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Phonon hydrodynamics and ultrahigh-room-temperature thermal conductivity in thin graphite

Allotropes of carbon, such as diamond and graphene, are among the best conductors of heat. We monitored the evolution of thermal conductivity in thin graphite as a function of temperature and thickness and found an intimate link between high conductivity, thickness, and phonon hydrodynamics.

The room temperature in-plane thermal conductivity of 8.5-micrometer-thick graphite was 4300 watts per meter-kelvin-a value well above that for diamond and slightly larger than in isotopically purified graphene. Warming enhances thermal diffusivity across a wide temperature range, supporting partially hydrodynamic phonon flow. The enhancement of thermal conductivity that we observed with decreasing thickness points to a correlation between the outof-plane momentum of phonons and the fraction of momentum relaxing colli-1

sions. We argue that this is due to the extreme phonon dispersion anisotropy in graphite.

Heat travels in insulators because of the propagation of collective vibrational states of the crystal lattice called phonons. The standard description of this transport phenomena invokes quasi-particles losing their momentum to the underlying lattice due to collisions along their trajectory [START_REF] Ziman | Electrons and Phonons: The Theory of Transport Phenomena in Solids[END_REF]. Gurzhi proposed decades ago that phonons in insulators and electrons in metals can flow hydrodynamically if momentum-conserving collisions among carriers become abundant [START_REF] Gurzhi | Hydrodynamic effects in solids at low temperature[END_REF]. Recently, Hydrodynamic regimes for electrons [START_REF] Bandurin | Negative local resistance caused by viscous electron backflow in graphene[END_REF][START_REF] Crossno | Observation of the Dirac fluid and the breakdown of the Wiedemann-Franz law in graphene[END_REF][START_REF] Moll | Evidence for hydrodynamic electron flow in PdCoO 2[END_REF] and for phonons [START_REF] Lee | Hydrodynamic phonon transport in suspended graphene[END_REF][START_REF] Cepellotti | Phonon hydrodynamics in two-dimensional materials[END_REF][START_REF] Machida | Observation of Poiseuille flow of phonons in black phosphorus[END_REF][START_REF] Martelli | Thermal transport and phonon hydrodynamics in strontium titanate[END_REF][START_REF] Huberman | Observation of second sound in graphite at temperatures above 100 K[END_REF] has become a subject of renewed attention, partially driven by the aim of quantifying the quasi-particle viscosity.

Unlike particles in an ideal gas of molecules, the phonon momentum is not conserved in all collisions. When scattering between two phonons produces a wave-vector exceeding the unit vector of the reciprocal lattice, the excess of momentum is lost to the underlying lattice.

These are called Umklapp (U) scattering events and they require sufficiently large wave-vectors.

Because cooling reduces the typical wavelength of thermally-excited phonons, U scattering rarefy with decreasing temperature and most collisions among phonons conserve momentum, becoming Normal (N) scattering events. In this context, a regime of phonon hydrodynamics emerges that is sandwiched between diffusive and ballistic regimes [START_REF] Gurzhi | Hydrodynamic effects in solids at low temperature[END_REF]. Observations of the hydrodynamic regime include several solids [START_REF] Machida | Observation of Poiseuille flow of phonons in black phosphorus[END_REF][START_REF] Martelli | Thermal transport and phonon hydrodynamics in strontium titanate[END_REF][START_REF] Mezhov-Deglin | Measurement of the thermal conductivity of crystalline He 4[END_REF][START_REF] Thomlinson | Evidence for anomalous phonon excitations in solid He 3[END_REF][START_REF] Kopylov | Investigation of the kinetic coefficients of bismuth at helium temperatures[END_REF][START_REF] Zholonko | Poiseuille flow of phonons in solid hydrogen[END_REF]. In this narrow temperature window, warming multiplies normal collisions and this enhances the ratio of thermal conductivity to specific heat called the thermal diffusivity. Observations of this behavior tend to be at cryogenic temperatures.

The domination of N events over U events across very broad temperature range in graphene led two groups to propose that phonon hydrodynamics might be observed at temperatures outside the cryogenic range [START_REF] Lee | Hydrodynamic phonon transport in suspended graphene[END_REF][START_REF] Cepellotti | Phonon hydrodynamics in two-dimensional materials[END_REF]. However, heat transport measurements in graphene [START_REF] Nika | Phonons and thermal transport in graphene and graphene-based materials[END_REF] are chal-lenging to study by the standard four-probe steady-state technique. Evidence for second sound, a manifestation of phonon hydrodynamics was recently found at temperatures exceeding 100 K in graphite [START_REF] Huberman | Observation of second sound in graphite at temperatures above 100 K[END_REF]. These observations were in agreement with theoretical expectations [START_REF] Ding | Phonon hydrodynamic heat conduction and Knudsen minimum in graphite[END_REF].

The two-dimensional lattice of graphite (Fig. 1A, inset) consists of strong interlayer sp 2 covalent bonds combined with weak intralayer van der Waals bonds. The strength of the inplane and the out-of-plane couplings differ by two orders of magnitude. This dichotomy makes graphite easily cleavable down to the single-layer graphene form [START_REF] Geim | The rise of graphene[END_REF]. The bonding of graphite also creates two distinct Debye temperatures, one for the in-plane and the other for the out-ofplane atomic vibrations [START_REF] Krumhansl | The lattice vibration specific heat of graphite[END_REF]. This induces a large difference between in-plane and out-of-plane thermal conductivities [START_REF] Slack | Anisotropic thermal conductivity of pyrolytic graphite[END_REF]. The experimentally measured thermal conductivity [START_REF] Slack | Anisotropic thermal conductivity of pyrolytic graphite[END_REF][START_REF] Bowman | Industrial Carbon and Graphite[END_REF][START_REF] Holland | The Lorenz number of graphite at very low temperatures[END_REF][START_REF] Taylor | The thermal conductivity of pyrolytic graphite[END_REF][START_REF] Morelli | Thermal conductivity and thermopower of graphite at very low temperatures[END_REF] shows a roughly similar temperature dependence. However, there is a large variety in the reported magnitude of in-plane thermal conductivity, which at room temperature can vary between 72 and 2100 W/Km [START_REF] Slack | Anisotropic thermal conductivity of pyrolytic graphite[END_REF], a feature attributed to the unavoidable presence of the stacking faults and contamination of the in-plane data by a contribution from c-axis flow. As we will see below, new insight is provided by a thickness-dependent study on the same sample.

We measured the in-plane thermal conductivity (κ) of a commercially available highly oriented pyrolytic graphite (HOPG) samples, all peeled from a thick mother, with a standard steady-state one-heater-two-thermometers technique in high vacuum (Fig. 1). We tested the reliability by measuring the thermal conductivity of a long thin silver foil with a thermal resistance comparable to our most thermally resistive sample and quantifying the small deviation from the Wiedemann-Franz law [START_REF]Materials and Methods are available as Supplementary Materials on Science Online[END_REF]. For samples with thicknesses ranging from 8.5 µm to 580 µm, we found identical κ behavior below 20 K and a steady thickness evolution for κ with increasing temperature above 20 K.

We compared the temperature dependence of κ in the thickest sample (580 µm) with the measured specific heat (Fig. 2A). We found that κ peaks around 100 K, similar to other mea-surements [START_REF] Bowman | Industrial Carbon and Graphite[END_REF][START_REF] Holland | The Lorenz number of graphite at very low temperatures[END_REF][START_REF] Morelli | Thermal conductivity and thermopower of graphite at very low temperatures[END_REF]. Below this maximum, κ quickly decreases and roughly follows a T 2.5 dependence, close to the specific heat trend below 10 K [START_REF] Alexander | Low-temperature specific heat of the graphite intercalation compounds KC 8 , CsC 8 , RbC 8 and their parent highly oriented pyrolytic graphite[END_REF]. The specific heat (C) temperature behavior deviated from the T 3 expected from the Debye approximation. However, this behavior is not strictly observed in most real solids due to unequal distribution of phonon weights. The 2.5 exponent has been attributed in graphite to an admixture of T 3 and T 2 contributions by outof-plane and in-plane phonons, respectively [START_REF] Komatsu | Theory of the specific heat of graphite II[END_REF]. This unusual exponent may have obscured the Poiseuille regime, which is usually associated with faster than cubic thermal conductivity [START_REF] Gurzhi | Hydrodynamic effects in solids at low temperature[END_REF].

Closer examination of the parallel evolution of thermal conductivity and specific heat can help unveil the Poiseuille regime as κ evolves faster than C above 10 K and slower below 10 K (Fig. 2A). Plotting κ/T 2.5 and C/T 2.5 makes this difference easier to recognize (Fig. 2B).

Upon warming, κ/T 2.5 shows a pronounced maximum above 10 K, while C/T 2.5 gradually decreases. The thermal diffusivity, D th , is the ratio of thermal conductivity to specific heat (expressed in proper units of J/Kmol). We found D th has a non-monotonic temperature dependence and between 10 K and 20 K (Fig. 2C). The phonon hydrodynamic picture provides a straightforward interpretation of this feature. Warming leads to enhanced momentum exchange among phonons, because the fraction of collisions which conserve momentum increases. As a consequence, heat diffusivity rises. If all phonons had the same mean-free-path irrespective of their branch and wave-vector, this would also imply a rise in the effective mean-free-path.

The Poiseuille maximum around 40 K and the Knudsen minimum around 10 K where diffuse boundary scattering rate is effectively increased because of N scattering, define the boundaries of this hydrodynamic window.

We found that the electron contribution is negligibly small in the temperature range of interest by determining the Lorenz ratio (L/L 0 ). We measured electrical conductivity, σ, in order to quantify L = κ σT and compare it with L 0 = 2.44 × 10 -8 WΩ/K 2 . This results in a ratio between 100 and 1000 above the Knudsen minimum (Fig. 2D).

The behavior we observed for κ and C are not due to outstanding sample quality. Comparable features can be found in published data [START_REF] Bowman | Industrial Carbon and Graphite[END_REF][START_REF] Holland | The Lorenz number of graphite at very low temperatures[END_REF][START_REF]Materials and Methods are available as Supplementary Materials on Science Online[END_REF], but appear to have gone unnoticed. Our mother sample was an average HOPG containing both stable isotopes of carbon, (∼ 99% 12 C, ∼ 1% 13 C). Our results support the conjecture that phonon hydrodynamics can occur without isotopic purity [START_REF] Machida | Observation of Poiseuille flow of phonons in black phosphorus[END_REF].

We measured an increased κ as we decreased sample thickness (Fig. 3A). We performed successive measurements after changing the thickness (t) of the sample along the c-axis, maintaining the sample width (w = 350 µm) and the distance (l) between contacts for the thermal gradient to be long enough compared to the thickness (l/t > 10) [START_REF]Materials and Methods are available as Supplementary Materials on Science Online[END_REF]. The trend is the opposite of observations for black phosphorus [START_REF] Machida | Observation of Poiseuille flow of phonons in black phosphorus[END_REF]. With respect to the hydrodynamic regime, thinning leads to an amplification of the non-monotonic behavior of thermal diffusivity. This drives the Poiseuille peak to become sharper and towards higher temperatures. Eventually, D th of the thinnest sample shows a sharp maximum at 100 K. Second sound in graphite was observed near this temperature [START_REF] Huberman | Observation of second sound in graphite at temperatures above 100 K[END_REF]. The thickness dependence vanishes below 10 K, presumably because the phonon mean-free-path in this range is set by the average crystallite size [START_REF] Slack | Anisotropic thermal conductivity of pyrolytic graphite[END_REF], which does not depend on thickness. Another possible origin of the thickness-independent low temperature thermal conductivity is an intrinsic scattering of phonons by mobile electrons.

The thermal conductivity in our 240 µm thick sample is in reasonable agreement with previous observations on a similar thickness graphite [START_REF] Taylor | The thermal conductivity of pyrolytic graphite[END_REF]. The in-plane κ we measured for the 8.5 µm sample was ∼ 4300 W/Km. This exceeds the value for an isotopically pure graphene sample [START_REF] Chen | Thermal conductivity of isotopically modified graphene[END_REF] and higher than other bulk solids. The value is twice the value of natural abundance diamond (28) and about three times larger than high-purity crystalline BAs [START_REF] Kang | Experimental observation of high thermal conductivity boron arsenide[END_REF][START_REF] Li | High thermal conductivity in cubic boron arsenide crystals[END_REF][START_REF] Tian | Unusual high thermal conductivity in boron arsenide bulk crystals[END_REF]. At room temperature, reducing thickness by two orders of-magnitude leads to a five-fold increase in κ (Fig. 3C). Although the κ we measured is already comparable with the highest values reported in single-layer graphene (κ ≈ 3000 to 5000 W/Km) [START_REF] Chen | Thermal conductivity of isotopically modified graphene[END_REF][START_REF] Balandin | Superior thermal conductivity of single-layer graphene[END_REF], our data does not saturate in the low thickness limit. In contrast to suspended graphene over a trench of 3 µm (32), our samples are millimetric in length. Given the quasi-ballistic trajectory of phonons, we make the reasonable assumption that in-plane dimensions matter in setting the amplitude of thermal conductivity. This would imply that the ceiling is higher than previously believed and thinner samples with larger aspect ratio should display even larger conductivity. While several theoretical works have predicted a robust hydrodynamic regime in graphene (6, 7) and its persistence in graphite [START_REF] Ding | Phonon hydrodynamic heat conduction and Knudsen minimum in graphite[END_REF], none examined the issue of thickness dependence.

To try to understand the origin of our observation, we scrutinized the occurrence of U and N collisions given the phonon dispersion of graphite (15, 33) (Fig. 4). We show the calculation of Nihira and Iwata (33) from a semicontinuum model for the in-plane and out-of-plane dispersion of longitudinal (LA), in-plane transverse (TA) and out-of-plane transverse (ZA) acoustic phonons along the ΓM and ΓA directions (Fig. 4B). The model parameters (velocities and elastic constants) were determined by using the best account of experimental specific heat data from 0.5 K to 500 K [START_REF] Nihira | Temperature dependence of lattice vibrations and analysis of the specific heat of graphite[END_REF]. The two orientations show a striking contrast regarding the typical wavelength of thermally-excited phonons and requirements for U scattering. At 300 K (or 200 cm -1 ), the typical in-plane wave-vector of the LA mode is only 0.1 of the BZ width. This makes U collisions extremely rare (Fig. 4C), because in order to create a phonon with a wave-vector larger than half of the BZ width, the average wave-vector of each colliding phonon needs to be 0.25 of the BZ width. The fundamental reason behind the scarcity of U collisions and the emergence of hydrodynamics resides this simple feature. The situation is radically different for out-of-plane wave-vectors. Even at 50 cm -1 , a thermally-excited phonon can have an outof-plane wave-vector which is one-fourth of the BZ height. Above 90 cm -1 (corresponding to 130 K), out-of-plane phonons are all thermally excited [START_REF] Nihira | Temperature dependence of lattice vibrations and analysis of the specific heat of graphite[END_REF] and their peak wavelength is half of the BZ height. Any additional momentum along this orientation can kick them out of the BZ.

A small c-axis component in the momentum exchanged by colliding phonons suffices for the collision to become a U event (Fig. 4D) and the heat flow to degrade.

Our observation implies a reduction in the relative weight of U collisions as the sample is thinned, since attenuating the relative rate of U collisions would extend the hydrodynamic window and enhance thermal conductivity. We note that the spacing between discrete available states in the reciprocal space depends on thickness. Therefore, the total number of states with out-of-plane momentum is inversely proportional to the thickness. It is true that only a small fraction of the Brillouin zone is wiped out by the finite size. However different collision mechanisms are competing for phase space and reducing the thickness not only reduces the population of the out-of-plane phonons, but also amplifies boundary scattering. Heat-carrying phonons can suffer either a U collision with an out-of-plane phonon, or a (more or less) specular collision at the boundary. Thus, reducing the thickness, by substituting a fraction of U collisions with specular boundary reflection, would limit the degradation of the heat flow.

A satisfactory account of thickness dependence of thermal conductivity in both HOPG and black phosphorus (8) is missing. Scattering at the boundaries and imperfect transmission across interfaces between partially twisted graphene layers are to be put under scrutiny. Serious theoretical calculations are needed to explain our findings. The inset shows thickness dependence of thermal conductivity at 250 K. κ of the thinnest sample is comparable with the high values reported in single-layer graphene [START_REF] Chen | Thermal conductivity of isotopically modified graphene[END_REF][START_REF] Balandin | Superior thermal conductivity of single-layer graphene[END_REF]. [START_REF] Nihira | Temperature dependence of lattice vibrations and analysis of the specific heat of graphite[END_REF], together with the experimental data obtained by neutron [START_REF] Nicklow | Lattice dynamics of phyrolytic graphite[END_REF] and Raman scattering [START_REF] Cong | Probing the acoustic phonon dispersion and sound velocity of graphene by Raman spectroscopy[END_REF]. BZ in the ΓKM plane (C) and ΓMA plane (D). Collision between the in-plane component of an incident phonon (green arrow) and a thermally excited phonon (blue arrow) remains N, because the inplane wave-vector of thermal phonon is only a small fraction of the BZ width even at 300 K (or 200 cm -1 ). Hence, the wave-vector of outcome phonon (red arrow) does not exceed half of the BZ width. On the other hand, the out-of-plane wave-vector of a thermal phonon is one-fourth of the BZ height for frequencies as low as 50 cm -1 . Therefore, the collision becomes U, if the in-plane traveling phonon happens to possess a small out-of-plane component. data, indicating that the WF law is properly verified in the Ag foil by using our setup.
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Quantifying heat loss by measuring a highly resistive metallic foil

The heat loss along thermocouple wires and Manganin wires of 50 µm diameter connected to the heater are many orders of magnitude lower than the thermal current along the sample because thermal resistance of these wires [START_REF] Sundqvist | Thermal diffusivity and thermal conductivity of Chromel, Alumel, and Constantan in the range 100450 K[END_REF][START_REF] Zavaritskii | Thermal conductivity of some technical materials at low temperatures[END_REF] are much larger than that of the graphite samples (Fig. S2). The heat loss by residual gas is also negligible because the measurements were carried out in high vacuum. Heat leak by radiation becomes important at high temperatures for samples with high thermal resistance.

We quantified heat loss by testing the validity of the WF law in a second Ag foil with a higher thermal resistance, which was prepared by narrowing the width down to 0.3 mm, while keeping the length and thickness the same as the original 1 mm wide Ag foil. Hereafter, we call the Ag foils with the width of 1 and 0.3 mm as wide and narrow Ag foils, respectively. In Figure S1, we show thermal conductivity of the narrow Ag foil (open circles), which displays an upward deviation from the nearly constant κ of the wide Ag foil above 100 K. Consequently, a small deviation from the WF law was resolved above 100 K, which is about 14 % at 300 K (the inset of Fig. S1). This deviation is attributed to the radiation loss of the applied heater power.

Note that the thermal resistance of the narrow Ag foil is comparable with the one of the 8.5 µm graphite sample as shown in Figure S3.

From the difference in κ between the narrow and wide Ag foils, we estimated thermal conductance K loss of radiation as follows;

K loss = (κ narrow -κ wide ) • G, (1) 
where G is a geometric factor of the narrow Ag foil. Temperature dependence of K loss is shown in Figure S4A.

experimental margin, let us assume the maximum emissivity of ε graphite = 1. By taking into account these points, we estimate the heat loss by the two ways.

One is that the heat is lost from the heater as in the case of the Ag foils based on the facts i) and ii). In this case, an identical K loss estimated from Eq. ( 1) is subtracted from the measured thermal conductance K measure of all graphite samples and the thermal conductivity would be:

κ = (K measured -K loss ) • l wt , (4) 
where the length l, width w, and thickness t of each graphite samples are shown in Table S1.

This estimation gives upper limit of error in the thermal conductivity shown in Figure 3. However, heat can also be lost from the sample surfaces because of the higher emissivity of graphite.

In this case, κ should be corrected as :

κ = (K measure -K loss -K graphite rad ) • l wt , (5) 
where the radiative heat conduction from the graphite to the shield K graphite rad is evaluated as,

K graphite rad = K heater rad • ε graphite ε Ag • S graphite S heater ∼ K loss • ε graphite ε Ag • S graphite S heater . (6) 
Figure 4B shows K graphite rad for different graphite samples. Obviously, K graphite rad overestimate the radiative heat loss from the graphite sample, because the sample is colder than the heater (T heater > T graphite ). Thus, this estimation gives an upper boundary to the thermal conductivity shown in Figure 3. The only exception is the 8.5 µm sample. However, even in this case, the fraction of heat loss remains less than 25 %. Thus the observed evolution of the thermal conductivity with decreasing thickness cannot be attributed to a change in the heat loss by radiation.

Specific heat

Specific heat C of graphite was measured between 2 K and 300 K using a relaxation method of the heat capacity option in a Quantum Design, PPMS instrument. A single 3.6-mg piece of graphite was used, which was cut from the same mother crystal used for the heat transport experiments. Our specific heat data agree well with the previous report [START_REF] Alexander | Low-temperature specific heat of the graphite intercalation compounds KC 8 , CsC 8 , RbC 8 and their parent highly oriented pyrolytic graphite[END_REF]41) as shown in Figure S6. Below 10 K, the specific heat follows a T 2.5 behavior as previously reported [START_REF] Alexander | Low-temperature specific heat of the graphite intercalation compounds KC 8 , CsC 8 , RbC 8 and their parent highly oriented pyrolytic graphite[END_REF].

Our result also coincides with the calculated specific heat by Nihira [START_REF] Nihira | Temperature dependence of lattice vibrations and analysis of the specific heat of graphite[END_REF] The specific heat data was used to evaluate the thermal diffusivity shown in Figures 2(C) and 3(B).

Comparison to the literature data

In Figure S7(A), thermal conductivity of the 580 µm thickness sample is shown together with the previously reported data by Bowman [START_REF] Bowman | Industrial Carbon and Graphite[END_REF] and Holland [START_REF] Holland | The Lorenz number of graphite at very low temperatures[END_REF]. Three data are roughly coincide with each other. We estimated the thermal diffusivity from the literature data of κ [START_REF] Bowman | Industrial Carbon and Graphite[END_REF][START_REF] Holland | The Lorenz number of graphite at very low temperatures[END_REF] by using the specific heat data by DeSorbo (41) and Alexander [START_REF] Alexander | Low-temperature specific heat of the graphite intercalation compounds KC 8 , CsC 8 , RbC 8 and their parent highly oriented pyrolytic graphite[END_REF] 

Electric resistivity

Electric resistivity measurement was done by a standard four-point technique using the same contacts and wires utilized for the thermal conductivity measurements. The result for the 580 µm thickness sample is shown in Figure S8, which was used for the evaluation of Lorenz ratio L/L 0 shown in Figure 2(D). [START_REF] Jaoui | Departure from the WiedemannFranz law in WP 2 driven by mismatch in T -square resistivity prefactors[END_REF] and Cu [START_REF] Zhang | Determining the Wiedemann-Franz ratio from the thermal Hall conductivity: Application to Cu and YBa 2 Cu 3 O 6.95[END_REF][START_REF] Berman | The thermal and electrical conductivity of copper at low temperatures[END_REF], but a small deviation from the Wiedemann-Franz law is resolved in the narrow Ag foil above 100 K. 
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 12 Fig. 1. Thermal conductivity and experimental setup. (A) Temperature dependence of inplane thermal conductivity of graphite with various thickness ranging from 580 to 8.5 µm in a logarithmic scale. Inset shows side view of the crystal structure of graphite. A schematic illustration (B) and a photo (C) of the measurement setup for the thermal conductivity. Heat current j q generated by heater on the one end of the sample pass through the sample towards thermal bath. Temperature difference developed in the sample is determined by two pairs of thermocouples.

Fig. 3 .

 3 Fig. 3. Thickness dependence of thermal conductivity. (A) Temperature dependence of inplane thermal conductivity κ for various thickness of the samples. In the thinnest sample, κ attains the largest value ∼ 4300 W/Km known in any bulk systems near the room temperature. (B) Temperature dependence of thermal diffusivity D th for the various sample thickness. The maximum in D th grows into a sharp single peak with decreasing the thickness. (C) Our data are compared with those of ultrahigh-thermal conductivity materials[START_REF] Taylor | The thermal conductivity of pyrolytic graphite[END_REF][START_REF] Chen | Thermal conductivity of isotopically modified graphene[END_REF][START_REF] Wei | Thermal conductivity of isotopically modified single crystal diamond[END_REF][START_REF] Kang | Experimental observation of high thermal conductivity boron arsenide[END_REF]. The inset shows thickness dependence of thermal conductivity at 250 K. κ of the thinnest sample is comparable with the high values reported in single-layer graphene[START_REF] Chen | Thermal conductivity of isotopically modified graphene[END_REF][START_REF] Balandin | Superior thermal conductivity of single-layer graphene[END_REF].

Fig. 4 .

 4 Fig. 4. Phonon dispersions. (A) First Brillouin zone (BZ) of graphite. (B) Calculated dispersions of acoustic phonon blanches along the ΓA and ΓM directions of BZ[START_REF] Nihira | Temperature dependence of lattice vibrations and analysis of the specific heat of graphite[END_REF], together with the experimental data obtained by neutron[START_REF] Nicklow | Lattice dynamics of phyrolytic graphite[END_REF] and Raman scattering[START_REF] Cong | Probing the acoustic phonon dispersion and sound velocity of graphene by Raman spectroscopy[END_REF]. BZ in the ΓKM plane (C) and ΓMA plane (D). Collision between the in-plane component of an incident phonon (green arrow) and a thermally excited phonon (blue arrow) remains N, because the inplane wave-vector of thermal phonon is only a small fraction of the BZ width even at 300 K (or 200 cm -1 ). Hence, the wave-vector of outcome phonon (red arrow) does not exceed half of the BZ width. On the other hand, the out-of-plane wave-vector of a thermal phonon is one-fourth of the BZ height for frequencies as low as 50 cm -1 . Therefore, the collision becomes U, if the in-plane traveling phonon happens to possess a small out-of-plane component.

Figure

  Figure S5 show (A) the total thermal conductance K, (B) the radiative thermal conductance from the heater and the the graphite sample K loss +K graphite rad

Fig. S1 :

 S1 Fig. S1: Thermal conductivity of silver. Temperature dependence of thermal conductivity κ of two different Ag foils with different width. The data for the wide and narrow Ag foils are represented by closed and open circles, respectively. The Lorenz ratios L/L 0 are shown in the inset. L/L 0 for the wide Ag foil reasonably agrees with the literature data of Ag[START_REF] Jaoui | Departure from the WiedemannFranz law in WP 2 driven by mismatch in T -square resistivity prefactors[END_REF] and Cu[START_REF] Zhang | Determining the Wiedemann-Franz ratio from the thermal Hall conductivity: Application to Cu and YBa 2 Cu 3 O 6.95[END_REF][START_REF] Berman | The thermal and electrical conductivity of copper at low temperatures[END_REF], but a small deviation from the Wiedemann-Franz law is resolved in the narrow Ag foil above 100 K.

  Fig.S2: Thermal resistance of graphite samples and wires. Temperature dependence of thermal resistance of the graphite samples with the thickness of 8.5 and 65 µm and wires used in our setup; Manganin, Constantan, and Chromel wires[START_REF] Sundqvist | Thermal diffusivity and thermal conductivity of Chromel, Alumel, and Constantan in the range 100450 K[END_REF][START_REF] Zavaritskii | Thermal conductivity of some technical materials at low temperatures[END_REF].

Fig. S3 :Fig. S4 :

 S3S4 Fig. S3: Thermal resistance of graphite samples and Ag foils. Temperature dependence of thermal resistance W of the graphite samples with the thickness of 8.5 and 65 µm and the narrow and wide Ag foils. W of the narrow Ag foil is comparable with the one of the 8.5 µm graphite sample.
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 5 Fig. S5: Thermal conductance of graphite samples at 250 K and the relative weight heat loss. (A) Thermal conductance K of graphite samples and (B) radiative thermal conductance from the heater and the graphite sample K loss +K graphite rad with different thicknesses. (C) Relative correction to the thermal conductance due to radiative heat loss taking in to account the surface of each graphite sample as well as the heater.

  Fig.S6: Specific heat. Temperature dependence of specific heat C of graphite in logarithmic scale with the literature data[START_REF] Alexander | Low-temperature specific heat of the graphite intercalation compounds KC 8 , CsC 8 , RbC 8 and their parent highly oriented pyrolytic graphite[END_REF] 41). Our specific heat data is compared with the calculated C by Nihira[START_REF] Nihira | Temperature dependence of lattice vibrations and analysis of the specific heat of graphite[END_REF].

Fig. S7 :

 S7 Fig. S7: Comparison to the literature data. Our thermal conductivity (A) and thermal diffusivity (B) data for the 580 µm sample are compared with the literature data (25, 41).

  , which are shown in Figure S7(B). It is remarkable that the Poiseuille maximum and Knudsen minimum can be can found in published data, but they have remained unnoticed.
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Materials and Methods

Samples

Sample is highly oriented pyrolytic graphite (HOPG) of the commercially available grade provided by TipsNano in Estonia. A mother crystal with a dimension of 10 × 10 × 2 mm 3 is cut into a bar shape with an area of 10 × 0.35 mm 3 within the plane and thickness of 2 mm along the out-of-plane direction. Sample thickness was reduced by cleaving while keeping the sample width (0.35 mm) unchanged and a ratio of distance between contacts to thickness large enough. In Table S1, sample label represents a sequence of the experiments from the thickest to the thinnest sample.

Table S1. Sample dimensions. Dimensions of the graphite samples (in mm), a ratio of distance between contacts to thickness (l/t),and a surface area S. 

Sample

Heat transport measurements

The thermal conductivity was measured by using a home build system. We employed a standard one-heater-two-thermometers steady-state method. A thermal gradient was applied along the sample by heating a chip resistor which was surrounded by a thin Ag foil. Heater power was determined by IV where I is applied current to the heater by using a dc current source (Yokogwa GS200) and V is generated electric voltage which was measured by a digital multimeter (Keithley 2000). Two differential thermocouples were used to measure the temperature gradient. The thermocouple was made by spot welding the Chromel wire of 25 µm diameter directly to the Constantan wire of 25 µm diameter, and was glued on the sample by Dupont 4922N silver paste.

Thermoelectric voltage developed in thermocouples was measured by a digital nanovoltmeter (Keithley 2182A). To minimize the effect of radiation, the setup for the thermal conductivity measurement was placed in a radiation shield tightly connected to the thermal bath. The thermal conductivity was checked to be independent of the thermal gradient applied by changing ∆T /T in the range of 0.53 %. Main source of uncertainty in thermal conductivity is the loss of the applied heat by radiation through the heater and the sample as described below. Another source of uncertainty results from uncertainty in the measured thickness of the samples, which is about 6 % at maximum in the thinnest sample.

Supplementary Text

Reliability of our thermal conductivity measurements

In order to make sure that our experimental setup works properly, thermal conductivity κ of a thin Ag foil was measured. The sample has a bar shape with the length of 5 mm. The width and thickness are 1 and 0.1 mm, respectively. The result is shown by solid red circle in Figure S1.

κ exhibits a typical textbook-behavior, namely nearly constant κ at high temperatures, a profound conductivity maximum at low temperatures, and a steep decrease below the maximum following κ ∼ T . In the inset of Figure S1, the Lorenz ratio L/L 0 is plotted as a function of temperature where L = (κ/T )ρ and L 0 is the Lorenz constant, L 0 = 2.44 × 10 -8 WΩ/K 2 . In metallic systems, at low and at high temperatures where elastic scattering of electrons dominates, the Wiedemann-Franz (WF) law, stating that L = L 0 , is satisfied in both limit. As seen from the figure, the law is confirmed to be satisfied in Ag [START_REF] Jaoui | Departure from the WiedemannFranz law in WP 2 driven by mismatch in T -square resistivity prefactors[END_REF] and Cu [START_REF] Zhang | Determining the Wiedemann-Franz ratio from the thermal Hall conductivity: Application to Cu and YBa 2 Cu 3 O 6.95[END_REF][START_REF] Berman | The thermal and electrical conductivity of copper at low temperatures[END_REF] at low and at high temperatures, but is violated (L < L 0 ) in the intermediate temperature range due to the presence of inelastic scattering by phonons. Our result reasonably agrees with the literature

Estimation of the radiative heat loss

The radiative thermal conductance K rad from the hot part of the setup to the surrounding isothermal shield is given by:

where σ T is Stefan-Boltzmann constant, T hot is the temperature of the hot part of the setup, ε and S are the emissivity and the surface area, respectively. T shield is the temperature of the radiation shield and ∆T is the temperature difference determined by the thermocouples. Heat can be radiated from both the heater and the Ag sample, so T hot can be either T heater or T Ag . Let us discuss which can be the dominant source of heat loss.

In our setup, the heater is surrounded by the thin Ag foil with surface area of S heater = 150 mm 2 .

This foil and the Ag samples used for the thermal conductivity measurements were cut from the same Ag sheet. A crude approximation of its emissivity is ε Ag = 0.05 which is a typical value for metallic surfaces. The surface area of the wide (narrow) Ag foil sample is S Ag = 11 (4) mm 2 . The fact that the surface area of the heater is more than one order of magnitude larger than the Ag sample (S heater S Ag ) and the heater is hotter than the Ag sample (T heater > T Ag )

imply that the radiative heat conduction from the heater dominates over the one from the Ag sample (K heater rad K Ag rad ).

In this case, when measuring the Ag foils, the heat loss expressed in Eq. ( 1) is equal to the radiation loss from the heater and therefore:

Let us now discuss the heat loss in the case of graphite. Here important points are i) the surface areas of the graphite samples are also much smaller than the heater (see Table S1), ii) the thermal resistance of the most resistive (thinnest) graphite sample is comparable with the narrow Ag foils, and iii) the emissivity of graphite is higher than Ag. In order to allow the highest