have on the one hand that |[uo[|;2(xs) > 0. On
the other hand, we have 1,0¢_,(y) =0for ally € U and ¢ € (0,T). This implies that gruo = gr(y)1ly =0
a.e. and, according to the upper bound in (2.16), that fOT [, lu(t, )[*ds(z)dt = 0. This contradicts (2.16)
and concludes the proof of Item 2.

Finally, the proof of Item 3 is split in two parts. That (x,T) satisfies GCC implies the observability
inequality (2.15) follows as in the proof of Item 1. Now assume that (x,T") does not satisfy GCC. Then
there is a point zy € M such that ¢_,(xo) N{x # 0} = 0 for all ¢ € (0,7). Hence, we have gr(zo) =
fo +(0))dt = 0. We now choose a sequence of continuous initial data (un)nen such that [[up| 2 ng) =
1 and u ( )ds(x) — d5, in the sense of measures on M. The fact that gr is continuous on M together
with the upper bound in (2.16) implies that

/ / u(t,o)|2ds(x)dt < Cr / 97 (9)02 (4)ds(y) = Cr(Sags 97)rteas.co = O,

which contradicts the observability inequality (2.15), and concludes the proof of Item 3. O

3 General lower bounds without geometric assumption

In this section, we consider a general manifold (with or without boundary) M, and prove the lower
bound for the minimal time of uniform controllability provided in Theorem 1.6. We also give a proof of
Theorem 1.8 as a corollary. To do this, we use the semiclassical reformulation (2.9)-(2.10) of the problem
in Lemma 2.9, as well as exponential decay properties of eigenfunctions of the operator P.. We rely on the
Helffer-Sjostrand theory as developed in | , , |. All results presented in this section apply
as well for the semiclassical heat equation.

The result of Theorem 1.6 is stated for a potential minimum. However, we shall prove a seemingly
more general result, at any energy level in V/(M). We shall then explain why this latter result is not more
general, and how it can be improved in dimension one. We recall the definition of V' in terms of f in (1.10),
and define the classically allowed region at any energy level E:

Kgp={xeM,V(z) < E}.

We then define the Agmon distance (see e.g. | , Chapter 3|) to the set K at the energy level E:
tnse) =it { [ VOOI =) 0lit s € W=(0.1:M),5(0) = 2.2 (1) =)
dag(z) = ylergE dae(z,y). (3.1)
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That is to say, d4,g(z) is the distance of x to the set Kg for the (pseudo-)metric (V — E)4g. Here again
(V(z) — E) . = max (V(z) — £,0). We will use, as in (1.11) the notation d4 = da g, where Ey = miny V'
for the Agmon distance at the bottom energy. Note that d4 g vanishes identically on Kp (and only on
this set). Finally, an important function in the estimates below is given by

WE({E) = dAyE(fE) + @ (3.2)

We shall prove in this section the following result.

Theorem 3.1. Assume the observability estimate (2.7) (resp. the boundary observability inequality (1.9))
for all solutions to (2.6) with constant Cy = Co(Tp,€). Then, for all E € V(M) = [minpy V, maxpy V] and
all 6 > 0, there is €9 > 0 such that we have for all € € (0,&0)

1
Co(Tp,e) > exp — <m_in Wg — max Wg—46— ET0> ,
g w B
in the internal observation case, and
1 .
Co(To,e) > exp— | min Wg —maxWg — 0 — ETp |,
€ T Kg

in the boundary observation case.
In particular, we have for all E € V(M), for each respective case,

1

Tunif(w) > b (mwin Wg — max WE> ,
1

Tunif(I') > I (mlin Wg — max WE> )

Theorem 1.6 is then the particular case E = Ey = minaq V in Theorem 3.1. Unfortunately, the function
E— % (ming Wg — maxg, Wg) is a decreasing function of E. Indeed,

o the sets K are increasing in F, hence the function E — maxg, Wg = maxg, % increases;

o F i+ da p(x) is decreasing in E, hence the function E +— ming Wg decreases.

Therefore, the estimate of Theorem 3.1 simply reduces to that for £ = Ejy, that is Theorem 1.6 in the
introduction. This comes from the fact that the estimate involving the term maxy, Wg is very rough
(see Section 3.2 below for a more precise discussion). This can be improved in the one dimensional one
well case, see | |. Moreover, it is interesting to notice that the proof of Theorem 3.1 is not more
involved than the direct proof of Theorem 1.6, and we shall re-use part of it in case of revolution surfaces
in Section 4.

3.1 Eigenfunctions of semiclassical Schrodinger operators

In this section, we collect classical results concerning eigenfunctions of semiclassical Schrédinger operators,

2
and some of their decay properties. Recall that P. = —e2A, + % +eqr = —e2A, +V +eqy is defined

n (2.4). We first need to prove existence of eigenfunctions near any energy level.

Lemma 3.2 (Existence of eigenfunctions). Assume V€ WH*(M) and qf € L>(M) are both real
valued. For all E € V(M) = [miny V,maxy V] and all € € (0,1], there is E- = E + O (2/3) and
Ve € H*(M) N HHM) such that Py, = E..

Note that the O (52/ 3) precision is relatively poor, and can be improved in different situations. These
refinements are however not needed here (e.g. if there is a critical point of V at energy E).
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Proof. The proof consist in constructing a (very rough) quasimode. Assume first that F is reached by an
interior point, i.e. there is 2y € Int(M) such that V(z¢) = E. We then only work in a local chart near x,
centered at xy (hence we work in R” in a neighborhood of 0).

We take a cutoff function x € C°(R) such that x = 1 in a neighborhood of 0. We set u®(z) =

e 3y (a*% |x|), so that u® is smooth and moreover supported in the chart for all ¢ < £¢ with g sufficiently
small, and thus u® € H*(M) N H}(M). Notice also that

w1 ey = /W(ﬂﬂ)l2 V0gl(w)dz = /xz(lyl)\/E(az/3y)dy =c+0 (52/3) :

with co > 0. We now estimate (P. — E)u®. For this, we first have |lequ®||,» < Ce. Second, we alway have
the rough estimate V(z) — E = V(z) — V(0) = O (]z|) so that we have

_2 dx
IV = Bl <€ [ lafx? (= al) g < e (3.3)

Third, we have

2

2
2 A uf 22: —E 9 (g"/|g|0;u’
sl = | S0 (o vaiow)|

<OE4Z/ < Ig| |>€%x’ (6’%|f17|)
() B () [

< Ces. (3.4)

Combining the above four estimates yields the existence of D, g > 0 such that for all € < ¢¢, we have,
|(P- ~ E)u|| > < Ce¥ < Dt |juf|| 2.

Hence, if E ¢ Sp(P:), this implies ||(P —E)leLQHL2 > (De?)~!. Finally, the operator P. being

selfadjoint, we have, for 2 € C\ Sp(P.), |[(P- — 2) g2z = m, so that, if E ¢ Sp(FP:),

1
d(E,Sp(F:))

In any case, this implies d(FE, Sp(Ps)) < DE%, and using that the spectrum of P. is purely pointwise, this
proves the sought result.

Assume now that F is not reached by an interior point, i.e. E ¢ V(Int(M)). This means in particular
that there is g € OM such that V(zyg) = E. Then, we again work in a local chart near xg, centered
at zo. In this chart, M is given by R"~! x R~ and zo by 0. We denote (z’,2,) € R"™1 x R~ local
coordinates. We then take x as above and further define x € C2°(R), non-identically vanishing, such that
supp(X) C (—1,0). We define uf(z) = e~ 5 Y(¢ 32,)x(¢3]2’|). One can check that all above properties
of u¢ are still satisfied, and in particular (3.3)-(3.4). In addition, we have suppu® C R"~! x R, ", and thus
u® € H*(M) N HE(M). The remainder of the proof then follows the same as in the first case. O

> (Def)~?

Remark 3.3. Note that near a noncritical value of V', or near the boundary of M, the appropriate local
model is —e?82 + 2. Considering concentrating quasimodes of the form y (%) leads to

2
9 9 x e (T T\ x x
“o (v () = m () o () == (F)x (&)
Henceforth, the right scaling is given by 2 — 2a = «, that is @ = 2/3. The quasimode we construct are
then O (52/ 3). If one wants to obtain a better remainder, one could replace xy by an Airy function, as one

should replace x by a Hermite function in the case of bottom of potential (in which case the precision of
the quasimode is improved). Also, the remainder £2/3 is actually the worst possible case.
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The next result states the decay estimates for eigenfunctions in the classically forbidden region, and
is a consequence of so-called Agmon estimates (see | , ) ). Here, it is a particular case
of | , Propositions 3.3.1 and 3.3.4]. Note that with respect to [ , Proposition 3.3.1], our operator
P, contains an additional term, namely multiplication by eqf. However, this contribution is of lower order
and can be absorbed in the proof of the Agmon estimates.

Theorem 3.4 (Decay of eigenfunctions in the classically forbidden region). Let
EecV(M)= [%n Vv, max V]
and assume . € H*(M) N H} (M) and E- satisfy
Pepe = Ectpe, ||7/15HL2(M) =1, max(E. — E,0)=o0(1) ase — 0. (3.5)

Then for all § > 0, there exist C = C(d),e0 = €0(0) > 0 such that, for all € < eg, we have

|

Assuming further that V,q; € C°(M), we have . € C°(M) and for all § > 0 and all smooth vector
field Y on M, there exist C = C(0),e0 = €o(d) > 0 such that, for all 0 < € < g, we have

s
< Ce-.

3.6
oy S (3.6)

e%dA’Ewa‘

e (@) + |(Ye) ()] < Ce2[@ar@®=0 " for all 2 € M. (3.7)
As a direct corollary, we have that most of the norm of . is near Kg, see | , Corollary 3.3.2].

Corollary 3.5 (Most of the norm is in the classically allowed region). Let E € V(M) = [miny V, maxpq V]
and assume ., B, satisfy (3.5). For any open set U containing Kg, there is 6,e0 > 0 such that for all
0 < e < ep, we have

H¢a||iz(U) =14+0 (e*§> .

3.2 Rough localization of eigenfunctions, and a proof of Theorem 3.1

From the decay estimates in the classically forbidden region (Theorem 3.4) and the rough localization of
the L? mass of eigenfunctions (Corollary 3.5), together with the existence of eigenfunctions at any energy
level (Lemma 3.2), we may now deduce a proof of Theorem 3.1. Recall that Wg is defined in (3.2). We
first prove the following proposition, from which Theorem 3.1 will follow.

Proposition 3.6. Let E € V(M) = [minp V,maxpy V] and assume . € H*(M) N HY (M) and E.
satisfy (3.5). Then for all 6 > 0, there exists eg = 0(d) > 0 such that, for any open set w C M and for
all e < g9, we have

£ 1 -1 max
He Y. L2(M) = 56 F(mecs Weto), (3.8)
_ i 1 2 min _
He e L2 (M) = 56 Fmin WE0), (3.9)
e %1/15 L2(w) < g (mine Womo), (3.10)

Assuming also that V,q5 € C>*°(M) and T’ C OM, we have

< ¢~ 2 (ming We—3) (3.11)
L2(r)

Note that Estimate (3.8) is very rough, due to our lack of knowledge on the localization of . in the
classically allowed region Kg. In the one dimensional one well case, this bound can be refined, see the
companion paper | |

We first prove Proposition 3.6, and then deduce a proof of Theorem 3.1.
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Proof of Proposition 3.6. First, setting Us = {z € M, f(x) < maxg, f+ 0} D Kg, we have

> e b 4D g 2 gemtimenee 149

_ 1
He 22 1)

¥
> e
L2(M) — Ve

L2(Us)

after having used Corollary 3.5 in the last inequality for ¢ < £¢(d). This proves (3.8), recalling that
dA,E =0on KE.
Second, notice that (3.9) is a consequence of (3.10). Third, to prove (3.10), we use (3.6) as follows

1
e % e

1 1 1
< [|eFettasetinmy,

< e~ t(ming(f+da.p)) ’

eédA’EU)s‘

L2 (w) L2 (w) L2 (w)

< e~ t(mins(§+dap)) 0e?
Finally, to prove (3.11), we proceed similarly using (3.7) (instead of the sole (3.6)) with Y = d,,. We have

< 067% (minF(%erA,E)fJ)
L2y = ’

_ 1
He £ 0,1,

< He*%Oe*é(d*"Eﬂ;)’

L2(T)
which concludes the proof of the proposition. O

Proof of Theorem 3.1 from Proposition 3.6 and Lemma 5.2. We use the reformulation in Lemma 2.9 and
consider the observability estimate (2.10) for solutions to the evolution equation (2.9).
More precisely, we select E € V(M), and we let v. be the solution to (2.9) associated to the initial

condition v, (0) = 1., where 1), is given by Lemma 3.2. That is to say, v (¢, z) = e~ . (x). We estimate
both sides of (2.10).
Firstly, using (3.8), we have

E i E 1 )
—Z=To e 20, e~ EETOE*;(maXKE WE+§),

=€

= >
L2(M)

1
L2(M) 2

67%’05 (To) ’

for ¢ < £9(6). Recalling that E. = E + O (¢%/?), this implies the existence of £o(J) > 0 such that for
e < go(9),

e—%(ETg—i—maxKE Wg+6)
)

Y

s

1
L2(Mm) — 2

Secondly, concerning the internal case, using (3.6), we have
To 2 To .
/ dtz/ e~ 2 He_%wE
0 L?(w) 0

< Ce—%(mingWE—ti)'
As a consequence of these two estimates, applying (2.10) implies

2

2 € (1— —2%%)

i
e 2 t = e
c L2(w) 2F,

—L
‘6 2,

L2 (w)

_2 2 in— —
e E(ETO+maxKE Wg+46) < Co(To,s)QCe 2 (ming Wg 6),

which concludes the proof.
In the case of observation from part of the boundary, we simply replace the above use of (3.10) by that
of (3.11). O

3.3 An explicit counter-example for a domain of R"

The purpose of this section is to prove Theorem 1.8. Here M = Q where  C R™ is an open set, endowed
with the Euclidean metric. For § > 0, we may assume, up to an appropriate translation of the domain €2,
that there is n > n,, — § (resp. naq) such that

B(0,n) C Q. (3.12)

21



Recall that we consider the boundary observability /controllability problem from the whole boundary 92
or the internal observability /controllability problem from

w C Q a neighborhood of the whole boundary 992 with B(0,7) Nw = 0. (3.13)

We let fa(x1,- -+ ,x,) be defined as follows:
t n
i) = / VAZs2 4+ 1ds  and  fa(z1,- -, 2p) = Zf,\(:vi). (3.14)
0 i=1

With this definition, the associated gradient vector field and potential are given respectively by
n

Vir(zi, - 2n) = Zf&(zz)ez = Z \/ A2 + le;,
i=1 i=1

CVRE L NzP 4
4 4 ’

V()

where (e1,- - ,e,) denotes the canonical basis of R™.
The proof of Theorem 1.8 now directly follows from the following Lemmata 3.7 and 3.8, when taking
A large enough.

Lemma 3.7. In the above setting, recalling (3.12), (3.13) and that fx is defined in (3.14), we have for all

A>0
/\22 2,2

Tonif(09) > 1 and  Typi(w) A

n n

Lemma 3.8. In the above setting, recalling (3.12), (3.13) and that fy is defined in (3.14), the sets O and
w satisfy GCC(V{y) and we have for all X > 0

Ty oN), T < axx-v—minz - < diam(€2). 3.15
Vh( ) Vf*(w)—VeRn,\vgiI}/-eiZOVi (rfegx v inel%‘r V> < diam(2) ( )

In particular, both are bounded by a constant uniformly in A > 0.

We recall that GCC(V§y) and Tys, are defined in this context in Definition 1.7.
Notice that the quantity max g2 -v—min gz -v represents the minimal Euclidean distance between
two parallel hyperplans (normal to v) such that Q is contained between the two hyperplans.

Proof of Lemma 3.7. The minimum of V) is reached at iy = 0 and V) (zmin) = 7+ The Agmon dis-

tance (3.1) at the bottom energy Vi (#min) can be explicitely computed for points 2 € B(0,7) C Q \ w.
Indeed, for = € Q we have \/Vy(2) — Va(Zmin) = 3|2| and thus for z € B(0,7),

1 T 2 1 T 2
ta) = Jut { [ 0130l € W00 M)10) = 0,(1) = o p = 2L [ - 22T

where, by symmetry arguments, we have noticed that the straight line ~(t) := xt reaches the infinimum
for x € B(0,7). Recalling that V) (0) = % and f(0) = 0, application of (1.12) in Theorem 1.6 implies

gTumf(w) = V3 (0)Tuni (w) > min (g + dA> , (3.16)

(and a similar statement for Ty, (0€2)). By a connectedness argument, for any = € W (resp. x € 0Q), we

have from (3.13) that da(x) > minycop(o,y) da(y) > %. In particular, since f(z) > 0, we have
) f )\2772 ) f )\2772
I > 2 ! > .

H%H(QJ“CZA S A Gl

Combined with (3.16), this concludes the proof of the lemma. O
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Proof of Lemma 3.8. Notice first that given v € R™ with |v| = 1 such that e; -v > 0 for all ¢ € {1,--- ,n},
we have

n

VfA(I)'V:Zw/)\2I%+16i'VZZGi'VZ Z(ei~v)2:|v|:1, for all z € Q. (3.17)
i=1 i=1 i=1

Second, following Definition 1.7, we extend f) as a smooth compactly supported function f,\ in R™ Given
z € Q, we denote by 7, the maximal (global) solution to 4, (t) = —Vfx(7.(t)) with 7,(0) = z, defined in
R™ for t € R.

Given v € R™ with |v| = 1 such that e;-v > 0, Estimate (3.17) thus implies that 4, (t)-v = —Vfx(72(t))-
v < —1. Integrating this between 0 and ¢, we obtain 7, (t) - v — 2z - v < —t. Assuming that T > max, g ¥ -
v—min gy-v thus implies

Y(T) v—z-v<-T<— (ma_xy-v—migy-v) ,
yef yeQ
that is
x-v—"(T) v>maxy -v—miny-v.
yeQ yeQ
Since z € €, this implies v, (T) ¢ Q. This holds true for any = € Q. Recalling the definition of GCC(V¥,)
in Definition 1.7, we have obtained that 02 and w (which is a neighborhood of 92) both satisfy GCC(V{)).
Moreover, given the definition of Tyy, as an infimum, we have also obtained that Tyy, (02), Tvs, (w) <
max,cqy -V —min, qy-v. Since this holds for all v, we have proved (3.15), which concludes the proof of
the lemma. (]

4 Surfaces of revolution

4.1 General setting

In this section we introduce the geometric setting for the results presented in Section 1.3.2. We are
concerned with a revolution surface S C R? being either

1. Case 1: diffeomorphic to a sphere S? (in which case 9S8 = 0);
2. Case 2: diffeomorphic to a disk (in which case S is a circle embedded in R3).

3. Case 3: diffeomorphic to a cylinder [0,1] x S! C R3 (in which case dS consists in two disjoint circles
embedded in R3, and belonging to two parallel hyperplans);

We follow | | and | , Chapterd B p95] for the precise geometric description of such manifolds. At
some places, we also consider the case of the torus T2, endowed with a metric invariant in one direction.This
setting does not strictly speaking enter the framework of the present section, but is much simpler to describe
(and we thus do not mention it in the present section).

Definition and differentiable structure. We assume that (S, g) is an embedded 2D submanifold of R?
(endowed with the induced Euclidean structure), having S! = (R/27Z) ~ SO(2) as an effective isometry
group. The action of S! on S, denoted by 6 — Ry (such that RS = S) has:

1. exactly two fixed points denoted by N,S € S called North and South poles in Case 1; we write
OnS = {N} and 958§ = {S};

2. exactly one fixed point denoted by N € S called North pole in Case 2; in this case, we write
OnS = {N}, and 0sS = 9S has a single connected component (called “south boundary”) which is
also invariant by Rg;

3. mno fixed point in Case 3; in this case OS has two connected components denoted S and dgS (called
“north and south boundaries”) which are both invariant by Ryg.
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We denote by P the set of poles, that is P = {N, S} in Case 1, P = {N} in Case 2 and P = ) in Case 3
and set

U=8\P. (4.1)

We now describe a nice parametrization of (S, g), and, in particular, useful coordinates on the set U. We
set L = disty(OnS, 0sS) and denote by

I =(0,L) in Case 1, I =(0,L]in Case 2, I =]0,L]in Case 3. (4.2)

We let vo be a geodesic curve of § joining N (resp. dnS in case 3) to S (resp. dsS in Cases 2 and 3). Note
in particular that length(yo) = L. For any 6 € S', the isometry Ry transforms the geodesic vy into Re (o),
which is another geodesic joining N (resp. OnS) to S (resp. 0sS). For every m € U (defined in (4.1)),
there exists a unique § € S! such that m belongs to Rg(Y0). The geodesic Rg(7p) can be parametrized by
arclength

p:[0,L] = Re(v), p(0) €dnS, p(L) € IsS, s=disty(p(s),OnS) =L —disty(p(s),dsS),
and there exists a unique s € I, such that p(s) = m. We use (s,0) as a parametrization of U C S:

C: U=8\P —  I.xS!
m = ((m) = (s,0).

In Case 3, P = () and thus the whole surface S = U is diffeomorphic to the cylinder I x S! via ¢. In
Cases 3 and 1, we further need to describe coordinate charts around the poles. In cases 1 and 2, we define
another exponential chart (Uy,(n) centered at the pole N by

UN:{N}UC_l((()?g)XSl):BQ(N7§>C87 CNUN%BR2<07§)7 CN(N):O
with the transition map

(vo(': ((UNUN)=(0,£)xS" = (w(UNUN) =B (0,%)\ {0}
(s,60) — (scos(8), ssin(8)).

In Case 1, we add similarly a last exponential chart (Ug, (s) centered at the pole S by

L L L
Us ={Stu¢ ((5,/;) x Sl) =By <S, 5) CS, (s:Us— Be <o, 5) ; Gs(9) =0,
with the transition map

CSOC_l : C(UﬁUs) = (%,L) xSt — Cs(UﬂUs) = Bp2 (0,%)\{0}
(s,0) —  ((L = s)cos(f), (L — s)sin()).

We shall need the following notation. For a subset J C Iy, we denote by
Cy=C1'Jxs"= {m:(fl(s,ﬁ) eU;seJjcUcCS

the Ry invariant set which projects downto J. We will also extend this definition to sets J C [0, L] by
adding the point N if 0 € J (in Cases 1 and 2) and the point S if L € J (in Case 1).

Riemannian structure and operators involved. On the cylinder I, x S', the metric g is given by
(CH*g = ds* + R(s)?db?, (4.3)

for some smooth function R : I, — R} (the function R can be interpreted as the Euclidean distance in
R3 of the point parametrized on S by s to the symmetry axis, see e.g. | , Section 3]). Since g is a
smooth metric on S, | , Proposition 4.6] gives that R extends to a C* function [0, L] — RT satisfying
moreover

R(0)=0, R'(0)=1, R®)(0)=0 foranypeN, in Cases 1 and 2, (4.4)
R(L)=0, R(L)=-1, R®)(L)=0 forany peN, in addition in Case 1.

For other parametrizations of surfaces of revolution, or direct computations on the sphere S? and the
disk D, we refer to | , Section 3].
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Example 4.1. In particular, we consider here the following three examples:

e the unit sphere of R? is given by case 1 L =7, s € (0,7), R(s) = sin(s) (and the maximum of R is
reached at so = 5)

e the unit disk of R? is given by case 2 with L = 1 and R(s) = s;
e flat cylinder of length L > 0 and radius Ry > 0 is given by case 3 with R(s) = Rp.

In these coordinates, the Riemannian volume form is hence R(s)dsdf, the Riemannian gradient of a
function is
1

0 0 :
Vgu = asua + Wagu%, with  g(Vgu, Vyu) = |05ul? +

R(2)2|39u|2, (4.5)

and the Laplace-Beltrami operator is given by

L 5 R(5)0, + —— 2.

Boo = R(5)?

“ 7 R(s)

We define by L*(S) := L?(S,d Vol,) the space of square integrable functions, which is also invariant by
the action of (Rg)pes:. We will sometime also use the same definition for L?(C;) := L?(C,d Vol,) for
J [0, L].

Another important operator is the infinitesimal generator Xy of the group (Rg)geg, defined, for u €
C>(S), by

Xou = lim 9~ Y (uo Ry — u). (4.6)
9—0

In the chart (U, (), the action of Ry is given by ((71)*Rg(u,8) = (u, 0" + 0), so that ((71)*Xy = 9p. It is
proved in | , Section 3.2] that Xy is a smooth vector field on . Note also that Xo(N) = Xg(S) =0
and that its norm is given by 1/g(Xg, X¢)(s,0) = R(s) (in the coordinates of U).

Now, remark that (Rg)gpest acts as a (periodic) one-parameter unitary group on L?(S) by f +— f o Ry.
The Stone Theorem (see e.g. | , Theorem VIII-8 p266]) hence implies that its infinitesimal generator
is 1A, where A is a selfadjoint operator on L?*(S) with domain D(A) C L?*(S). Since iAf = Xpf for
f € C*=(S) (which is dense in D(A)) according to (4.6), we have that A is the selfadjoint extension of %
From now on, we slightly abuse the notation and still denote % for its selfadjoint extension A.

Gradient vector-field and conjugated operator. We finally introduce a function f : § — R, at
least of class W2 to define the gradient flow. Throughout this section, we assume that Xof = 0, i.e. f
is invariant by rotation. In the coordinates of U, we shall thus simply write f = f(s). These regularity
assumptions can be written in the coordinate of U by

s+ f(s) € W2>(0,L), with f(0) =0 (in Cases 1 and 2)  and (L) =0 (in Case 1). (4.7)

We may now define as in (2.4) the conjugated operator P- as

2
P.=—"Ag + |Viﬂg + 8% —eq
1 1 1(s)|2 1 /
= _82 (%‘%R(S)as + R(S)Q 83) + |f (4)| + %%aS(R(S)f (S)) —&q, (48)

where the second writing, in the coordinates of U, uses the invariance of §. Note that the last term in this
expression acts as a multiplication operator by a function in L°°(S) with size . We shall often consider
it as a lower order term, and keep the shorter notation A,f in place of %&(R(s)f’(s)).

Since both g and f are invariant by the action of Ry, we have

[Xg, P.] = 0. (4.9)
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Moreover, P. is selfadjoint in L*(S,d Vol,) with domain H?(S) N H}(S) (= H?(S) in Case 1), and has
compact resolvent. Therefore, the operators P. and Xy share a common basis of eigenfunctions (see
e.g. | , Section 3.2] for a proof). If A € R is an eigenvalue of P., then (in the coordinates of U) the
associated eigenfunction can be written as eik(’v(s) with k € Z, v € HZ .(I)NL*((0, L), R(s)ds) satisfying

e K (If’( )
R(s) R(s)2 4

together with v(L) = 0 in Cases 2 and v(0) = v(L) = 0 in Case 3.

2

ds (R(s)05v) + £ +eq ) v =Av, (4.10)

Restoring the dependence of the eigenelements in the parameter €, we call the normalized eigenfunctions
of P.: goi)n = em‘gv,‘in (s) with eigenvalues )\im, where n € N. In particular, for all € > 0, we can write

L2(8) = Ggék,n)GZXN Spa‘n((pi,n)'
We further denote

L? = ker(Xy — ik) = {pe LQ(S);<p|U =e*f(s), felL? ((0,L), R(s)ds)}

and H? = D(P.)NL? = H*(S) N H}(S) N Li. The commutation property (4.9) implies that for all ¢ > 0,
P.H? C L%, so we can define the operator

PE(’“) = P€|L§ ,  with domain H,f, (4.11)

which is self-adjoint. This can be seen for instance directly on the simultaneous diagonalization which
implies an isometry L?(S) ~ (*(Z x N) where L? ~ {(k,n)|n € N} as a closed subspace of ¢*(Z x N).

The fact that P-. has compact resolvent implies that this is also the case for PE( ). With a slight abuse of

notation, we shall still denote by ( ) the one dimensional operator (¢(~1)* Pg(k)c* defined on I, namely

2

__ ¢ e2k? | |7 (s)?
P")yy = —mas (R(s)0sw) + (R(s)2 + 1 + aqf> w. (4.12)

4.2 The condition GCC(V,f) on surfaces of revolution

In this section, we characterize the condition GCC(V4f) (see Definition 1.7) in the above very particular
geometry, and further assuming that the observation region w is rotationally invariant as well. We con-
sider the two cases of internal and boundary observation sets, and describe the associated minimal times
Tvgf(aé‘) and Tvgf(w).

Proposition 4.2. Let 6 > 0 and recall that | is assumed to be 0-invariant.

1. In Case 1, the set w = By(N,d) U By(S,0) satisfies GCC(Vg4f) if and only if §'(s) # 0 for all

s € [0, L —6] and Ty 5(w ‘L(sf/d(ss

2. In Case 2, the set w = By(N,0) satisfies GCC(V4f) if and only if §(s) > 0 for all s € [9,L] and

Ty, j(w) = 6L f,‘%—ss). The set S does not satisfy GCC(V 4f).

3. In Case 3, the set OS satisfies GCO(V 4f) if and only if §(s) # 0 for all s € [0, L] and Ty ;(0S) =
L ds

o
Proof. We only prove the second item (for which the sign of f matters). The other two items are proved
similarly. According to Definition 1.7, (4.5) and the f-invariance of f, it suffices to check under which
conditions the solutions to §(t) = —f'(s(¢)) all enter w = B, (N, ¢) (resp. all exit S, that is satisfy s(T") > L).
If there is so € [d, L] such that §(sg) = 0, then the associated solution satisfies s(t) = so € [, L] for all
t € R, and w does not satisfy GCC(V,f). Similarly, that f € W2°°(S) implies that, in these coordinates,
(0) = 0, so that S (= {s = L} in these coordinates) does not satisfy GCC(V,f). If f < 0 on [0, L],
then s(¢) is increasing and thus s(0) = so > § = s(t) > ¢ and w does not satisfy GCC(ng). Finally, if

f > 0 on [0, L], then s(t) is decreasing, and for any oo,01 € R, one has [ ((;01 f,d(s) = 09 — 01. The longest

trajectory that does not enter w is such that s(0) = L and s(T) = 6 so that T = fL f,d(ss This proves

Ty, 5(w f5 7 S), and hence the proposition. O
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4.3 Existence of eigenfunctions

One may consider different asymptotic regimes in the parameters ¢ — 0% and & — +oo. Note that the
case k bounded would correspond to the one-dimensional situation treated in the companion paper | |
Here, we shall consider the limit k¥ — +o00 and make the following choice of the parameter e:

e=¢p=ck! (4.13)

considered as a semiclassical parameter, where ¢ > 0 is a fixed parameter (i.e. which does not depend on
k) that will be chosen but fixed. All constants that appear below might depend on ¢. The analysis of
the asymptotic of the constant involved as ¢ — 0 (low level of rotation) or ¢ — oo (high level of rotation)
would be interesting but would require much more work.

In view of (4.12), the choice (4.13) naturally leads to consider

c "(s)|?
s Vo(s) = R + w, (4.14)

(k)

as the effective potential of the operator Psf in the semiclassical limit € = ¢, = ck~! — 0F. In particular,

the operator Pa(k) is now a semiclassical operator with small parameter ¢; and (4.12) can be rewritten
£k
R(s)

PP = — k-5 (R(s)0w) + (Vels) + exgy) w. (4.15)

In the present section, we recall the existence of eigenfunctions (Analogue of Lemma 3.2 above) associ-
ated to any value of the effective potential V.. More precisely, in the chosen regime (4.13), for any sg € I,
(recall that Iy, is defined in (4.2)), we construct a sequence v, such that P, v = (Vo(so) + r(k))vy, with
r(k) = 0 as k — 4o0o. As in Section 3.1, the precision r(k) might depend on whether V/(sg) # 0 or
V!(so) = 0 but we will only state the worst estimate, which is sufficient for our needs. We shall later
on prove localization properties of the t)’s assuming further that V.(sp) = miny, V. (which is a global
assumption). We recall the choice (4.13) and the definition (4.14).

Lemma 4.3 (Existence of eigenfunctions). For all sg € I, there is kg > 0 such that for all k € N, k > ko,
there exists ¥y € H*(S) N L2 in case 1 (resp. v € H*(S) N HA(S) N L2 in cases 2-3), and px € R such

that
_ 1y_ ¢ [ (s0) [ 1
M = ‘/C(SO) + 0O (k2/3> - R(SO)2 + 4 +0 k2/3 ;

P = b, kllres) =1, (s, 0) = e or(s),
with P. defined in (4.8) and ei in (4.13).

The proof is very similar to Lemma 3.2. Indeed, the study of the operator P, in Li reduces to the

1D problem for the operator P\ defined in (4.11) and (4.15). The proof consists first in constructing
quasimodes exactly as in the proof of Lemma 3.2. Deducing existence of an exact eigenfunction from a

quasimode requires the use of the right selfadjoint extension Ps(f ). This issue is however treated in detail
in | , Lemma 3.6]. Note that sy € I, implies that it cannot be a pole so that R(so)~! is finite.

4.4 Geometric assumptions and the Agmon distance

The next step is to study the behavior of the eigenfunction 1 constructed in Lemma 4.3. This will require
some global assumptions on the effective potential V.. Recall that V, is defined in (4.14), is continuous on
I;,, and tends to 400 near to the poles. Indeed, in Cases 1 and 2 we have for instance

c? ?
VC(S) ~s—=0t R(8)2 ~s—=0t = —s—0+ 00,
as a consequence of (4.4) and (4.7) (and similarly when s — L~ in Case 1). As a consequence, V. admits

a minimum on the interval I, which we denote by

Vinin = min V(s) € R7.

elr,
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In the following, we make the following assumption (a precised version of (1.16)) on the set where V.
reaches its global minimum.

Assumption 4.4. The set V., ' (Vipin) = {Smin} C I consists in a single point.

Note that this is assumption is generic. Here it is not strictly needed to prove the main results, but
simplifies the presentation and statements slightly. We again introduce the relevant Agmon distance at
the minimal energy level Vi, defined in the coordinates of U by the eikonal equation

((dix)l(s))Q - (V;:(S) - VC(Smin)) =0, d,cél(smin) =0, Sgn((di)/(s)) = 8g0(S — Smin),

or, more explicitely, for s € I, by (1.17). In view of the W% regularity of f on S and the definition of V..
n (4.14), the function d< is of class C? away from Smin, 0 and L and is locally Lipschitz on Ir,. Note that
this includes Lipschitz regularity up to the boundary s = L in Case 2 and to both boundaries s = 0, L in
Case 3. We also consider d as a #-invariant function on the surface S.

Lemma 4.5 (Properties of d). Under Assumption 4./, we have d5 € C*(IL, \ {Smin}) together with
dS(s) = —clog(s) + O (1), ass— 0T, in Cases 1 and 2, (4.16)
d5(s) = —clog(L —s)+O(1), ass— L™, in Case 1. (4.17)

Proof. We only consider the asymptotics as s — O+ that is, prove (4.16). The proof of (4.17) follows the
same. Remark that according to (4.4), we have R(y) — 400 as y — 01 with

R(s) = s+ O (s®), when s — 0T.

As a consequence, since f € W2°°(I,), we have
2
Ve(s) = = 4+ O(1), when s — 0",
s

With (1.17), we obtain d4 (s) =

S5 60+ O (y)dy| = —clog(s) + O (1) as s = 0F. 0

Sir

4.5 Upper bounds for eigenfunctions: Agmon estimates

As far as upper bounds on v, are concerned, we have the following Agmon type estimate.

Proposition 4.6. Under Assumption 4.4, assume that pi = Ve(smin) + (k) with r(k) — 0 and ¢y, €
H2(8) N Li(S) solves

PEkwk = Nk¢k7 on 87 djkl(’?S = 07 ||¢k||L2($) = 17
with P. defined in (4.8) and ey in (4.13). Then for all 0 < 6 < 1, there exist C = C(6),ko = ko(d) > 0
such that, for all k € N, k > kg, the following integral is well defined with the estimate

/ 21—
s

Also, if 0S # 0 (that is, in Cases 2 and 3), for all 0 < § < 1, there exist C = C(8), kg = ko(6) > 0 such
that, for all k € N, k > ko,

k|*(m)d Vol,(m) < O .

dAm)

105080, 71 gr) < Ce 270757, (4.18)

105tk (L, )71 61y < Ce™
where the last estimate (at s = 0) holds true in Case 3 only.

Note that given the asymptotic expansion of d§ in Lemma 4.5, this estimate implies that v vanishes
strongly near the poles of S. The proof is made with classical Agmon type identity with some care with
respect to the degeneracy at the poles. It is very similar to the one performed in | , Theorem 3.9] and
we omit it. Note that, as opposed to [ , Theorem 3.9], we do not assume here that the minimum be
non-degenerate, and only deduce an estimate with loss (6 > 0), which is sufficient for our needs. In the
non-degenerate case, one can take 6 = 0 in this estimate and replace the right hand-side by a polynomial

bound of the type £, see | , Theorem 3.9].
The proof of the boundary estimate also requires a bootstrap argument to estimates higher H® norms
and the use of a trace estimate, see | , Propositions 3.3.1 and 3.3.4].

We obtain the following two direct Corollaries.
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Corollary 4.7. Under the assumptions of Proposition 4.6, for all 0 < 6 < 1, there ezxist C = C(9), ko =
ko(8) > 0 such that, for all k € N, k > ko, and for all rotationally invariant set w, we have

/|1/)k|2(m)dVol( ) < Ce™w (=0da@=0) iy ge () = inf dC(s).

sew

Proof. This is a direct consequence of the following estimate:

2(1— 6)dA(w)/|‘/’k m)d Voly(m) < /6 (9% |1/) |#(m)d Voly (m)

< [ OIS P m)avol, (m) < €
S

where we have used Proposition 4.6 in the last inequality. O

Corollary 4.8 (most of the norm is close to the minimum). Under the assumptions of Proposition 4.6,
for any p > 0, there exists kg € N so that

lnlliocn, o 21/2 forallk €Nk > ko,

Proof. Applying Corollary 4.7 with w = S\ C(s,... —p,smim+p) €nsures that for any 6 > 0, there is kg € N
such that for all k£ > kg, we have

/ [ (m)d Vol (m) < C(@)e = 0 with df (w) = inf d5(s).

From Assumption 4.4, we have d5(s) > 0 for all s € I, \ {Smin}. That w is closed and does not contain
Smin implies that d%(w) > 0. Then we fix § > 0 small enough so that (1 — 6)d$(w) —d > 0. There is

ko € N such that we have ||¢k||2Lz(w) — 0 for k > ko, which implies the result. (]

4.6 Lower bounds for eigenfunctions: Allibert estimates

a5 (w)
In Corollary 4.7, we proved that the family of eigenfunctions v decays on w at least like ¢~ 4. The
4 (w)

A
purpose of this section is to prove the converse, i.e. that the 1;’s decay at most like e =+ up to ¢ loss.
This comes from the particular one-dimensional underlying context. We follow in this section the method
of Allibert | |. More precisely, we prove the following estimates.

Proposition 4.9. Under Assumption 4.4, assume further that
e = Ve(Smin) + (k) with 7(k) — 0, (4.19)
and ¢y, € H*(S) N L2(S) solves
Pothy, = o, on'S, Yilos =0, [Wllpasy =1, (s, 0) = e*pp(s),

with P. defined in (4.8) and ey, in (4.13).
Then, for any n,0 > 0, there exist ko, C > 0 so that

Hq/}kHH(CB(Sm) > Cefi(di‘(s)ﬂ;), for all k > ko, and all s € I, such that dist(s,P) >n

Note that 7 is a safety distance to the set of poles P defined in Section 4.1. The proof of Proposition 4.9
relies on two lemmata, which we give in the next section.
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4.6.1 Two preliminary lemmata

In this section, we assume that the assumptions of Proposition 4.9 are satisfied. In particular, the eigen-
functions under consideration are of the form (s, ) = e**%¢;(s). We define the following “semiclassical
energy densities” of the eigenfunctions vy, for s € I, by

E(s) = el 0stnl*(s) + (Ve(s) — i + Dvoil*(s) = exlorl*(s) + (Ve(s) — p + Dlgrl*(s),  (4.20)
& (5) = xl0sn*(s) + (Vels) — p)lenl*(s) = el l*(s) + (Ve(s) — w)lon | (5)- (4.21)

Note that according to elliptic regularity, we have ¢ € HZ_.(I1) and, due to Sobolev embeddings,
goéc,é'k,é’lj € CY%Ir) and in particular Ek,é',j are defined everywhere on Ij. For s,t € I, we define
I, ; to be the interval between the real number s and ¢, that is, either [s,t] or [t, s]. We also set

Ey,={s€lr;|z—p| > a, forall pe P, and |s — smin| > a}. (4.22)

Recall that P is the set of poles defined in Section 4.1 (and is aimed at covering all Cases 1-2-3 at the
same time) and Sy, is the point at which V. reaches its minimum.

Lemma 4.10. Assume the assumptions of Proposition 4.9 and recall that 8; is defined in (4.21). Then,
for any «, 6 > 0, there exists kg > 0 so that for all s,t € Iy, such that 15+ C E,, we have

EF(t) < enn 1A= o0y for all | > k.

Lemma 4.10 provides with a Gronwall type estimate on the energy E,j , with a precise description of
the constant, under the condition that we remain finitely away from spi,. It is an analogue of | ,
Lemma 12] in our setting (with an additional uniform dependence).

Note that |d (s) — d5(¢)| = d5 (s, t) is the Agmon distance between s and ¢ at the lowest energy level.

Proof of Lemma 4.10. On the interval z € I, ; C E,, we differentiate 52‘, yielding
(E7) (2) = 2eR Re(@r' @) + VI (2)¢k + 2(Ve(2) — ) Re(enion).

We recall the choice of ¢j, in (4.13) from the definition of P;, in (4.8), and the definition of PE(:) in (4.10)-

(4.15) that we have
R/
Lok = P or = —rh — Eiﬁw;c + Veor + erqyor-

Replacing e3¢ in the above identity yields

_ R’ _
(&) (2) =2 (Ve(2) — pk + xay)) Re(orr’) — 2€i§|<ﬂ2|2 + V. (2)lorl? + 2(Ve(2) — pr) Re(onr’)
R/
= (4(Ve(2) — pu) + 2erqy) Re(orpr’) — 2€i§|902|2 + V. (2)|enl?. (4.23)

First, using the continuity of V., on Iy, and the compactness of FE, in I, we see that V. reaches its
minimum on E,. This, together with the fact that spi, ¢ E,, implies that C;2 < V.(s) — Ve(smin) < C?
uniformly for s € E,. Recalling (4.19), this yields the existence of ko(«) such that for k > ko(«), we have
Vc—ukzﬁ>00nEa.

We now estimate each of the terms in (4.23). We first have

[4Ve = o) Re(pui)| < 4 V/Ve = pac (erliohl) (Ve = il
<26/ Ve — ik [eR10% 12 + (Ve — i) k] = 265 V/ Ve — iy

Moreover, according to (4.19), there exists a constant C, > 0 such that we have Vo — ur, < /Ve — Ve(Smin)+
Cy|r(k)| uniformly for s € E,. Together with the above inequality, this implies

|4(Ve — i) Re(prr)| < €7 (2¢/Ve = Velsmin) + Calr(R))ES,  on E.
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Second, we have
[V lonl?| = Vel v, 2 <20, |V & E
ionl?] = (Ve = pa)lorl? < 200 Vil s, & on P
c — Mk
Third, we have
lexqs Re(pr®r’)| < Co&f,  on E,.
Finally, since % is bounded on E,, we have

< Coctlohl? < Cu&F on E,.

R/
2 2
o

Combining the last four estimates in (4.23) yields for another constant C, > 0 and for all k& > ko(«)

|(5,j)'(z)| < 25;1 [\/Vc(z) — Ve(Smin) + Calr(k)| + Cask} Elj(z), for all z € E,.
Applying the Gronwall Lemma on the interval I, contained in E, yields

5;(5) < e%(”g VC(Z)_VC(Smin)dZ‘ +Ca|r(k)\+caak)g;(t>,

which is the sought result. O

The next Lemma is aimed at giving a rough Gronwall type estimate for the energy &, without precise
constants. The interest of this less precise result is that it remains true close to the minimum s,;,. This
allows to compensate the fact that Lemma 4.10 is not uniform when s is close to syi,. Similarly as E,,
in (4.22), we define

Fy,={selr;|z—p| > a, for all p e P}.

Lemma 4.11. Assume the assumptions of Proposition 4.9 and recall that &y, is defined in (4.20). For any
a > 0, there exist Cy, Do > 0 so that for all s,t € F,,, we have

Ei(s) < Caex Pl7Ue (1), for all k > ko.

Lemma 4.11 is an analogue of | , Lemma 11] in our setting. Recall that P is the set of poles defined
in Section 4.1.

Proof. The proof is quite close to that of Lemma 4.10. We only use the fact that there exists C, so that
Oyt < Ve—pr+1 < Cq on Fy if k > ko(cr). This gives a constant Dy, > 0 such that Dt (e3[4}, |* + |¢x]?) <
&k < Do (€2]0},]* + ok]?) on F,. The same computation as in (4.23) gives

R/
& = (&) + 2Re(wi®r’) = (4(Ve — ) + i + 1) Re(pnr’) — 2€i§|s@%|2 + Vi(2)lowl?,

with supp 7, — 0 as k — +00. As a consequence, for k > ko(a), we have constants C},, C, such that for
all z € F,

|(Er) ()] < e Co, (eRlehl® + lonl?) < e Cadn(2),

which allows to conclude as in the proof of Lemma 4.10 above by Gronwall estimates. O

4.6.2 Proof of Proposition 4.9 from Lemmata 4.10 and 4.11
The sketch of the proof of Proposition 4.9 is as follows:
1. the total mass of ¢y is dominated by its mass near the minimum s,;, via Corollary 4.8;

2. the mass near Spyi, is dominated by the energy at spin, — p via Lemma 4.11 (with a small loss if p is
small);
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3. the energy at spmin — p is dominated by the energy near s via Lemma 4.10 (with a geometric constant

¢S ()

4. the energy near s is dominated by the L? norm of ¢y (or ) near s via elliptic regularity.

Proof of Proposition 4.9. Without loss of generality, we can assume s < Spmin — 7. Indeed, the case s >
Smin + 7 is treated similarly, and the case s € [Smin — 7, Smin + 7] Is a direct consequence of Corollary 4.8
applied for p = n/2.

Now, since $min € I1,, notice that we have necessarily d := dist(smin, P) > 0, and we may also assume
that § < d/4. Lemma 4.11 can be applied with & = d/4 and produces some constants C = Cy, D = D,,.
Let us now choose

p = ps =min(6/(4D),d/4,n/2).
Application of Lemma 4.11 gives for any u € (Smin — P, Smin + ) (so that dist(u,P) > n)
—1 —iDp 1 _ 5
Er(smin—p) 2 C e o P& (u) > C e =r&E(u).

Integrating in u € (Smin — P, Smin + p) gives

O 5 Smin+p s
Er(Smin — p) > 2—pe <k / Er(u) du > Cre &, (4.24)

min—pP

where we have used (u) > 1| |?(u) (for k large enough) and Corollary 4.8.
Taking y € [s, s + n/2], we still have y < spyin — p from the definition of p. Choosing o = p/2 <1, we
can check that [y, Smin — p] C Ea, so that Lemma 4.10 applies on F,, and gives

EF(y) > e—%(\d‘z(y)—di(smm—p)\ﬂ)g;(Smin —p) > 6_%(d2(y)+6)8:(5min ~ ). (4.25)
where we have noticed |d% (y) — d% (Smin — )] = d%(y) — d% (Smin — ) < d5(y) — d5(Smin) = d5(Y)-
Since Smin is a strict minimum, there are constants ko(p,d) = ko(d,1) > 0 and C(p,n) = C(5,n) > 0
such that for k& > kq(9),
‘/c(smin - p) — Mk = ch(smin - p) - ch(smin) + T(k) > 0(57 77)71'
This implies
Er(smin — 6) = & +wrl* S EF +C@E,mM (Ve — pw)lor]* < (14 C(3,1)) E (smin — 9),

where all functions are taken at the point (spin — d). Combining this estimate together with (4.25)
and (4.24) yields

Exly) = & (y) = Ce™ 5Bl (55— p) > e DI (55, - p)
> Ce 2 [@aW)+28) o Oe—%(di(s)ﬂri),

where C' is a new constant depending only on § and 7. Note that in the last inequality, we have used that
dS (s) > d5(y). Integrating for y € [s, s + 1/2], we get

/ Er(y)dy > Ce 3 (da(9)+29) (4.26)
[s,5+n/2]
Now, turning to the global manifold and recalling that 1 (s, ) = e*% ¢, (s), (4.5) and (4.13), we have

\V4 2
L awroa=a [ wepave, s [ (T ) pav,
Cls,s4+n/2] Cls,s4+n/2] Cls,s4n/2]

< C|lvk (4.27)

2
|H1(C[s,s+n/2]) :
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Finally, an interpolation estimates together with P., ¢ = prt; and the definition of P., in (4.8) gives

2 2
1okl e (0 o) < o (WkHLZ(C[s,sw/z]) Hllla ey i HAQWHP(C[s—n,Hn]))
— 2
< Cnng Hz/’ka(c[s,mSM]) . (4.28)

Now combining (4.26)-(4.27)-(4.28) gives

2 (4% (s
[ sy > Cefe” T I g >y (6,).

5777,s+77]) -

Finally noticing that e > e~ for k > ko(9) ends the proof of Proposition 4.9 up to replacing & by
0/3. O
4.7 Minimal time for uniform controllability in the limit ¢ — 0

The main purpose of this section is the proof Theorem 1.9 and its corollaries.

4.7.1 Proof of Theorem 1.9

Recall that we consider the following situation:

e S is a surface of revolution as described in Section 4.1, ¢ > 0 is a fixed constant. Moreover, Assump-
tion (1.16) is fulfilled.

e For k € N, e = ¢, = ck! and 1y, is the set of solutions of P, Yy = ppy defined in Lemma 4.3
associated to $g = Smin 1S the minimum of V.

e the function
vg(t, z) = e_%twk(a@) (4.29)

is the solution to (2.9), namely (10 + P-, )vr, = 0, vg|los = 0, and vg|t—o = ¢,. Here, 1), denotes
the eigenfunction constructed in Section 4.3 above (in particular |[¢y|[;2(s) = 1) and studied in
Sections 4.5-4.6.

We now want to test Inequality (2.10) on vg, and thus estimate both sides of this inequality. This is
achieved in Lemmata 4.12 and 4.13. Theorem 1.9 is then a direct consequence of these two lemmata. We
recall that V. is defined in (1.15) and W€ in (1.18).

Lemma 4.12. For any 6 > 0, there exist C, kg > 0 such that for all k > ko and all 0 < Ty < 61, we have

_ Ve(smin)To+ Wy, +6
> Ce <k , W5 =minWe,

i
. T ‘
He 2e v, (To) L(8) L

with vy, defined in (4.29) and We(s) = d5(s) + L;)
Proof. Note first that the function W¢ = d% + % is continuous on I;, and converges to +oo close to the
poles p € P, according to the asymptotics of d% in Lemma 4.5. Hence, it reaches its minimum in (at least)
one point that we denote s; € I, that is W¢(s1) = WS = min;, W¢. We take 0 < n < dist(s1,P) small
enough so that [f(s) — f(s1)] < 0 for |s — s1| <n. We have for k > ko large enough

_f — Lk L — Bk i
He 2¢e ’Uk(TO)’ Lz(s) =e °k 0 e 2e wk’ LQ(S) 2 e °k 0 e stkHLz(C )
(s1—m,s1+m)
s _ fs)+8 _ M _JG+S 1 e
>e 0T ol > Cem T T~ Ha o (@Al +0)

C(S1*n,51+n)) -

where we have used Proposition 4.9 for the last estimate. Since pr — Vi(Smin), we have upTy <
Ve($min)To + ¢ for k large enough, which, together with the above estimate, concludes the proof (up
to changing 3¢ into ¢). O
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Lemma 4.13. For any w C S and § > 0, there exist C, kg > 0 such that for all k > kg, and all
0< Ty <81, we have

To ; 2 WS-
[ e #uten) <Ce T WS = minWe,
0 Lz(w) w
To ; 2 _oWe(L)=3
/ e_ﬁasvk(tﬂs:LH dt < Ce e, in Cases 2 and 3,
0 H(SY)
To § 2 _oWew)=s
/ 6_%6‘57)]9 (t)'s:OH dt S Ce k ’ in Case 37
0 H(Sh)

with vy, defined in (4.29).

Proof. Since we need an upper bound, we can assume without loss of generality that w is invariant by
rotation. Also, W is finite except in the trivial case w C P. Let § > 0.

We first estimate the contribution close to the poles in case P # (). There, the function 1y, (hence vy)
is supposed to be very small since d9 is large. More precisely, using the asymptotics of d§ close to P given
by Lemma 4.5, there exists 77 > 0 so that

dA2(S) > WS+ Hf”% +1; foralls e N, N ={se I such that dist(s,P) < 7j}. (4.30)

This implies the estimate

/TO
0
20y

Wi To —28ky . o ToE g ch .
e compute, [;"e " dt = T Jo e *ds < Ozt <1 for k large. Corollary 4.7 applied to the set
C;, and the constant § = 1/2, together with (4.30) implies

2 Il oo _olky

To
Wpee 2 =
k L2 (0N dt <e = ||1/}k||L2(Nﬁ)/O e k- dt. (431)

I
e 2cv

c Ifllpoe
HwkHLQ(CNﬁ) < Co~ o WoH—57)

With (4.31), this gives

To
~/0

which is the expected bound for this part.

Let us now treat the contribution of the norm away from the poles (which is the whole I, in Case 3).
Since f is uniformly continuous on [0, L] and d is uniformly continuous on the compact set N = I, \ Nz,
there exists n > 0 so that

2 Ifllpoe _ 2 (peqy Lo _2 we
dt < Ce + e an Vet T57) = cemac e,
L2(wﬂ/\/ﬁ)

i
e 251}]@‘

5,8 € N§ and [s—s'|<n = |[f(s) = f(s)| < and |d%(s) — d5(s)] <. (4.32)
We now select a finite sequence s; € Ng,i = 1,---, N so that {|s —s;| <7} is a finite covering of N.

This property gives the estimate
2

o T geey i
Lo i [T e
/0 Lz(wﬂ./\/g) 0 ;7 1/}

where 7 ={i=1,--- ,N; (s; —n,s;+n)Nw # 0}. Using |f(s) — f(s;)| < 6 and |d5(s) —d4(s;)| < for
s € (s; —n,s; +n) and then Corollary 4.7 with some 0 < §' < 6/(1+ d%(s;)) so that (1 —6")d%(si) — ' >
d%(s;) — 9, we obtain

I
e 2:v

2
LQ(C(Si*%SiJrn))

f(si)+96
<em T |k
L2(C(3i*nv3i+77)) LA

_ L
oo

C(Si*"?’si‘F"l))

f(s;)+6 _ 1 _ s\ ¢ NS _Wc(si)félé
SIS (-85 (50)=8) 8 o

< Ce e
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We finally obtain

2 WE(s;)

85 _
dt < Cecsx maxe 27
L2(wnNE) i€

To
/
We remark from (4.32) that min;e 7 W¢(s;) > WS — 2§. This finishes the proof since ¢ is arbitrary and k
can be chosen large enough.

Finally, the proof of the boundary estimates simply consist in replacing the use of Corollary 4.7 by
that of the Inequality (4.18). O

_ L
e 257}]{:‘

We may now conclude the proof of Theorem 1.9 from Lemmata 4.12 and 4.13

Proof of Theorem 1.9. Using Lemma 2.9, if uniform observability holds for Ty, then, we have the inequality

2 To
<C3 /
L2(S) 0

for any solution v of (2.9). In particular, this inequality holds true for the sequence vy described above.
So, combining Lemmata 4.12 and 4.13, we obtain

2

Heiiv(To)‘ e %’U‘ dt.

L2 (w)

_ Ve(smin)To+W5, +8 wg5 -6

e <k <Coe % , k>ko(d), forallk > k.

This implies Vo(Smin)To > WS — WS — 26 when letting & — +oo, which gives the expected result since &
is arbitrary. The proof of the boundary observability estimate (1.20) follows the same. O

4.7.2 Proof of Corollaries of Theorem 1.9

Theorem 1.2, Theorem 1.4 and Corollary 1.10, stated in the introduction, are significant examples of
application of Theorem 1.9. In this section, we state a more precise version of Theorems 1.2 and 1.4 in
Corollaries 4.14 and 4.15 respectively, and prove these three results.

Corollary 4.14. Assume S is a revolution surfaces diffeomorphic toS? (resp. D) and such that R~*(max R)
is a single point (R has a unique mazimum). Then, for any 6 > 0, there exists f5 € C*(S) invariant by
rotation such that with w = By(N,d) U By(S,0) (resp. w = Bg(N,9)) we have

o Ty 5, (w) =L =25 < L (resp. Ty,j5(w) =L—6<L);
e For all ¢ > 0, there is dg,C > 0 such that for all § € (0,0)

Tunsy (@) > (m " i) (clog<§> - c) .

Proof of Corollary 4.14. We first consider the case S diffeomorphic to S2, i.e. Case 1. The case S dif-
feomorphic to D, i.e. Case 2, is discussed at the end of the proof. We define fs5(s) = [; xs(t)dt where
Xs € C((0,L);[0,1]), xs(s) = 1 in a neighborhood of [4, L — §]. Such a function f5 is constant near 0
and L, and hence can be extended by continuity as a C°° function on S (see e.g. | , Proposition 4.6]).
Notice now that we have

| Ixe(9)P

~ R(s) 4

Let us call spin € (0, L) the unique point such that R(smin) = max R, that is m = min %.

Claim: For all ¢ > 0, there is §o > 0 such that for all § € (0,dp), we have V.(Smin) = minV, and
‘/cil(‘/c(smin)) = {Smin}-
To prove the claim, we let dy > 0 be such that

2 02

c 1
Smin € [00, L — dp], and R20) > FEE + 1 for s ¢ [0g, L — do)




(note that dy thus depends on ¢). This is possible since R(s) — 0 as s — 07 and s — L. Hence, recalling
the definitions of x5 and V,, for § < §; we have

c? c? 1
‘/c min) — VR ‘/c — fi 11 57L_5 min f
(Smin) Rom)? + (s) > Rl + y foralls € [do o] \ {Smin }
together with
c? c? 1
‘/C(S) > > + — for s ¢ [50,L - 50]

R%(s) © R(Smin)? 4

As a consequence, V. reaches its minimum at sy, only, which proves the claim.
Now Assumption 4.4 is satisfied and sp,;,, does not depend on §. We compute the Agmon distance (1.17)

2
|X6 yE o e ldy '
Smin R(Smin)2 4

Notice that 0 > M — % > —% uniformly with respect to d so that the asymptotic expansion of
Lemma 4.5 is valid uniformly in §: there are C,~ > 0 such that for all 6 € (0, do),

5 (s) =

/ V C Smln dy
Smin

|d5 (s) + clog(s)] < C  for s € (0,7],
|[d5(s) + clog(L —s)| < C, forse[L—n,L).

Now we recall the definition of W¢ = d¢ + %, notice that 0 < f§ <1 so that 0 < f5(s) <L for s € Ir,. As
a consequence, using that d% > 0 and d$(smin) = 0, we have

L
Ws, = min W€ = min f4+f6 <—+m1ndc < —
I Ir, 2 2

WS =minWe > mindj > —clog(d) — C  for w= By(N,d§)UB,(S,0) andd e (0,7].

The bound (1.19) of Theorem 1.9 then yields

c? 1 L
<1‘2(Tm)2 + Z) Tum-f(w) > —clog(d) - C - 5,

and hence concludes the proof in the case S diffeomorphic to S?, i.e. Case 1
In the case S diffeomorphic to D, i.e. Case 2, we 1nstead define fs5(s) = fo Xs(t)dt where x5 €
C((0,L];[0,1]), xs(s) = 1 in a neighborhood of [(5, L]. Then, the remalnder of the proof is the same
except that the minimum can be achieved at s = L, and all sets of the form [0y, L — o] have to be replaced
by [do, L] (i-e., only a neighborhood of zero is avoided, and not a neighborhood of L). O

Corollary 4.15. Assume S = S} x S! where S} = R/LZ and S* = S}, and let f € C(S}). Let
w=1I, x S* with I, a nonempty interval such that I, #+ SlL.
Then, for any § € (0,1), there exist a function Rs € C*(St;R}) and a constant C > 0 such that

1. the vector field V 4, §- Vg, = §(s)0s (defined by (4.3) associated to Rs) does not depend on the metric
gs, the set w satisfies GCC(V 4, f) if and only if f # 0 on SL \ I, and we have

~/Si\lw f’%) ’

2. for the transport equation (2.6) with viscosity given by the metric gs under the form (4.3) associated
to Rs, we have

Tvgéf(lw X Sl) =

Tunif (L, x SY) > Co~1/2,
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Proof. For the sake of simplicity, we may identify S} = [L/2,L/2] and I, = (—a, ) for a € (0,L/2). We
first choose x5 € C°°(S}) even in this identification, and syin = £L/2 ¢ (—a, «) such that

1
X5:g on __(a+_)7§(a+_) ) X%(S):OiﬁSE(—a,a) OI' § = Smin, X5(Smin):1'

Note that xs = % in a neighborhood of (—a, @), and that for 6 < 1, x5 reaches at sy, = £L/2 a unique

global minimum and in particular ys > 1 on S}. We then set

5 |f’|2

VO(s):=xs + M, M :=max
st

so that VI(s) > M on St, and

1

rsts) = (Vi) - L) 7 Ry oxiepimn)

where we have used that f € C*°(S!). Notice that with these definitions, we have (where V; denotes V,
with ¢ =1)

/(g 2
Vi(s) = R;sy i (4)| =V°(s).

Notice then that V¢ admits a unique global minimum at sy, = £L/2.
On the one hand, we have

_1
(xs(s) + M)~% < Rs(s) < x; 2 (s).
On the other hand, since xs is even, we have for s € [0, L/2],

= [ Ve viem = [ i

L/2

As a consequence, we have (recall w = (—a, a) x St)

c __ : c __ . c i c i _f(L/2)
Wi =g =g (e 3) = (3w =52

WS > mi dA—|—m1n%:df4(o¢)+m_in§,
where
L/2 La+L) I(a+% 1
dc \/ dy> \/ dy_/ — — dy
1 L ey
for < 1. Applying Theorem 1.9 concludes the proof of the corollary. O

We next prove Corollary 1.10, stated in the introduction. The proof is close to that of Corollary 4.15.

Proof of Corollary 1.10. We first take x € C>°(Ry; [0, 1]) such that x = 1 on [0, L/4] and supp x C [0, L/2).
Next, with

, I |2
M= [0 L] 4
we set,
50 X(s) L
Vo(s) __m < —) + M, forsE[O,E],
Vo(s):=V°(L—s) forse [g L.
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This function is symmetric about L/2, smooth on [0, L], and satisfies V(s) > M on [0, L]. Hence,
defining Rs as

1

Rs(s) := <v5(5) _ |f’(z)l2)‘2 |

and using that f € C*°([0, L]), we deduce that Rs € C*°([0, L]; R} ). Notice that with these definitions, we
have (where V; denotes V, with ¢ = 1)

L PGP ey,

Vl(S) = R5(8)2 4

Notice then that V¢ admits a unique global minimum at sy, = L/2.
We have on the one hand that for all s € [0, L/4] and ¢ € (0, ],

| — (Vi(s))

VIt M(sto)y

which proves the Item 4 (on account to the symmetry V(s) := VO(L — s)).
On the other hand, recalling that smin = L/2, we have for s € [0, L/2]

S Ca—"— |

W)=
2

(s +0)% * < Ri(s) < (VO(s) — M)

— (s+0)3,

Vi(smin) = Vé(L/2) =M,

/LS/2 \/V5(y) — VO (Smin)dy

d(s) =

As a consequence, we have

W%—minWC—min< f4+i> < < f4+%) (Lf2) = 2,

[0,L] [0,L] 2 2
C C C f(o)
Wiy = We(0) = d3(0) + 5
where
L/2 2 L/4
x(s) L / 1
d4(0) = 1-— — = | dy > —d
50 = | \/(SM)#( ) (s-5) = [ [
SIS L/AH2 §/?
- _ = 01 f 2.
V21 v/2—1 s—1 oW, fery>
By symmetry of V? about L/2, we also have d5 (L) = d<(0). Applying Theorem 1.9 concludes the proof
of the corollary. O

5 Uniform time of observability for positive solutions

The proofs of Theorem 1.5 and Proposition 1.11 rely on fine estimates on the semiclassical heat kernel,
which we borrow from | |. The latter are first presented in Section 5.1. Then, in Section 5.2, we
deduce L' observability statements and finally conclude the proofs of Theorem 1.5 and Proposition 1.11
in Section 5.3. Overall this section, we assume OM = ().

5.1 Estimates on the semiclassical heat kernel

The main tool we use to estimate the heat kernel in the semiclassical limit is the following theorem taken
from Li-Yau | | (see also | |, for a similar result on R™).
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Theorem 5.1 (Theorem 6.1 of | D). Let M be a compact manifold without boundary. Suppose V. =
V +eq with V,q € C*(M). For any € > 0, we consider H., the fundamental solution of

1
Ow — Agqw + ;VE(:Z:)w =0, on(0,+00)x M.
Then, we have
lime log He(z,y,et) = —p(,y,1) (5.1)
e—0

where
. ‘1. 00
p(z,y,t) = inf {/ 165 +V((s))ds, v € WH([0,4]; M), 7(0) = 2, 7(t) = y} - (5.2)
0
Moreover, the limit in (5.1) is uniform on any compact set of M? x (0, +00).
We recall that H.(z,y,t) is defined to be the unique solution to

1
(at —Ag—l-;VE(a:))HE(x,y,t) =0, for (t,z) € R x M,
Hs(xvyat”t:O - 5x:y; for xx € ./\/l7

(5.3)

where y € M is fixed, and the differential operator —A, + 5 V.(x) acts in the a-variable. We also recall
that H.(z,y,t) is (well-defined and) continuous in M2 x (0, +00) as soon as V. € L>®(M), see e.g. | ,
Theorem B.7.1 (a”’)], so that pointwise estimates like (5.1) make sense.

The statement of Theorem 5.1 is not strictly speaking a consequence of | , Theorem 6.1] for the
following two reasons:

e The potential V. is assumed independent of € in | I;
e the uniformity of the limit on any compact subset is not explicitly written in | .
However, let us explain why the proof of | , Theorem 6.1] actually contains these two points. The

limit (5.1) is proved in two steps, a lower and an upper bounds. The lower bound
limelog He(z,y,et) > —p(z,y,1t)
is obtained as a consequence of the explicit estimate ([ , Theorem 2.1])
elog H(z,y,ct1) < elog He(z,y,et) + 2 Ay /o (t — t1) + pa,r(2, Y, t — 1),

for all 0 < t; < t, @ > 1 and where the constant Ay (A = 7! in our context) only depends on
||AgV;_-HLm(M) , ||ngsHLoo(M) and a. In particular, the limit lim. ,o£A;/. = 0 holds uniformly. The

proof finally proceeds by taking the limit R — +o0o, and then o« — 1% (in which case piR(x, y,t—1t1)) —

pV=(x,y,t—t1), uniformly on compact sets; here p"= denotes the function p defined by (5.2) with V replaced
by V.). Taking finally the limit € — 0%, and then ¢; — 07, and noticing that

tlhan(ﬁ Elirg elog Ho(x,y,et1) >0
concludes the proof of the lower bound. This last argument relies only on a uniform upper bound on
[Vell oo (A1) together with a comparison argument, namely Inequality | , (6.3)]. It can be checked that
the convergence is uniform on any compact set since it involves the asymptotics on the diagonal of kernels of
heat equations on large balls and without potential, which are known to be uniform on compact sets, see for
instance | , Theorem 4.6]. It only remain to notice that the limit lim;, ,o+ lim. o+ p"*(z,y,t —t1) =
p(x,y,t) is uniform on compact sets.

The upper bound
limelog He(z,y,t) < —p(z,y,t)
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follows from | , Theorem 3.3|. As for the lower bound, this result also furnishes an explicit and uniform

bound involving another constant A, enjoying the same type of convergence properties as for the lower
bound.

Note that we have chosen to use the estimate of the semiclassical limit of the Kernel of | | but
it is likely that we could have obtained the observability inequality starting directly from Harnack type
inequalities like | , Theorem 2.1], as we did in [ |-

Here, we are mostly interested in the case V(x) = %|ng(:1:)|§. In this situation, we can reformulate
the result in terms of the transport equation with vanishing viscosity (1.5).

We next define K.(x,y,t), the fundamental solution of (1.5) on M? x (0, 400) by the unique solution
to

(5.4)

(0r —Vyf-Vy—q—eAg)Kc(x,y,t) =0, for (t,x) € Rf x M,
KE(Ia yvt)|t:() - 5z:y7 for x € ./\/l,

where y € M is fixed, and the differential operator —V4f- V4, —q¢—cAy acts in the z-variable. Recall that
for ug € L*(M), the function

u(t,z) = /M K (x,y,t)uo(y)d Voly(y)

is the unique solution of (1.5) on (0, +00) x M issued from u|i—g = up (This uses the choice of volume
form d Vol, in the embedding L'(M) — D'(M)).

Corollary 5.2. Let M be a compact manifold without boundary. Suppose X = V ,f where f is a C? function
defined on M. For any e > 0, we consider K., the fundamental solution of (1.5) on (0,+00) x M. Then,
we have

limelog K. (x,y,t) = —dv,(z,y,1),

e—0
with

flz) — i)

5 (5.5)

dvgf(x7y7 t) = P(%ya t) +

2
where p(x,y,t) is defined by (5.2) with V(x) = %. Moreover, the limit is uniform on any compact set
of M? x (0, +00).
In particular, for any § > 0, there exists eqg > 0 such that

_dvgf(m,y,tﬂ»é _dvgf(zvyvt)76

e : < Ke(z,y,t) <e < (5.6)
for any (z,y) € M?, t € 5,071], 0 < & < &o.

Note that the definition of dy_; in (5.5) is not the same as that given in (1.22) in the introduction.
Equivalence between these two definitions is proved in Lemma A.2.

Note that although the kernel H.(x,y,t) is symmetric (with respect to the Riemannian volume measure
dVoly) since —Ay + % VL is, this is no longer the case for the kernel K.(x,y,t) (since the operator in (1.5)
is not symmetric in L*(M,d Vol,)). Similarly, p(z,y,t) is symmetric whereas dv ,5(z,y,t) is not.

Proof. Setting u,(t,z) = K.(x,y,t) and w,(t,x) = e/*)/25,(t/c, x), we have from (5.4) and Lemma 2.9
that w, (¢, 2) solves (2.12). Moreover, we have w, (0,z) = e/(®)/25y, (0, z) = /(*)/25,_, = ef(y)/255m2:y.
Vil

This implies that w, (t,x) = e/®)/2*H_(x,y,t) where H.(z,y,t) is defined in (5.3) with V. = —+
€ (Ajf — q). Finally, we have proved that
H.(x,y,et) = ef(ﬂﬂ)/2€e—f(y)/2€K€(QC7 y,t),
and hence
lime log K. (x,y,t) = fy) = (=) + limelog H.(z,y,et) = Hy) = =) plx,y,t)
e—0 2 e—0 2
after having applied (5.1). O
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5.2 L' observability estimates for positive solutions

We first prove intermediate observability statements in L'. The following elementary abstract lemma
shows that concerning positive solutions, observability in a (possibly weighted) L' norm is equivalent to
the “observability of the Kernel”.

Proposition 5.3. Let M be a compact Borel space (on which we denote by dx a distinguish measure)
and T > 0. Take K = K(:z: y,t) € CO(M x M x (0,T]) be a nonnegative kernel. Assume further that
ty) = 1Ky Ol om = [y K(z,y,t)dx is uniformly bounded for (t,y) € (0,T] x M. Define for
t € (0,T] the opemtor

S(t) : Meas(M) — C(M),  [S(t)u] (z) = /M K(z,y, t)dp(y) = (. K(z, -, 1)),

where Meas(M) denotes the space of Radon measures on M. Let wy € L*°([0,T] x w) and we € L>°(M)
be two nonnegative weight functions.
Then, for all T,s,Cy > 0, the following statements are equivalent

1. Observability of positive measures:

(w2 [S(S)/L]HLl(M) < Co [Jwn [S(')M]HLl((QT]xW) (5.7)

for any p € Measy (M) nonnegative Radon measure.

2. Observability of positive L' functions:
l[wa [S(s)uolll L1 vy < Collwr [SC)uolll L1 0,77 xw)
for any ug € L*(M, dx) with nonnegative value.
3. Observability of Dirac distributions:
[|w2 [S(S)éy]HLl(M) < Co [lwn [S(')(sy]”p([o,:r]xw)
for any y € M.
4. Observability of the Kernel:
Ii(y) < CoOr(y), for ally e M,

where
T
Or(y) = / / wi(t,y)K (2, y, O)dedt, and I,(y) = / wa()K (2, y, 8)d.
0 w M

Note first that under the assumption of the theorem, both terms in (5.7) are well-defined. Indeed, the
Tonelli theorem (all functions/measures are nonnegative) implies

T T
w1 S ()l 1o, 17 %) :/ /wl(t 2)[S(t)p ](:v)dwdt:/o /wl(t,x) /M K(x,y,t)du(y)dzdt

[ ([t

< Tllwill Lo (o, 771x M) ||u||TV sup sup / K(z,y,t)dx < 400,
te[0,T] yEM

by assumption. Here ||u||7y denotes the total variation of the measure u. Note also that u(t) = [S(¢)(u)]
is a continuous nonnegative function for any nonnegative measure g and ¢ > 0. Remark that Or(y) is
essentially the observation of solutions starting from 4, while I5(y) is the weighted norm of this solution
at time s.
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Proof. Remark first that

T T
Ort) = [ [tttz = [ [ wnle)6, K)ot = ur SO o1
Is(y) = /M w2($)K($a Y, S)dx = /M w2(x)<6yv K(:C, 5 8))dr = sz [S(S)(Sy]HLl(M) )

so that Item 3 < Item 4. Moreover, applying the Fubini Theorem, we get

T
SOl oryen = | [ / ) oy, Odu)dodt = (1, Or)
s Sl = [ [ wn(ta) Koy tdutu)dodt = (1),

Therefore, Item 1 is equivalent to (u, CoOr—1I,) > 0 for any u € Meas, (M) and Item 2 to [, , uo(y)(CoOr—
I,)(y)dy > 0 for any ug € LY (M, dz). That Item 4 < Item 1 < Item 2 follows from the general fact that
if f € C°(M), one has

f>0on M < (u,f)>0forall u € Meas; (M) < / uo(y) f(y)dy > 0 for all ug € LY (M, dz).
M

O
We now give the L' observability estimate for positive solutions to (1.5).

Proposition 5.4. Assume that T > Ty j(w). Then, for any 6, A >0, there exists g > 0 so that we have

s
€

[T 2 an) S €5 lullproryewy s for all e € (0,&0), (5.8)

for any ug € LY (M) with non-negative values and u solution of (1.5).

Remark that we only use the case A = 1 below. It is however remarkable that the stronger result for
A > 0 small holds as well. This is linked to the L' setting here. Note also that in L', we have a “converse
inequality”, which we state for the sake of the comparison. Proposition 5.4 is proved afterwards.

Lemma 5.5. Assume OM = {). For all T > 0, there is Cr > 0 such that for all uy € L*(M;RT) and u
the associated solution of (1.5), we have

w1 py < O lu(D)lprpgy,  for all t €]0,T] and e > 0. (5.9)

In particular, this implies that one cannot hope to replace the loss e? by a gain e~ ¢ in (5.8).

Proof of Lemma 5.5. Assume first that ug € W2Y(M) with ug > 0 a.e. on M. Then, notice that
u(t,z) > 0 for a.e. (t,x) € (0,T) x M. Integrating (1.5) on M, we obtain after an integration by parts
(using that OM = 0)

d
— u—/ (divy X — q)u = 0.

Since u > 0, this implies < [|u(t, )| > v |[u(t, )|, for all £ > 0, with v = inf r((divy X —g). The Gronwall
inequality yields (5.9). The conclusion for a general ug € L' follows from a density argument. O

We now turn to the proof of the L' observability estimate of Proposition 5.4, which will use the following
lemma.

Lemma 5.6. Assume (§',T) X w satisfies GCC(V4f) (see Definition 2.10) for some &' > 0.Then, for all
d > 0 there is C5 > 0 such that for all y € M there is an open set Uy, C w x (8',T) with |Uy| > Cs and for
all (z,t) € Uy, we have dv 5(z,y,t) < 0.
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Proof of Lemma 5.6. The assumption GCC(V,f) implies that for any yo € M, there is t,, € (¢',T) and
Ty, = @1, (Yo) € w where (¢)ier is the flow of V. The trajectory v(s) = ¢s(wy,) satisfies ¥(s) = V4f(s)
with v(0) = xy, and ~(t,,) = yo so that Proposition A.4 implies dv (zy,,¥o0,ty,) = 0. In particular, we
obtain that for any yo € M, there is t,, € (¢',T) and x,, € w such that dy,;(zy,,yo,ty,) = 0.

By uniform continuity of dy_; (on the compact set M? x [§'/2,T + §']) together with the fact that
w x (0’,T) is open, there exists vy, > 0 so that By (zy,, Vye) X [ty — Vo, tye + Vi) C w X (8, T) and for any
y € By(Y0, vy, ), © € By(xy,, I/UO)) and t € [ty, — Vy,, ty, + Vy,), we have dy (z,y,t) < . By compactness,
we can cover M by M = U;er Bg(yi, vy, ) where I is finite. Then, for any y € M, there is i € I such that
y € By(yi, vy, ), and the set

i€l

Uy 1= By(y,, vy,) X [ty, — vy, ty, + vy,
satisfies the sought properties. O

As a consequence of this lemma together with Corollary 5.2 and Proposition 5.3, we may now deduce
a proof of the L' observability estimate of Proposition 5.4.

Proof of Proposition 5.4. Without any loss of generality, we can assume 0 < § < AT. According to
Proposition 5.3, it is enough to study the “observability of the Kernel”. Using Corollary 5.2, for any § > 0,
there exists £ so that (5.6) holds for all (z,y) € M?, ¢t € [§,671], 0 < € < 9. Proposition 5.3 leads to
compare

Or / / K (z,y,t)dzdt with Ir(y / K (z,y,\T)dx

From (5.6), the fact that K.(z,y,t) > 0 for (z,y,t) € M? x (0,00), and AT > §, we deduce

dvgf(t sy, t)+68 dvgf(z,y,kT)75
/ / and Iyr(y) < / e : ,
’ reM

where ¢’ > 0 is chosen sufficiently small so that (§’,7) x w still satisfies GCC(X), which is possible since
T > Ty ,5(w). Using Lemma 5.6 (where U, and Cs are defined), we now have

dv f(m y,t)+4 25 25
Or(y) > / e dtdx > / e” = dtdx > Cse™ = . (5.10)
(z,t)€U, (z,t)eU,

Also, for any AT > 0, using that dv_; > 0 (see Proposition A.4), we have

)

I)\T(y) < Volg(./\/l)e?.

When combined with (5.10), we obtain Oz (y) > Ce=32 I,y (y). By Proposition 5.3, this gives (5.8) which
concludes the proof of the proposition (up to changing 44 into §). O

5.3 From L' to L? observability estimates for positive solutions

In this section, we conclude the proofs of Proposition 1.11 and Theorem 1.5. We first prove the negative
result of Proposition 1.11 (uniform observability of positive solutions does not hold for T' < Ty _;(w), with
an exponential lower bound of the cost).

Proof of Proposition 1.11. Let us check the first part of the proposition (geometric statement). Since
([0,T] x @) does not satisfy GCC(X), there is yo € M, so that for all t € [0,T], ¢_;(yo) ¢ @. In particular,
for any (t,2) € [0,7] x @, we have ¢:(x) # yo, which implies dv (2, y0,t) > 0 by Proposition A.4. By
compactness of [0,T] x @, inf,ecq 10,71 dv, (2, Yo, t) > 0. Therefore, d(jo, 7)) > 0 as expected.

For the second part, for any § > 0, select yo € M so that inf(; zyep0,7xm dv,5(, Y0, t) < djo,11m) +
d/8. By uniform continuity of dv,(z,yo,t) defined on [0,27] x @, we can also find > 0 so that
inf (¢ oyepo, 740 xw AV, (2, Y0, 1) > d(jo,1,m) — 0/4 and dv 5(z,y0,n) < §/4 for x € B(yo,n). We take as
initial datum ug(z) = K(z, yo,n), yielding u(t, z) = Kc(z,y0,t + 1) (see the definition of K, in (5.4)) as
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the associated solution of (1.5). We have ug € L?(M) together with a lower bound coming from (5.6)
with a sufficiently small ¢ (replaced by 6/4)
_s
lwoll L2y = llwoll 2 pye,n) = Clme 2.
Concerning the observation term, we deduce from the upper bound in (5.6) that for & small enough,
dvgf(z,yo,f)*5/4

T T
/ / lu(t, z)|*dadt = / / K.(z,y0,t +n)*dxdt < Vol,(w)T sup e ? c
0 w 0 w zew,te[n, T+n]

< Q-2 TP
. e . . . + 9 _o0.T).@) =0/ .
Applying the observability inequality (1.21) to u thus implies that Cy (T, ¢)e E > C uniformly
in € € (0,&p], which concludes the proof of the proposition. O

To conclude the proof of Theorem 1.5, we need the following dissipation result taken from Guerrero-
Lebeau | |- In that reference, it is written on an open subset 2 C R™ with the flat metric; however, it
can be checked that the result also applies to the case of a Riemannian manifold (M, g) without boundary.

Proposition 5.7 (Proposition 3 of | |, m =1). Suppose (w,T) satisfies GCC(X). Then, there exist
C,Cy > 0 such that

T (of
(T s0< / / u?dtde + ||u<o>|iz<M>> (5.11)

for all e € (0,1] and any (not necessarily positive) solution u to (1.3) (and a fortiori for all solutions u to
(2.6)).

We shall also need the following lemma in the proof of Theorem 1.5.

Lemma 5.8. For any 6’ > § > 0, there exists eg > 0 so that

5
1w L2y < C Nl oo gy < Ce= [[uld) L1 any (5.12)
for any solution u to (2.6) and 0 < e < &y.

Proof. Since the manifold is compact, we only need to prove the L bound which follows from the bound
[Ke(s 0" = )l poe (pascmty < Ce on the Kernel. This estimate follows from Corollary 5.2 (e.g. (5.6)
together with the fact that dy,; > 0, see Proposition A.4). O

Proof of Theorem 1.5. Inequality (1.23) of Proposition 1.11 directly yields TLif (w) > Tx(w). Note that
it was mostly proved in Guerrero-Lebeau | , Theorem 1] since one can check that the counterexample
they build is a nonnegative solution.

Now, we prove T . (w) < Tx (w). For any § > 0 (we will later need 2§ < Cy where Cj is the constant

unif

in (5.11)), and for T > Tx(w) + 24, we prove the observability inequality for positive solution

T
JaT) 2y < c/o /|u|2dtdx. (5.13)

The combination of (5.11) on the time interval (24,T) together with (5.12) on the time interval (d,20)
implies

T Co—6
(D)2 < C (/25 /u2dtdx+e_T ||u(5)|§1(M)> : (5.14)

Now, applying (5.8) with A > 0 such that AT' = §, we obtain

T
(@)l s ry ge%/o /udtdw. (5.15)
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Combining (5.14), (5.15) together with the Holder inequality, we deduce

_Cg—25 T 9
(T L2y < (C—i—Ce : ) ; u”dtde.

Choosing § € (0,Cy/2) implies (5.13) uniformly for e € (0,e0(d)], and hence concludes the proof of the
theorem. (|

5.4 From observability of positive solutions to a controllability statement

This section is devoted to the proof of the controllability result of Corollary 2.4 from the observability of
positive solutions. It relies on the following lemma. The result and its proof follow | , Theorem 4.1].

Lemma 5.9. Let V be a closed convex set of L2(M) with0 € V and V C V so that V C V — v for any
v € V. Assume moreover that there exists Cy > 0 so that

T
Cy(T, 5)2/ / lu(t)|*ds(z)dt > ||u(T)||%2(M), for all ug € V and u solution of (1.3). (5.16)
0 w

Then, for any yo € L*(M) and 0 < & < g, there exists a control h € L*([0,T], L*(M)) with
||h||L2([o,T],L2(M)) < Cy(Te) ||ZJ0||L2(M)
so that the solution of (2.1) satisfies (y(1'), uo)p2(aq) = 0 for any ug € V.

For the proof of Corollary 2.4, we apply this lemma to the sets V=y-= L?(M;R*). Notice that
Lemma 5.9 also contains one implication (namely Observability = Controllability) in Corollary 2.3
when applied to V =V = L?(M;R).

Proof. For any o > 0, we consider the functional J, defined for any ug € V by

1 /7 «
Tolw) =5 [ [ lutt.)Patde + 5 ol a + ()00 2000

where u is the solution of (1.3). The functional J, is continuous, convex and coercive. Therefore, J,

admits a minimum ug o € V (se e.g. | , Chapter II, Proposition 1.2]). The minimality condition gives
(see e.g. | , Chapter I1, Proposition 2.1]) for any pg € L?(M) that can be written py = vg — ug,a, With
vy €V,
T
/ / p(t, )ua(t, x)didz + o (po, o,a) 2 gy + (P(T); Y0) L2(p1) = O- (5.17)
0 w

where we have denoted p (resp. uq) the solution of (1.3) with p(0) = po (resp. w(0) = ug q)-
Now, let y, be the solution of (2.1) with control function h(t,z) = ua(T — ¢, z) and initial datum
Ya(0) = yo. The duality equation (2.2) gives for any pg € L?(M) initial datum for p solution of (1.3)

/0 ' / Pt )ua(t, 2)dtdz = (Do, ya(T)) 12y — (PT):40) 2crty -
Combined with (5.17), this implies
(0s Ya(T)) L2 p1) + @ (P0 0,0) L2 pg) = 0, (5.18)
for every po € V — ug,o. This also holds for any pg € Vsince VCV— Up,o Dy assumption.

To obtain an estimate of the control, we apply (5.17) to pg = 0 — ug. After an application of the
Cauchy-Schwarz inequality, we have

T
2
| [ uatta)Patdn + o ol guey < 0Dl 0n Blzcan -
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The observability inequality (5.16) applies to ug o € V, so that

. . 1/2
/0 / lug (t, 2) |2 dtdr + o ||u0_,a|\iz(M) < Cy(T,e) </0 / |ua(t73;)|2dtdx> Hy0||L2(M) .

We obtain successively

T
| atto)Pdeds < Co22 ol agun (5.19)
0 w
@ ||U0,a|\i2(M) < Cy(T,e)? ||yOHiz(M) : (5.20)

We obtain that 1,u, is bounded in L?([0,7] x M) uniformly in @ > 0. Take a sequence o, — 0 so
that 1,u,, — Lyu in L2([0,7] x M). The associated solutions y,, with control 1, u,, (T — t,z) is
therefore bounded in L*([0,77], L?>(M)) and, again up to a subsequence, converges weakly-x to a solution
y solution of solution of (2.1) with control h(t,z) = 1,u(T — t,z) and initial datum yy. Moreover, up to
a subsequence, we can impose ya, (T') — y(T) in L?(M). Passing to the limit in (5.18) using (5.20), we
finally obtain

(p07y(T))L2(M) >0

for any pg € V. We finally get the expected estimate on h(t,z) = u(T — t,z) passing to the limit in
(5.19). O

We may now conclude the proof of Corollary 2.4 from Lemma 5.9.

Proof of Corollary 2.4. We apply Lemma 5.9, with V=V= L?(M;R"). Note that the Lemma applies
because for any v € L*(M;R"), L2(M;RT) C L*(M;RT)—v. Indeed, any u € L*(M;R") can be written
u= (u+v)—v € L*(M;R") —v since u+v > 0. This gives a control h with the expected uniform bound
and so that (y(T), uo) p2(nq) = 0 for any uo € L?(M;R™*). This implies y(T) > 0. O

A About the distances

In this section, (M, g) is a compact Riemannian manifold without boundary.

A.1 A general lemma

We start with a general lemma.

Lemma A.1. Let V € W (M) with nonnegative value. Then, for all x,y € M2, we have
%3}{ {/Ot (8)12 + V(y(s))ds,y € WH2([0, t]; M), 7(0) = z,7(t) = y}
= inf {/Ot 5(9)lg VV (1 (5))ds, v € WE([0, 8]; M), 7(0) = &, ~(t) = y}
= inf {/01 5(9)lg V(1 (5))ds, ¥ € WE([0,1]; M), 7(0) = 2, 7(1) = y} ,

This lemma is particularly useful for V = (V — E) in which case the (pseudo-)distance defined is the
Agmon distance at energy level E.

Proof. We denote by dy, ds, ds respectively the three (pseudo-)distances defined in the statement of the
lemma. Then, we notice that the last two quantities are invariant by reparametrization, so that do = d3
after a change of variable in the integral. Then, the inequality ab < %(a2 + b?) directly yields dy < dj.
Let us now prove the converse inequality, namely d3 > d;. For € > 0 there exist 6 > 0 and a path ~ :

[0,1] = M such that fol [5(8)g/V(7(8)) + dds < d3+e. We can further assume |¥(s)|, > 0 with the same
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estimate (indeed, defining a new parametrization ¢ by v(t) = ((é(t)) with ¢(¢) fo |¥(s)|4ds even yields a

Lipschitz reparametrization with constant positive speed, see e.g. | , Proof of Lemma 3.16]). Using
an approximation argument, we can further assume that « is smooth up to replacing € by 2e. We now define
the following reparametrization ﬁ( ) = v(cp( )) where ¢ solves p(s) = MUCODRLIPN Vo 0,

We(s)ly = max, |9l

©(0) = 0 so that |¥(s)], = \/V § for any s € [0, (1)]. $)gv/VH(s)) + 0 =

L (R +VEGs >>+5) and

) el
[ (B vaE) =) as= [T R,V + o
1
= | Bl V) + s < ds+ 2,

which gives d; < ds + 2¢, and concludes the proof of the lemma. O

A.2 Equivalence between the two definitions of dv ;

In this section, we prove equivalence between the two definitions of dy, s, respectively given in (1.22) in
the introduction and in (5.5). We further give an equivalent quantity in terms of the Riemannian distance
and the flow ¢; of V,f. The function f is assumed to be C? throughout the section.

We recall that p is defined in (5.2) with V = Ve ﬂ’ , that is to say
L. L 2 1,00
pz,y,) = Jinf 3 | 13 (s)lg + [Vgf(v(s))lgds, v € WH=([0, t; M), ~(0) = z,7(t) =y (A1)
0
Note that it is proved in | , Appendix]| that p is continuous on M? x (0, +00) and, for all ¢ > 0 fixed,

Lipschitz continuous as a function of (z,y) € M?2. These quantities are related to the Agmon distance
but in finite time, see Section A.3 below. Note that the quantity p is symmetric, p(z,y,t) = p(y, z,t), and
remain unchanged under the change of § by —f. This is not the case for dy ;.

Lemma A.2. The function dv 5 defined as

dvgf(fﬂ,yvt) = p(Iayvt)+ 2

is continuous on M? x (0,+00) and, for all t > 0 fized, Lipschitz continuous as a function of (z,y) € M2,
Moreover, we have

dv, (2.t { / [4(s) + Vf( ())Iids,véWl’“([O,t];M),V(O)—y,v(t)—x}7 (A.3)

{/ 5(5) — V3 ()) 2 s,y € W2 ([0, ]; M), v(O)—m(t)—y}, (A1)

yl>|>—ﬂ ,,;;|>—~ ylkl}—‘

{ / ()2, s,y € (0, ]: M), 7(0) = 2, 7(t) = ¢t<y>} , (A.5)

where g is the time varying metric defined by [Y|, = |D¢s(Y)],.
In particular, for any T > 0, there exists some constant Cp > 0 so that

C’l_"ld(wa (b—t(y)) S dvgf(x7y7 t) S CTd(xu ¢—t(y))7 f07“ all't € [07 T]7
where d denotes the Riemannian distance (associated to g).

Proof. The continuity property directly follows from that of p proved in | Appendix] To prove (A.3),
we remark that for any path v so that v(0) = y,y(t) = z, we have f(z) — f(y) = 0 L(foy)(t)dt =
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fg Vgf(7(t)) - 4(t)dt. In particular, from the definition of dy ; in (A.2) and p in (A.1), we can rewrite
dvgf(xv Y, t) as

de s(o.0) = gt { [ R+ Va0 6DE + 29550(6) - 4(5)ds,y € WH2(00,840.2(0) = . 5(0) =

=yt [ 1) + 406 sy € WS (0.6 M), 0) = 20 =}

The statement (A.4) is obtained thanks to the change of path ¥(s) = v(t — s).
Now, we compute dv,i(z,$:(y),t) according to formula (A.4). Let v € Wloo([ ,t]; M) so that

7(0) = =, ”Y() = ¢t( ). Let ””7(2) = ¢s (2( s)) so that §(s) = Vgf(y(s)) + Dgs(7(s)). In particular,
[i(s) = Vof ()l = |DouCit))| = [ts)]
~v(0) =z, y(t ) =y can be written *y( )= gbs( (s)) with ¥(0) = z, ¥(t) = ¢_+(y), and conversely. O

. It gives (A.5) since any path v € W1>°(]0,¢]; M) so that

A.3 Further links between the different distances

In this section, we relate the above quantities p(z,y, t), dvgf(:v, y,t) with the Agmon distance to the bottom

2
energy (see 1.11 for V = % and Fyp = miny V = 0), that is to say
datos) = yint { / Vs € W0, M)0) =20 =uf . (A0)
and the associated quantity (compare with the definition of dy ; in terms of p in (A.2))
W(z,y) == da(w,y) + L;f(y) (A7)

The results of this section are not explicitely used in the proofs of the main part of the paper; however we
believe these links are interesting and enlightening. Indeed, they relate the quantity da(x,y) appearing in
all general bounds of Section 3 together with the quantities p(x,y,t),dv, j(x,y,t) appearing in results of
Section 5 concerning positive solutions.

Lemma A.3. For all (x,y) € M?, we have

dA('rvy) = %gg p(xvyat)v (Ag)

Moreover, if V,f(y) =0, then we have d(x,y) = . liin plx,y,t).
—+o0

Proof. Equality in (A.8) is a consequence of Lemma A.1 applied to V = |V4f|2. Then, (A.9) is a direct
consequence of the expression of W and dy_; in terms of d4 and p in (A.7)-(A. 2) together with (A.8).
Finally, if V4f(y) = 0, then the function t — p(z,y,t) is non-increasing. Indeed, taking t; < t9, from
a path v : [0,t1] — M such that v;(0) = = and v1(t1) = y, we can construct the path -, : [0, 2] — M
by Ya2(s) = v1(s) for s € [0,¢1] and ya(s) = y for s € [t1,ts]. This yields a path in W1°°([0, t3]; M) if 1 €
Whee(]0,¢1]; M), and thus the set of admissible paths on [0, ¢s] is larger than the set of admissible paths
on [0,%1]. Since the contribution fttf F2(8)> + [Vgr2(s)2ds = 0 we deduce that p(z,y,t2) < p(z,y,t1).

This proves that the inf is actually a lim in this case. o
t——+o0
Note that related properties are proved in the Appendix of | |. For instance, | , Lemma A2.2]

with our notations can be loosely stated as follows: If W (x,y) = 0, then every minimizing geodesic of d 4
is a generalized integral curves of V4.

Finally, we state a last result that explains that dv(z,y,t) measures how far x is the final state of a

path of the vector field at time ¢ and starting at y. Part of this result is contained in the last statement
of Lemma A.2; we here give a different proof, which, we believe, is interesting in itself.
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Proposition A.4. With dv ;(x,y,t) defined in (5.5), we have for all (z,y,t) € M? x (0,+00),
1. dvgf(x,y,t) Z 0,’

2. dv,j(x,y,t) = 0 if and only if there exists a trajectory of Y(s) = V4f(v(s)) with v(0) = z,~v(t) =y,
that is if and only if y = ¢ (x).

In particular, (w,T) satisfies GCCO(V 4f) if and only if for any x € M, there exist y € w and t € (0,T) so
that dv 5(z,y,t) = 0.

Recall that the flow (¢:)ier is defined in (2.14) and the Geometric Control Condition GCC(V4f) is
defined in Definition 2.10.

Proof. Statement 1 follows from the definition of dv_; in (A.4). Let us now consider Statement 2. Assume
first that there exists a trajectory of 4(s) = V4f(v(s)) with (0) = = and (¢t) = y. Then, by definition
of the infimum in (A.4), this yields dy,(z,y,t) < 0 and hence dv j(x,y,t) = 0. Conversely, assume
dv,5(z,y,t) = 0. Take a minimizing sequence in (A.4), that is to say that v, € W°([0,t]; M) such that
n(0) =z, v (t) = y and 45, — V4f(7n) = R, (bounded continuous with values in the tangent bundle of
M) with

/t |Rn(s)|2ds — 0. (A.10)
0

Since V,f is bounded on M, the sequence fot [¥n (s)|§ds is then uniformly bounded in R. As a consequence,
the sequence of paths (v, )nen is equicontinuous. From Ascoli’s theorem, we may extract a subsequence
(which we do not relabel) (v,)nen which converges strongly for the topology C°([0,t]; M) to a limit
v € C°([0,t]; M). The latter thus has the same and endpoints v(0) = z and () = y. It is solution
of ¥ = V4f(7) in the distributional sense according to (A.10). Bootstrapping in the differential equation
implies v € W1°°([0,1]; M) and 7 is a strong solution to 4 = V,f(y). This concludes the proof of
Statement 2.

According to Lemma 2.11 Item 4, that (w,T') satisfies GCC(V,f) is equivalent to the fact that for any
x € M, there exist ¢ € (0,T) such that y := ¢;(x) € w. As a consequence of Item 2, this is equivalent to
having dv j(z,y,t) = 0. O

Note that an analogue statement for the function W in (A.9) is proved in | , Lemma A2.2|, and
could also be deduced from Proposition A.4.
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