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On uniform observability of gradient flows in the vanishing
viscosity limit

Camille Laurent*and Matthieu Léautaud?

Abstract

We consider a transport equation by a gradient vector field with a small viscous perturbation
—eAy. We study uniform observability (resp. controllability) properties in the (singular) vanishing
viscosity limit ¢ — 0%, that is, the possibility of having a uniformly bounded observation constant
(resp. control cost). We prove with a series of examples that in general, the minimal time for uniform
observability may be much larger than the minimal time needed for the observability of the limit
equation € = 0. We also prove that the two minimal times coincide for positive solutions. The proofs
rely on a semiclassical reformulation of the problem together with (a) Agmon estimates concerning the
decay of eigenfunctions in the classically forbidden region [[1584] (b) fine estimates of the kernel of the
semiclassical heat equation [LY&0].
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1 Introduction and main results

1.1 Introduction

Given a smooth connected compact manifold M without boundary (the case of a bounded domain of R™ is

also discussed in Section 1.3 below), a smooth real valued vector field X on M and a real valued potential

q(x), we consider the question of observability /detectability for the autonomous transport equation
O —X—-—qu=0, inRxM,

{( t q) (1.1)

u|t=0 = up, on M,

from an observation (open) set w C M through the time interval (0,7). More precisely, the question is
whether there exists a constant Cy = Co(T,w) > 0 such that

T
G [ [ e astayie > D) cun:
for all ug € L*(M) and u solution of (1.1). (1.2)

Here, ds(z) denotes any positive density measure! on M, and the L? norm is defined accordingly. The
observability question (1.2) is naturally solved by introducing an appropriate Geometric Control Condition
(recall OM = (): we say that (M, X,w,T') satisfies (GCC) if for all z € M, there is t € (0,T) such that
¢_i(z) € w, where (¢¢)ter denotes the flow of X (see Section 2.3 for precise statements and proofs). We
also say that (M, X,w) satisfies (GCC) if (M, X,w,T) does for some T > 0; and if so, we denote by
Teoo(M, X,w) the infimum of times for which (M, X,w,T) satisfies (GCC).

On the other hand, endowing M with a Riemannian metric g, one may want to investigate the observ-
ability question for the viscously damped transport equation:

(O — X —q—eAy)u=0, inRI x M, (1.3)
U|t:0 = Uo, on M,
1See e.g. [Leel3, Chapter 16 p427]: given a local chart (Us, k) of M, we have fUN uds = fn(UK) wo k™ (y)p*(y)dy for an

appropriate smooth positive function ¢", and for any u € CS(UH).



from the same observation set (0,7) X w. The question is whether there exists a constant Cy(T,e) > 0
such that

T
CoTep [ [ utt.a)Pastaat > [u(D)
for all ug € L*(M) and u solution of (1.3), (1.4)

(and one may then choose the Riemannian volume density ds(x) = d Vol,(x) without changing the prob-
lem). For fixed € > 0, Equation (1.3) is of parabolic type and the observability inequality (1.4) is known to
hold for any open set w # () and T' > 0, see | | (see also | | and its variant in | ). Of course,
in such results, the observability constant Cy(T,¢) in (1.4) depends a priori on e. For many different
reasons (some of them described in Section 1.2 below), it is interesting to investigate the behavior of the
observability constant Co(T,¢) in the vanishing viscosity limit ¢ — 0. This problem was first studied
in the one dimensional setting by Coron and Guerrero in | |, and later extended to any dimension
by Guerrero and Lebeau | |. Their main result in this direction can be formulated (in the present
geometric context, see the remark preceding Proposition 5.7) as follows.

Theorem 1.1 (Guerrero-Lebeau | ). Given an open set w C M, the following two results hold.

o/ , Theorem 1] Assume (M, X,w,T) does not satisfy (GCC). Then there is C,eq > 0 such that
any constant Co(T, ) in (1.4) satisfies Co(T,e) > exp(C/e) for e € (0,e9).

o/ , Theorem 3] Assume (M, X,w) satisfies (GCC). Then there is Tynir(w) > Tacc(M, X,w)
and Ko > 0 such that for all T > Typnir(w), (1.4) holds with Co(T,e) < Ko for all e <1.

Note that the results in | | are even more general since time-dependent vector fields are allowed
and the boundary-value problem is also considered (with Dirichlet boundary conditions). We also refer to
our Proposition 1.12 below for a more precise lower bound of the constant C' when (GCC) is not satisfied.

Note that if (1.4) holds for some T and constant Cy(Tp, €), then it also holds for all times T' > Ty with
the same constant Cy(Tp, ). In | |, the question of the minimal time T,,,;s(w), more precisely defined
by

Tynif(w) = inf {T" > 0 for which there exist Ky, &9 > 0
such that (1.4) holds with Cy(T,¢) < K for all € € (0,¢9)},

and its link with the minimal observation time Tgcc(M, X,w) associated to the limit problem (1.1) is
left open. In particular, the formulation of the results in | | (see e.g. Theorem 2 and the discussion
thereafter in that reference) suggests the possible existence of a universal constant & > 1 such that

Tunif(w) < R Teco(M, X, w). (1.5)

The present article investigates this question in a very particular case, namely assuming the vector
field X is a gradient vector field, i.e. X = V,f for a function f € W% (M;R) (note that the gradient is
taken with respect to the Riemannian metric g). Hence, Equation (1.3) becomes

{(at—vgf-vg—q—sAg)u=07 in R x M, (1.6)

ult=0 = uo, on M,

Here, given two vector fields Y7 and Ya, we have denoted Y7 - Yo = ¢g(¥7,Y2) or (V7 - Y2)(x) = Yi(2) -
Yo(z) = g-(Yi(z),Ya(x)) for all z € M. We denote similarly |Y|, = VY - Y the associated Riemannian
norm of a vector (or a vector field). Note that the vector field Vf is canonically identified with the
derivation V4f - V.

In this context, the first consequence of our main results can be (loosely) stated as follows.

Theorem 1.2. 1. There are geometries (M, g) such that for all A > 0, one can find f € C*°(M) and
w open such that (M, V f,w) satisfies (GCC) and Tynir(w) > A Taoc(M, V4f,w).



2. There are (M, §, X,w) such that for all A > 0, one can find a metric gn» on M such that

® X = v!]/\f;
o (M, X,w) satisfies (GCC),
® Tunif(w) > A Tecc(M, X, w).

In particular, Theorem 1.2 states that there is no £ such that (1.5) holds for all (M, X,w).

The second item in Theorem 1.2 stresses the importance of the viscosity one chooses. Namely, with
the same vector field X, changing the metric g, that is the viscous perturbation, may change the minimal
uniform observability time. We also obtain related results for domains of R™ (see Section 1.3.1).

Our second main result in this setting concerns the uniform observability of positive solutions to (1.6).
Recall that nonnegative data ug > 0 give rise to positive solutions to (1.6). We define C; (T, ¢) the
observability constant for positive solutions, that is for which (1.2) holds for all ug > 0, and accordingly
set

T+

unif

(w) = inf {T > 0 for which there exist Ko, e¢ > 0 such that (1.4) holds
for all ug > 0, with Cf (T,¢) < Ko for all e € (0,£0)}. (1.7)

Theorem 1.3 (Positive solutions). For all f € C3(M;R), and w C M such that (M, Vf,w) satisfies
(GCO), we have T . (W) = Taoc(M, V,f,w).

unif

As usual, these uniform observability /non-observability results can be reformulated in terms of uniform
controllability /non-controllability statements for an adjoint controlled equation, see Section 2.1.1 below.

1.2 Background and motivation

Uniform controllability problems for singular perturbations of partial differential equations already ap-
peared in the reference book of Lions | , Chapter 3|. In the context of transport/heat equation in
vanishing viscosity limit, this study was initiated by Coron and Guerrero on the 1D problem with con-
stant speed in | |, where the authors make a conjecture on the minimal time needed to achieve
uniform controllability. Then, the estimates on this minimal time have been improved successively
in | , , , |. We also refer to the articles | , , | proposing nu-
merical experiments to find the optimal minimal time. Such uniform control properties in singular limits
are also addressed for vanishing dispersion in | | and for vanishing dispersion and viscosity in [ |.

Whereas the one dimensional problem with a constant vector field has received a lot of attention in
the past fifteen years, there are very few results in higher dimension or for non-constant vector fields.
Besides | | we are only aware of the results of | | and | | for the flat Laplace operator and
the vector field 9,,, with several boundary conditions.

Note that controllability problems for nonlinear conservation laws in vanishing viscosity have also been
studied in | I, | |, and | .

There are several motivations for studying the vanishing viscosity limit. A first motivation comes from
the theory of conservation laws, for which the vanishing viscosity criterium is a selection principle for the
physical (called entropy) solution, see | | or | , Chapter 6]. It is therefore very natural, when
considering control problems for conservation laws, to study the cost of the viscosity, that is, to determine
if known controllability properties for the hyperbolic equation are still valid for the model with small
viscosity, and how the size of the control evolves as the viscosity approaches 0. So far the only known
results in this directions seem to be | | and | |

Another important motivation for studying singular limits in control problems is the seek of control-
lability properties for the perturbated system itself. This is well-illustrated by the papers | , ,
, |, where the authors investigate the Navier-Stokes system with Navier slip or slip-with-
friction boundary conditions. They use a global controllability result for the inviscid equation (in this
case, the Euler equation) to deduce global approximate controllability of the Navier-Stokes system.



On the other hand, the study of gradient fields naturally arises as the simplest dynamical situation
among all vector fields. The importance of gradient vector fields with a vanishing viscosity coefficient
also appears in theoretical physics and differential topology, through the Witten-Helffer-Sjostrand the-
ory [ , |. See e.g. the monographs | , ]. In that theory, the operator —Vyf-V,—¢eA,
(and its analogues acting on forms) is conjugated to a particular semiclassical Schrodinger operator, namely

Vofl3

P. = —2A, + 1

9
+ A, (1.8)

sometimes called the Witten Laplacian. Topological properties of the couple (M,f) (e.g. the Morse
inequalities, linking the number of critical points of the Morse function § with the Betti numbers of M) are
deduced from spectral properties of the Witten Laplacian. We also refer to | | for the understanding
of other links between the spectral theories of the Witten Laplacian and the vector field V4f- V4 (in
appropriate spaces linked to the dynamics of the gradient flow), in the semiclassical limit ¢ — 0.

Viscous perturbations of gradient dynamics also arise naturally in molecular dynamics. Indeed, in R",
the operator —V§-V — €A is the infinitesimal generator of the so-called overdamped Langevin process

dX; = V§(X;)dt + v/2edB;,

where X; € R™ and (Bi)¢>0 is a standard Brownian motion of dimension n. This stochastic process is a
classical model in statistical physics. It is used in particular for the simulation of molecular dynamics at
low temperature (proportional to ), see | , |. The possible convergence to equilibrium, as well
as the so-called metastability phenomenon are closely related to the low-lying eigenvalues (and associated
eigenfunctions) of —V§-V—eA, or equivalently of the Witten Laplacian (1.8). For a very precise asymptotic

study of the exponentially small eigenvalues of this operator, we refer e.g. to | , | in the case
of a compact manifold and | , , | in the case with boundary (see also the references
therein).

We finally remark that the above-mentioned works concerning the Witten Laplacian mostly study the
behavior of the bottom of the spectrum P (thus linked to critical points of f). In the present work, we
rely on a similar conjugation.

1.3 Main results

As already seen in the end of Section 1.1, the results of this article go in two different directions.

In a first part (Section 3), we prove some general lower bounds on the time Tynr(w) for a general
class of domains and vector fields. This implies in particular that the quite natural idea that Ty r(w)
is Taco(M, X,w) or even RTgoc (M, X, w) for a universal constant K is false in general. This might be
interpreted by the fact that in the vanishing viscosity limit, some strong oscillations can be responsible
for concentration phenomena. The latter are not only described by the flow of X, but other parameters
where an Agmon distance plays a crucial role. We also study (in Section 4) the particular case of surfaces
of revolutions where we obtain refined lower bounds. This analysis also shows that the global geometry of
the Riemannian manifold we consider has an effect on the vanishing viscosity limit. In particular, with a
fixed vector field, we show that the choice of the Laplacian A, can change drastically the time Ty, f(w) of
uniform controllability. This shows definitely that the flow of the vector field is not the unique parameter
defining Tynir(w).

In a second part (Section 5), our results go exactly in the opposite direction, but for a specific class
of solutions, namely positive solutions. As announced in Theorem 1.3, we prove that Tynif(w)t =
Taceo(M, V4f,w) for positive solutions. This shows that the dynamics of positive solutions are actually
well represented by the sole flow of V.

In both cases, using the change of unknown v = eF u, see Section 2.2, the problem is reduced (modulo
lower order terms, and in weighted spaces) to observability of solutions of a semiclassical heat equation

g0 — e?Agu+ Vo =0,

Vofl2 . . . . .
where V = %. Note that most of the results we obtain are of interest for this particular question as

well.



1.3.1 A general lower bound

The first family of results in this paper concern the general setting of a compact connected Rieman-
nian manifold (M, g), with or without boundary dM, and the associated internal/boundary observability
question. Namely, we consider the parabolic-transport problem with small viscosity € > 0 and Dirichlet
boundary conditions:

(0 — X —q—eAyu=0, in (0,7) x Int(M),

u=0 on (0,T) x OM, (1.9)

ult=0 = uo, in M.
Moreover, we assume that the vector field X is a gradient vector field for the metric g, that is: there is
f € W2°(M) (at least) such that

X =V4f- V.

For the Dirichlet problem (1.9) as well as for the case OM = ) discussed in Section 1.1, one may discuss
the behavior of the observability constant (and in particular its possible uniform boundedness in the limit
e — 07) in the internal observability inequality (1.4). Also, a boundary observability problem for (1.9)
can be formulated as follows (see | | and Section 2.1.2 below). Given § € C°(IM), there exist a
constant Co(T',e) > 0 such that

T
Col.2)* [ I0e,ulona Dl sconey dt = Dy ney
for all ug € Hy (M) and u solution of (1.9). (1.10)

Here 0, denotes a unit normal (for the metric g) vector field to OM. Then, the uniform observability
question is whether Cy(T', ¢) remains uniformly bounded in the limit ¢ — 0%, and the associated minimal
uniform observation time is defined again by

Tunif(8) = inf {T > 0 for which there exist Ko, > 0 such that (1.10) holds
for all ug € Hy(M), with Co(T,e) < Ko for all € € (0,20) } .

Before going further, let us first give the definition of an analogue of the condition (GCC) in case of
a manifold with boundary OM # () (called here Flushing Condition), as used in the Guerrero-Lebeau
result | ]. For this, we need to extend (M, g) in a slightly bigger Riemannian manifold (M, j), i.e.
such that M C Int(M) and § any Riemannian metric on M such that j|rq = g. In the case of a bounded
domain of R”, one may choose M = R™. We also extend f € W2 (M) as a compactly supported function

f € W2°(M) such that flu = f.
Definition 1.4. For x € M, denote by 7, the maximal solution to

3 (t) = =Vl (7 (t),  7:(0) = =.

Note that this solution is defined globally in time since f is compactly supported.

We say that (M, Vf,T) (resp. (M, V4f,w,T)) satisfies the Flushing Condition (FC) if for all z € M
there is ¢ € (0,7T") such that v, (t) ¢ M (resp. v5(t) ¢ M or 7,(t) € w). We also say that (M, V,f) (resp.
(M, V4f,w)) satisfies (FC) if there is T' > 0 such that (M, V,f,T) (resp. (M, V4f,w,T)) does. We then
define accordingly the time Trc (M, V4f) (resp. Tro(M,w, V4f)) as the infimum of 7' > 0 for which this
property holds.

Remark finally that these definitions do not depend on the extensions (M, g) and f

Guerrero-Lebeau | | prove an analogue of Theorem 1.1 in the present setting (and for general vector
fields), namely: if (M, V,f) (resp. (M, V,4f,w)) satisfies the Flushing Condition, given # any nontrivial
observation function, then there is T, > 0 and Ky > 0 such that for all T > T;,, (1.10) holds (resp. (1.4)
holds for all solutions to (1.9)), with Co(T,e) < Ky for all € < 1.

Two important geometric quantities in our results are the potential associated to the function f, defined
by

Vgf(z)I3

V()= ==, (1.11)



and the Agmon distance (see e.g. | , Chapter 3]) to the minimum of this potential, namely, with
FEy=minp V,

da(z.y) = inf { / VO0) = Bo) [5(0)gdt, € U1<x,y>} ,

U (z,y) = {y € WH([0,1]; M),~(0) = z,~(1) =y},
d =ds(z,V YHEY)) = inf da(z,vy). 1.12
a(z) = da(z, V™" (Eo)) e alz,y) (1.12)
Here Vfl(Eo) is the classically allowed region at the potential minimum,

(V(z) — Ep), = max (V(x) — Ey,0),

and da(x) is the Agmon distance of = to the set V~1(Ep) for the (pseudo-)metric (V — Ep)+g. Remark
that the index (-)4 is not needed at the bottom energy Fy = minag V'; however, we keep it here since the
definition (1.12) will also be useful for a general energy level.

Our main result in this general setting formulates as follows.

Theorem 1.5. We assume that §f € W2°°(M) (hence V.€ WH>(M)) and q¢ € L>®(M). We let Ey =
minp V, set

W, () = 1 4 (o),

and fit w C M (resp. 8 € C*°(OM)), and in the case of boundary estimates, we further assume f,q €
C>®(M). For any § > 0, there is g > 0 such that for all € € (0,20) the observability inequality (1.4)
(resp. (1.10)) with constant Co(T,e) implies

1/ . f
CO(Tv 5) > exp g <H}Uln WEO - VI}}E(HE(O) 5 — BT — 5> )

1
resp. Co(T,€) > exp R (S{lr;ipne Wg, — VEI}?')ECO) g — EyT — 6) .

In particular, we have

: f
EoTynif(w) > Inwln Wk, — V{r}?)E(O) 2’ (1.13)
: f
(resp. EoTynif(0) > Jnin, Wg, — VIE%EO) 5) (1.14)

Note that the quantity in the right hand-side of (1.13)-(1.14) as well as Ey are invariant under the
change f — f+C for C constant on M. This is consistent with the fact that the equations remain unchanged
by such a modification of f. Note also that if Ey = 0 and V=1 (Ep) Nw = 0 (resp. V~1(Ey) Nsupp(f) = 0),
a precised version of this result (see Theorem 3.1 below) actually shows that Co(T, ) > e/ for one ¢ > 0
and all time 7" > 0 (in particular, uniform observability never holds). This is consistent with (and a
particular case of) the Guerrero-Lebeau | | result (first part of Theorem 1.1 above) for in this case,
(M, V,4f,w) does not satisfy (GCC). Indeed, a point zog € V~1(Ey) satisfies V,f(x9) = 0 and is thus a
stationary point of the gradient dynamics.

We refer to Remark 3.5 concerning the additional smoothness assumption for the boundary estimate.

Theorem 1.6. Assume M = Q where Q C R™ is any smooth bounded connected open set endowed with
g = Eucl the Euclidean metric and q € L_Oo(./\/l) There exist w C Q and constants c,,,d > 0 such that for
any \ > 0, there is a function fy € C*°(Q) such that:

e (Q,Vfy,w) satisfies (FC) and Trc(Q, Vi, w) < diam(Q);
° Tunzj(w) Z Cw)\;

o X265 < [[Viall7 ) < A?diam(Q)2 +n.



In particular, for all A > 0, there is f € C*°(S2) such that
Tunif (W) 2 ATFC(ﬁu va w)'

The result of Theorem 1.6 is already of interest in dimension one. In this case Q = (=L, L), the vector
field we consider is {'(x)0, with ' > 1 on [—L, L] and f'(0) = 1 and the observation set w is a neighborhood
of the boundary point L (note that this would correspond to the case M < 0 in the Coron-Guerrero problem
with the notation of | |). Note that the function fy in this result satisfies maxfy — minfy ~ A. As a
consequence, one cannot even hope to have existence of a constant & > 0 depending only on min,¢o, 7 f' ()
(a uniform flushing time) such that Typif(w) < & Tre(Q, Viy,w). However, at this point, it does not seem
hopeless that such a constant & depends only on || V||« () at least for a fixed metric.

Remark 1.7. In the case OM = (), Theorem 1.5 does not seem to suffice to construct functions f,w
having #f% arbitrarily large. In a domain of R™, Theorem 1.5 is however enough to provide
counterexamples.

Another drawback of Theorem 1.5 is that it does not produce any useful lower bound in case w is a
whole neighborhood of M (or in the boundary observation case from the whole boundary dM).

We remedy these issues in the next section on surfaces of revolution.

1.3.2 Lower bounds on surfaces of revolution

In Theorems 1.5 and 1.6 above, the lower bound of the minimal uniform observability time is essentially

2
due to the contribution of the potential V(z) = % (and the difference between its maximal and

minimal values on M). In this section, we consider a family of geometric settings, namely surfaces of
revolution, for which the contribution of the geometry of (M, g) plays an important role. This leads in
particular to explicit versions of Theorem 1.2.

The precise description of the geometry of the surfaces we consider is given in Section 4.1 and we only
describe here features required to state the result. We may consider either:

1. M =S8 C R3 a smooth compact surface diffeomorphic to the sphere S?;

2. M =8 C R? a smooth compact surface diffeomorphic to the disk D;

3. M =38 C R? a smooth compact surface diffeomorphic to the cylinder [0, 1] x S!;
4. M = S a smooth compact surface diffeomorphic to the torus T? = S x S!.

We assume moreover that it has revolution invariance around an axis. In particular, the axis may intersect
S in two points (sphere), one point (disk) or no point (cylinder or torus). Except near these points, S
has a global coordinate chart (s,6) € (0,L) x S! for some L > 0. In the first three cases, the surface is
endowed with the metric ¢ inherited from the Euclidean metric on R? which writes

g = ds* + R(s)*d6?, (1.15)

on account to the rotation invariance. Here the function R : (0,L) — (0,00) describes the shape of S
(distance to the revolution axis). In the torus case, we simply endow T? with the metric (1.15).

We further assume that the function f and ¢ are themselves rotationally invariant, that is f = f(s) and
q = q(s) in these coordinates. In this setting (and as opposed to results presented in above Section 1.3.1),
the relevant quantities for our analysis are the following.

We define for any ¢ > 0 (that can be chosen) the (f-invariant) effective potential

Vi(s) = O] (1.16)

2 ’ 2
Note that, as opposed to the potential appearing in (1.11), this potential V, is different from % = %.

Moreover, it depends explicitly on the geometry (namely, on R). We shall make the simplifying assumption
that

chl(min V.) = {Smin} consists in a single point Smin. (1.17)



Note that in case S has a boundary, one may have sy, at the boundary (see Section 4 for more precise
statements). As in the previous section, we introduce the associated Agmon distance, which simply writes
in the first three cases:

d(s) =

| mdy\ (118)

min

In the fourth case S = S} x S!, an analog of (1.12) still makes sense on S} when V, is defined on S}. We
may choose a representation of SlL = R/LZ in which sy, = 0+ LZ, a definition of the Agmon distance
then reads

d5(s) = mi
a(s) Smrirnnenm{

/ mdyu ' (1.19)

We also set

We(s) = d5(s) + @, for s € (0, L). (1.20)

Then, our main result in this geometric context can be (loosely) stated as follows.

Theorem 1.8. Let ¢ > 0, assume that V, satisfies (1.17) and that, in the coordinates (s,6) € (0, L) x St,
we have w = (0,8) x SY U (L — §,L) x St (this can be rewritten in an intrinsic way on S). Assuming the
observability inequality (1.4) (resp. (1.10)) with constant Co(T,e,w) (resp. Co(T,e,{L} x S')), there is a
sequence e, — 07 such that for any § > 0, there is ko(d) > 0 such that

L (W5 W, ~ Ve (smin) T—5)

Co(T,ep,w) > e for all k > ko(5), WS =minW¢

resp.  Co(T,ep, {L} x S') > ei(WC(L)_W’i_VC(Smi“)T_é) for all k > ko(5),
where W, = inf (g ry W€ In particular, we have

Ve(Smin) Tunip({L} x S*) > We(L) — W¢,. (1.22)

Theorem 1.8 differs from Theorem 1.5 in several respects. First notice that the potential appearing in

Theorem 1.5 is M, that is Vp(s) with the definition of V. in (1.16). In particular, it does not depend
on R: neither does its minimal value, nor the associated Agmon distance and function W°. Therefore, in
this very particular geometric context, the results of Theorem 1.5 do not depend on the geometry of R,
and hence only formulate as a one dimensional result in the s variable. As such, they do not care about
the “transverse dynamics” in the 6-variable. Theorem 1.8 overcomes this lack and shows that both have
to be taken into account.

Another difference with the estimates of Theorem 1.5 is that —maxy -1 (g, % = —maxy-1(g,) W is
here replaced by —inf o ) W*. This improvement is due to the “one dimensional” underlying framework
(in which localization properties of eigenfunctions are better understood).

Again, we remark that the initial problem is invariant by changing § by a constant f + Cy. In Esti-
mate (1.21), both the potential V. and the quantity W< — W, are as well invariant by this change of the
function f.

We now state three particular examples of application of Theorem 1.8. The latter imply Theorem 1.2.

Corollary 1.9. Assume S is a surface of revolution in R3 diffeomorphic to S* (resp. D) and such that
R~ '(max R) is a single point (R has a unique maximum). Denote by N, S (resp. N only) the north/south
poles of S, which are the only two (resp. the unique) invariant points under the revolution symmetry.
Then, for any 0 > 0, there exists fs € C°°(S) invariant by rotation such that with ws = By(N, §)UBy(S,d)
(resp. ws = By(N,0)) we have

1. (8,V4fs,ws) satisfies (GCC) (resp. satisfies (FC)) and Taoc(S, Vgfs,ws) = L—26 < L = disty(N, S)
(resp. Trc(S,Vgfs,ws) = L — 3§ < L =disty(N,0S));



2. For all ¢ > 0, there is 69, C > 0 such that for all 6 € (0,dp)

Tonir(s) (m " i) (clog<§> - c) .

This result proves the first item in Theorem 1.2. In particular, the limit § — 0T prevents from
the existence of a universal constant 8 > 1 such that Tynif(w) < 8 Tecc(M, X,w). Note that in
this construction, the vector fields V,fs - V4 are rotationally invariant and independent of the metric g.
Moreover, for § < ¢, the two functions fs and fs coincide on M \ w:.

In our second result, the geometry is close to that of Corollary 1.9. However, we consider fixed w and
f (and even a fixed vector field), but let the metrics g vary. We denote S} = R/LZ and S' =S} .

Corollary 1.10. Assume S = S} x S' with coordinates (s, ) and let f € C™(S). Let w = I, x S* with
I, a nonempty interval such that I, # S} .

Then, there is a constant C > 0 such that for any & € (0,1), there exists a function Rs € C*(S};R])
such that

1. the vector field V 4,§- Vg, = /(5)0s (defined by (1.15) associated to Rs) does not depend on the metric
gs, the triple (S,V4,f,w) satisfies (GCC) if and only if f #0 on St \ I, and, in this case, we have

[
stz T(5)

2. for the transport equation (1.6) with viscosity given by the metric gs under the form (1.15) associated
to Rs, we have

TGCC(Su vgéfa Iw X Sl) = < +o00,

Toumif (I, x SY) > C67Y/2,
3. 621 — C8) < ming1 Rs < 6'/2 for all § € (0,1).

This result implies the second item in Theorem 1.2.
Another application is given by the following result, which is an analogue of Corollary 1.10 for the
boundary observability problem in the cylindrical geometry.

Corollary 1.11. Assume S = [0, L] x St (whence S = ({0} U{L}) x St), and let f € C*>([0, L]). Then,
for any v > 2, 6o > 0 there is a constant C > 0 such that for all 6 € (0,0¢], there exists a function
Rs : [0,L] — R such that

1. the vector field X = Vg, §- Vg, = §(5)0s does not depend on the metric gs5 (defined by (1.15) with
Rs);

2. (8,Vysf) satisfies (FC) (in the sense of Definition 1.4) if and only if f/ # 0 on [0, L] and in this case,

L ds
TFC(M,Vg5f) = |/0 % < +OO,

3. for the transport equation with viscosity and Dirichlet boundary conditions (1.6), and with metric gs
under the form (1.15) associated to Rs, we have

T (88)> a |f/|2 - 1 ;_C
unifA90) = \ 107 "2 5721 /2 — 1 '

4. (54+0)F(1 = C(s+6)) < Rs(s) < (s+06)% for s € [0,L/4] and (L — s+ 863 (1 —C(L —5+9)) <
Rs(s) < (L —s+6)2 fors € [3L/4,L];

Note the link between the asymptotic singularity of the metric Rs(s) ~ (s 4+ 0)2 (i.e. S becomes
close to a “conical geometry” for small ) and the blowup of the minimal time Typnir 2 m/%' Note also
that the limit case v = 2, all calculations can be done as well and lead to Rs(s) ~ s + & together with
Tuniy 2 —logd. This corresponds to the case where the geometry of the cylinder degenerates towards that
of the disk, leading to the same blowup estimate as in Corollary 1.9.
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1.3.3 Observability for positive solutions

As already mentioned, our last result concerns the uniform observability question for positive solutions
of (1.6), and is restricted to the case OM = (). We also assume f € C3. Note that if ug € L?(M;R"),
then the associated solution u to (1.6) satisfies u(t,z) > 0 for a.e. (t,z) € Rt x M (see e.g. Theorem 9
in Section 7.1 p369 together with Problem 7 in Section 7.5 in | |, or Chapter III, Theorem 7.1, p181
in | D

We consider the observability inequality for nonnegative solutions:

T
ci e [ [ a)aswye > [T,
for all ug € L*(M;R™) and u solution of (1.6). (1.23)

and the associated minimal time T

Iy f( w) of uniform observability for positive solution, already defined

in (1.7). The main result we obtain in this context is the above Theorem 1.3, stating that 7' . slw) =
Tacc(M,V4f,w). As a byproduct of our analysis, we also obtain a lower estimate on the blow up of the
control cost when the Geometric Control Condition is not satisfied. It involves the definition of a quantity
that roughly speaking, measures how two points are far from being the image of a trajectory at time ¢,
namely

d o) = fint { [ 506 = asa ) ds. 7 € Uite . (120
Ui(z,y) = {y € WH>([0,]; M),7(0) = ,~(t) = y} .

Note that we have dv,(z,y,t) =~ d(z,$_+(y)) for bounded ¢, where d denotes the Riemannian distance
and ¢; the flow of the vector field V,f (see Lemma A.2 where dv (z,y,t) is interpreted as a control cost
from x to ¢_4(y) with time varying metric).

Proposition 1.12. Assume that (M, Vf,@) does not satisfy (GCC). Then, we have

do = f d ,y,t) > 0.
([0,71) * ;gﬁxewlgle[m v, (@, y,t)

Moreover, for any § > 0, there is 9 > 0 such that for all ¢ € (0,2¢), we have

d(o,11,@) =%

Co(T,e) > Cf(T,e) >e = . (1.25)

Note that this exponential blowup is a refinement of the Guerrero-Lebeau | | result (first part of
Theorem 1.1 above). However, we provide here with a precise geometric rate (namely d(jo,71z)) quantifying
this blowup phenomenon.

The proofs of Theorem 1.3 and Proposition 1.12 rely on estimates on the kernel of the associated
equation. Note that kernel estimates have already been used in [ | to prove lower bounds for the
cost of controllability of the usual heat equation in the short time asymptotics, and in | | to prove
observability of positive solutions to the heat equation with optimal constants.

1.4 Further remarks

In this section, we collect several remarks and comments related to our results.

1. The principal interest of working with gradient vector fields X = Vf is that the associated operator
—V,f — €A, can be conjugated to a selfadjoint Schodinger operator (1.8). And the limit ¢ —
0T then corresponds to the semiclassical limit, which has been the object of many studies (see
eg. | , , , , , |. This conjugation does no
longer hold in case X is not a gradlent vector ﬁeld One could also consider that giving counter-
examples with gradient flows is “stronger” than general counter-examples. We do not know wether
an analogue of Theorem 1.3 for positive solutions remains true for general vector fields X. This
seems to be an interesting open problem.
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2. In the context of surfaces of revolution, as presented in Section 1.3.2, we only provide with lower
bounds of Tyy:f. It would of course be interesting to obtain related upper bounds on this uniform
control time. This would require to provide a very precise description of several spectral quantities
(spectral gaps, localization of eigenfunctions at all energy levels...) for the semiclassical Schrédinger
operator P. in (1.8), and seems to be a difficult question. See the companion paper | | for an
upper bound in a related one dimensional situation.

3. The one dimensional one well problem is considered in | |. In this very particular situation, we
are able to provide with

e improved lower bounds on the minimal time when compared to Theorem 1.5;

e an upper bound on the minimal time.

This requires the knowledge of precise information on the spectral gap and the localization of eigen-
functions at all energy levels E > E (whereas Theorem 1.5 is only concerned with the bottom energy
level Ey). See also the discussion at the beginning of Section 3.

4. Notice that if one is not interested in null-controllability (i.e. driving the solution exactly to zero at
time T'), but rather in approximate controllability with a reasonable cost (and a precision depending
on the viscosity €), one might be satisfied by the following statement.

Proposition 1.13. Suppose OM = 0 and (M, X,w,T) satisfies (GCC) (resp. OM # 0 and
(M, X,w,T) satisfies (FC)). Then, there exist C,Co > 0 such that for all yo € L*(M), € € (0,1]
there is h = h. € L*((0,T) x w) with

Hh€||L2((O,T)><w) <C ||y0||L2(M) ’

such that the associated solution to (2.1) satisfies
_%
YT L2agy < Ce = Nlwollpzag -

C
That is to say, one can drive the solutions e~ close to zero with a uniformly bounded cost.

This result follows from Proposition 5.7 below (a particular case of | , Proposition 3]) together
with [ , Appendix]. This can be particularly useful for numerical purposes, since =2 =0

numerically for € small enough.
In the situation of Theorems 1.5 or 1.8, this means that for intermediate times T’ € (T (M, Vf, w), Tunif(w))

resp. for T € (Trc(M,V f,w), Tyunit(w)) if OM # (), controlling the solution e_% close to zero
( p ) gl ) f ) g
costs = 1, whereas controlling the solution exactly to zero costs ~ e<.

5. Note that in the context of revolution surfaces of Section 1.3.2, we prove a complementary result
compared to | , Theorem 1.9/Corollary 1.10]. We prove in Proposition 4.9 that in all cases
of Section 1.3.2, for any rotationally invariant set w, we have (with the notation of | |, the
constant Reig(w) being the smallest constant & in the inequality [[¢Yall2(pg) < CeVA Al 22w
where —Ag by = Ay)

Reig(w) = R(Smin)da(w), with da(w) = irelf da(z).

In | |, we only proved fe;q(w) > R(Smin)da(w) (and only in case S is diffeomorphic to a sphere).
This result is close to that of Allibert | |, which already proves this in case S is diffeomorphic to
a cylinder and the function R has a single local maximum which is non-degenerate.
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Polytechnique, Centre de Mathématiques Laurent Schwartz UMR7640, 91128 Palaiseau cedex France.

12



We would like to thank Olivier Glass (who suggested Proposition 1.13), Franck Sueur and Dorian
Le Peutrec for interesting discussions related to this work. We are also grateful to Jon Asier Barcena-
Petisco for his comments on a first version of the article. Finally we would like to thank both referees
for their careful reading of the manuscript and their constructive remarks that helped to improve the
presentation of the paper.

2 Preliminaries: duality, conjugation of gradient flows and (GCC)

2.1 Uniform controllability problems and dual formulation

In this section, we reformulate the above uniform observability questions in terms of uniform controllability
statements. This follows essentially the classical duality approach, see | | or | , Chapter 2.3].

2.1.1 Duality between internal control and observation problems

In this section, we present the controllability problems associated to the above observability questions,
and we briefly describe the duality between the control and the observation problems. We introduce the
internal control problem

(O + X +divy(X) — g —eAy)y = 1,h, in (0,7) x M,
y=0, on (0,7) x OM, (2.1)
y|t:0 = Yo, on M.

Notice that, as opposed to (1.3), the operator appearing in these control problems is X* = —X —div,(X),
where the adjoint is taken in the space L?(M,d Vol,).
That the appropriate dual observation problem is (1.3) is a consequence of the following lemma.

Lemma 2.1 (Duality equation). For all solutions u € C°([0,T]; L>(M)) of (1.3) on [0,T] with Dirichlet
boundary conditions and all y € C°([0,T]; L>(M)) solution to (2.1) with h € L?((0,T) x M), we have

T
(u(T), 90) 12 r) — (a0, y(T))r2rn) + / (Lot(£), AT — 1)) 1o gt = 0. (2.2)

Notice that one passes from the observed evolution to the controlled evolution by changing (X, q)
into (—X,q — divy(X)). The interest of adding a potential term ¢(z) in these equations is that the free
equation (1.9) and the controlled equation (2.1) then have the same form (i.e. the adjoint of a vector field
is not a vector field but the adjoint of a first order differential operator is a first order differential operator).

Definition 2.2 (Controllability and cost). Given (w,e,T'), we say that (2.1) is null-controllable from (w, T')
if for any yo € L*(M), there is h € L?((0,T) x M) such that the associated solution to (2.1) satisfies
y(T) = 0. If (2.1) is null-controllable from (w,T'), we define for yo € L?(M) the set U(yo) # () of all such
controls h € L?((0,T) x M), and the cost function

Co(T,¢) := sup { inf ||k }
( ) y0€L2(M)7H'HOHL2(M)§1 hGU(yO)H HL2((0,T)><./\/[)

As a corollary of Lemma 2.1, together with classical arguments (see e.g. | | or | , Chapter 2.3])
we deduce the following statement.

Corollary 2.3 (Observability constant = control cost). Given (w,e,T), Equation (2.1) is null-controllable
from (w,T) if and only if the observability inequality (1.4) holds. Moreover, we then have Co(T,e) =
Co(T, 6).

As a consequence, all lower bounds on Cy(T, ¢) formulated in Theorems 1.5 and 1.8 translate into lower
bounds on Co(T,¢). The time Tynir(w) is equal to the minimal time of uniform controllability, and all
lower bounds on the time T, r(w) obtained in Theorems 1.5 and 1.8 and their corollaries apply.

The uniform observability result for positive solutions of the heat equation in Theorem 1.3 also has a
controllability counterpart. This fact was indeed proved by Le Balc’H | , Theorem 4.1] for the classical
heat equation. In the present context, the uniform observability estimate for positive solutions, associated
to Theorem 1.3, implies the following controllability result.
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Corollary 2.4. Let M be a compact Riemannian manifold with OM = 0, X = V,f where f € C3(M),
and w C M an open subset. Assume that (M, V 4f,w) satisfies (GCC), and T > Tacc(M, V4f,w). Then,
there exist C,eq > 0 so that for any yo € L?*(M) and 0 < € < eq, there exists a control h € L*([0,T], L?(w))
with

12l 2 o,1,2(w)) < C 1yoll 2 an)
such that the solution of (2.1) satisfies y(T') > 0.

We refer to Section 5.4 for a proof.

2.1.2 Duality between boundary control and observation problems

We now briefly discuss the boundary case and we refer to | | for the details. The boundary control
problem under interest is
(O +X +divg(X) —g—eAy)y=0, in (0,7) x Int(M),
y = 0h, on (0,T) x OM, (2.3)
Yli=0 = o, on M,

where § € C*°(0M;R) is meant to be a smooth version of 1p,I' C M. Solutions of (2.3) are defined in
the sense of transposition, and a well-posedness statement can be written as follows.

Lemma 2.5 (Guerrero-Lebeau | | pp 1814-1815). Assume X is a L™ vector field on M with divy(X) €
L>®(M), q € L®(M), and let T > 0. Then, there exists C > 0 such that for all yo € H-1(M), all
h € L2(0,T; H-Y/2(OM)) and all € > 0, there is a unique solution y to (2.3) in the sense of transposition,
which satisfies y € L?((0,T) x M)N C°([0,T]; H~Y(M)) N H'(0,T; H=2(M)) with

191l 22 0,7y x py 191l oo 0,11 (atyy + 1069l L2 0,052 ()

1/2

C
< . (”yOHH*l(M) te ”hHL2(0,T;H*1/2(8M))> :

Such solutions in particular solve the first equation of (2.3) in the sense of distributions.

Definition 2.6 (Controllability and cost). Given (0,e,T'), we say that (2.3) is null-controllable from
(0,T) if for any yo € H~'(M), there is h € L?(0,T; H~'/2(9M)) such that the associated solution
to (2.3) satisfies y(T) = 0. If (2.3) is null-controllable from (6, 7T), we define for yo € H (M) the set
Ul(yo) # 0 of all such controls h € L?(0,T; H='/2(9M)), and the cost function

Co(Te) = sup { inf (|l o g }
YoEH =1 (M), |lyoll g1 ngy <1 LREU(w0) L2(0,T;H=1/2(dM))

We now describe the link with the boundary observation problem (1.9). We start with the duality
identity.
Lemma 2.7 (Duality equation). For all solutions u € C°([0,T]; HY(M)) of (1.9) on [0,T] and all y €
CO([0,T]; H-Y(M)) solution to (2.1) with h € L?(0,T; H='/2(M)), we have

<U(T)7y0>Hé,H*1 - <u07y(T)>Hé,H*1

T
= [ 00utlom®). (T = ) sy - o 2 = 0.

The proof is omitted here and only consists in an integration by parts for smooth solutions, and then a
density argument. As in the internal case, classical duality arguments (see | Jor| , Chapter 2.3])
yield the following statement.

Corollary 2.8 (Observability constant = control cost). Given (0,¢,T), Equation (2.3) is null-controllable
from (0, T) if and only if the observability inequality (1.10) holds. Moreover, we then have Co(T,e) =
OO(Tv 5)'

Again, all lower bounds on Cy(T, €) formulated in Theorems 1.5 and 1.8 translate into lower bounds on
Co(T,€). The time Typnis(0) is equal to the minimal time of uniform controllability, and all lower bounds
on the time T,;f(#) obtained in Theorems 1.5 and 1.8 and their corollaries apply.
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2.2 The vanishing viscosity limit for gradient flows. Conjugation and refor-
mulation

We focus in this article on the very particular case (1.6) where X is a gradient vector field (with respect
to the same metric g defining the viscous perturbation ¢Ay) of a weight function f : M — R, that is
X = V,f- V,. In this case, it is classical (see e.g. | , |) that the operator —eAy — V4f- Vg4 — ¢
can be conjugated to a “semiclassical selfadjoint operator”. Here, X - Y is the inner product of the two
vector fields X and Y given by the metric g in T M.

The first basic computation is the following:

IVofls | Af

_i i 1
e 2 Aged :Ag+gvgf~vg+ 12 5 °

We denote by

1 IVafls | Aff g . Vil
?Pf-: =LAy + 4529 2—2 o that is  P. = —e’A, + 1 L+ eqj, (2.4)
where ¢; = % — ¢q. The above computation implies that
_i,1 i 1 q
e 2 (E—QPE)QZE :—Aq_ququ_g (25)

The interest of this conjugation is that the operator P. is selfadjoint in L?(M,d Vol,) endowed with
domain D(P.) = H?*(M) N Hg(M). Henceforth, the operator —Ay — 1V -V, — £ is also selfadjoint in

L3(M, e%dVolg). Let us now reformulate the uniform observability problem (1.4) in terms of the heat
equation involving the operator P. defined in (2.4).

Note that the constant coefficient one dimensional problem introduced in [ | enters the “gradient
flow” setting with M = (0,L) CR,g=1, A, =92, ¢=0, f= Mx for M € R, and thus V,§-V, = M0,.
In that context, this form together with its formulation (2.4) have already been used in | , ,

; |-
Lemma 2.9. Given Ty, Cy,e > 0 and a function u, the following statements are equivalent.

1. The function u solves

(0 = Vyf - Vyg—q—eAy)u=0, in(0,Tp) x Int(M), (2.6)
u=0 on (0,Ty) x OM, '
2 oo
resp TG < CF [ ol (2.7)
2 o 2
resp. [Ty < CF [ 100 ulomlesone (28)
2. The function v(t,z) = ef®)/22y(t, ) solves
edw+ Pv=0, in (0,Tp) x Int(M), (2.9)
v=0 on (0,Ty) x OM, '
comf <ce [ et d 2.10
. s —3 ' .
resp. oo, <08 [ |, an (2.10)
i 2 o [T 2
Tesp. e QEU(TO)HH[%(M) < CO/O fe 25581,v|3MHH1/2(8M) dt. (2.11)
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8. The function w(t,z) = v(t/e,x) = /@ /22t /e, ) solves

1
Ow + E—QPaw =0, n (0,Tp) x Int(M),

(2.12)
w=0 on (0,Tp) x OM,
_ i 2 2 To
resp. He QEw(ETO)Hm(M) < CO/O 2w dt,
g 2 ) Ty
Tesp. e 2€w(5T0)’ L2 < OO/O fe~ % ed,w HH1/2(8M) dt. (2.13)

Proof. Start e.g. with u satisfying (2.6). Using (2.5) and the definition of P., Equation (2.6) rewrites
equivalently as

1
Owu + 6_%—P5€%u =0, te]l0,Tp).
€

The function v = e u then satisfies (2.9) (and conversely). Setting w(t, z) = v(t/e, z) then satisfies (2.12),
and conversely.

The proof that (2.8)<(2.11)<(2.13) uses additionally that, on account to the Dirichlet boundary
i

condition, we have 9, (e2su)|opm = eTfsB,,u|aM. O

2.3 (GCC) and controllability of the limit equation ¢ =0

In this section, we characterize the observability inequality (1.2) for solutions of (1.1) in terms of the
Geometric Control Condition (GCC). In this section, M is always assumed without boundary.
We denote by (¢¢)ier the flow of the vector field X, namely

di(z) = X (¢e(2)), do(z) =2 € M. (2.14)

This flow is globally defined on account to the compactness of M. We consider the following definition of
the geometric control condition in the manifold M for the vector field X and the set w, which we denote

(GCQ).

Definition 2.10. Let M be a compact manifold without boundary, X a Lipschitz vector field on M,
w CM,x€C' M), ICR and interval and T > 0. We say that

o (M, X,w,I) satisfies (GCC) if for all z € M, there is ¢t € I such that ¢_,(z) € w;

M, X, w,T) satisfies (GCC) if (M, X, w, (0,T)) satisfies (GCC);

(
o (M, X, w) satisfies (GCC) if there is T' > 0 such that (w,T) satisfies (GCC);
e (
(

M, X, x,T) satisfies (GCC) if (M, X, {x # 0}, T) satisfies (GCC);
o (M, X, x) satisfies (GCC) if (M, X, {x # 0}) satisfies (GCC).

In this section, the manifold M is fixed. To lighten notation, we omit the dependence on M in
(M, X,w,I) and we simply write (X, w, I) instead of (M, X,w,I) (with a similar notation for the other
definitions).

Note in particular that an open set w satisfying (GCC) must contain all singular points of the vector
field X (i.e. all points © € M such that X (x) = 0). We now provide with different reformulations of this

property.

Lemma 2.11. Let M be a compact manifold and X a Lipschitz vector field on M. Given w C M and
T > 0, the following properties are equivalent:

1. (X,w,T) satisfies (GCC);
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2. Ute(o,T) (bt(w) ) M;
3. UtG(O,T) ¢_t(W) D) M,'
4. (=X, w,T) satisfies (GCC).

Proof. The definition of (X, w, T) satisfying (GCC) is equivalent to: for all z € M, there is t € (0,7T") such
that z € ¢¢(w). Equivalence between the Items 1 and 2 follows. Item 3 is equivalent to U,¢ o ) ¢7—t(w) D

¢ (M) = M after having applied ¢, which itself is equivalent to Item 2. Equivalence between Item 4
and Item 3 finally follows from the fact that the flow of —X is (¢_¢)ier. O

Proposition 2.12. Assume M is a compact manifold, X is a Lipschitz vector field on M, ds is a positive
density on M, and q¢ € L®(M). Given w C M, x € C°(M) and T > 0, the following statements hold
true:

1. If (X,w,T) satisfies (GCC), then the observability inequality (1.2) for solutions of (1.1) is true;
2. The observability inequality (1.2) for solutions of (1.1) implies that (X,@,[0,T]) satisfies (GCC);

3. The observability inequality

G [ ] st o) un,
for all ug € L*(M) and u solution of (1.1). (2.15)
holds true if and only if (X, x,T) satisfies (GCC);
4. In all the above observability statements, ||u(T)H%2(M) can be equivalently replaced by Hu(())H%z(M).

The proof below is inspired by that in | , | for the wave equation. It is constructive and
would also yield a characterisation of the HUM control operator (see e.g. | | or | , Section 1.2]
for more on controllability /stabilization properties for transport equations).

Proof. First notice that for ug € L?(M), the unique solution to (1.1) is explicitly given by
u(t,z) = el o=@y 6 6 () € CO(R; LA(M)).
A first direct consequence is the existence of a constant Cr 4 > 1 such that
Cr 2Oy < (D) [32(ry < Crgu(0)[3argys  for all solutions to (1.1),

which proves Item 4. Next, we write the observation term in (1.2) (the same holds for (2.15) if we replace

1, by x) as
//|u(tw|d8 )dt = // x)|u(t, x)|?ds(x)dt
/ / 2)u2 o ¢y (x)e2 Jo 19— (@75 (2) .
Using the change of variable y = ¢.(x) (see e.g. | , Proposition 16.42 p432]), we obtain

T T
u(t, z)|?ds(z)dt = w(d_(y))u? 2 Jo a0—= (y)dr *,ds
/0 /w| (1, 2)|2ds(x)dt / /Mn (61 (9)ud () (6 ds) (y)dt

(note that divgs(X) is defined by < (¢7ds)|i—o = divgs(X)ds, so that this expression simplifies slightly in
case divgs(X) = 0). Using that the density is positive on the compact M, we get the existence of Cp > 1
such that

Crlds(y) < é? Jo 9°90-~ W7 (* ds)(y) < Cpds(y)  uniformly for (¢,y) € [0,T] x M.
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As a consequence, we obtain

T T

Cr /0 /M ]lw(¢_t(y))u0(y)d8(y)dt§/0 /M Lo (2)|u(t, z)|"ds(x)dt
<cr [ [ 1 mmimiss
SO et ugp(y)ds(y)dt.

Hence setting
T
gur(w)i= [ Lulomdw)de € ()
0

T
resp.  gur(y) = / (6o ())dt € COM),

o /M G (y)u2 / / Dlult, o) ds(z)dt

<Cr /M G ()3 () ds(y). (2.16)

we deduce

Recalling that w is an open set and M compact, together with Definition 2.10, we deduce that if (X,w,T)
satisfies (GCC), then we have the existence of ¢ > 0 such that g, r(y) > ¢ for a.e. y € M. The lower
bound in (2.16) then implies the observability inequality (1.2), and Item 1 follows.

Concerning Item 2, if (X,@,[0,T]) does not satisfy (GCC), then there is a point g € M such that
¢d—1(zo)Nw = P for all ¢ € [0, T]. The set wx [0, T] being compact, there is a neighborhood U of z such that
¢—+(U)Nw = 0 for all t € [0,T]. Setting up = Ly, we have on the one hand that [uo||;2(rs) > 0. On the
other hand, we have 1,,0¢_;(y) =0forally € U and ¢t € (0,7). This implies that g, ruo = gw,7(y)1y =0
a.e. and, according to the upper bound in (2.16), that fOT [, lu(t, z)|*ds(x)dt = 0. This contradicts (2.16)
and concludes the proof of Item 2.

Finally, the proof of Item 3 is split in two parts. That (X, x, T) satisfies (GCC) implies the observability
inequality (2.15) follows as in the proof of Item 1. Now assume that (X, x,T) does not satisty (GCC).
Then there is a point xo € M such that ¢_i(xo) N {x # 0} = 0 for all ¢t € (0,7). Hence, we have
Iy, T fo xo))dt = 0. We now choose a sequence of continuous real-valued initial data
(Uo)neN such that Huo HLQ(M) =1 and (u})?(x)ds(x) — &, in the sense of measures on M. The fact that

gy, T is continuous on M together with the upper bound in (2.16) implies that, denoting by u™ the solution
of (1.1) with initial datum wuf, we have

/ / "t 2) [2ds(x)dt <Cr / () () (y)ds(y)
M
— CT<6mougx,T>Mcas,CO = 07

which contradicts the observability inequality (2.15), and concludes the proof of Item 3. O

3 General lower bounds without geometric assumption

In this section, we consider a general manifold (with or without boundary) M, and prove the lower
bound for the minimal time of uniform controllability provided in Theorem 1.5. We also give a proof of
Theorem 1.6 as a corollary. To do this, we use the semiclassical reformulation (2.9)-(2.10) of the problem
in Lemma 2.9, as well as exponential decay properties of eigenfunctions of the operator P.. We rely on the
Helffer-Sjostrand theory as developed in | , , |. All results presented in this section apply
as well for the semiclassical heat equation.

The result of Theorem 1.5 is stated for a potential minimum. However, we shall prove a seemingly
more general result, at any energy level in V/(M). We shall then explain why this latter result is not more
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general, and how it can be improved in dimension one. We recall the definition of V' in terms of f in (1.11),
and define the classically allowed region at any energy level E:

Kgp={reM,V(z) < E}.

We then define the Agmon distance (see e.g. | , Chapter 3|) to the set K at the energy level E:
dag(x,y) mf{/ N ) Y (@)gdt, v € Us(w, y)}
Ui (a, {”YGWlOO([O 1; M), %(0) = 2,7(1) =y},
dag(x ) = inf dag(z,y). (3.1)
yeEKE

That is to say, d4,g(z) is the distance of x to the set Kg for the (pseudo-)metric (V — E)4g. Here again
(V(z) — E) . = max (V(z) — E,0). We will use, as in (1.12) the notation da = da g, where Ey = miny V'
for the Agmon distance at the bottom energy. Note that d4 g vanishes identically on Kg (and only on
this set). Finally, an important function in the estimates below is given by

WE({E) = dAyE(fE) + @ (3.2)

We shall prove in this section the following result.

Theorem 3.1. Assume the observability estimate (2.7) (resp. the boundary observability inequality (2.8))
for all solutions to (2.6) with constant Cy = Co(Ty,€). Then, for all E € V(M) = [miny V, maxpy V] and
all 6 > 0, there is €9 > 0 such that we have for all & € (0,e0)

1
Co(Tp,e) > exp — <m_in Wg — max Wg—4§— ET0> ,
g w B
in the internal observation case, and
1 .
Co(To,e) > exp— | min Wy —maxWg — 0 — ETp |,
€ T Kg

in the boundary observation case.
In particular, we have for all E € V(M), for each respective case,

1
Tunif(w) > b (mwin Wg — max WE> ,
1

Theorem 1.5 is then the particular case E = Ey = minaq V in Theorem 3.1. Unfortunately, the function
E— % (ming Wg — maxg, Wg) is a decreasing function of E. Indeed,

o the sets K are increasing in F, hence the function E — maxg, Wg = maxg, % increases;

o F i+ da p(x) is decreasing in E, hence the function E +— ming Wg decreases.

Therefore, the estimate of Theorem 3.1 simply reduces to that for £ = Ejy, that is Theorem 1.5 in the
introduction. This comes from the fact that the estimate involving the term maxy, Wg is very rough
(see Section 3.2 below for a more precise discussion). This can be improved in the one dimensional one
well case, see | |. Moreover, it is interesting to notice that the proof of Theorem 3.1 is not more
involved than the direct proof of Theorem 1.5, and we shall re-use part of it in case of revolution surfaces
in Section 4.

19



3.1 Eigenfunctions of semiclassical Schrodinger operators

In this section, we collect classical results concerning eigenfunctions of semiclassical Schrédinger operators,

2
and some of their decay properties. Recall that P. = —¢2A, + % +eq; = —e2Ay+ V + £q; is defined
n (2.4). We first need to prove existence of eigenfunctions near any energy level.

Lemma 3.2 (Existence of eigenfunctions). Assume V € W1>°(M) and ¢; € L>(M) are both real valued.
For all E € V(M) = [miny V,maxy V] and all € € (0,1], there is E. = E + O (e¥/?) and ¢. €
H?(M)N H} (M) such that Poyp. = E-1p..

Note that the O (52/ 3) precision is relatively poor, and can be improved in different situations (e.g. if
there is a critical point of V' at energy E). These refinements are however not needed here.

Proof. The proof consists in constructing a (very rough) quasimode. Assume first that F is reached by an
interior point, i.e. there is 29 € Int(M) such that V(z¢) = E. We then only work in a local chart near x,
centered at xy (hence we work in R” in a neighborhood of 0).

We take a cutoff function x € C°(R) such that x = 1 in a neighborhood of 0. We set u®(z) =

eTEy (s_% |:E|), so that u® is smooth and moreover supported in the chart for all € < g9 with g sufficiently
small, and thus u® € H*(M) N H}(M). Notice also that

a2z = / [u (@) > V/]gl(2)dz = / (WD VIgIE y)dy = co + O (%),

with cg > 0. We now estimate (P. — E)u®. For this, we first have ||egju®||,. < Ce. Second, we always
have the rough estimate V(z) — E = V(z) — V(0) = O (Jz|) so that we have

IV — Byu|2: < O/|33|2X2 Gl LAY RTE) (3.3)
5
Third, we have
2
2
2A 0|7, = || 9 (g"/|g|0;u’
I = | S (oo ione)|

< 0542/ [@ <gij |g|%|> e 8y (87%|$|)
irj

3] .’L‘_] & —4/3. 1 —2 2 dw

(o VI ) e () [

< Ces. (3.4)

Combining the above four estimates yields the existence of D, g > 0 such that for all € < ¢¢, we have,
|2 = By s < Cet < De [|uf]| 1o

Hence, if E ¢ Sp(P:), this implies ||(P- —E)_1||L2_)L2 > (De3)~!. Finally, the operator P. being

selfadjoint, we have, for 2 € C\ Sp(P:), ||(P- — 2) | p2sp2 = m, so that, if E ¢ Sp(P:),

1 2.4
- 3
awspiey) = P
In any case, this implies d(FE, Sp(P;)) < Dsé, and using that the spectrum of P. is purely pointwise, this
proves the sought result.

Assume now that F is not reached by an interior point, i.e. E ¢ V(Int(M)). This means in particular
that there is zy € M such that V(zp) = E. Then, we again work in a local chart near g, centered
at 79. In this chart, M is given by R"~! x R~ and zo by 0. We denote (2',z,) € R*~! x R~ local
coordinates. We then take x as above and further define x € C2°(R), non-identically vanishing, such that
supp(¥) C (—1,0). We define uf(z) = e~ 5 (¢ 3a,)x(e~#|2’]). One can check that all above properties
of u¢ are still satisfied, and in particular (3.3)-(3.4). In addition, we have suppu® C R"~! x R;, and thus
u® € H?(M) N H}(M). The remainder of the proof then follows the same as in the first case. O
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Remark 3.3. Note that near a noncritical value of V', or near the boundary of M, the appropriate local
model is —£20? + 2. Considering concentrating quasimodes of the form y (E%) leads to

2
99 x e,z TN x x
“t (v () == (%) o () == (F)x(F)-
Henceforth, the right scaling is given by 2 — 2a = «, that is @ = 2/3. The quasimode we construct are
then O (52/ 3). If one wants to obtain a better remainder, one could replace xy by an Airy function, as one

should replace x by a Hermite function in the case of bottom of potential (in which case the precision of
the quasimode is improved). Also, the remainder £2/3 is actually the worst possible case.

The next result states the decay estimates for eigenfunctions in the classically forbidden region, and
is a consequence of so-called Agmon estimates (see | , , ). Here, it is a particular case
of | , Propositions 3.3.1 and 3.3.4]. Note that with respect to [ , Proposition 3.3.1], our operator
P, contains an additional term, namely multiplication by eq;. However, this contribution is of lower order
and can be absorbed in the proof of the Agmon estimates.

Theorem 3.4 (Decay of eigenfunctions in the classically forbidden region). Assume V € W1>°(M) and
g; € L>®(M). Let
E € V(M) = [min V, max V]
M M
and assume . € H*(M) N H} (M) and E. satisfy
Pepe = Ecthe,  |Wellpzpy = 1, max(E: — E,0) = o(1) as e — 07. (3.5)

Then for all § > 0, there exist C = C(d),e0 = €0(d) > 0 such that, for all € < &g, we have

Assuming further that V,q; € C>®(M), we have . € C°(M) and for all 6 > 0 and all smooth vector
field Y on M, there exist C = C(0),e0 = €0(d) > 0 such that, for all 0 < e < g9, we have

e%dAvE’(/Ja S C@g (36)

L2 (M)

e (@)] + (Ve ) (2)] < Cem2War@=0)  for all z € M. (3.7)

Remark 3.5. Note that the smoothness assumption V, ¢; € C*°(M) (as well as the smoothness assump-
tions in Theorem 1.5) is essentially only used in [ , , | to perform elliptic regularity estimates
so that the pointwise estimate (3.7) makes sense. A finer (much less demanding) regularity assumption
can be formulated.

As a direct corollary, we have that most of the norm of v, is near Kg, see | , Corollary 3.3.2].

Corollary 3.6 (Most of the norm is in the classically allowed region). Let E € V(M) = [miny V, max V|
and assume ., E. satisfy (3.5). For any open set U containing Kg, there is 6,60 > 0 such that for all
0 < e <eqg, we have

Iellzzqy =1+ 0 (eig) :

3.2 Rough localization of eigenfunctions, and a proof of Theorem 3.1

From the decay estimates in the classically forbidden region (Theorem 3.4) and the rough localization of
the L? mass of eigenfunctions (Corollary 3.6), together with the existence of eigenfunctions at any energy
level (Lemma 3.2), we may now deduce a proof of Theorem 3.1. Recall that Wg is defined in (3.2). We
first prove the following proposition, from which Theorem 3.1 will follow.

Proposition 3.7. Let E € V(M) = [minp V,maxy V] and assume . € H*(M) N HY (M) and E:
satisfy (3.5). Then for all 6 > 0, there exists eg = 9(d) > 0 such that, for any open set w C M and for
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all e < g9, we have

g — = (max
e 2, L2(M) > ¢~ (maxng We+d), (3-8)
g — = (min —
e, Lz(M)Se  (minp We=0), (3.9)
He 45, » )Se—%(minwWE_fs)_ (3.10)

Assuming also that V,q; € C*°(M) and I' C OM, we have

< ¢t (ming We—3) (3.11)
L2()

Note that Estimate (3.8) is very rough, due to our lack of knowledge on the localization of . in the
classically allowed region Kg. In the one dimensional one well case, this bound can be refined, see the
companion paper [ |

We first prove Proposition 3.7, and then deduce a proof of Theorem 3.1.

Proof of Proposition 3.7. First, setting Us = {z € M, f(x) < maxg, f+ 0} D Kg, we have

i
e v

> e_%(maxKE %+%
L2(Us) —

f
-5 )
v el

¢~ Hmaxicg 14),

>
after having used Corollary 3.6 in the last inequality for ¢ < £¢(d). This proves (3.8), recalling that

dA,E =0on KE.
Second, notice that (3.9) is a consequence of (3.10). Third, to prove (3.10), we use (3.6) as follows

_ i
He 28 1),

f 1 1
< erdemtanmetiney,

S e_%(minw(%-i_dAvE)) ‘
L (w)

e%dA’Ewa‘

L2(w) L2 (w)

< eié(minw(%deA’E))Ceg.

Finally, to prove (3.11), we proceed similarly using (3.7) (instead of the sole (3.6)) with Y = 9,. We have

< He—%ce—%(dA,E—@‘ < (je—%(’"“imf(%JralA,E)—é)7

L2(I)

i
He_iauws

which concludes the proof of the proposition. O

Proof of Theorem 3.1 from Proposition 3.7 and Lemma 3.2. We use the reformulation in Lemma 2.9 and
consider the observability estimate (2.10) for solutions to the evolution equation (2.9).

More precisely, we select E € V(M), and we let v. be the solution to (2.9) associated to the initial
condition v, (0) = 9., where 1), is given by Lemma 3.2. That is to say, v (t,z) = e~ Ehy, (x). We estimate
both sides of (2.10).

Firstly, using (3.8), we have

EE
= To

— Z le—%Toe—%(maxKE WE+%),
L2(M) 2

He_%UE(TO)‘ 6_%%

L2(M)

for ¢ < £9(6). Recalling that E. = E + O (¢%/3), this implies the existence of £o(§) > 0 such that for
e < go(9),
e—%(ETg-{-maXKE WE+6),

fouim

1
L2(Mm) — 2

Secondly, concerning the internal case, using (3.10), we have

To 2 To E N 2
L _oLfey —L
/ e 2eu, dt:/ e = e 2,
0 L2(w) 0 L2(w)
€ Be i 2 200
— 1— 6—2TT0 ’6 2 Oe_g(mmUWE_é).
2E8( ) Ve L2(w)
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As a consequence of these two estimates, applying (2.10) implies

2 P 2 in— _
e 5(ETO-l-moxxKE WEg+46) < CQ(T0,€)2Ce 2 (ming Wg 6),

which concludes the proof.
In the case of observation from part of the boundary, we simply replace the above use of (3.10) by that
of (3.11). O

3.3 An explicit counter-example for a domain of R"

The purpose of this section is to prove Theorem 1.6. Here M = Q where Q C R” is an open set, endowed
with the Euclidean metric. For § > 0, we may assume, up to an appropriate translation of the domain €,
that there is 7 > 0 such that

B(0,n) € Q. (3.12)
wC @QN{zy>0,22>0,---,2, >0}), and B(0,n)Nw=0. (3.13)

We let fa(x1,--- ,z,) be defined as follows:
t n
i) = / VA2s2+1ds  and  fa(z1, -, @) = ZfA(iI?z) (3.14)
0 i=1

With this definition, the associated gradient vector field and potential are given respectively by

vf)\(xla T 7xn) = Zf&(xi)ei - Z \/ )\2115 + le;,
i=1 i=1

VRPNl 0

Valz) 4 TR

where (e, -, e,) denotes the canonical basis of R™.
The proof of Theorem 1.6 now directly follows from the following Lemmata 3.8 and 3.9, when taking
A large enough.

Lemma 3.8. In the above setting, recalling (3.12), (3.13) and that fx is defined in (3.14), we have
Tuniy(w) > )‘Tnz for all X > 0.

Lemma 3.9. In the above setting, recalling (3.12), (3.13) and that fy is defined in (3.14), (Q, Vix,w) and
(92, Vfr) both satisfy (FC) and we have for all X >0

Trc(Q, Vi, w) < Tpe(Q, Vi) < maxz-v— minz - v)

min
vER™ |v|=1,v-e; >0V4 (mgg z€Q
< diam(Q). (3.15)

In particular, both are bounded by a constant uniformly in A > 0.

We recall that (FC) and Tr¢ are defined in this context in Definition 1.4.
Notice that the quantity max g v—min gz -v represents the minimal Euclidean distance between
two parallel hyperplanes (normal to v) such that € is contained between the two hyperplanes.

Proof of Lemma 3.8. The minimum of V) is reached at zmi, = 0 and Vy(Zmin) = §. The Agmon dis-

tance (3.1) at the bottom energy Vi (2min) can be explicitly computed for points z € B(0,1) C Q \ w.
Indeed, for = € Q we have \/Vy(z) — Vi(Zmin) = 3|z| and thus for z € B(0,7),

1a) = 3t { [ O30l € W01 M),10) = 0(1) = o}

Aja* [t Alz[?
=250 [ =200
2 /0 1

23



where, by symmetry arguments, we have noticed that the straight line ~(t) := xt reaches the infinimum
for x € B(0,7). Recalling that V) (0) = % and f(0) = 0, application of (1.13) in Theorem 1.5 implies

gTumf(w) = V3 (0)Tunis (w) > min (g + dA> . (3.16)

_ . An?
By a connectedness argument, for any x € @, we have from (3.13) that d4(z) > mingesp(o,y) da(y) > “F-

Moreover, the condition (3.13) together with the definition of fy in (3.14) imply that fi(x) > 0 for z € w.
We thus have

2
min <% + dA) >min (da) > )\%
Combined with (3.16), this concludes the proof of the lemma. O

Proof of Lemma 3.9. Notice first that given v € R™ with |v| = 1 such that e; -v > 0 for all i € {1,--- ,n},
we have for all z € Q,

Vir(x) -v (3.17)

Second, following Definition 1.4, we extend f as a smooth compactly supported function fA in R™ Given
z € Q, we denote by v, the maximal (global) solution to 4, (t) = —Vfr(7.(t)) with 7,(0) = , defined in
R" for t € R.

Given v € R™ with |v| = 1 such that e;-v > 0, Estimate (3.17) thus implies that 4, (£)-v = —Vfx(7.(t))-
v < —1. Integrating this between 0 and ¢, we obtain 7,(t) - v —z - v < —t. Assuming that 7' > max gy -
v —min gy -v thus implies

YVo(T) v—z-v<-T< — <rnaxy~v—miny~v),
yeQ yeQ

that is

x-Vv—"(T) v>maxy -v—miny-v.
yeQ yeQ

Since x € €, this implies v, (T) ¢ Q. This holds true for any = € Q. Recalling the definition of (FC) in
Definition 1.4, we have obtained that this condition is satisfied by both (Q, V§x,T) and (Q, Vir,w,T).
Moreover, given the definition of Trc as an infimum, we have also obtained that Tpc(ﬁ, Viy,w) <
Trc(Q,Viy) < max, gy -V — min gy -v. Since this holds for all v, we have proved (3.15), which
concludes the proof of the lemma. O

4 Surfaces of revolution

4.1 General setting

In this section we introduce the geometric setting for the results presented in Section 1.3.2. We are
concerned with a revolution surface S C R? being either

1. Case 1: diffeomorphic to a sphere S? (in which case S = 0));
2. Case 2: diffeomorphic to a disk (in which case S is a circle embedded in R3).

3. Case 3: diffeomorphic to a cylinder [0,1] x S! € R3 (in which case dS consists in two disjoint circles
embedded in R3, and belonging to two parallel hyperplanes);

We follow | | and | , Chapter 4B p95] for the precise geometric description of such manifolds. At
some places, we also consider the case of the torus T2, endowed with a metric invariant in one direction.This
setting does not strictly speaking enter the framework of the present section, but is much simpler to describe
(and we thus do not mention it in the present section).
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Definition and differentiable structure. We assume that (S, g) is an embedded 2D submanifold of R?
(endowed with the induced Euclidean structure), having S! = (R/27Z) ~ SO(2) as an effective isometry
group. The action of S! on &, denoted by 6 — Ry (such that RyS = S) has:

1. exactly two fixed points denoted by N,S € S called North and South poles in Case 1; we write
8]\[8 = {N} and 358 = {S},

2. exactly one fixed point denoted by N € S called North pole in Case 2; in this case, we write
OnS = {N}, and 9sS = 9S has a single connected component (called “south boundary”) which is
also invariant by Rg;

3. mno fixed point in Case 3; in this case OS has two connected components denoted S and g8 (called
“north and south boundaries”) which are both invariant by Ryg.

We denote by P the set of poles, that is P = {N, S} in Case 1, P = {N} in Case 2 and P = () in Case 3
and set

U=8\P. (4.1)

We now describe a nice parametrization of (S, g), and, in particular, useful coordinates on the set U. We
set L = disty(OnS, 0sS) and denote by

I =(0,L) in Case 1, I =(0,L]in Case 2, I =]0,L]in Case 3. (4.2)

We let vo be a geodesic curve of § joining N (resp. dnS in case 3) to S (resp. dsS in Cases 2 and 3). Note
in particular that length(yo) = L. For any 6 € S', the isometry Ry transforms the geodesic vy into Re (o),
which is another geodesic joining N (resp. OnS) to S (resp. 9sS). For every m € U (defined in (4.1)),
there exists a unique § € S! such that m belongs to Rg(Y0). The geodesic Rg(7p) can be parametrized by
arclength

p:[0,L] = Ro(v), p(0) € OnS, p(L) € dsS,
s = disty(p(s),OnS) = L — dist4(p(s), 0sS),

and there exists a unique s € I, such that p(s) = m. We use (s,0) as a parametrization of U C S:

C: U=8\P —  I.xS!
m = ((m) = (s,0).

In Case 3, P = () and thus the whole surface S = U is diffeomorphic to the cylinder Iy, x S! via ¢. In

Cases 3 and 1, we further need to describe coordinate charts around the poles. In cases 1 and 2, we define
another exponential chart (Uy, (n) centered at the pole N by

Uy ={N}u¢! ((o,g) X Sl) = B, (N, g) CS,
CN:UN_>B]R2 (0,%), <N(N):0

with the transition map

(vo(l: ((UNUN)=(0,%) xS! = (n(UNUx)=Bg(0,%)\ {0}
(s,0) — (scos(8), ssin(8)).

In Case 1, we add similarly a last exponential chart (Ug, (s) centered at the pole S by
L L
Us={Stu¢! ((E,L) X Sl) = B, (S, 5) cS,

CS : US — BR2 (07 g) ) CS(S) = 07
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with the transition map

(so¢7': ¢(UNUs)=(%,L)xS" — (s(UNUs) = Bga2(0,%)\ {0}
(s,0) —  ((L = s)cos(f), (L — s)sin(9)).

We shall need the following notation. For a subset J C I, we denote by
Cr=¢"'IxSY)Y={m=("(s,0)eU;seJ}cUCS

the Ry invariant set which projects downto J. We will also extend this definition to sets J C [0, L] by

adding the point N if 0 € J (in Cases 1 and 2) and the point S if L € J (in Case 1).

Riemannian structure and operators involved. On the cylinder I;, x S!, the metric g is given by
(CY)*g = ds® + R(s)d6”, (4.3)

for some smooth function R : I, — R} (the function R can be interpreted as the Euclidean distance in
R3 of the point parametrized on S by s to the symmetry axis, see e.g. | , Section 3]). Since g is a
smooth metric on S, | , Proposition 4.6] gives that R extends to a C* function [0, L] — R™T satisfying
moreover

R(0)=0, R'(0)=1, R®)(0)=0 foranypeN, in Cases 1 and 2, (4.4)
R(L)=0, R(L)=-1, R®)(L)=0 forany peN, in addition in Case 1.

For other parametrizations of surfaces of revolution, or direct computations on the sphere S? and the
disk D, we refer to | , Section 3].

Example 4.1. In particular, we consider here the following three examples:

e the unit sphere of R? is given by case 1 L =7, s € (0,7), R(s) = sin(s) (and the maximum of R is
reached at s = T)

e the unit disk of R? is given by case 2 with L = 1 and R(s) = s;
e flat cylinder of length L > 0 and radius Ry > 0 is given by case 3 with R(s) = Ry.

In these coordinates, the Riemannian volume form is hence R(s)dsdf, the Riemannian gradient of a
function is

0 1 0 ) 9 1 9
Vgu = 8Su& + W&g’u%, with g(Vgu, Vgu) = |85U| + R(S)2 |89U| ) (45)
and the Laplace-Beltrami operator is given by
Avo = —0,R()0s + —— 2
s = s S s .
! R(s) R(s)2?

We define by L?(S) := L?(S,d Vol,) the space of square integrable functions, which is also invariant by
the action of (Rg)gesi. We will sometime also use the same definition for L*(C,) := L*(C,,d Vol,) for
J [0, L].

Another important operator is the infinitesimal generator Xy of the group (Rg)gest, defined, for u €
C(8), by

Xou = lim 97 (uo Ry — u). (4.6)
¥—0

In the chart (U, (), the action of Ry is given by ((71)*Rg(u,8) = (u, 0’ + ), so that ((~1)* Xy = 9. It is
proved in | , Section 3.2 that Xy is a smooth vector field on S. Note also that Xy(N) = Xy(S) =0
and that its norm is given by 1/g(Xg, X¢)(s,0) = R(s) (in the coordinates of U).

Now, remark that (Rg)ges: acts as a (periodic) one-parameter unitary group on L%(S) by f +— foRy.
The Stone Theorem (see e.g. | , Theorem VIII-8 p266]) hence implies that its infinitesimal generator
is iA, where A is a selfadjoint operator on L?(S) with domain D(A) C L2(S). Since iAf = Xgf for
f € C=(S) (which is dense in D(A)) according to (4.6), we have that A is the selfadjoint extension of £2.
From now on, we slightly abuse the notation and still denote % for its selfadjoint extension A.
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Gradient vector field and conjugated operator. We finally introduce a function § : S — R, at least
of class W2 to define the gradient flow. Throughout this section, we assume that Xyf = 0, i.e. | is
invariant by rotation and the same property holds for ¢. In the coordinates of U, we shall thus simply
write f = f(s). These regularity assumptions can be written in the coordinate of U by

s+ f(s) € W2(0, L), with
(0) = 0 (in Cases 1 and 2), and f(L) =0 (in Case 1). (4.7)

We may now define as in (2.4) the conjugated operator P- as

P. = —*A, + |Viﬂ2 +e _9f —eq
_ 2t 2\, 1P ()P
T (W&R(S)‘?ﬁ * R(s)28"> +—=rt gma J(R(s)f () — eq, (4.8)

where the second writing, in the coordinates of U, uses the invariance of §. Note that the last term in this
expression acts as a multiplication operator by a function in L*°(S) with size €. We shall often consider
it as a lower order term, and keep the shorter notation A,f in place of R(S 0s(R(s)f (8)).

Since both g and f are invariant by the action of Ry, we have

[Xo, P:] = 0. (4.9)

Moreover, P. is selfadjoint in L*(S,d Vol,) with domain H?(S) N H}(S) (= H?(S) in Case 1), and has
compact resolvent. Therefore, the operators P. and Xy share a common basis of eigenfunctions (see
e.g. | , Section 3.2] for a proof). If A € R is an eigenvalue of P, then (in the coordinates of U) the
associated eigenfunction can be written as e’*%v(s) with k € Z, v € H2_(I1)NL? ((0, L), R(s)ds) satisfying

&2

!
—%65 (R(s)0sv) + E2W’U ('f ()" +eq ) v = Av, (4.10)
together with v(L) = 0 in Case 2 and v(0) = v(L) = 0 in Case 3.

Restoring the dependence of the eigenelements in the parameter ¢, we call the normalized eigenfunctions
of Po: ¢f " = e*ys n(8) with eigenvalues Aj ., where n € N. In particular, for all £ > 0, we can write

L*(S) = @, n)ezxnsPan(ef ,)-
We further denote

k,n>

L} =ker(Xg —ik) = {p € L*(S); ov = ¢*? f(s), f € L* ((0,L), R(s)ds)},

and H? = D(P.)NL? = H*(S) N H}(S) N L. The commutation property (4.9) implies that for all € > 0,
P.H? C L%, so we can define the operator

PE(’“) = P5|Li ,  with domain H,f, (4.11)

which is selfadjoint. This can be seen for instance directly on the simultaneous diagonalization which
implies an isometry L?(S) =~ ¢*(Z x N) where L? =~ {(k,n)|n € N} as a closed subspace of ¢*(Z x N).
The fact that P-. has compact resolvent implies that this is also the case for PE( ). With a slight abuse of
notation, we shall still denote by Ps(k) the one dimensional operator ((~1)* Ps(k)c* defined on I, namely
2

PRy —
I

95 (R(s)0sw) + <;(§)2 + |f/(48)| + aq;) w. (4.12)

4.2 The conditions (GCC) and (FC) on surfaces of revolution

In this section, we characterize the conditions (GCC) (see Definition 2.10 if OM = @) and (FC) (see
Definition 1.4 if 9M # 0) in the above very particular geometry, and further assuming that the observation
region w is rotationally invariant as well. In case OM # (), we consider the two cases of internal and
boundary observation, and describe the associated minimal times Trc.
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Proposition 4.2. Let 6 > 0 and recall that | is assumed to be 0-invariant.

1. In Case 1, we consider the set w = Bg(N, ) U By(S,d); then (S, V f,w) satisfies (GCC) if and only

if7(s) £0 for all s € [8,L — 8] and Tacc (S, Vyf,w) ‘ Sy 0 sl

2. In Case 2, we consider the set w = By(N,d); then (S, V,f,w) satisfies (FC) if and only if f'(s) # 0

for all s € 8, L] and Trpc(S, V5, w) ’ L s ]

3. In Case 3, (S,V4f) satisfies (FC) if and only if f'(s) # 0 for all s € [0,L] and Trc(S,V4f) =
L ds

1

Note that in Case 2, the situations f > 0 and f* < 0 play two different roles (see the proof below).
Indeed, in case f > 0, all trajectories of —f" enter the controlled region w, whereas, in case f < 0, all
trajectories of —f flow out of the domain S through 9 S (without passing into w). However, the definition
of (FC) in Definition 1.4 does not make a distinction between these two situations.

Proof. We only prove the second item; the other two items are proved similarly. According to Defi-
nition 1.4, (4.5) and the f-invariance of f, it suffices to check under which conditions the solutions to
5(t) = —f'(s(t)) all enter w = By(NN,d) (resp. all exit S, that is satisfy s(T") > L). If there is so € [, L]
such that f'(sg) = 0, then the associated solution satisfies s(t) = so € [0, L] for all t € R, and (S, V,f,w)

does not satisfy (FC).
If f > 0 on [§, L], then s(t) is decreasing, and for any cp, 01 € R, one has fs(gl f,d(s) =09 —01. The

(00)

longest trajectory that does not enter w is such that s(0) = L and s(T) = 6 so that T = fL fféss This
proves Trc(S, V4f,w) fL ,ds in this case.

Finally, if f < 0 on [0, L], then s(t) is increasing, and for any oo, 01 € R, one has f ((;1)) f,d(ss) =09 —01.

The longest trajectory that does not enter w is such that s(0) = ¢ and s(T) = L so that —T = fL ,ds .

This proves Trc(S, V4f,w) = — féL % in this case, and hence the proposition. D

4.3 Existence of eigenfunctions

One may consider different asymptotic regimes in the parameters £ — 07 and k — +oo. Note that the case
k bounded would correspond to the one-dimensional situation treated in the companion paper | |
Here, we shall consider the limit k¥ — +o00 and make the following choice of the parameter e:

E=¢ = ckt (413)

considered as a semiclassical parameter, where ¢ > 0 is a fixed parameter (i.e. which does not depend on
k) that will be chosen but fixed. All constants that appear below might depend on c¢. The analysis of
the asymptotic of the constant involved as ¢ — 0 (low level of rotation) or ¢ — oo (high level of rotation)
would be interesting but would require much more work.

In view of (4.12), the choice (4.13) naturally leads to consider

s Vi(s) = o 4 WOF (4.14)

as the effective potential of the operator Pa(f )

the operator Ps(k)

in the semiclassical limit € = ¢, = ck~! — 0. In particular,
is now a semiclassical operator with small parameter €5 and (4.12) can be rewritten

2

PiPw = =50 (R(5)0sw) + (Vels) +vap) (4.15)

In the present section, we recall the existence of eigenfunctions (Analogue of Lemma 3.2 above) associ-
ated to any value of the effective potential V.. More precisely, in the chosen regime (4.13), for any sg € I,
(recall that Iy, is defined in (4.2)), we construct a sequence v, such that P, v = (Ve(so) + r(k))vr, with

28



r(k) = 0 as k — 4o0o0. As in Section 3.1, the precision r(k) might depend on whether V/(sg) # 0 or
V!(so) = 0 but we will only state the worst estimate, which is sufficient for our needs. We shall later
on prove localization properties of the v;’s assuming further that V.(sg) = min;, V. (which is a global
assumption). We recall the choice (4.13) and the definition (4.14).

Lemma 4.3 (Existence of eigenfunctions). For all sg € Iy, there is ko > 0 such that for all k € N, k > ko,
there exists ¥ € H?(S) N L3 in case 1 (resp. vy € H*(S) N HJ(S) N LY in cases 2-5), and py € R such

that
_ I ' (50)[? 1
uk—%(so)+0(k2/3>_R(SO)2+ 1 +O(k2/3>,

Potbr = e, Uellzes) =1, vu(s, 0) = e*opi(s),

with P defined in (4.8) and ey, in (4.13).

The proof is very similar to Lemma 3.2. Indeed, the study of the operator P., in L% reduces to the

1D problem for the operator P{*) defined in (4.11) and (4.15). The proof consists first in constructing
quasimodes exactly as in the proof of Lemma 3.2. Deducing existence of an exact eigenfunction from a

quasimode requires the use of the right selfadjoint extension Péf ). This issue is however treated in detail
in | , Lemma 3.6]. Note that so € Iy, implies that it cannot be a pole so that R(so)~! is finite.

4.4 Geometric assumptions and the Agmon distance

The next step is to study the behavior of the eigenfunction 1y constructed in Lemma 4.3. This will require
some global assumptions on the effective potential V.. Recall that V, is defined in (4.14), is continuous on
I;,, and tends to 400 near to the poles. Indeed, in Cases 1 and 2 we have for instance

2 2
VC(S) ~s—0+ W ~s—0+ 2 —s—0+ 100,

as a consequence of (4.4) and (4.7) (and similarly when s — L~ in Case 1). As a consequence, V. admits
a minimum on the interval I, which we denote by

Vmin == i ‘/c S RY.
V) €
In the following, we make the following assumption (a precised version of (1.17)) on the set where V,
reaches its global minimum.

Assumption 4.4. The set V.7 ' (Vinin) = {Smin} C I1 consists in a single point.

Note that this is assumption is generic. Here it is not strictly needed to prove the main results, but
simplifies the presentation and statements slightly. We again introduce the relevant Agmon distance at
the minimal energy level Vi, defined in the coordinates of U by the eikonal equation

((d%)'())

or, more explicitly, for s € I, by (1.18). In view of the W2 regularity of f on S and the definition of V,
in (4.14), the function d is of class C? away from Syin, 0 and L and is locally Lipschitz on I1,. Note that
this includes Lipschitz regularity up to the boundary s = L in Case 2 and to both boundaries s = 0, L in
Case 3. We also consider d as a #-invariant function on the surface S.

* = (Ve(s) = Velsmin)) = 0, d(smin) =0, sgn((d%)'(s)) = sgn(s — smin),

Lemma 4.5 (Properties of d). Under Assumption 4./, we have d5 € C*(IL, \ {Smin}) together with

dS(s) = —clog(s) + O (1), ass— 0", in Cases I and 2, (4.16)
d5(s) = —clog(L—s)+O(1), ass— L™, in Case 1. (4.17)
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Proof. We only consider the asymptotics as s — 0T, that is, prove (4.16). The proof of (4.17) follows the
same. Remark that according to (4.4), we have % — 400 as y — 07 with

R(s) = s+ O (s®), when s — 0T.

As a consequence, since f € W2 (I1,), we have
Ve(s) = = +0O(1), when s — 0.

With (1.18), we obtain d4 (s) =

[2 21+ 0(y))dy| = —clog(s) + O (1) as s — 0F. O

Smin Y

4.5 Upper bounds for eigenfunctions: Agmon estimates

As far as upper bounds on v are concerned, we have the following Agmon type estimate.

Proposition 4.6. Under Assumption 4.4, assume that pi = Ve(Smin) + r(k) with r(k) — 0 and ¢y, €
H2(8)N Li(S) solves
Pobe = b, on' S, thilos =0, |l 25 =1,

with P. defined in (4.8) and ey in (4.13). Then for all 0 < 6 < 1, there exist C = C(6),ko = ko(d) > 0
such that, for all k € N, k > kg, the following integral is well defined with the estimate

/2“5 < [ 2(m)d Vol (m) < Ce%r
S

Also, if 9S # 0 (that is, in Cases 2 and 3), for all 0 < 6 < 1, there exist C = C(9), ko = ko(0) > 0 such
that, for all k € N, k > ko,

d% (0)
72(176)[‘2—1@
’

_o(1_s da®)
105tk (L, M3 gy < Ce 2757 10,0k (0, ) I3 @) < Cee (4.18)

where the last estimate (at s = 0) holds true in Case 3 only.

Note that given the asymptotic expansion of d in Lemma 4.5, this estimate implies that i, vanishes
strongly near the poles of S. The proof is made with classical Agmon type identity with some care with
respect to the degeneracy at the poles. It is very similar to the one performed in | , Theorem 3.9|
and we omit it. Note that, as opposed to | , Theorem 3.9], we do not assume here that the minimum
be non-degenerate, and only deduce an estimate with loss (§ > 0), which is sufficient for our needs. In the
non-degenerate case, one can take 6 = 0 in this estimate and replace the right hand-side by a polynomial
bound of the type a,;M, see | , Theorem 3.9].

The proof of the boundary estimate also requires a bootstrap argument to estimate higher H® norms
and the use of a trace estimate, see | , Propositions 3.3.1 and 3.3.4].

We obtain the following two direct Corollaries.

Corollary 4.7. Under the assumptions of Proposition 4.6, for all 0 < 6 < 1, there ezxist C = C(9), ko =
ko(9) > 0 such that, for all k € N, k > ko, and for all rotationally invariant set w, we have

/|1/)k|2(m)dVol (m) < Ce~ & ((I=Dd@I=0) d(w) = inf d5(s):

Proof. This is a direct consequence of the following estimate:

2(1— 6)dA(w)/|‘/’k m)d Voly(m) < / -5 |1/) |?(m)d Voly(m)

<

where we have used Proposition 4.6 in the last inequality. O

%(m)d Vol,(m) < 062%,
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Corollary 4.8 (most of the norm is close to the minimum). Under the assumptions of Proposition 4.6,
for any p > 0, there exists kg € N so that
>1/2, forallk e Nk > k.

2
”dijLz(C(smin*p smintr) =

Proof. Applying Corollary 4.7 with w = S \ C(s,... —p,smim+p) €nsures that for any 6 > 0, there is kg € N
such that for all £ > kg, we have

/W}k m)d Voly(m) < C(8)e” 7 (10— iy g (w) = inf d5(s).

From Assumption 4.4, we have d5(s) > 0 for all s € Iy, \ {Smin}. That w is closed and does not contain
Smin implies that d%(w) > 0. Then we fix § > 0 small enough so that (1 — 6)d$(w) —d > 0. There is
ko € N such that we have ||1/)k||2L2(w) — 0 for k > kg, which implies the result. O

4.6 Lower bounds for eigenfunctions: Allibert estimates

A
In Corollary 4.7, we proved that the family of eigenfunctions ¥, decays on w at least like e “=x . The
_dG (@)
purpose of this section is to prove the converse, i.e. that the 1;’s decay at most like e~ <x  up to ¢ loss.
This comes from the particular one-dimensional underlying context. We follow in this section the method

of Allibert | |. More precisely, we prove the following estimates.

Proposition 4.9. Under Assumption 4.4, assume further that
pk = Ve(Smin) + (k) with r(k) — 0, (4.19)
and Yy, € H*(8) N Li(8S) solves
Pothy, = o, on'S, Yilos =0, [Wllpasy =1, (s, 0) = e pp(s),

with P. defined in (4.8) and ej in (4.13).
Then, for any n,0 > 0, there exist ko, C > 0 so that
||wkHL2(CB(8 ) = Ce = (dA(S)+5), for all k> ko and s € I, s.t. dist(s,P) >n

Note that 7 is a safety distance to the set of poles P defined in Section 4.1. The proof of Proposition 4.9
relies on two lemmata, which we give in the next section.

4.6.1 Two preliminary lemmata

In this section, we assume that the assumptions of Proposition 4.9 are satisfied. In particular, the eigen-
functions under consideration are of the form (s, 6) = e™*% ¢, (s). We define the following “semiclassical
energy densities” of the eigenfunctions vy, for s € I, by

Ex(s) = 0 l*(s) + (Ve(s) — e + 1)lyoi]*(s) (4.20)
= eilonl*(s) + (Ve(s) — u + 1)ln*(s),
& (5) 1= exlosvn*(s) + (Vels) — )l l*(s) (4.21)

= eilonl*(s) + (Ve(s) — mw)lonl*(5)-

Note that according to elliptic regularity, we have ¢ € HZ_(Ir) and, due to Sobolev embeddings,
gak,é'k,c‘: € C°I1) and in particular Ek,é'k are defined everywhere on Ir. For s,t € I, we define
I, ; to be the interval between the real numbers s and ¢, that is, either [s, t] or [t,s]. We also set

E,={selp;|s—p|>q, forallpe P, and |$ — Smin| > a}. (4.22)

Recall that P is the set of poles defined in Section 4.1 (and is aimed at covering all Cases 1-3 at the same
time) and Sy, is the point at which V. reaches its minimum.
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Lemma 4.10. Assume the assumptions of Proposition 4.9 and recall that 8: is defined in (4.21). Then,
for any «, 6 > 0, there exists ko > 0 so that for all s,t € Iy, such that 15+ C E,, we have

EF(t) < enn 1A= o6y for all | > k.

Lemma 4.10 provides with a Gronwall type estimate on the energy E,j , with a precise description of
the constant, under the condition that we remain finitely away from spi,. It is an analogue of | ,
Lemma 12] in our setting (with an additional uniform dependence).

Note that |d (s) — d%(¢)| = d5 (s, t) is the Agmon distance between s and ¢ at the lowest energy level.

Proof of Lemma 4.10. On the interval z € I,; C E,, we differentiate 51:_’ yielding
(EF) (2) = 265 Re(@r'¢k) + VI (2)9k + 2(Ve(2) — i) Re(enr’).-

We recall the choice of ¢j, in (4.13) from the definition of P;, in (4.8), and the definition of PE(:) in (4.10)-
(4.15) that we have

R
O + Vepr + ergior.

Hrpr = Pe, o = —5%9% Ek R

Replacing e3¢ in the above identity yields

_ R
(E5) (2) = 2 (Ve(z) — p + €xg5)) Re(orpr) — 25§§|<P§q|2 + VI(2)lenl?
+2(Ve(2) — px) Re(or@r’)
_ R’
= (4(Ve(2) — p) + 2erg5) Re(prpr’) — QEiEMf + V. (2)enl?. (4.23)

First, using the continuity of V. on Iy, and the compactness of E, in I, we see that V. reaches its
minimum on E,. This, together with the fact that smi, ¢ Fo, implies that C;2 < V.(s) — Vo(Smin) < C?
uniformly for s € E,. Recalling (4.19), this yields the existence of ko(«) such that for k > ko(«), we have
Vc—ukzﬁ>00nEa.

We now estimate each of the terms in (4.23). We first have

[4(Ve — ) Re(onr’)| < de, '/ Ve — e (ekl @) (\/ Nk|$0k|>
< 2"V Ve — e [eRlorl® + (Ve — i) o)’
=2¢; "V Ve — &

Moreover, according to (4.19), there exists a constant C, > 0 such that we have V. — g < +/Ve — Vo(Smin)+
Cy|r(k)| uniformly for s € E,. Together with the above inequality, this implies

[4(Ve — ) Re(ri')| < e (2v/Ve = Velsmin) + Calr(k))E,  on Ea.

Second, we have

v;

[V exl?| = V'_' (Ve — m)lowl? < 200 [Vl () &+ on B
Kk

Third, we have

lergi Re(pr@r’)| < Cu&yly on E.

. . / .
Finally, since % is bounded on E,, we have

2 < Cacilphl® < Cu&F on E,.

Combining the last four estimates in (4.23) yields for another constant C, > 0 and for all k& > ko(«)
() (2)] < 2¢;° [\/ e (Smin) + Ca|r(k)| + Cao ak} EF(z), forall z € E,.
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ing the Gronwall Lemma on the interval I, ; contained in £, yields
Applying the Gronwall L he i 11, ined in B, yield
E,j(s) < e%(|fts vc(z)—vc(s,mn)dz( +Ca|r(k)\+Caak)g;(t),

which is the sought result. O

The next Lemma is aimed at giving a rough Gronwall type estimate for the energy &, without precise
constants. The interest of this less precise result is that it remains true close to the minimum sy,;,. This
allows to compensate the fact that Lemma 4.10 is not uniform when s is close to sy,. Similarly as E,,
in (4.22), we define

F,={selr;|s—p| > a, forall p e P}.

Lemma 4.11. Assume the assumptions of Proposition 4.9 and recall that &y, is defined in (4.20). For any
a > 0, there exist Cy, Dy, > 0 so that for all s,t € F,,, we have

En(s) < Cuere Pl=te ), for all k > ko.

Lemma 4.11 is an analogue of | , Lemma 11] in our setting. Recall that P is the set of poles defined
in Section 4.1.

Proof. The proof is quite close to that of Lemma 4.10. We only use the fact that there exists C, so that
Ot < Ve—pr+1 < Cq on Fy if k > ko(c). This gives a constant D, > 0 such that D" (e2]¢}, |* + |¢x]?) <
&k < Da (€2]9},]* + ¢k|?) on F,. The same computation as in (4.23) gives

& = (&) + 2Re(prr)
RI
= (4(V. — p) + i + 1) Re(or@r’) — 2ai§|<p2|2 + V2(2) ek,

with supp_ 7, — 0 as k — +00. As a consequence, for k > ko(a), we have constants Cy,, C;; such that for
all z € F,

(€)' (2)] < €57 Ch (eRlkl® + oxl?) < e Cai(2),

which allows to conclude as in the proof of Lemma 4.10 above by Gronwall estimates. O

4.6.2 Proof of Proposition 4.9 from Lemmata 4.10 and 4.11

The sketch of the proof of Proposition 4.9 is as follows:
1. the total mass of ¢y is dominated by its mass near the minimum s,;, via Corollary 4.8;

2. the mass near s, is dominated by the energy at spmin — p via Lemma 4.11 (with a small loss if p is
small);

3. the energy at smin — p is dominated by the energy near s via Lemma 4.10 (with a geometric constant

RS

4. the energy near s is dominated by the L? norm of ¢y (or ¥3) near s via elliptic regularity.

Proof of Proposition 4.9. Without loss of generality, we can assume s < syin — 77. Indeed, the case s >
Smin + 7 is treated similarly, and the case s € [Smin — 7, Smin + 7] is a direct consequence of Corollary 4.8
applied for p = n/2.

Now, since smin € I, notice that we have necessarily d := dist(Smin, P) > 0, and we may also assume
that § < d/4. Lemma 4.11 can be applied with o = d/4 and produces some constants C = C,,, D = D,,.
Let us now choose

p=ps =min(0/(4D),d/4,n/2).
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Application of Lemma 4.11 gives for any u € (Smin — p, Smin + p) (so that dist(u,P) > )
1 -4 Dp I
Er(smin—p) 2 C e o P& (u) > C e =x E(u).

Integrating in u € (Smin — P, Smin + p) gives

C s Smin+p s
Ek(Smin — p) > 2,€ <k Er(u) du > Cre” =k, (4.24)
p Smin—p

where we have used & (u) > 1|¢i|*(u) (for k large enough) and Corollary 4.8.
Taking y € [s, s + n/2], we still have y < syin — p from the definition of p. Choosing o = p/2 <1, we
can check that [y, smin — p] C Fa, so that Lemma 4.10 applies on F,, and gives
EF(y) > e—%(\di(y)—di(smin—p)\ﬁ-é)g;—( > e—%(di(y)-ﬂs)g;-(smin - ). (4.25)
where we have noticed |d% (y) — d% (Smin — p)| = d5(y) — d% (Smin — p) < d5(y) — d5%(Smin) = d5(y).
Since Smin is a strict minimum, there are constants ko(p,d) = ko(d,17) > 0 and C(p,n) = C(5,n) > 0
such that for k& > kq(9),

Smin — P)

‘/c(smin - p) — MUk = V;:(Smin - p) - V;:(Smin) + T(k) > 0(57 77)_1'
This implies
gk(smin - 5) = g]j + |90k|2 < g}j + 0(57 77)(‘/0 - Nk)|90k|2 < (1 + 0(57 n))glj(smin - 5)7

where all functions are taken at the point (spin — d). Combining this estimate together with (4.25)
and (4.24) yields

Exly) > € (y) = Ce™ 5 Bl (51— p) > Ce™ 5 B (55— )
> Qe 7 [aW+20) 5 o~ 7 (d5(9)+20)

where C' is a new constant depending only on § and 7. Note that in the last inequality, we have used that
d5(s) > d5(y). Integrating for y € [s, s + 1/2], we get

/ Ex(y)dy > Ce™ 7 (4l 429) (4.26)
[s,5+1/2]

Now, turning to the global manifold and recalling that 1 (s, ) = e*% ¢y (s), (4.5) and (4.13), we have

/ E(y)R(y)dy = &, / |V 1% |?d Vol,
Cls,s4n/2) Cls,s4+n/2]
\V4 2
+ / (% — pk+ 1) EARAO"
Cls,s4n/2]
< Clnlli ey ury ) - (4.27)

Finally, an interpolation estimates together with P., ¢, = )y and the definition of P., in (4.8) gives

2 2
Hw’“”Hl(C[s,sw/zl) <Gy (lwk"”(c[s,sw/z]) + ”W”Lz(c[s—n,sw) ||A9¢k||L2(C[s—n,s+n1))
— 2
< Cn5k2 ||7/1k||L2(c[S,n,S+n]) : (4.28)

Now combining (4.26)-(4.27)-(4.28) gives

— 2 (d% (s
1l e, > Cefe Tk > g (6,1).

sfn,s+n]) -

s
Finally noticing that e > e = for k > ko(d) ends the proof of Proposition 4.9 up to replacing & by

5/3. 0
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4.7 Minimal time for uniform controllability in the limit ¢ — 07

The main purpose of this section is the proof Theorem 1.8 and its corollaries.

4.7.1 Proof of Theorem 1.8

Recall that we consider the following situation:

e S is a surface of revolution as described in Section 4.1, ¢ > 0 is a fixed constant. Moreover, Assump-
tion (1.17) is fulfilled.

e For k € N, ¢ = ¢, = ck™! and 4, is the set of solutions of P., 1 = urty defined in Lemma 4.3
associated to sy = Smin is the minimum of V.

e the function
— By
ve(t, ) = ek Yp(x) (4.29)

is the solution to (2.9), namely (40 + P-, )vr, = 0, vg|las = 0, and vg|t—o = ¢. Here, 1, denotes
the eigenfunction constructed in Section 4.3 above (in particular |[¢y|[;2(s) = 1) and studied in
Sections 4.5-4.6.

We now want to test Inequality (2.10) on wvg, and thus estimate both sides of this inequality. This is
achieved in Lemmata 4.12 and 4.13. Theorem 1.8 is then a direct consequence of these two lemmata. We
recall that V. is defined in (1.16) and W€ in (1.20).

Lemma 4.12. For any 6 > 0, there exist C, kg > 0 such that for all k > ko and all 0 < Ty < 671, we have

~ Ve(smin)To+Wy, +6 .
> Ce <k , WS =minWe
L2(S) Ir

e_%vk (To) ’

with vy, defined in (4.29) and We(s) = d5(s) + L;)

Proof. Note first that the function W¢ = d% + % is continuous on I;, and converges to +oo close to the
poles p € P, according to the asymptotics of d% in Lemma 4.5. Hence, it reaches its minimum in (at least)
one point that we denote s; € I, that is W¢(s1) = WS = min;, W¢. We take 0 < n < dist(s1,P) small
enough so that [f(s) — f(s1)] < 0 for |s — s1| <n. We have for k > ko large enough

_HFk
> e = 10

_ P
= e EkTO

L3(S)

e*%vk(To)‘

67%1/)1@‘

L2(C(51*77,51+77))
_ Bk, _f(s1)+6
2
ze e - ||wk||L2(c(S1*mS1+n))

_ Pk _f(s1)+6 1 e
2 Ce = T()e 2 e <k (dA(Sl)+5)

where we have used Proposition 4.9 for the last estimate. Since pr — Vi(Smin), we have upTy <
Ve($min)To + ¢ for k large enough, which, together with the above estimate, concludes the proof (up
to changing 3¢ into ¢). O

Lemma 4.13. For any w C S and § > 0, there exist C, kg > 0 such that for all k > kg, and all
0< Ty <8t we have

To ; 2 WSS
/ e 2= (¢, )‘ dt <Ce "=, WS=minW¢
0 L2(w) @
To ; 2 _oWew)=s
/ efﬂasvk(tﬂs:LH dt < Ce %, in Cases 2 and 3,
0 H(St)
To ; 2 _oWe(L)=3
/ efﬁasvk(tﬂs:OH dt < Ce <, in Case 3,
0 H(SY)

with vy, defined in (4.29).

35



Proof. Since we need an upper bound, we can assume without loss of generality that w is invariant by
rotation. Also, W is finite except in the trivial case w C P. Let § > 0.

We first estimate the contribution close to the poles in case P # (). There, the function 1 (hence vy)
is supposed to be very small since d9 is large. More precisely, using the asymptotics of d§ close to P given
by Lemma 4.5, there exists 77 > 0 so that

5 (s)
2

We start with the estimate

/TU

0
2
€

W To —28kt . o To5t €k :
e have ;e "7 dt = ST Jo e *ds < Czk <1 for k large. Corollary 4.7 applied to the set Cy;,
and the constant § = 1/2, together with (4.30) implies

> WS+ Hf”% +1; forall s € Njj = {s € I, such that dist(s, P) < 7j}. (4.30)

—L
e 220

i dt < e 2 o 72M_ktd 131
k L2(wchﬁ) t<e = ||1/}kHL2(CNT_I) . e ko dt. ( )

c Ifllgoo
k]l 2(cy ) < O & Wetllge)

With (4.31), this gives

/TO
0

which is the expected bound for this part.

Let us now treat the contribution of the norm away from the poles (which is the whole I, in Case 3).
Since § is uniformly continuous on [0, L] and d is uniformly continuous on the compact set Nt := I, \ N,
there exists n > 0 so that

2

c

il poo 2 (e Iilpoo 5
dt < Ce = e mWot—27) — g5 We

— )

e_%vk‘
LQ(wﬁCNﬁ)

5,8 €NF and [s—s'|<n = [f(s) = §(s')| < and |d5(s) — d5(s")| < 0. (4.32)

We now select a finite sequence s; € N§,i =1,---, N so that {|s — s;| <7} is a finite covering of NV;. This
property gives the estimate
2
e 20 ’

/ k| dtg/ e 2ok dtz
0 L2(wNCyr) 0 e

where 7 ={i=1,---,N; (s; —n,si +n)Nw # 0}. Using |f(s) — f(si)| < d and |d5(s) —d5(s:)| < ¢ for
s € (s; —n,s; +n) and then Corollary 4.7 with some 0 < ¢’ < 6/(1+ d%(s;)) so that (1 —6")d%(s:) — " >
d%(s;) — 9, we obtain

4
e 251/%’

2
LQ(C(Si*%SiJrn))

_fGs)+s

Sem
PG i) 1brllc2 e, -

oo

n,si+n))

_ f(s)+8 _W(sy)—4s

1 VdC (s:)—&"
< Ce i e*a((lffs )da (si)—0 )eg < Ce <k

We finally obtain

2 85 _oW(sy)
dt < Ce=r maxe K
L2(wNCprc) i€J

7

e 229

To
/0

We remark from (4.32) that min;e 7 W¢(s;) > WS — 2§. This finishes the proof since ¢ is arbitrary and k
can be chosen large enough.

Finally, the proof of the boundary estimates simply consists in replacing the use of Corollary 4.7 by
that of the Inequality (4.18). O

We may now conclude the proof of Theorem 1.8 from Lemmata 4.12 and 4.13
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Proof of Theorem 1.8. Using Lemma 2.9, if uniform observability holds for Ty, then, we have the inequality

2 To
<C3 /
L2(S) 0

for any solution v of (2.9). In particular, this inequality holds true for the sequence vy described above.
So, combining Lemmata 4.12 and 4.13, we obtain

2

e %’U‘ dt.

_ L
He 2e ’U(To)‘ L2(w)

_ Ve(smin)To+W5, 48 w5 -6

e <k <Coe % , k>ko(d), forallk > k.

This implies V.(Smin)To > WS —WE — 26 when letting &k — 400, which gives the expected result since ¢ is
arbitrary. The proof of the boundary observability estimate (1.22) follows the same. We also notice that
all the previous results also apply in the case with the alternative Definition 1.19 of the Agmon distance
which is also Lipschitz with the same properties that we used. O

4.7.2 Proof of Corollaries of Theorem 1.8

Corollaries 1.9, 1.10 and 1.11, stated in the introduction, are significant examples of application of Theo-
rem 1.8. In this section, we prove these three results.

Proof of Corollary 1.9. We first consider the case S diffeomorphic to S?, i.e. Case 1. The case S dif-

feomorphic to D, i.e. Case 2, is discussed at the end of the proof. We deﬁne fs(s fo xs(t)dt where
xs € C((0,L); [O, 1]), xs(s) = 1 in a neighborhood of [§, L — §]. Such a function f5 is constant near 0
and L, and hence can be extended by continuity as a C* function on S (see e.g. | , Proposition 4.6]).

We notice that f5(s) = 1 for s € [§, L — d], so the statements about Tgcoc are direct consequences of
Proposition 4.2.
Notice now that we have s (5)]2
c Xo (s
Ve(s) == .
A T 1

Let us call sy € (0, L) the unique point such that R(spin) = max R, that is

1 : 1
S o — IMIN 55
R(Smin)2 R2

Claim: For all ¢ > 0, there is §o > 0 such that for all § € (0,dp), we have V.(Smin) = minV, and

‘/cil(‘/c(smin)) = {Smin}-
To prove the claim, we let g > 0 be such that

c? c?

1
Smin € [00, L — dp], and R20) > JEE + 1 for s ¢ [0g, L — do)

(note that dy thus depends on ¢). This is possible since R(s) — 0 as s — 0" and s — L~. Hence, recalling
the definitions of ys and V., for § < dg we have

c 1 c 1
‘/c(smin) = m + Z, V;;(S) > R(Smin)2 + Z for all s € [50,[1 — 50] \ {Smin}u
together with
Vo(s) > ¢ . + L for s ¢ (60, L — 6]
= R2(s) T R(smm)? @ 4 0 ok

As a consequence, V. reaches its minimum at s, only, which proves the claim.
Now Assumption 4.4 is satisfied and sy,i, does not depend on 6. We compute the Agmon distance (1.18)

/ VAA e (Smin)dy
Smin

2
|X6 ) ldy '
Smm R(Smin)2 4
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Notice that 0 > M — % > —% uniformly with respect to d so that the asymptotic expansion of
Lemma 4.5 is valid uniformly in §: there are C,~ > 0 such that for all 6 € (0, do),

|d%(s) + clog(s)] < C for s € (0,7,
|d5(s) + clog(L —s)| < C, forse[L—n,L).

Now we recall the definition of W¢ = d + %‘, notice that 0 < f5 <1 so that 0 <{s(s) < L for s € I. As
a consequence, using that d5 > 0 and d$ (smin) = 0, we have for § € (0,7],

L

WS, = min W = min f4+ s <= —|—mmdC <=
I I 2 2

WS =min W > mind§ > —clog(5) —C  forw = Byg(N,0)UBy(S,9).

w

The bound (1.21) of Theorem 1.8 then yields

c? 1 L
<R(Tm)2 + Z) Tunif(w) > —clog(d) — C — 5

and hence concludes the proof in the case S diffeomorphic to S?, i.e. Case 1
In the case S diffeomorphic to D, i.e. Case 2, we 1nstead define fs5(s) = fo xs(t)dt where x5 €
C((0,L];[0,1]), xs(s) = 1 in a neighborhood of [(5 L]. Then, the remalnder of the proof is the same
except that the minimum can be achieved at s = L, and all sets of the form [dy, L — dg] have to be replaced
by [do, L] (i-e., only a neighborhood of zero is avoided, and not a neighborhood of L). O

Proof of Corollary 1.10. For the sake of simplicity, we may identify S} = [-L/2,L/2] and I, = (-, a)
for a € (0,L/2). We first choose x5 € C°°(S}) even in this identification, and sy, = +L/2 ¢ (—a,a)
such that

1 1 L, 1 L
X5 =5 on [_—(a+§),§(a+§)}, Xs($min) = 1,
),

Note that xs = % in a neighborhood of (—a, @), and that for 6 < 1, x5 reaches at sy, = £L/2 a unique
global minimum and in particular ys > 1 on S}. We then set

o~
l\DI»—A

1 L
X5(s) =0 if and only if s € {—g(a—l— (oz—|—§)] Or § = Smin-

5oy e i
VO (s) = xs + M, M.—Iréz%x 1
so that V7(s) > W on S}, and
1
/(g 2\ "2
rste) = (o - TEL) 7 ps ooy

where we have used that f € C*°(S}). Notice that with these definitions, we have (where V; denotes V,
with ¢ = 1)

Vils) = R@z + 'f/(i” =V°0s).

Notice then that V9 admits a unique global minimum at sy, = £L/2.
On the one hand, we have

_1
(xa(s) + M)™% < Ra(s) < x5 * (s).
On the other hand, since xs is even and with the appropriate definition (1.19), we have for s € [0, L/2],

= [ VeV = [ i

L/2
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As a consequence, we have (recall w = (—a, a) x St)

Wﬁlzmianzmin( f4+i) < ( 3+§> (L/2):f(L—/2),

[0,L] [0,L] 2 2
WS > mind$ + mjn% = d%(a) + min —,
where
L/2 i(et+%) Lat+l)
ala) = / Xs(y) — 1dy > / Xs(y) — 1dy = / 5~ ldy
1 L
> (2 —1/2
> 2(2 a)(é 1)
for 6 < 1. Applying Theorem 1.8 concludes the proof of the corollary. 0

We next prove Corollary 1.11, stated in the introduction. The proof is close to that of Corollary 1.10.

Proof of Corollary 1.11. We first take x € C°°(R; [0, 1]) such that x = 1 on [0, L/4] and supp x C [0, L/2).
Next, with
'

M := max
[0,L]

we set,

2
Vé(s) — (SX-S;)’Y + (1 —x(s)) <s — g) + M, forselo, g],
L
2

VO(s):=V°(L—s) forsel=,L)

This function is symmetric about L/2, smooth on [0, L], and satisfies V?(s) > W@ o 0, L|. Hence,
Y 1

defining Rs as

1

Rs(s) := <v5(5) _ |f’(z)l2)‘2 |

and using that f € C*([0, L]), we deduce that Rs € C°°([0, L]; R}). Notice that with these definitions, we
have (where V; denotes V, with ¢ = 1)

L FOR ey,

M= meE T a

Notice then that V¢ admits a unique global minimum at sy, = L/2.
We have on the one hand that for all s € [0, L/4] and ¢ € (0, ],

1

VIt M(sto)y

which proves the Item 4 (on account to the symmetry V(s) := VO(L — s)).
On the other hand, recalling that smin = L/2, we have for s € [0, L/2]

W)=
[N

(s +6)F = (V3(s)) "} < Ra(s) < (VO(s) — M)

= (s +9)%,

Vi(Smin) = V°(L/2) = M,

[ AV =V iy

- // \/<)i<§> # 0o (5~ g)dy |

di(s) =
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As a consequence, we have

c __ : c __ : C i C f (L/2)
i () = () 0 - 52

Wiy = Wo) > d5(0) + 12

2
where
L/2 L 2 L/4 1
A - — =) dy > S —
/ \/s+6 X(S))<S 2 y—/o Grop Y
1-v/2 L/4)1=7/2 1—v/2
d O+ L/4) 0 +0(1), fory>2.
Ta2-1 a2—1 421
By symmetry of V° about L/2, we also have d% (L) = d(0). Applying Theorem 1.8 concludes the proof
of the corollary. O

5 Uniform time of observability for positive solutions

The proofs of Theorem 1.3 and Proposition 1.12 rely on fine estimates on the semiclassical heat kernel,
which we borrow from | |. The latter are first presented in Section 5.1. Then, in Section 5.2, we
deduce L' observability statements and finally conclude the proofs of Theorem 1.3 and Proposition 1.12
in Section 5.3. Throughout this section, we assume OM = {).

5.1 Estimates on the semiclassical heat kernel

The main tool we use to estimate the heat kernel in the semiclassical limit is the following theorem taken
from Li-Yau | | (see also | |, for a similar result on R™).

Theorem 5.1 (Theorem 6.1 of | D). Let M be a compact manifold without boundary. Suppose V. =
V +eq with V,q € C*(M). For any € > 0, we consider H., the fundamental solution of

1
Ow — Agw + ;VE(I)w =0, on (0,+00) X M.
Then, we have
lime log H. (¢, 4, &t) = —p(, 3, 1 (5.1)
e—0

where
¢
. 1. o0
ploant) =it { [ THOIE+V((6)dsr € WSO 0M)50) =90 =y} (52)
Moreover, the limit in (5.1) is uniform on any compact set of M? x (0, +00).
We recall that H.(x,y,t) is defined to be the unique solution to

(at B+ Vi )) (z,y,t) =0, for (t,x) € RY x M,
H(x,y, )|t:0 = Oz=y, for z € M,

(5.3)

where y € M is fixed, and the differential operator —A, + E%V;-(:C) acts in the x-variable. We also recall
that H.(z,y,t) is (well-defined and) continuous in M? x (0, +00) as soon as V. € L>®(M), see e.g. | ,
Theorem B.7.1 (a”')], so that pointwise estimates like (5.1) make sense.

The statement of Theorem 5.1 is not strictly speaking a consequence of | , Theorem 6.1] for the
following two reasons:
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e the potential V, is assumed independent of ¢ in | |;
e the uniformity of the limit on any compact subset is not explicitly written in | .

However, let us explain why the proof of | , Theorem 6.1] actually contains these two points. The
limit (5.1) is proved in two steps, a lower bound and an upper bound. The lower bound

lime log H.(x,y,et) > —p(z,y,t)
e—=0

is obtained as a consequence of the explicit estimate (| , Theorem 2.1])
ElOgHE(‘Tﬂ Y, Etl) < EIOgHE(:I;7 Y, Et) + €2A1/5(t - tl) + pOz,R(‘Tu y,t — t1)7

for all 0 < t; < t, @ > 1 and where the constant Ay (A = 7! in our context) only depends on
||AgV;_-HL,,O(M) , ||VgV;_-HLm(M) and a. In particular, the limit lim. ,o£A4;/. = 0 holds uniformly. The

proof finally proceeds by taking the limit R — +oco, and then o« — 1% (in which case prR(x, y,t—11)) =

pV=(x,y,t—t1), uniformly on compact sets; here p"= denotes the function p defined by (5.2) with V replaced
by V.). Taking finally the limit € — 0T, and then ¢; — 07, and noticing that

tlli_)rr01+ 81_i>r(rJ1+ elog H.(z,y,et1) > 0
concludes the proof of the lower bound. This last argument relies only on a uniform upper bound on
[Vell oo (A1) together with a comparison argument, namely Inequality | , (6.3)]. It can be checked that
the convergence is uniform on any compact set since it involves the asymptotics on the diagonal of kernels of
heat equations on large balls and without potential, which are known to be uniform on compact sets, see for
instance | , Theorem 4.6]. It only remains to notice that the limit lim;, o+ lim. o+ p¥= (z,y,t —t1) =
p(x,y,t) is uniform on compact sets.

The upper bound
limelog He(z,y,t) < —p(z,y,1)

follows from [ , Theorem 3.3]. As for the lower bound, this result also furnishes an explicit and uniform
bound involving another constant A, enjoying the same type of convergence properties as for the lower
bound.

Note that we have chosen to use the estimate of the semiclassical limit of the Kernel of | | but
it is likely that we could have obtained the observability inequality starting directly from Harnack type
inequalities like | , Theorem 2.1], as we did in | .

Here, we are mostly interested in the case V(z) = |V f(x)|2. In this situation, we can reformulate
the result in terms of the transport equation with vanishing viscosity (1.6).

We next define K. (z,y,t), the fundamental solution of (1.6) on M?2 x (0,+00) by the unique solution
to

(5.4)

(Op —Vyf Vg —q—eAg)K(x,y,t) =0, for (t,x) € R x M,
Ke(z,y,t)]li=0 = 2=y, for z € M,

where y € M is fixed, and the differential operator —V4f- V4, —q—cA, acts in the z-variable. Recall that
for up € L*(M), the function

u(t,z) = /M K (x,y,t)uo(y)d Voly(y)

is the unique solution of (1.6) on (0,+00) x M issued from u|t—g = ug (This uses the choice of volume
form d Vol, in the embedding L'(M) < D'(M)).

Corollary 5.2. Let M be a compact manifold without boundary. Suppose X =V ,f where f is a C* function
defined on M. For any e > 0, we consider K., the fundamental solution of (1.6) on (0,400) x M. Then,
we have

lime log K (x,y,t) = —dv j(x,y,1),
e—0 g
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with

dy,(z,y,t) := p(z,y,1) + m%(y) (5.5)

v, |2 L .
Vofly Zﬂg. Moreover, the limit is uniform on any compact set

where p(z,y,t) is defined by (5.2) with V(z) =
of M? x (0, +00).
In particular, for any 6 > 0 and any compact subset I € (0,400), there exists g > 0 such that
dvgf(m,y,t)+(5 dvgf(z,y,t)75

e : < Ke(z,y,t) <e” < (5.6)
for any (z,y,t) € M?> x I and 0 < & < &.

Note that the definition of dy_; in (5.5) is not the same as that given in (1.24) in the introduction.
Equivalence between these two definitions is proved in Lemma A.2.

Note that although the kernel H.(x,y,t) is symmetric (with respect to the Riemannian volume measure
dVoly) since —Ay + V. is, this is no longer the case for the kernel K.(z,y,t) (since the operator in (1.6)
is not symmetric in L?(M, d Voly)). Similarly, p(z,y,t) is symmetric whereas dv s(z, y, t) is not.

Proof. Setting u,(t,2) = K.(x,y,t) and wy(t,2) = f@/25y, (t/e,z), we have from Equation (5.4) and
Lemma 2.9 that w, (¢, z) solves (2.12). Moreover, we have

wy (0, z) = @22y, (0, 2) = f@/255,_, = fW)/255, _

Vg f|2

This implies that w,(t,z) = e/¥/2¢H_(x,y,t) where H.(z,y,t) is defined in (5.3) with V. = —4"2 4
€ (% — q). Finally, we have proved that
H.(x,y,et) = ef(r)/Zseff(y)/ZsKE(xj y,t),
and hence
lime log Ke(z,9,8) = " 10 | iy ctog b (2, g, ety = SO @ e,
e—0 2 e—0 2
after having applied (5.1). O

5.2 L' observability estimates for positive solutions

We first prove intermediate observability statements in L'. The following elementary abstract lemma
shows that concerning positive solutions, observability in a (possibly weighted) L! norm is equivalent to
the “observability of the Kernel”.

Proposition 5.3. Let M be a compact Borel space (on which we denote by dx a distinguished measure)
and T > 0. Take K = K(:z: y,t) € CO(M x M x (0,T]) be a nonnegative kernel. Assume further that
ty) = 1Ky Ol L = [y K(z,y,t)dz is uniformly bounded for (t,y) € (0,T] x M. Define for
t € (0,T] the opemtor

S(t) : Meas(M) — C*(M),  [S(t)u] () = /M K(a,y, )dp(y) = (1, K (2, 1)),
where Meas(M) denotes the space of Radon measures on M. Let w1 € L*°([0,T] x w) and we € L>°(M)

be two nonnegative weight functions.
Then, for all T,s,Cy > 0, the following statements are equivalent

1. Observability of positive measures:

l[wz [S(s)plll L pgy < Co llwor[SCrlll 0,715 (5.7)

for any p € Meas; (M) nonnegative Radon measure.
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2. Observability of positive L' functions:
ez [S()uolll 1wy < Co lws (Sl 0.1
for any ug € LY(M, dx) with nonnegative value.
8. Observability of Dirac distributions:
s 10518, s ey < Colleos [SC,11s o110
for any y € M.
4. Observability of the Kernel:
Is(y) < CoOr(y),  for ally € M,

where
T
Or(y) = / / wn(t,y)K (@, y, O)dadt, and T.(y) = / wa(2)K (., 5)do.
0 w M

Note first that under the assumption of the theorem, both terms in (5.7) are well-defined. Indeed, the
Tonelli theorem (all functions/measures are nonnegative) implies

leor SOl s o110y = / [ a)ispe)dna:

:/ /wl(m)/ K (x,y, t)dp(y)dxdt
[ L ([

< T'lJwill oo (o, 77x M) l1ell7v sup sup / K(z,y,t)dz < 400,
t€[0,T] yeM

by assumption. Here ||u||7y denotes the total variation of the measure u. Note also that u(t) = [S(¢)(u)]
is a continuous nonnegative function for any nonnegative measure u and ¢ > 0. Remark that Or(y) is
essentially the observation of solutions starting from ¢, while I,(y) is the weighted norm of this solution
at time s.

Proof. Remark first that

T T
OT(y)z/O /wl(t,y)K(x,y,t)dxdtz/O /wl(t,y)<5y,K(x,-,t)>d:vdt
= Jlw1 [SC)0y]l 11 (0,77 %)
1) = [ ws@)Kleys)ds = [ un(e)(5,, K w5 = s (S)5 11 -

M
so that Item 3 < Item 4. Moreover, applying the Fubini Theorem, we get

T
SOz = [ [ [ ot n)K Gy dpw)dede = (1.0r)
s Swllpsn = [ [ wn(ta) Koy tiutu)dodt = (1),

Therefore, Item 1 is equivalent to (u, CoOr—1I,) > 0 for any u € Meas, (M) and Item 2 to [, , uo(y)(CoOr—
I,)(y)dy > 0 for any ug € L (M, dz). That Item 4 < Item 1 < Item 2 follows from the general fact that
if f € C°(M), one has

f>0o0on M& (u,f) >0 for all u € Measy (M)

= / uo(y) f(y)dy > 0 for all ug € L (M, dz).
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We now give the L' observability estimate for positive solutions to (1.6).

Proposition 5.4. Assume that T > Tgcc(M,Vf,w). Then, for any ,s > 0, there exists £g > 0 so that
we have

[
€

||U(3)HL1(M) <e ”uHLl([O,T]Xw) , foralle €(0,e9), (5.8)

for any ug € LY (M) with non-negative values and u solution of (1.6).

Remark that we only use the case s = T below. It is however remarkable that the stronger result for
s > 0 small holds as well. This is linked to the L' setting here. Note also that in L', we have a “converse
inequality”, which we state for the sake of the comparison. Proposition 5.4 is proved afterwards.

Lemma 5.5. Assume OM = {). For all T > 0, there is Cr > 0 such that for all uy € L*(M;RT) and u
the associated solution of (1.6), we have

lu@l vy < O 1w prpgy,  forallt €10,T] and e > 0. (5.9)

3
€

In particular, this implies that one cannot hope to replace the loss e? by a gain e~ = in (5.8).

Proof of Lemma 5.5. Assume first that ug € W*'(M) with ug > 0 a.e. on M. Then, notice that
u(t,z) > 0 for a.e. (t,x) € (0,T) x M. Integrating (1.6) on M, we obtain after an integration by parts

(using that OM = )
d , B
E/Mu—/M(dlng—q)u—O.

Since u > 0, this implies < [|u(t, )| > v [[u(t, )|, forall £ > 0, with = inf r((divy X —¢). The Gronwall
inequality yields (5.9). The conclusion for a general ug € L follows from a density argument. O

We now turn to the proof of the L' observability estimate of Proposition 5.4, which will use the following
lemma.

Lemma 5.6. Assume (./\/l, V,f, w, (5’,T)) satisfies (GCC) (see Definition 2.10) for some ¢’ > 0.Then, for
all 6 > 0 there is C5 > 0 such that for all y € M there is an open set U, C w x (¢',T) with |U,| > Cs and
for all (x,t) € Uy, we have dv j(x,y,t) < 0.

Proof of Lemma 5.6. The assumption (GCC) implies that for any yo € M, there is t,, € (¢',T) and
Ty, = @1, (Yo) € w where (¢)ier is the flow of Vyf. The trajectory v(s) = ¢s(wy,) satisfies ¥(s) = V4f(s)
with v(0) = xy, and 7(t,,) = yo so that Proposition A.4 implies dv (zy,,¥o0,ty,) = 0. In particular, we
obtain that for any yo € M, there is t,, € (¢',T) and x,, € w such that dy,;(zy,,yo,ty,) = 0.

By uniform continuity of dy,5 (on the compact set M? x [§'/2,T + §']) together with the fact that
w x (0’,T) is open, there exists vy, > 0 so that By (zy,, Vye) X [ty — Vyo» tye + Vo) C w X (8, T) and for any
Y € By(yo,Vyy), © € By(2y,,Vy,)) and t € [ty, — vy,, ty, + y,], we have dv ;(z,y,t) < 0. By compactness,
we can cover M by M = J,c; By(yi,vy,) where I is finite. Then, for any y € M, there is i € I such that
y € By(yi, vy, ), and the set

Uy := Bg(xy,,vy,) X [ty, — vy, ty, + vy,

satisfies the sought properties. O

As a consequence of this lemma together with Corollary 5.2 and Proposition 5.3, we may now deduce
a proof of the L' observability estimate of Proposition 5.4.

Proof of Proposition 5.4. Without any loss of generality, we can assume 0 < § < s. According to Proposi-
tion 5.3, it is enough to study the “observability of the Kernel”. Using Corollary 5.2, for any § > 0, there
exists ¢ so that (5.6) holds for all (z,y) € M2, ¢ € [§,67'], 0 < e < go. Proposition 5.3 leads to compare

T
Or(y) ::/ / K (z,y,t)dzdt with I(y) ::/ K. (x,y,s)dx
0 TEW zeEM
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From (5.6), the fact that K.(x,y,t) > 0 for (z,y,t) € M? x (0,00), and s > §, we deduce

T dvgf(z,y,t)+5 dvgf(z,y,s)fé
Or) 2 [ [ T ad L)< [ e T
’ Jxew reM

where ¢’ > 0 is chosen sufficiently small so that (/\/l, Vf,w, (¢, T)) still satisfies (GCC), which is possible
since T > Taoo(M, V,f,w). Using Lemma 5.6 (where U, and Cjs are defined), we now have

_dygy @y t)+s 25

Or(y) > / e = didx > / e~ Fdtdr > Cse . (5.10)
(z,t)eUy (z,t)eUy

Also, for any s > ¢, using that dy,; > 0 (see Proposition A.4), we have

3
€

I (y) < Volg(M)e=.

When combined with (5.10), we obtain Op(y) > Ce 32 I,(y). By Proposition 5.3, this gives (5.8) which
concludes the proof of the proposition (up to changing 44 into §). O

5.3 From L' to L? observability estimates for positive solutions

In this section, we conclude the proofs of Proposition 1.12 and Theorem 1.3. We first prove the negative re-
sult of Proposition 1.12 (uniform observability of positive solutions does not hold for T' < Taoc (M, V4 f,w),
with an exponential lower bound of the cost).

Proof of Proposition 1.12. Let us check the first part of the proposition (geometric statement). Since
(M, V4f,@,T) does not satisty (GCC), there is yo € M, so that for all t € [0, T, ¢_¢(yo) ¢ W. In particular,
for any (t,z) € [0,7] x @, we have ¢;(x) # yo, which implies dy ;(z,%0,t) > 0 by Proposition A.4. By
compactness of [0,T] x @, inf,cz (0,77 dv, (2, Y0, t) > 0. Therefore, d(jo,7)z) > 0 as expected.

For the second part, for any § > 0, select yg € M so that

inf d Y0, t) <d =) +0/8.
il 0901 (@00, ) < dqory@) + 6/
By uniform continuity of dy ;(z, o, t) defined on [0, 2T xw, we can also find > 0 so that inf ; ,ye[0, 74y xw v, (T, Yo, ) >
do,rm) — 0/4 and dv j(x,y0,n) < 6/4 for x € B(yo,n). We take as initial datum ug(z) = K. (z,y0,7),

yielding u(t, x) = Ko(x, yo,t +n) (see the definition of K, in (5.4)) as the associated solution of (1.6). We
have ug € L?(M) together with a lower bound coming from (5.6) with a sufficiently small § (replaced by

5/4)

_4
lwoll L2y = 1wl p2(piye,n) = Clme 2.

Concerning the observation term, we deduce from the upper bound in (5.6) that for ¢ small enough,

T T
/ /|u(t,x)|2dxdt=/ /Ka(x,yo,t—i-n)zdxdt
0 w 0 w

dy g 5(@.v0.H)—6/4 djo,7],5) /2
< Volg(w)T sup e ? : < Ce? <
z€W,ten,T+n]

Applying the observability inequality (1.23) to u thus implies that

401w ~8/4
€

Ci (Te)’e™ 5 >C,
uniformly in € € (0, £o], which concludes the proof of the proposition. O

To conclude the proof of Theorem 1.3, we need the following dissipation result taken from Guerrero-
Lebeau | |- In that reference, it is written on an open subset 2 C R™ with the flat metric; however, it
can be checked that the result also applies to the case of a Riemannian manifold (M, g) without boundary
and with an additional potential q.

45



Proposition 5.7 (Proposition 3 of | |, m=1). Assume that OM = 0 and that (M, X,w,T) satisfies
(GCC). Then, there exist C,Cy > 0 such that

T C
for all e € (0,1] and any (not necessarily positive) solution u to (1.3) (and a fortiori for all solutions u to
(2.6)). The same statement holds true if OM # @ and (M, X,w,T) satisfies (FC).
We shall also need the following lemma in the proof of Theorem 1.3.

Lemma 5.8. For any 6’ > § > 0, there exists eg > 0 so that

S
1wl 2ty < C Nl oo ay < C= [1uld) 1 any (5.12)
for any solution u to (2.6) and 0 < & < &.

Proof. Since the manifold is corn}[()sauct7 we only need to prove the L* bound which follows from the bound
[ Ke(+s 0" = 0) oo () < Ce= on the Kernel. This estimate follows from Corollary 5.2 (e.g. (5.6)
together with the fact that dy,; > 0, see Proposition A.4). O

Proof of Theorem 1.3. Inequality (1.25) of Proposition 1.12 directly yields ij.f(w) > Taco(M, Vgf,w).
Note that it was mostly proved in Guerrero-Lebeau | , Theorem 1| since one can check that the
counterexample they build is a nonnegative solution.

Now, we prove T . (w) < Tgoo(M, Vyf,w). For any 6 > 0 (we will later need 26 < Cy where Cp
is the constant in (5.11§), and for T > Tgoc(M, V4f,w) + 20, we prove the observability inequality for
positive solution

T
JaT) 2 ) < c/o /|u|2dtdx. (5.13)

The combination of (5.11) on the time interval (25,T) together with (5.12) on the time interval (d,26)
implies

T

T)[a < C 2dtds + e~ ||u(0)]|? 5.14
(T 2y < L, ) wdtdr e (&) | - (5.14)
Now, applying (5.8) with A > 0 such that AT' = §, we obtain

T
(@)l 11 a ge%/o /udtdw. (5.15)

Combining (5.14), (5.15) together with the Holder inequality, we deduce

_ Cg—26 T 9
[Tl 2 gy < (€ + Cem =5 )0 W2dtda.

Choosing § € (0,Cy/2) implies (5.13) uniformly for e € (0,20(d)], and hence concludes the proof of the
theorem. (|

5.4 From observability of positive solutions to a controllability statement

This section is devoted to the proof of the controllability result of Corollary 2.4 from the observability of
positive solutions. It relies on the following lemma. The result and its proof follow | , Theorem 4.1].
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Lemma 5.9. Let V be a closed convex set of L?(M) with 0 € V and VCVsothatVCV—n for any
v € V. Assume moreover that there exists Cy > 0 so that

T
Cy(T, 8)2/0 / u(t)Pds(x)dt > [[u(T)|[72nm)
for all ug € V and u solution of (1.3). (5.16)
Then, for any yo € L*(M) and 0 < ¢ < &, there exists a control h € L*([0,T], L*(M)) with
||h||L2([o,T],L2(M)) < COy(T,e) ||y0||L2(M)
so that the solution of (2.1) satisfies (y(1'), uo)p2(aq) = 0 for any ug € V.

For the proof of Corollary 2.4, we apply this lemma to the sets V=y-= L?(M;R"). Notice that
Lemma 5.9 also contains one implication (namely Observability = Controllability) in Corollary 2.3
when applied to V =V = L?(M;R).

Proof. For any a > 0, we consider the functional J, defined for any ug € V by

e o
Totun) =5 [ [ Tutt.2)Patda + G ol v + ()05

where u is the solution of (1.3). The functional J, is continuous, convex and coercive. Therefore, J,

admits a minimum ug o € V (se e.g. | , Chapter II, Proposition 1.2]). The minimality condition gives
(see e.g. | , Chapter I1, Proposition 2.1]) for any pg € L?(M) that can be written py = vg — ug,a, With
v €V,
T
/ / p(t, x)ua(t, v)dtdz + o (po, uo,a)LQ(M) + (1), y0) 12(pm) = 0. (5.17)
0 w

where we have denoted p (resp. uq) the solution of (1.3) with p(0) = po (resp. w(0) = ug q)-
Now, let y, be the solution of (2.1) with control function hs(t,z) = ue(T — t,z) and initial datum
Ya(0) = yo. The duality equation (2.2) gives for any pg € L?(M) initial datum for p solution of (1.3)

T
| ptauat oitds = oo ya(0)) sacany ~ BT 0)2 00
0 w
Combined with (5.17), this implies
(pana(T))L2(M) +a(p07u0,a)L2(M) >0, (5'18)

for every po € V — ug,o. This also holds for any py € Vsince VCV— Ug,o by assumption.
To obtain an estimate of the control, we apply (5.17) to pg = 0 — ug,o. After an application of the
Cauchy-Schwarz inequality, we have

T
| [ et Patda + ol ey < 0Dl Bolzcan -

The observability inequality (5.16) applies to ug o € V, so that
g 2
/O / [t ) Pdtde + aJuo.als rg

. 1/2
< Ou(T,e) (/ / |ua<t,x>|2dtdx> lwollz2ay
0 w
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We obtain successively

T
/ / [ue (t, z)|2dtde < Cy(T,e)? ||y0|\iz(M) 5 (5.19)
0 w
2 2
aluo,allz2py < OV(T,€)* Yol z2an) - (5.20)

We obtain that 1,u, is bounded in L?([0,T] x M) uniformly in o > 0. Take a sequence «;,, — 0 so that
Lyta, — Lyu in L2([0,T] x M). The associated solutions y,, with control 1 ua, (T —t,x) is therefore
bounded in L*°([0,77], L?>(M)) and, again up to a subsequence, converges weakly-x to a solution y of (2.1)
with control h(t,z) = 1,u(T — t,x) and initial datum yo. Moreover, up to a subsequence, we can impose
Yo, (T) — y(T) in L?(M). Passing to the limit in (5.18) using (5.20), we finally obtain

(pOuy(T))L2(M) >0
for any py € V. We finally get the expected estimate on h(t,z) = u(T — t,x) passing to the limit in
(5.19). O
We may now conclude the proof of Corollary 2.4 from Lemma 5.9.

Proof of Corollary 2.4. We apply Lemma 5.9, with V=V= L?(M;R*). Note that the Lemma applies
because for any v € L2(M;R*"), L*(M;RT) € L*(M;RT)—v. Indeed, any u € L*(M;RT) can be written
u= (u+v)—v € L*(M;RT) — v since u+wv > 0. This gives a control h with the expected uniform bound
and so that (y(T'), uo)2(pq) = 0 for any ug € L?*(M;R*). This implies y(T) > 0. O

A About the distances

In this section, (M, g) is a compact Riemannian manifold without boundary.

A.1 A general lemma

We start with a general lemma.

Lemma A.1. Let V € WH(M) with nonnegative value. Then, for all x,y € M?, we have
1 t
gt { [ O +VOe)ds. 1> 0.7 € Uitan) |
t
—inf { [0l VOGS, 1> 0.7 € Ui |
’ 0
1
—int { [ 15660, Vs, 7 € Uil |
0

where Uy(z,y) = {v € WH([0,t]; M),7(0) = z,~(t) =y} fort > 0.

This lemma is particularly useful for V = (V — E); in which case the (pseudo-) distance defined is the
Agmon distance at energy level E.

Proof. We denote by dy, da, ds respectively the three (pseudo-)distances defined in the statement of the
lemma. Then, we notice that the last two quantities are invariant by reparametrization, so that do = d3
after a change of variable in the integral. Then, the inequality ab < 1(a* 4 b?) directly yields d < dy.
Let us now prove the converse inequality, namely ds > d;. For € > 0 there exist § > 0 and a path

v :[0,1] = M such that fol [5(s)g/V(7(s)) +dds < d3 + . We can further assume |¥(s)|, > 0 with the

same estimate (indeed, defining a new parametrization ¢ by v(¢) = ((¢(t)) with ¢(t) = fot |¥(s)|gds even
yields a Lipschitz reparametrization with constant positive speed, see e.g. | , Proof of Lemma 3.16]).
Using an approximation argument, we can further assume that =y is smooth up to replacing € by 2. We now
VOr(e(s))+s Vs

define the following reparametrization J(s) = v(p(s)) where ¢ solves ¢(s) = Rl — 2 maxey Tl
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0, 9(0) = 0 50 that [§(s)ly = V() 78 for any s € [0, (1)), Tn particular, [5(s)], VG35 7 6 =
L (Bs)2 + V(3(5) + 6) and

e (1)

e ), .
% /0 (Iﬁ(s)l§+vﬁ<s))+6) ds = /O 7 (s)|s v/ V(A (s)) + dds
1
— | Bl VT s < da + 2,

which gives di; < d3 + 2¢, and concludes the proof of the lemma. O

A.2 Equivalence between the two definitions of dv ;

In this section, we prove equivalence between the two definitions of dy, s, respectively given in (1.24) in
the introduction and in (5.5). We further give an equivalent quantity in terms of the Riemannian distance
and the flow ¢; of V,f. The function f is assumed to be C? throughout the section.

2
We recall that p is defined in (5.2) with V = %, that is to say
1 "
plecnt) = gint { [ BOR+ 1V, 6)Eds 7 € Uiz} (A1)
with Uy(z,y) = {7y € Wh>([0,¢]; M),7(0) = z,7(t) = y}. Note that it is proved in | , Appendix]| that

p is continuous on M? x (0, +00) and, for all ¢ > 0 fixed, Lipschitz continuous as a function of (x,y) € M?2.
These quantities are related to the Agmon distance but in finite time, see Section A.3 below. Note that
the quantity p is symmetric, p(z,y,t) = p(y,x,t), and remains unchanged under the change of § by —f.
This is not the case for dv ;.

Lemma A.2. The function dv ; defined as

is continuous on M? x (0,4+00) and, for all t > 0 fized, Lipschitz continuous as a function of (x,y) € M?2.
Moreover, we have

dvgf(fﬂ, yvt) = p(Ia yvt) +

dor.00) = fint { [ )+ Voflalo)3ds. € Ui | (A3)

= it { [0 - Wafas) s, 7 € Uit} (A1)

= it { [THOR, a5, 1 € WE0.00090) =200 =5} (49

where Uy(z,y) = {y € WH([0,t]; M),7(0) = z,7(t) = y}, and gs is the time varying metric defined by

Y1y, = [Dos(Y)l,-
In particular, for any T > 0, there exists some constant Cp > 0 so that

Crld(z,¢-+(y)) < dv,j(2,y,t) < Crd(z, ¢—i(y)), for all t € [0, T,

where d denotes the Riemannian distance (associated to g).

Proof. The continuity property directly follows from that of p proved in | , Appendix]. To prove (A.3),
we remark that for any path v so that v(0) = y,y(t) = z, we have f(z) — f(y) = Otdis(f o) (t)dt =

fot Vf(7(t)) - 4(t)dt. In particular, from the definition of dy ; in (A.2) and p in (A.1), we can rewrite
dvgf(% Y, t) as

do,stont) = it { [ BRIV EDE + 29,5600 4035, 3 € Uil |

= iinf {/Ot [4(s) + Vf(7(s)|* ds, 7 € Ut(xvy)} :
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The statement (A.4) is obtained thanks to the change of path ¥(s) = v(t — s).
Now, we compute dy,j(z, ¢+(y), t) according to formula (A.4). To this aim, let v € W*([0,]; M) so

that v(0) = x, v(t) = ¢+(y). Let 7( ) = ¢_s(7(s)) so that 4(s) = V,f(v(s)) + Des(F(s)). In particular,
|%(s) — ng(’y(s))@ = ‘D(bs(ﬁ ’ ‘*y . It gives (A.5) since any path v € W1°°([0,t]; M) so that
~v(0) = x, y(t) = y can be written *y( )= gbs( (s)) with ¥(0) = z, ¥(t) = ¢_+(y), and conversely. O

A.3 Further links between the different distances

In this section, we relate the above quantities p(x,y,t), dv,(z,y,t) with the Agmon distance to the bottom

2
energy (see 1.12 for V = % and Fy = minp V = 0), that is to say

dato) = 5int { / Vs, € Trlon | (A.6)

with Uy (z,y) {’y € Whee([0,1]; M), v(0) = z,v(1) = y} and the associated quantity (compare with the
definition of dv_; in terms of p in (A.2))

i) —i(y) (A7)

W(z,y) :=da(z,y) + 5

The results of this section are not explicitly used in the proofs of the main part of the paper; however we
believe these links are interesting and enlightening. Indeed, they relate the quantity da(x,y) appearing in
all general bounds of Section 3 together with the quantities p(x,y,t),dv,s(x,y,t) appearing in results of
Section 5 concerning positive solutions.

Lemma A.3. For all (x,y) € M?, we have

dA(fI:,y) = %Egp(xayut)v (A8)
W(z,y) = inf dv (2, y.1). (A9)

Moreover, if V,f(y) =0, then we have d(x,y) = . liin plx,y,t).
— 400

Proof. Equality in (A.8) is a consequence of Lemma A.1 applied to V = |V4f|2. Then, (A.9) is a direct
consequence of the expression of W and dy,; in terms of d4 and p in (A.7), (A.2), together with (A.8).
Finally, if V4f(y) = 0, then the function t — p(z,y,t) is non-increasing. Indeed, taking t; < t9, from
a path v1 : [0,¢1] = M such that v1(0) = = and v1(¢1) = y, we can construct the path o : [0,t2] — M
by Ya2(s) = v1(s) for s € [0,¢1] and ya(s) = y for s € [t1,ts]. This yields a path in W1°°([0, t3]; M) if 1 €
Whee(]0,t1]; M), and thus the set of admissible paths on [0, ¢s] is larger than the set of admissible paths
on [0,%1]. Since the contribution fttf F2(8)> + [Vgr2(s)2ds = 0 we deduce that p(z,y,t2) < p(z,y,t1).

This proves that the inf is actually a lim in this case. o
t——+oo
Note that related properties are proved in the Appendix of | |. For instance, | , Lemma A2.2]

with our notations can be loosely stated as follows: If W (z,y) = 0, then every minimizing geodesic of d 4
is a generalized integral curve of V.

Finally, we state a last result that explains that dv j(z,y,t) measures how far x is the final state of a
path of the vector field at time ¢ and starting at y. Part of this result is contained in the last statement
of Lemma A.2; we here give a different proof, which, we believe, is interesting in itself.

Proposition A.4. With dv i(x,y,t) defined in (5.5), we have for all (z,y,t) € M? x (0,+00),
1. dvgf(l‘,y,t) > 0,’

2. dv,j(x,y,t) = 0 if and only if there exists a trajectory of Y(s) = V4f(v(s)) with v(0) = z,v(t) =y,
that is if and only if y = ¢¢(x).
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In particular, (M, Vf,w,T) satisfies (GCC) if and only if for any x € M, there existy € w and t € (0,T)
so that dv ,5(z,y,t) = 0.

Recall that the flow (¢¢):er is defined in (2.14) and the Geometric Control Condition (GCC) is defined
in Definition 2.10.

Proof. Statement 1 follows from the definition of dv ; in (A.4). Let us now consider Statement 2. Assume
first that there exists a trajectory of 4(s) = V4f(v(s)) with v(0) = = and (¢t) = y. Then, by definition
of the infimum in (A.4), this yields dy,j(z,y,t) < 0 and hence dv j(x,y,t) = 0. Conversely, assume
dv,i(x,y,t) = 0. Take a minimizing sequence in (A.4), that is to say that v, € W*'°([0,t]; M) such that
Y (0) = x, v (t) = y and 4y, — Vyf(7n) = Ry, (bounded continuous with values in the tangent bundle of
M) with

/t |Rn(s)2ds — 0. (A.10)
0

Since V,4f is bounded on M, the sequence fot [m (s)[2ds is then uniformly bounded in R. As a consequence,
the sequence of paths (y,)nen is equicontinuous. From Ascoli’s theorem, we may extract a subsequence
(which we do not relabel) (7, )neny Which converges strongly for the topology C°([0,]; M) to a limit
v € C°([0,]; M). The latter thus has the same and endpoints v(0) = z and ~(¢t) = y. It is solution
of ¥ = V4f(7) in the distributional sense according to (A.10). Bootstrapping in the differential equation
implies v € W1>°([0,1]; M) and 7 is a strong solution to ¥ = Vf(y). This concludes the proof of
Statement 2.

According to Lemma 2.11 Item 4, that (M, X,w,T) satisfies (GCC) is equivalent to the fact that for
any x € M, there exist ¢t € (0,7T) such that y := ¢:(z) € w. As a consequence of Item 2, this is equivalent
to having dv ;(z,y,t) = 0. O

Note that an analogue statement for the function W in (A.9) is proved in | , Lemma A2.2|, and
could also be deduced from Proposition A.4.
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