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ABSTRACT  

 Based on the unique additive manufacturing process, a dual-notch void model is proposed 
to explain three tensile strengths of a 3D printed polymer along three major directions. This model 
incorporates the strength/notch angle relation, and provides a relative magnitude of three tensile 
strengths, i.e., Sx (axial strength) > Sy (transverse strength) ≥ Sz (inter-layer strength).    
  

1. Introduction 
 Additive manufacturing (AM), aka 3D printing is defined as the process of joining 
materials to create objects directly from 3D models, usually layer upon layer. AM’s advantages 
include design flexibility, customized geometries and low volume production, short design-to-
manufacture cycle times, and reduced assembly time [1-5]. However, 3D printed materials for 
structural applications have a huge challenge. These materials can be treated as isotropic materials 
in terms of stiffness. Unlike traditional isotropic materials such as polymers and metals, strengths 
and fracture toughnesses of 3D printed materials are highly anisotropic or very different along 
different loading directions [6-12]. This feature is a result of the unique additive manufacturing 
process, because numerous interfaces and voids exist at printing surfaces and rasters due to the 
layer-by-layer process.  The purpose of this paper is to provide a simple comparison of the 
anisotropic strengths of 3D printed polymers  based on an idealized void model, and only fused 
deposition modeling is considered in this paper [13]. 

2. Dual-notch void model based on material processing  
 According to Brenken et al., the bond formation between rasters (or beads) is of great 
importance for the mechanical performance of printed parts using fused deposition modeling [13]. 
An illustration of the bond formation process for round-shaped extruded rasters is provided in 
Figure 1. All rasters shown in Figure 1 have the same direction (unidirectional rasters). Here we 
define the Z-axis as the build direction, the X-axis is along the raster direction (longitudinal or 
axial direction), and the Y-axis is perpendicular to the raster direction or the transverse direction.  
When two rasters get in contact, a neck between these rasters starts to form. Once a connection is 
established, polymer chains diffuse through the interface and a randomization takes place 
concluding the process. The above neck formation process was observed in a sintering experiment 
of printed Acrylonitrile Butadiene Styrene (ABS) polymers. Therefore, Rezaee and Adnan 
proposed a sharp notch model and assumed that a large concave notch forms between two rasters 
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[14]. This notch angle may increase to its maximum value of 180o (large notch angle).  Indeed, 
this notch  leads to a stress concentration which exists in a classic plate with a central hole subjected 
to remote tension, when these rasters are subjected to remote horizontal tension along the Y 
direction. This mechanism can explain that the transverse strength of cured rasters is always lower 
than their longitudinal strength, because no stress concentration of rasters is involved during 
longitudinal tension along the X-axis.  

 
 
   
 

 
 

 
 
 

 

We extend the above observation/model to provide more mechanics insights.  After the 
first layer of rasters is printed, the second layer of rasters stacks on the first layer as shown in 
Figure 1.  So an idealized “dual-notch void” forms between four rasters and two layers. There are 
two notch angles, i.e., the large notch angle is between two rasters and the small notch angle is 
between two layers. Because of the weight of the second and other top layers, we expect that the 
large notch angle will tend to be 180o, while the small notch angle will be close to 0o.    

3. Influence of the notch angle on the material strength 
The effect of the notch angles on the material strengths was extensively studied by the 

authors and other researchers [15-21]. Carpinteri found that the measured strengths of Polymethyl 
Methacrylate (PMMA) beams with different notch angles were an increasing function of the notch 
angles as shown in Figure 2 [20]. If the notch angle ω was 180o, there is no stress 
singularity/concentration, so we define the strength as 100%. If the notch angle ω was 0o, the 
strength problem became a fracture mechanics problem, and the normalized strength reached the 
lowest value (around 17%). For the dual-notch void, the large and small angles will lead to 
different strengths along different load directions.  

Herein we employ an approach within the Finite Fracture Mechanics (FFM) framework 
[15-16], the so-called coupled criterion (CC) [17-18]. It is assumed that for crack nucleation at a 
stress concentration point (e.g., a notch tip), an energy and a stress condition must be 
simultaneously fulfilled. As a consequence, in general the crack jumps a finite length and then can 
either stop or grow in a stable or unstable manner.  More precisely, the CC states that a crack with 
a length l appears if:  (i) the energy balance is fulfilled 

Second layer 
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Rasters  

Z 

Y 

X 
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 Figure 1. Cross-sectional views of the bond formation process between adjacent rasters and an 
idealized defect forms between the rasters and printing surfaces, and ω is the notch opening angle. 
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where WP(l) denotes the potential energy of a material embedding a crack with a length l, and Gc 
is the fracture energy of the material, equivalent to the fracture toughness KIc through Irwin’s 
relationship (ν is the Poisson’s ratio and E the Young’s modulus) 
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(ii) The tensile stress σ  exceeds the tensile strength σc all along the presupposed crack path prior 
to crack initiation 
 c( )  for 0r r lσ σ≥ ≤ ≤   (3) 
 
Note that, as often σ(r) is a decreasing function of r, thus  (3) is equivalent to 
 
 c( )lσ σ≥   (4) 
 As a consequence of the two inequalities (1) and (4), initiation is brutal and the crack jumps 
a finite length lc (it is infinitesimal only in the case of the growth of a pre-existing crack). Solving 
the two inequalities allows determining both lc and the load at failure. Moreover, it must be pointed 
out, that the CC coincides with the well-known Griffith’s criterion in case of a pre-existing crack 
(ω = 0°), and with the maximum sustainable tensile stress for a plain (straight-edge) specimen 
without  a notch (ω = 180°).  
 

 
 
Figure 2. Predicted normalized notch strength as a function of the notch opening angle ω. The 
blue dashed line and triangles represent large PMMA specimens (notch depth 10mm), and the 
solid red line and diamonds represent ABS specimens. Carpinteri’s previous measured PMMA 
strengths are shown as circles. Sx, Sy, and Sz are only illustrations of three tensile strengths 
(relative not absolute values) of 3D printed materials related to different notch opening angles.  
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 The CC can be implemented using a full finite element procedure, by computing  (1) and 
(4) for various virtual crack length l. There is also an asymptotic approach based on Williams’ 
expansion of an elastic solution in the vicinity of a notch, we refer to [17,21] for a detailed 
presentation of this quasi-analytic approach. Results obtained by the asymptotic approach are 
shown in Figure 2 for double-edge-notched specimens of  ABS (E = 2 GPa, ν = 0.25, KIc = 2.7 
MPa m1/2, σc = 46 MPa of raw ABS) and  PMMA (E = 2.5 GPa, ν = 0.25, KIc = 0.97 MPa m1/2, σc 
= 70 MPa of raw PMMA). ABS is commonly used as a 3D printed material, and PMMA is a brittle 
polymer. Our prediction generally agreed with Carpinteri’s experiments  well. It is important to 
notice that in Carpinteri’s experiments, the notch depth was 10 mm while the notch depth of 3D 
printed polymers is very small (<1mm) because their notch depths are functions of different  raster 
diameters and other factors. In Figure 2, three relative tensile strengths (Sx, Sy, and Sz) are marked 
for illustration purpose (not absolute values), since the notch strength prediction was not for  three 
tensile strengths of 3D printed polymer specimens.  

The strength vs notch angle relation can be employed to explain the relative magnitudes of 
three strengths: (1) if remote tension is applied along the raster direction (X-axis), we can measure 
the axial (or longitudinal) strength  Sx, (2) if tensile load is applied along the transverse direction 
(Y-axis), we can measure the transverse strength Sy, and (3) if tensile load is applied along the out-
of-plane (or inter-layer) direction (Z-axis), we can measure the inter-layer strength  Sz  as shown 
in Figure 3.  These three strengths are independent, but their magnitudes can be estimated using 
the strength and notch angle relation. First, measuring Sx has no stress concentration involved  (ω 
= 180°), so Sx has the highest strength as illustrated in Figure 2. Second, according to Figures 1 
and 3, the notch angle related to Sy is larger than the notch angle related to Sz, therefore, we 
illustrate these two strengths in Figure 2. However, if the notch angle is smaller than 120o, the 
difference of two strengths which are related to two notch angles is small, or their measurements 
could be very close.  Finally, we can obtain a simple magnitude relation among three strengths: 

Sx (axial strength) > Sy (transverse strength) ≥  Sz (inter-layer strength)              (5) 
 

 
 
 
 
 
 
 
 

  
Figure 3. Remote tensile tests to measure the transverse/inter-layer strengths Sy and the Sz.  
 
 When tensile load is applied to measure the transverse strength Sy, only the large notch 
angle leads to a tensile stress concentration. While the stress field at the small notch angle is 
compressive, which is similar to the stress distribution along a central hole of a large plate 
subjected to remote tension. So we do not consider the small notch angle because it makes no 
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contribution to the tensile strength. A similar situation is also applicable to Sz measurement. 
Indeed, sharp notches do not exist in materials and all notches are rounded. The purpose of our 
sharp notch assumption is that sharp notch angles are easy to compare using the same mechanics 
theory. However, rounded notches have finite radii, and the small and large notch angles have 
different radii, so it is not easy to compare their stress singular orders/concentrations and draw a 
simple conclusion in this short paper. Also, plastic deformation should occur at these notch tips. 
But our conclusion still holds because high stress concentrations exist at these notches even these 
notches are rounded or have plastic deformation. Therefore, we will conduct further investigation 
on these complex research topics. 
 

4. Results and Discussion 
Table 1.  Anisotropic tensile strengths (MPa) of selected 3D printed polymers 

Authors Material   Sx (axial 
strength) 

Sy(transverse strength)  Sz (inter-layer strength) 

Song et al.  [6] PLA      54.89 (0o raster) 46.24 (90o raster  )  36  

Torrado & 
Roberson  [22] 

ABS  34.5  28.6  29.5 

Khatri & Adnan 
[12]  

ABS 20.69   9.59   

Huang &    
Singamneni[23] 

ABS      30.96 10.8  

 Zou et al. [24] ABS  27.63      25.74 

Riddicket al. [5] ABS  32.60    15.14 

 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Measured three tensile strengths of a 3D-printed PLA polymer [6] 
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 We only find that Song et al [6], Torrado and Roberson [22] published three strength 
measurements of 3D printed polymers as shown in Table 1. We added Sx, Sy, and Sz notations in 
Figure 4 showing Song’s measurements of  Polylactide (PLA) specimens, so the readers can build 
the connections of their specimen illustrations with our strength definitions as shown in Figures 1 
and 3.  Their results exactly supported our conclusion: Sx (axial strength) > Sy (transverse strength) 
≥  Sz (inter-layer strength).  In Table 1, even other researchers’ data were incomplete, these data 
still demonstrated the relative magnitude of three strengths. We notice that in one measurement 
the inter-layer strength is slightly higher than the transverse strength, but they are within the 
measurement error range [22].  Unlike the 80% notch strength reduction as seen in Figure 2, the 
reduction of tensile strengths in Table 1 is small because our proposed notch void model is an 
explanation, not a prediction of three tensile strengths. Moreover, there are many notch voids 
(rather than a single void as shown in Figure 2) in a 3D printed polymer, and the sizes of these 
voids vary significantly.   In general, 3D printed ABS specimens show large strength variations in 
different measurements due to numerous defects and interfaces. For example, the highest axial 
strength is 67% higher than the lowest axial strength, and the highest transverse strength is 198% 
higher than the lowest transverse strength [12,22]. Therefore, we must pay great attention to the 
anisotropic strengths of 3D printed materials. One interesting phenomenon of Figure 4 is that all 
3D printed specimens had the same Young’s modulus (the initial slope of the stress-strain curve), 
although their strengths were very different. Similar experiments by Riddick et al. also showed the 
same trend [5]. Therefore, these experimental results exactly support our general statements: 
stiffness of 3D printed polymers is isotropic, while the strengths of 3D printed polymers are 
anisotropic. 
 In this paper, we only report a preliminary result on the anisotropic strengths which is not 
yet fully interpreted based on mechanics. There are numerous topics available for future 
investigation. For example, although we analyzed  dual-notch voids in 3D printed polymers, 
similar voids also exist in 3D printed composite materials with polymeric matrices [25]. Also, 
triangle notch voids were observed in 3D printed polymers [5].  Our modeling can be extended to 
dynamic failure strengths [26]. Cole et al. found that during the printing process, the butadiene 
phase of ABS migrates away from the raster interfaces and the styrene-acrylonitrile (SAN) phase 
migrates to the interface and a non-homogeneous microstructure exists [27]. As a result, material 
properties at the interface are different from those of the bulk materials. Indeed, the authors 
developed a failure mechanics model to analyze crack initiation of a notch which is connected 
to an interface [21]. Application of  this model to 3D printed polymers would be our future 
research. Moreover, the tensile strength σc in our prediction should be the interfacial tensile 
strength, and there are at least two interfacial strengths along the Z and Y directions. We had to 
employ the tensile strengths of bulk polymers, since these interfacial strengths are not available.   
   

5. Conclusions 
 

 The dual-notch void model  can  provide an explanation of three basic tensile strengths of 
a 3D printed polymer.  The inter-layer (or out-of-plane) tensile strength is the lowest strength 
among three strengths, and this strength may limit extensive applications of 3D printed materials 
to structural components. Future material designs should address increasing the inter-layer strength 
such as modifying the shapes of rasters.  
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