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In this paper, we consider the general perturbations of piecewise Hamiltonian systems. A formula
for the second order Melnikov functions is derived when the first order Melnikov functions vanish.
As an application, we can improve an upper bound of the number of bifurcated limit cycles of
a piecewise Hamiltonian system with quadratic polynomial perturbations.
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1. Introduction and main results

One of the most important topics in the classical problems for smooth system is the weak 16th Hilbert
problem. In order to study limit cycles which are bifurcated from the perturbation of a center, more and
more researchers study on piecewise systems. The study of piecewise differential systems goes back to
Andronov and his coworkers[Andronov et al., 1966], and in the recent years, there are more and more
papers studying on the piecewise linear differential systems. For readers, not yet acquainted with the
subject, we refer to the book[Di Bernardo et al., 2008], and the survey[Makarenkov & Lamb, 2012].

In 1990, Lum and Chua[Lum & Chua, 1991] conjectured that in the case the plane is divided into two
pieces by a straight line and the piecewise linear system is continuous and nonsmooth, there is at most one
limit cycle. This was proved by E. Freire and his coworkers|Freire et al., 1998].

Recently, the discontinuous piecewise linear differential systems in the plane with two pieces separated
by a straight line has been studied by many researchers. Han and Zhang[Han & Zhang, 2010] conjectured
that the maximum number of limit cycles in this case is two. But Huan and Yang [Huan & Yang, 2013]
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gave a numerical evidence on the existence of three limit cycles. And Llibre and Ponce[Llibre & Ponce,
2012] proved the existence of three limit cycles.

There are many techniques for computing analytically the periodic solutions of piecewise differential
systems, such as first integrals, Poincaré map, averaging theory or Melnikov functions and so on.

The averaging theory of first order for piecewise differential systems is given by Llibre et al.[Llibre
et al., 2015b]. Then Llibre and his coauthors[Llibre et al., 2015a] developed the averaging theory of first
and second order for studying discontinuous piecewise systems in arbitrary dimension. The first order
Melnikov function of piecewise Hamiltonian systems is derived by Liu and Han[Liu & Han, 2010]. Cardin
and Torregrosa|Cardin & Torregrosa, 2016] studied the piecewise linear perturbations of a linear center,
which is a generalization to piecewise linear systems of the extension to higher order perturbations and
calculated its higher Melnikov functions up to sixth order. But to the best of our knowledge, there is no
result about the higher order Melnikov function for the general perturbation of piecewise Hamiltonian
Systems.

So in the present paper, we derived a formula for the second order Melnikov function of the piecewise
Hamiltonian systems in section 2 and 3. And we consider an example of perturbations for a linear center
by piecewise quadratic polynomials in section 4. Finally we make some remarks in section 5.

2. The second order Melnikov functions

More precisely, we consider the perturbed system as follows,

dH +ew =10 (2.1)
where
_ [H(z,y), x>0,
H(z, y) = {H(fc, y), =<0,
and

_ Jwt =Pt (z, y)dy - Q" (z, y)dz, x>0,
YT \w =Pz, y)dy — Q (z, y)dr, x <0,
with H*(z, y), P*(x, y), QT (z, y) € C®. When € = 0, system (2.1) is called a piecewise Hamiltonian
system. The y-axis x = 0 is the discontinuity line.
Suppose that system (2.1) with e = 0 has a family of periodic orbits near the origin. And we give the

same assumption as [Liu & Han, 2010]. Let D be an interval, and there exist two points Ag(h) = (0, ag(h))
and By(h) = (0, byo(h)) on = = 0, such that for h € D,

H* (Ao(h)) = H* (Bo(h)) = h, H™(Ao(h)) = H™ (Bo(h)), (2.2)

where ag(h) # bo(h), which implies the unperturbed system has a family of periodic orbits L, = L} U L;’
where L} is defined by H'(x, y) = h on x > 0 beginning from Ay(h) and ending at By(h), L, is defined
by H (x,y) = H (Bo(h)) on & < 0 beginning from By(h) and ending at Ag(h). It is obvious that Ly is
piecewise smooth, see Figure 1.

Y

4, (n)=(0,a,(h)

B, ()= (0,b,()

Fig. 1. Unperturbed system (2.1) with € = 0.
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For the perturbed system (2.1), we consider a solution which starts from Ag(h), and denote B((h) =
(0, be(h)) be the first intersection point with the negative y-axis, and A.(h) = (0, ac(h)) be the first
intersection point with the positive y-axis, see Figure 2. Then we can define the bifurcation function as

HT(A) — HY(Ag) = eMy(h) + EMo(h) + -+ . (2.3)

Y
A

4,(n)
4,(h)

AN
%

5,(1)

Fig. 2. Perturbed system (2.1).

As in the smooth case, we define M;(h) by the first order Melnikov function (cf Liu and Han [Liu &
Han, 2010]) and M (h) by the second order Melnikov function. In the present paper, we give the expression
of the second order Melnikov function for the piecewise Hamiltonian system.

The main theorem is the following.

Theorem 2.1. Consider system (2.1) with the assumption (2.2), and M (h) = 0, the second order Melnikov
function is given by

(2.4)

with * are defined by

+ @) + t,+ *
e = [ i) o (o
+ _ + + + : . + £ _
where x= = (P*, QF) and ;" are the solution of system (2.1) passing through (x7, yy ) att =0 and end
at (z, y) with t = T*(z, y).
If we consider the system with the perturbations up to second order in €, that is,

dH (z, y) + ewd + Ewf =0, x>0,
dH™(z, y) + ewy + 2wy =0, x <0,

where
w(j)[ = Poi(x, y)dy — Q%(m, y)dx, wli = Pli(a:, y)dy — Qf(x, y)dx.

Then we have the following corollary:
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Corollary 2.1. System (2.5) with the assumption (2.2), and M;(h) = 0, the second order Melnikov function
is given by

_ _ _  _ H/(Bo) _ N
M) = ) 2( a0 T ey P /A/OEOWO
Py

Hy,(Bo) _
B(())) /A/o\ WS_) + H?;%(B(;) (/B/OA\O wo )2}

i

H?j—( ) By
H,(Ao) H, (Bo) +,.+ _ 7t Py (Bo) +
" 1, (Ay) Ty (Bo) 2( ot T T (B /AAB 0

HY (B
Ly B = Ty |
AoBo HZ/ (BO) AoBo
where ¥F, xT, cpft and Ti(z, y) are defined as the same with Theorem 2.1.

3. The proof of main Theorem

In this section, we give the proof of the main theorem.

Proof. Split the formula (2.3) into four parts as follows
H*(A,) — H*(Ao) = [H*(A,) — H™(A)] + [H~(A.) — H(B,)]
T [H(B.) — H*(B.)] + [H*(B,) — H*(Ag)] (3.1)
=l +la+1ls+ 1.
It is easy to calculate that

o= H (Bo) — 1 (Ao) + el (Bo) 2|+ Lt (1) 20
4 0¢€ le=0 2 4 862 e=0
ob 2
+ (aad 3
+ 2Hyy(3 0)e <ae e:o) +O().
Then by the above formula, we have
ol Obe
g4 — H+(Bo)
66 e=0 66 €= 0 (3 2)
0%y b Obe 2 '
=H,f (B < H/ (B .
82 e=0 ( 0)86 60+ ( 0)<86 €= O)
Similarly, by lo = H~ (A ) H™(Be), Ac=(0, a¢) and B, = (0, b¢), we can obtain
H™ (A — H (Be)
da 1 ,0%
=H (Ay) + H, (A < e p— 3
( 0) + Y ( 0)(6 86 e=0 26 862 e=0 + O(G >)
1 Oa. 212
+ 5 Hyy(Ao)(e 9 o T O(e%)) (3.3)
_ _ Ob, 1 50%b, 5
—H(Bo) — H, (Bo)(e O¢€ le=0 2° 0€2 le=0 +0(<)
1 Obe
_ *H B 2\\2
S (Bo)( 5| +0()
The formula (3.3) gives to
Oly Oa _ Obe
- A — H (By)—
8660 (0)8660 y(O)(?EeO’
9%y d%a Oa 2
— =H (Ay)—— A = 3.4
862 e=0 Y ( 0) 662 e=0 ( 0)( 86 €= 0) ( )
_ 0%b, 0be 2
B Hy (BO) 862 e=0 B H (BO)( 86 €= 0) ’
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As the same calculation, we can give the formulas as follows,

oly da 0ae
—|  =H (Ay)—— A
Oe le=0 y( 0) O¢ le= 0 ( 0) Oe e:O7
Ols Obe Obe
—| =H,(B — Hf (B
Oe le=0 ( O) Oe le=0 y( O) Oe 6107
0%l i 0%a, i Oae 2
ﬁ e=0 - H (AO) Oe 2 e=0 + Hyy(AO) Oe e:0>
_ d%a, _ Oa, 2 (3.5)
~ Hy (o) G|y~ B0 (5] )
0?13 _ 0°b, _ Obe 2
e oo = Hr (B 5|+ Hin (o) (¢ )
0°%b ab 2
_ =+ € _ + €
Hy (BO) 862 € Hyy(BO)( (96 e:O) '
By (3.2), we have
Obe B 1 %
0€ le=0 N H;—(Bo) Oe E—O7 3.6
% 1 [8% _H+(B)<% >2 (3.6)
862 e=0 N HJ(B()) 862 e=0 vy 0 Oe le=0 .
As the same, (3.6) and (3.4) give rise to
da, 1 [% H, (Bo) dly }
Oe¢ le=0 - Hy_(Ao) 0¢ le=0 H;(Bo) Oe le=0 ’
0%a 1 0?1y 0°b,
= —Z H, (B (3.7)
0€? le=0 Hy_ (Ao) |:862 e=0 + ( O) 0€? le=0
Obe 2 Oae 2
+ Hy (BO)< O€ le= O) (A0)< O€ le= 0) :|
On the other hand, it is obvious that
ly=H"(B) — H"(Ag) = //\ dH" = —e//\ wh 4+ 0(e2).
Ao Be Ao Bg
Then we have
Oy __ /A wt. (3.8)
O¢ le=0 Ao Bo
With the same calculation,
ly = —€ //\ w™ 4 O(€%),
BoAg
which implies
O __ //\ o (3.9)
Oe le=0 BoAo
Hence by (2.3), (3.1) and (3.5), we have
4
ol;
Mi(h) = —
1< ) ; Oe le=0
0l oly Obe Obe (3.10)
== — H,/ (B — HJr By
Oe le=0 Oe e=0+ ( 0>8 e=0 ( )66 e=0
da da
+ € - gae
+H (AO) Oe le=0 Hy (AO) Oe 620‘
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Substituting (3.6)-(3.9) into (3.10) leads to
Hf (A H, (B

Ay () i( 0 /A wt + //\ Wl (3.11)
Hy (Ao) | Hy (Bo) J4.B, BoAg

The formula (3.11) is given by Liu and Han[Liu & Han, 2010], and if M;(h) = 0, from (3.11) we can

Ay Hy (Bo) dly
find Oe —0 + H;‘(BO) Oe

Mi(h) =

= 0, namely,
e=0

da.
Oe

Denote o, = ¢t (t, x, y) be a solution of system (2.1)|.—o on the half plane of x > 0 starting from
(zd, yg) = Ao(0, ag(h)) and define a function ¢ (z, y) as follows

0. 3.12
- (3.12)

+ SIS + (ot ot
vt = [ din) o (o i )

where x* = (P*(z, y), Qt(z, y)) and (z, y) = T (TF (z, y), =3, yg).

Denote xg be the vector field of system (2.1) with e = 0 on x > 0, namely, y§ = H;La% - Hja%. In

other words, ¢ is the integral of the function div(x™") along the trajectories of Xar. Hence, the derivative
of T along the trajectories of the vector field x4 denoted as xd.(¢T) satisfies xg.(¢¥ ) = div(x™). This
yields,
dHT N dy™ = div(xT)dx A dy.
On the other hand, div(x")dx A dy = —dw™. Tt is obvious that
edHT Ndyt = e(—d(¢YTdHT)) = —edw™.

Hence the 1-form wt —TdH™ is closed. The domain on which it is defined being simply connected, there
exists a unique function of (z, y), R* (up to a constant that we fix with the condition R |,—o= 0) so
that:

wt = rdHY + dR*.
Next we consider the following equality, as in the smooth case (cf. [Frangoise, 1996]),
(1—epT)(dH" + ew™) =0, (3.13)
by integrating (3.13) over A/OEE, which is
/A d(H" +eRT) = € /A Yrwt,
AoB.

AoB.
After a simple calculation, we have
YWt 4+ O(e).

—

HT(B.) — H"(Ag) + eRT(B.) — eRT(Ag) = 62/
ApBo

According to (3.1), it is easy to obtain

Obe
L+ R (Bo) + R (B)Se| e+ 0(@) ~ RF (Ag)] =& | __ ¥t +0().
€ le=0 AoBo
From the above formula, we have
0%l ab
—| =-2R}(By)—=~- 2 twT. 3.14
53 |y = 2RI v [ vt (3.14)
Combining (3.2) and (3.14) leads to
02%b 1 b ob 2
—— =—|2 twt — RN(B < — H! (B < . 3.15
0€? le=0 HJ(B()) |: ( A/OEUJ “ y( 0) Oe 5:0) yy( 0)<66 e:O) :| ( )
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Similarly, denote ¢, = ¢~ (¢, x, y) be a solution of system (2.1)|c—og on & < 0 starting from (z, y, ) =
Bc(0, be(h)) and define a function ¥~ (z, y) as follows

T (z,y)
bz, y) = /0 div(x™) o (g5 (5, i),

where x~ = (P~, @) and T~ (z, y) is the time of the solution ending at (z, y).
Denote X, be the vector field of system (2.1) with e = 0 on = < 0, namely, x, = H*(% — H*(%, then

T

we have x .(¢¥~) = div(x ™), which implies
dH™ Ndy~ = div(x™)dz A dy.
On the other hand, div(x~)dx A dy = —dw™, from which we can get
W= ¢ dH™ +dR™

where R~ is a function of (z, y).

—

Similarly integrating the following equation over B A,
(1-e)p”)(dH™ +ew ) =0,

we have

H (A)—H (B)+eR (A) —eR (B) =€ | __ ¢~ w™ +0(e),

BoAg
which leads to
lo +€[R™(Ap) + R, (A )% — R (By) — R, (B )% €+ O(?)]
2 ¢ 0 Y 0 Oe 6:06 0 Y 0 O¢ le=0
= [ ¢ w +0().
BoAp
From the above formula, and the condition that Mj(h) = 0, we have
0%l Oae _ Ob, _
T2l — 2Ry (Ao)==|  +2R; (Bo)=r| 42 b w
0€? le=0 Oe le=0 e le=0 BoAo
5 (3.16)
= 2R, (By)—— 2 TwT.
Y ( 0) 86 =0 + B/OA\O w w
From (3.4) and (3.16), we have
0%a, 1 Ob, 0?b,
=—: |2 “w” 4+ R, (By)— H (B
0€2 le=0 H;(AO) |: </B/0TO ¢ wor y( 0) Oe 6:0) + Y ( 0) 0€? le=0 (3 17)
_ Obe| \2 '
0] ) |
As the same, by (2.3), (3.1) and the condition that M;(h) = 0, we can have
192,
My (h) = SR 3.18
2( ) Z 0€2 le=0 ( )

Substituting (3.6), (3.7), (3.14), (3.15), (3.16) and (3.17) into (3.18), after a simple simplification, we obtain

H,f(Ao) | 621y H,, (Bo) /0ls 2
MZ(h) - Hi(AO) ﬁ e=0 Hy_2(BO) (E ezO) ] 310
+ Hy+<A0) HJ(BO) 82l4 _ H?jy(Bo) (% )2 ( ' )
H, (Ao) Hy (Bo) 0€2 le=0 HJZ(B()) Oe le=0 ’




8 P. Yang, J-P. Francoise and J. Yu

where

—_ —_— w R
0O¢ le=0 Ay B0

) [
e le=0 Body

02l 0b

— | =-2Rf(By)— 2 twt
0€? le=0 v (Bo) o /A/Ogodj .
0?1y 0b.

—_— =2R, (Bg)— 2 Tw.

e le=0 y (Bo) Oe e:oJr B/O\Aow “

Here it is easy to know that %< T —m Jap, W' and RE = PE(z, y) — ¢*=(z, y)Hy (z, y). After

a routine computation with (3.19), we can get (2.4). We have thus proved the theorem. W

The proof of Corollary 2.1 will be omitted because it is analogous to that in Theorem 2.1.

4. Application to piecewise quadratic systems

It is already known that for piecewise quadratic perturbation of a linear center, the maximum number of
the zeros of the first order Melnikov function Mj(h) is equal to two[Liu & Han, 2010]. We can prove the
next proposition.

Proposition 4.1. We consider a piecewise polynomial system of the following form

T=y+ePT(x,y), {x =y+eP (z,y),
. x>0, . = z <0,
{yz—x+eQ+(x, Y), y=-z+eQ (z,y), -

where the two perturbative terms are piecewise quadratic vector fields:

(4.1)

Pt (z, y) = ago + ao1y + a10z + a11zy + agey® + axr?,

QT (x, y) = boo + bory + biox + bi1xy + boay® + baga?,

P~ (z, y) = coo + co1y + c10® + c11xy + coay® + caor?,

Q™ (z, y) = doo + dory + drox + di1xy + dogy® + daox®.

For the perturbed piecewise Hamiltonian system (4.1) with M1(h) = 0, the mazximum number of the zeros of
the second order Melnikov function Ma(h) is equal to three. We give here an example with such a mazimum
number of zeros.

Proof. The Hamiltonian functions of the unperturbed system (4.1) are H"(z, y) = H (z, y) = (2% +
y?) = h. It is obvious that Ag(h) = (0, v2h) and By(h) = (0, —v/2h).
By the polar coordinate transformation of x = v2hcosf, y = v/2hsinf, and (3.11), we obtain

My(h) = ‘(/Am Wt /BAA W)

2 _z
=— Z (v 2h)i+j+1/ ’ (azjcos™  0sin? @ + byjcos'OsinT10)do

us

i+j=0 P
: -5
- Z (V 2h)i+j+1/ (cijcos'™ 1 0sin?0 + d;jcos'Osint16)do
i+j=0 -

= Vh(Ag + AV + Ay (Vh)?),

(VB
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where
Ao = 2v2(ago — coo),
Ay = 7m(a10 + bor + c10 + dor),
Y
3

So M;(h) has at most two zeros. And with proper parameters, M;(h) can have exactly two zeros.
If Mi(h) =0, we have

Ay (2a20 — 2¢20 + ap2 — co2 + bi1 — d11).

aogo = oo,
a0 + bo1 + c10 + do1 = 0, (4.2)
2(az20 — ¢20) + (ao2 — co2) + (b11 — di1) = 0.

Next we consider the second order Melnikov function, by Theorem 2.1, we simplify the formula as
follows,

_ + o+ — + ot 1 +
Moy =2( [ wtt e [ (P8 0 B B g [

. AoBo (4.3)
— (P~ Bo)—w_H_ BO / w+ .
o P i S )
According to the definition of ¥*(x, ), we have
T+ (2,y)
vty = [ e
0
0
— / V2h(2agpcosa + 2bpasina + a1 sina + bijcosa) + (a1g + bo1)da (4.4)
% .
= V2h(—ay1c080 — 2byacosh + 2azpsind + byysinf — 2az9 — b11)
T
- §(a10 +bo1) + (a10 + bo1)0.
As the same calculation, we obtain
B T~(z,y) B
v = [ gy
0
)
= / V2h(2ca0cosa + 2dgasina + c11sina + dyycosa) + (cio + dop )da (4.5)
7% .
= V2h(—c11c080 — 2dy2cosh + 2co0sind + di1sind + 2co0 + d11)
0
+ 5(010 + d01) —+ (610 —+ dm)@.
Substituting Bo(h) = (0, —v/2h) into (4.4) and (4.5) gives to
YT (Bo) = —2V2h(2ag0 + b11) — w(aio + bor), ¥~ (By) = 0. (4.6)

Similarly, substituting Bo(h) = (0, —v/2h) into P*(z, y), P~ (z, y) and H,f (z, y), we have
P+(Bo) = 2ag2h — ap1V2h + ago, P~ (Boy) = 2¢co2h — co1V2h + coo, HJ(BQ) = —V2h.

A routine computation with (4.3) gives rise to

= [ (B ) [

= V(B + BiVh + By(Vh)? + Bs(Vh)?),
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where
Bo = 4v2(booc1o — ao1coo + boodor + coocor + crodoo + doodor ),
T
By = 16(2co0c20 — bricoo + coodi1 — 2az0co0) + 5(40006102 — 4ea0doo — 3cp1c10

— 4az0boo + 3apicio + 3ap1dor — diodo1r — diocio + biocio + biodor — 2boob11
— 2dpodi11 + 2cooa11 + 2cooc11 + 4eooboz — 3co1don ),

By = —4V/27(2¢10¢20 + 2¢20do1 + di1cio + di1dor — biidor — 2a20dor — biicio
4
— 2agpc10) + §\/§(d01d02 + 3diodi1 — Sciodo2 — 4aricio + 12co1c20 — 4arido

+ 2b2odp1 — 6agic20 — 3ap1co2 — Sboador — 3agi1di1 — 3b10b11 + 2d2odor — 3ap1bi1
— 6bo1bo — 4cioc11 — dorci1 + 2bagcig + 6¢o1dir — 6asgbig + 2dagcio — 3ai1bot

— 6agraz0 — Hboacio + 3co1co2 + 6ca0dip),

32
B3 = 3(40206111 — 4agocao — 2a20d11 — 2b11¢20 — biidin + 2c02¢20 + 4¢3y + coadi

v
+ d?, — 2as0c02 — b11co2) + 5(2502602 + 4boacao + 2bgad11 — 4bo2az0 + 2a11c20

+ a11di1 — daod11 — a11bi1 + ar1co2 — ar1a0 + coaci1 + cr1c20 — doadit — baobin
— 2bapago + 2¢o2doz — 3bp2bi1 — 2dapcap).

It is easy to see that Ma(h) has at most three zeros, as we want to prove.
Consider system (4.1) with the following terms

PH(z, y) = 10 4+ 10y — 100z + 10*zy + 32 + 1002,
QF(z, y) = —1 + 100y + 10z + 100zy + y* — 1022,
P~ (z,y) =104y — x + zy + y* + 10022,

Q (z,y) =1+y — x + 100xy + 10y> — 100z

By directing calculation, Mj(h) = 0 and

My (h) = 2Vh(—180v/2 + 102307 Vh — 145184v/2(Vh)? + %(\/ﬁ)?’).

The zeros of Ms(h) are equivalent to the zeros of ma(v/h), where

ma(Vh) = —180v2 4 102307 vh — 145184v/2(Vh)? + %(\/ﬁ)? (4.7)

It is obvious to see that mg(\/ﬁ) has at most three zeros, and with the help of Maple software, it is easy
to calculate that the three zeros are

v h1 = 0.00836376959, /ho ~ 0.1844154805, +/h3 =~ 0.7898442362,

see Fig. 3 for the graph of mso(v/h) with the condition M;(h) = 0.
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Fig. 3. The graph of ma(v/h) in (4.7).

This completes the proof. W

5. Conclusion and Remarks

Consider a system as follows,

N N
&=y+ Y P (z,y), &=y+ Y P (z,y),
=y x>0, =y x <0, (5.8)
y:—$+ ZéQj(xa y)’ y:_$+Z€ZQ;(x7 y)a
=1 =1

If P (z,y) = P, (z,y) and Q] (z, y) = Q; (=, y), that is, the system is continuous. In [liev, 1999],
for continuous quadratic perturbation of a linear center, it is shown that the maximum number of limit
cycles is 0, 1, 1, 2, 2, 3, when N = 1, 2, 3, 4, 5, 6. Bautin in [Bautin, 1954] proved that, for continuous
quadratic systems, it has at most three limit cycles near a focus or a center. Clearly, it can be found up to
sixth order in e.

Furthermore, in [Buzzi et al., 2013], the authors consider systems for piecewise linear perturbations of
a linear center, that is,

Pii(x, y) = a?):i + aﬁx + ag:iy, Qli(a:, y) = b(jf + bﬁx + b;tiy.

7

They proved that the maximum number of limit cycles is 1, 1, 2, 3, 3, 3, 3 when N =1, 2, 3,4, 5, 6, 7, is
the order of the Melnikov functions.

From Proposition 4.1 we can find three zeros of the second Melnikov function Ms(h) up to the first
order in e. In particular, consider system (5.8) with piecewise quadratic perturbation of a linear center up
to second order in €, namely, N = 2. According to Corollary 2.1, we can find that the maximum number
of zeros (if M;(h) = 0) of the second Melnikov function Ms(h) is 3. Because the calculation is similar with
Proposition 4.1, here we don’t give the calculation process.

Consider a system as follows,

t=y(l+z)+eP(z,y), (5.9)
y=—z(l+2)+eQ(z, ), '
where P(z, y) = > a;jz'y’ and Q(z, y) = > bijz'y’. The unperturbed system of (5.9) is formed by
i+j=0 i+j=0
the linear center and a straight line of singular points. In [Llibre et al., 2001], the authors obtained that
system (5.9) with n = 2 and agp = bpp = 0, has 2 limit cycles by using averaging theory of first order.
Later, Llibre and Yu [Llibre & Yu, 2007] mentioned that system (5.9) with agg = boo = 0, has at most
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2n — 1 limit cycles by the averaging theory of second order. But the upper bound can not be reached for
n = 1, 2, 3. Specially, it has one limit cycle for n = 2. In [Buica et al., 2007], Buica et al. proved that
system (5.9) with n = 2 has 2 and 3 limit cycles by Melnikov functions of the second and third order,
respectively. In fact, when we only consider a piecewise quadratic perturbation of a linear center, just like
system (4.1), we can find 3 limit cycles of (4.1) by the second order Melnikov function.

To the best of our knowledge, there are also many articles studying piecewise perturbations of quadratic
isochronous systems. In [Llibre & Mereu, 2014], the authors obtained 5 limit cycles using the averaging
theory of first order. Recently, the authors in [da Cruz et al., 2019] proposed a piecewise perturbation of
quadratic differential system separated by a straight line, they obtained that the lower bound is 16 by the
averaging theory of first and second order and they proved the existence of 16 crossing limit cycles.

In summary, we derive a formula for the second order Melnikov functions of piecewise Hamiltonian
systems. An example shows that piecewise quadratic perturbation can have more limit cycles by the second
order Melnikov functions than the smooth ones.
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