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Physical Properties Obtained from Measurement Model Analysis of
Impedance Measurements

Hangqi Liag®, William Watson®, Arthur Dizon®, Bernard Tribollet?, Vincent Vivier®, Mark E. Qrazem®*
* Department of Chemical Engincering, University of Florvide, Gainesville, FL 52611

bSorhonne Universitd, CNRS, Laboretoire Interfaces et Sysiémes Electroniques (LISE), { place Jussieu, F-75005, Paris,
France

Abstract

The Voigt measurement model is regressed Lo synthetic data to demonstrate its ability to extract capacitance,
ohimic resistance, and polarization resistance values from impedance data. The systems explored include a
Randles circuit, films with exponential and power-law distributions of resistivity, systems exhibiting geomet-
ric capacitance, and systems showing geometry-induced frequency dispersion. The Voigt measurement model
is also regressed to complex capacitance to identify the high-frequency limit in Cole-Cole plots. The mea-
surement model is shown to provide a useful means to estimate properties characteristic of electrochemical
systems.

Keywords:  simulation, regression, complex capacitance, frequency dispersion

1. Imtroduction

The measurement model was developed in the early 1990s as a means to quantify the error structure of
electrochemical impedance spectroscopy measurements. Agarwal et al.! demonsirated that a Voigt series can
provide an adequate fit to impedance spectra and could therelore serve as a generalized measurement model.
By filtering lack of replication ol similar impedance spectra, the measurement model was used to identify
the standard deviation represeniing the stochastic error of impedance measurements.? The measurement
model was also used to identify the frequency range of impedance measurements that was consistent with
the Kramers-Kronig relations. ™4 The theoretical justification for the use of BC elements Lo approximate
impedance specira was provided by Schénleber and Ivers-Tiffée® The measurement model approach for
assessing cousistency was also explored by Boukamp and Macdenald,® and Boukamp developed a linear
regression of the Voigt series in which time constants are assigned values based on measured frequencies,
leaving a simple linear regression for the corresponding values of resistances.” Schénleber et al.® provided a
program that refines the selection of lime constants in Boukamp’s linear regression approach.”

9,10

The measurement model concept was explored by Blajiev et al.
T i Y J )

similar to those used in signal analysis

who suggested that a rational model
conld be a suitable measurement model. Shukla et al.}? used
both rational and Voigt measurement models to show that the stochastic error structure identified was
independent of the form of the measurement mode! used. You et al.** showed that the Voigt measurement
model as developed by Agarwal et al.b%3? was more sensitive to [ailures of causality associated with
nonstationary behavior than was the linear regression approach pioneered by Boukamp” and implemented
by Gamry instruments.

Given that the measuremnent model could easily fit impedance data that are consistent with the Kramers—

Kronig relations, significant eflort was made to identify useful infoermation that could be extracted from
a measurement model fit to the data. Orazem et al.'* showed that the measurement model could vield
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estimates for the polarization and ohmic resistances. Their approach was applied, for exanple, to estimate
an upper bound for the rate of corrosion of copper in anaerobic water.!® Orazemn et al.'® used regression of
the Voigt measurement model as a means of deconvolution to identify underlying distributions in impedance
spectra, and Chen et al.}” explored the use of the Voigt measurement model to idendily resisitivity distribu-
tions in oxide films. Indeed the measurement model was used to determine thai a power-law distribution of
resistivity in a filn gives rise to constant-phase-element (CPE) behavior 1219

It would be useful if the measuremnent model could also extract capacitance values {or electrochemical
systems. The evaluation of capacitance is somewhat critical because most electrochemical systems exhibit
distributed-time-constanl behavior. Often, the analysis of such data employs constant-phase elements (CPE),

1
Zope = T 1
(jw)r@ W
where j = /=1 is the imaginary number, w is the angular frequency {s7!], and, as shown by Cérdoba-

Torres et al., 20 the CPE parameters o and { [F/cm?s! %) are highly correlated. The interpretation of the

constant-phase element in terms of capacitance requires, in principle, an understanding of the nature of the

associated time-constant distribution.?! Brug et al.?? developed an expression for a surface distribution of

time constants that can be expressed as??

RuRt (1-a)/a
) @

Coff,rsurf = Ql/ﬂ (m
(4 1

where R, [Qcin?] is the ohimic resistance and R, [Qcin?] represents the charge-transfer resistance. Hirschorn et
al.?! showed thal equation (2) applies for geometry-induced frequency dispersion associated with nonuniform
current and potential distributions. Hirschorn et al.?® ¥ developed an expression for a distribution of time
constants through a film as

Cetpr = 9Q (pseee) " 3)
where ¢ is the dielectric constant, €5 = 8.8542 x 107 F/cm is the permittivity of vacuum, ps [Q2em] is the
resistivity at film-electrolyte interface, and

g = 1+ 2.88(1 — )57 {4)

Orazem et al.?? showed that equation (3) applies for a perpendicular distribution of time-constants in a film,

A third approach for interpretation of the CPE parameters can be expressed as
1] 1 | I
1/ pil—alfa -
CL.‘H.nm'm = (2 fuh’ﬁ (‘))

where By [Qcemw?] is the resistance associated with the are of the depressed semicircle. Equation (5) is
equivalent te equation (3) in the work of Isu and Mansfeld,® presented in terms of the characteristic
angular frequency wipax. Equation (5) may e applied only under conditions in which the resistance Ry
is due solely to the properties of the film. In many cases, however, the resistance || is affected by other
factors such as electrochemical reactions or open pores. Orazem et al.®® showed that equation (3) did not
apply to the apparent CPE response of human skin and oxides on steel: whereas, application of equation (3)
vielded values for {ilin thickness that agreed with surface analvsis with oxides on free-machining 18/8 and
martensitic steels, The power-law model has also been applied successfully to characterize oxides on ASTM
A416 steels,? oxides on carbon steel,”” properties of organic coatings, 2933132 40 mroperties of oxides
on aluminum.®?

Not all time-constant distributions give rise to a constant-phase element. Young, for example, showed
that the impedance of oxides on valve metals can be explained in terms of an exponential distribution of
resistivity.**** Cole-Cole plots,* %" used to extract limiting values for complex relative permittivity, can
sometimes be applied to identify capacitance for electrochemical systems 3%:39

The objective of the presemt work was to explore the extent to which measurement models may be used to
provide a reliable value for the capacitance, ohmic resistance, and polarization resistance of electrochemical
systems. The measurement model is applied to synthetic data 1o explore the conditions under whicl it will
yield reliable vaines.
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Figure 1: A schematic representation of a Voigt circuit used by Agarwal et al.}+%? as a measurement model.

2. Method

The measurement model proposed by Agarwal et al.! comprises Voigt elements in series with a selution
resistance, shown in Figure 1. The impedance of the Voigt circuit can he expressed as

Z=Ry+ L e (6)

where the resistance Ry, has units of {2] or [(2cm®] and 7, has units of [s]. Agarwal et al.! showed that, by
including a suflicient number of terms, a general measurement model based on equation (6) can fit impe-
dance data for typical stationary electrochemical systems. The number of Voigt elements I was increased
sequentially under the constraint that the 95.4% (420) conlidence interval for each regressed parameter does
net include zero. The same value for A can be obtained by minimization of the Akaike information criterion,
which penalizes each additional parameter.®?

A capacitance for each element k can be expressed as

Tk
Ry

where capacitance Cy has units of F or F/em?. In the Hmit that frequency tends toward infinity,

K

., Ry .
u]il; Z=Ry+ 2 Tu': = Ry - Z :E:“ = Hy *.]wcclf

(&)

where the effective capacitance can be obtained as

Z o ©)

It the limit that frequency tends toward zero, the polarization resistance may be obtained as

cff

lim Z = Ry, = Ry + Z Ry (10)

The confidence hitervals for the effective capacitance and polarization resistance can he obtained [rom the
estimated standard errors of the regressed parameters using a linear propagation of error analysis (see Section
3.2 of Orazem and Tribolet™!).

Synthetic data were generated by either analytic expressions (Sections 4.1 and 4.2.1), by numerical
solution of an integral (Section 4.2.2), or solution of Laplace’s equation applied to a polential phasor {Sections
4.3 and 4.4). Normally distributed noise way added to the synthetic data, i.e.,

Zr = Zl“il}Udl.‘l + Arl(.uw 02) (1 1)
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Figure 2: Schematic representation of an electrochemical electrode-electrolyte interface; a) electrode with a uniform current
and potential distribution and b) electrode with a nonuniforim geometry-induced current and potential distribution.

and
e 17 . 2 -
Zy = Jjanodcl T J\'Yz(.b'-.ﬂ' ) (12)
where the means of independent normal distributions N, and A% had value p = 0.

Equations {11) and (12} are justified by the work of Carson et al.,*? whe showed that, for propagation of
additive time-domain errors through an electrochemical cell and the Fourier analysis associated with typical
frequency response analyzers, the ervors in the real and imaginary impedance were normally distributed,
wncorrelated, and had equal frequency-dependent standard deviations. The statistical results of Carson et
al.¥? agreed with experimental data coliected using a Solartron 1250 frequency response analyzer (FRA)
with a Solartron 1286 electrochemical interface for an n-GaAs/ W Schiottky diode held at fixed temperatures
ranging from 320 to 410G K.43

Carson et al.™ also studied propagation of additive time-domain errors through an electrochemical cell
and the mathematics of phase-sensitive detection associated with typical lock-in amplifievs. In contrast to
results obtained using the frequency-response analysis algoritlun, errors in the real and imaginary hnpedance
were fonnd o be corvelated, and the variances of the real and hmaginary parts of the complex impedance
were 1ol equal under all conditions. For the present work, the standard deviations for the real and imaginary
parts of the impedance were assimed 1o be equal with a value o = 0.002|Z|, in agreement with experimental
observation, % Thus, the assumed stochastic error stricsure was that associated with systems that employ
Fourier analysis, such as the Gamry, Solartron, and Autolaly instruments.

3. Regression Approach

The regressions performed in the present work employed weighted nonlinear complex least-souares regres-
sion using a Levenberg-Marquardt algorithm. The regressions were weighted by the inverse of the variance of
the assumed stochastic error structure. The original measurement model program was written in the 1890s in
a combination of FORTAN and Matlab programming languages. The present analysis was performed using
a new program written in the Python language and available from the authors as a Windows installation
execilable. 46

4. Results

Equation {6) was regressed Lo synthetic data corresponding Lo a number of typical electrochemical sys-
tems. In principle, an electrochemical system may be described in terms of a electrode impedance and the
contribution of the electrolyte. The electrochemical systems considered are of two types. In the absence of
nonuniform current and potential distributions, the impedance may be expressed as the series combination
of a electrode impedance Zyacirode 8 an ohinic resistance R, as shown in Figure 2{a). In the presence
of nonuuiform current and potential distributions, caused, for example, by the geometry of an electrode,
the ohmic contribution must be expressed in terms of an ohmic impedance Z,, as shown in Figure 2(b).
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Table 1: Parameters employed for the electrochemical reaction influenced by mass transfer in a film presented in Figures 3-7.

& 4x107% om

Dy 1= 1077 em?/s
C 2x107° Fjem?
R, 5 {lem?
Ry 2.835 Qem?
Ry 8504 Qcm?

The ohmic impedance may be expressed, as shown by Gharbi et al.,*® in the form of the Havriliak-Negami
equation,*’ ie.,
Herr — Ronp
P (13)
(I + {jwr)")
where 7 is the characteristic time constant of the chinic impedance and the exponents ¥ and g dictate
the limiting phase angles of the ohmic impedance at high and low frequency. Thus, in the presence of a
nonuniform current and potential distribution, the influence of Lhe electrolyte may be expressed in terms
of two ohmic resistances: R, gp that applies in the high-frequency limit and R, yr that applies at lower
frequencies.

Zo = Renr +

In Section 4.1, the measurement model is applied for a reaction influenced by mass transfer. This example
does not account for the complications assoclated with a nonuniform current and potential distribution. It
serves to demonstrate that the measurement model vields an accurate estimate for the capacitance and
ohimic resistance in spite of the interference caused by the mass-transfer term. The results presented in
Section 4.2 for ihe impedance of a fihm demonsirate that the measurement model can provide accurate
values for capacitance, ohinie, and polarization resistances in the presence of frequency dispersion caused by
a distribution of properties in a film. Two examples presented in Seetion 4.2 are not aflected by nonuniform
current and potential distributions along the surface of the electrodes. The presentation in Section 4.3
of a geonetric capacitance for a disk electrode shows that the information to be obtained by use of the
measurement model depends on the frequency range used for the regression. At low {requencies, the influence
of ohmie impedance associated with nonuniform current and potential distributions must be considered. The
results presented in Section 4.4 for a disk electrode demonstrate that the influence of the ochmic impedance
may be avoided by limiting the frequency range regressed by the measurement model. The results presented
in Sections 4.1 to 4.4 serve to illustrate the power and the limitations of the use of the measurement model
to extract physical properties.

4.1. Reaction Influenced by Mass Transfer

Synthetic data were generated for an electrochemical reaction influenced hy mass transfer in o film.
The parameters used io generate the data are presented in Table 1. The current was assuined to be three
quarters of the mass-transfer-limited current. The frequency range was 10 mHz-100 kHz. The charge-transfer

The impedance was expressed as

Ry + Zy(w)

Z =R
T e (Rt Za@n ©

(14)

where Zg(w) is the frequency-dependent diffusion impedance. Under the assuinption of diffusion through a
film, the diffusion impedance can be expressed as

tanh / )
Za(w) = R(I———,JT“—‘/‘
Viwd? [ D;

where Ry is the diffusion resistance. The capacitance, shiown in Table 1, was assigned to have a value of
¢ = 20 pF/em?. Normally distributed errors were added to the synthetic data with o, = g5 = 0.002[Z}.

(15}

W
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Figure 3: Regression resuits for synthetic data obtained using the parvameters given in Table 1 at three quarters of the mass-
transfer-limited current. The line represents the fit of the measurement model with parameters given in Table 2.

Table 2: Regression results for the synthetic data shown in Figure 3. The characteristic frequency for each element is defined
as fi = 1/(27ny).

k Tk/S Ju/Hz Ry /Qem? Cy/uFem™2  Contribution
- - 5.0065 + 0.0027 —
(5.817 4+ 0.025) x 107% 2736 2.8607 4+ 0.0070  20.332 - 0.099 99.48%

—
fa—

1

2 (3104 02y x 1073 145 0.213£0.014 5180 £ 650 0.39%
3 0.0106 & 0.0610 15.0 0422+ 0.024 25100 £ 2800 0.081%
4 0.0635 + 0.0029 2.51 0.539 £ 0.024 67800 £ 3500 0.030%
5 0.6490 + 0.0028 0.245 6.887 £ 0.017 94320 = 440 0.021%

The resulting synthetic data are presented in Figure 3. The fit of the measurement model to the synthetic
data shown in Figure 3 is presented as a solid line, and the resulling parameters are presented in Table
2. The ohinic resistance and capacilance extracted from the regressed parameters are presenied in Table
3. The capacitance obtained from the measurement model was C = 20,226 + 0.008 uF/em? and the ohmic
resistance was 5.0065 £ 0.0027 Qcm?. The error in estimation of capacitance was 1.1 percent and the error
in estimation of ohimic resistance was 0.13 percent.

Five Voigt elements were used to obtain the fit shown in Figure 3 and Table 2. Use of an additional
Voigt elentent resulted in parameter estimates that included zero in the 95.4% confidence interval. Following
equations (7) and {9), each Voigt element contributes to the estimated capacitance, but the Voigt elements
used to fit the low-frequency diffusion impedance yielded large capacitances and, as shown in Table 2,
correspondingly small contributions to the estimated capacitance. The 1.1 percent error in estimation of
capacitance can be atiributed largely to the added noise in the synthetic data. Regression of the measurement
model to synthetic data without added noise yielded seven Voigt elements and an estimated capacitance of
20.019 + 0.038 uF/em? with an error of 0,093 percent,

The normalized residual errors for the regression shown in Figure 3 and Table 2 are presented in Figure

Table 3: Comparison of values extracted from the measurement model regression to the input parameters for the synthetic data
presenied in Figures 3, 5, and 7. Inputl parameters are given in Table 1.

Parameter  Input Measurement Model  Data Type  Figure Frequency Range

Re/Cem? 5 5.0065 =+ 0.0027 Impedance 3 10 MHz—100kHz=
CfpuFem™? 20 20,226 - G.098 Impedance 3 10 MHz--100kHz
C/pFem™? 20 20115 £ 0.025 Capacitance o 1Hz--10kHz
RefQem? 5 5.0061 £ 0.0027 Impedance 7 itkHz—100kHz
C/uFem™* 20 20,33+ 0.10 Impedance 7 1kHz—100kHz2

6
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Figure 4: Normalized residual errors for the regression shown in Figure 3 with parameters shown in Table 20 a) real part of the
impedance and b) imaginary part ol the impedance. Dashed lines reprosent the 95.1% interval for the assumed stochastic error
structure, e, £20/Zc or £20/2;, where o = 0.002{Z].

4 as functions of freguency. 'The residual errors generally fell within the 85.4% interval for the assumed error
structure, The large values for ihe normalized residual arrors for the imaginary part of the impedance at
high and low frequencies, shown in Figure 4(1), can be atlributed to ilie small magnitudes of the imaginary
part of the impedance. For this regression, the weighted chi squared statistic was close to the degree of

- o . .l 3 v . .
freedom », ie., x2/v = 0.89, also suggesting an excellent fit, Boukunp®® provided an analyvtic expression
for the time constants of a Voigt clement applied to a finite-length Warbmrg impedance as

0

T = 72 {m — 0.5)2

(16}
where 7o = 82/D; and the order of the index m is inverted from that shown for the index k in Table 2,
Le., the index m = 1 corresponds to the largest time constant. The value 75 = 0.6400 = 0.0028 5 given
in Table 2 s in good agreement with the value 7 = 0.648 calculated from equation {16). The resist
fis = 6.887 £ 0.017 $2em? is in agreement with Figure 7 of Boukamp.?®

ALCE

The Cole-Cole representation®® provides an alternative method 10 extract capacitance. The complex
capacitance, obtained as
1
*®
T RETR) o
requires, however, a good estimate for ohimic resistance.®? The complex capacitance is presented in Figure 5
with ohmic resistance used in equation {17) as a parameter. The ohmie resistance was varied by £5% from
the input valie of R, = 5 Qlem?. The caleulation of complex capacitance yielded scattered resuits at low
frequency due to the noise in the synthetic data, and these low-frequency results are not shown in Figure 5.
The trending at high-frequency may be attribuled in part to the noise in the measurement under conditions
that Z =~ R.. In addition, the noise is very large on the imaginary part of the impedance for frequencies
above 10 kHz. An extrapolation of the complex capaci{ance to the real axis suggests that an uncertainty of
5 percent in olmic resistance yields an uncertainty of 20 percent in the capacitance.

The complex capacitance calculated for the input value of R = 5 Qem?® is presented in Figure 6.
An asymptotie approach to a capacitance near 20 pl'/em? is evident at high frequencies. ‘To facilitate
extrapolation of the Cole—Cole plot to the high-frequency limit, the measurement model given as equation
{6) was modified for complex capacitance as

K
C=Cloc)+ 3 T (18)

1k jwn
k=1 T

=1
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Figure 5: Complex capacitance obtained from the impedance data shown in Figure 3 with assumed olinic resistance as a

parameter. The maximum freguency shown is 100 kiz.
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Figure 6: Complex capacitance obtained from the impedance data shown in Figure 3. The maximum frequency shown is
10 kHz. An asymplotic approach at high frequencies yields a capacitance near 20 pF/em?. The fine is the fit by a modified

measurement model given as equation {18) Lo frequencies between 1 Hz and 10 kHz.
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transfer-limited current. The data were truncated to minimize the conirtbution of the diffusion impedance. The freguency

range was 1-100 kHz. and x2/r = 0.86. The line represents the fit of the measurement model with parameters given in Table
4.

Table 4: Regression results for a truncated spectrum shown in Figure 7. Input parameters for Re (see Rp) and Ry {see Ry) are
given in Table 1.

k 7/8 fu/Hz By /Qem? Cy/pFem ™  Coniribution
0 - - 5.0061 £ 0.0027 - -
1 (58684 0.025) x 107% 2712 28866 0.0075 2033+ 0.10 106%

and fit 1o the synthetic data shown in Figure 6. The Lt with four Voigt elements to frequencies belween
1 Hz and 10 kHz is presented as a line in Figure 6. The capacitance estiimate from equation (18) was
C'foc) = 20.115 £ 0.052 pF/em? with an ervor of 0.58 percent.

The low-frequency part of the synthetic data shown in Figure 3 was truncated to emphasize the high-
frequency part of the measurement. The resulting spectrum, spanning a frequency range from 1 kHz 1o
100 kHz, is presented in Figure 7. Regression of the measurement model to the high-frequency data shown
in Figure 7 yielded & single Voigt element, as would be expected for a reaction unaffected by mass transfer.
The fit is shown as a line in Figare 7, and the resulting regressed parameters are presented in Table 4. The
results are included in the summary presented in Table 3. The capacitance obtained from the measurement
model was € = 20.33 + (.30 pF/cm?, The errer in estimation of capacitance was 1.6 percent. The ohmic
resistance was estimated as R, = 5.0061 4 0.0027 Qcm?, in good agreement with the value obtained by
regression to the complete spectrum shown in Table 2. The value R; = 2.8866 + 0.0075 Qamn® corresponds
to the input value of B, = 2.835 Qem? given in Table 1.

4.2. Distribution of Time Constants in a Filin

Two models are often used Lo account for frequency dispersion associated with a perpendicular distri-
bution of time constants in a film. Young® applied an exponential distribution of resistivity with respect
to the normal distance to the electrade, and Hirschorn et al.'®1% developed a model based on a power-law
distribution of resistivity.

4.2.1. Exponential Resistivity Distribution in a Film

The impedance of the film can be written for an arbitrary resistivity distribution p(y) as

a
. oy
Zofy = f P g, 19
) _/u 1 jwesu,r)(y)( Yy {19)
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Young® assumed thal the nonstoichiometry of an oxide layer resulted in an exponential variation of the
conduetivity with respect to the normal distance to the electrode. This assumption may be expressed in
terms of resistivity as

ply) = poexp (—y/A) (20)
The Young impedance for the gradient presented in equation (20) jg?+49:59
‘ A 1+ jwpges
Zy = —~—1n ( RSP fol i ) (21)
jweey 1+ jwpgeeg exp{—6/A)

In the low-frequency limit, application of L'Hopital’s rule yields
Hm Zy = Apg (1~ exp(~8/A}) (22)
w—+{)

which corresponds to a resistor. This result is in agreement with the direct integration of resistivity. In the
high-frequency limit,

lim Zv = —j {23)
W= oo WEER
which corresponds to the impedance of the capacitor
Cy = =22 (24)
§
The measurement model was applied to synihetic data for a film following the Young impedance.
The impedance was calculated as
Z =R+ Zv (25)

and normally distributed stochastic errors were added following equations (11} and (12). The calculated
impedance response for B, = 10 Qem?, ¢ = 12, A = 2 um, § = 4 nm, and gy = 10° Qem is shown in
Figure 8, where the line represents the measurement model fit using three Voigt elements. The dashed line
represents a perfect RC behavior and is presented to highlight the distortion caused by the Young resistivity
distribution,

10



229

230

231

23z

233

234

236

23r

238

239

Mo

241

242

243

244

245

b1

247

Table 5: Comparison of values extracted from the measurement model regression 1o the input parameters for the synthetic data
presented in Figure 8.

Parameter Input, Scurce Measurement Model
R./Qcm? 10 - 9.9915 £+ 0.0062
Zy{0)/Qem?  1729.33  Equation (22) 1728 4 158
C/uFem™? 2.65626 Equation {24) 2.66+0.29

A summary is presented in Table 5 of values extracted from the measurement model regression to the
synthetic data presented in Figure 8. The measurement model results are in excellent agreement to the
input parameters. The error for determination of olimic resistance was 0.085%, the error for determination
of Zy(0) was 0.039%, and the error for determination of capacitance was 0.020%.

4.2.2. Power-Law Resistivity Distribution in a Film

Hirschorn et al.**1? showed that a power-law distribution of resistivity corresponds to a constant-phase
element, ie.,
L (26)
Ps
where £ = y/d, y represenls the position through the depth of the film, and 4 is the film thickness. The
parameter pg is the resistivity at y = 4, and 7 is a constant indicating the sharpness of the variation of
resistivity. A distribution of resistivity that provides a bounded value for resistivity at € = 0 was proposed

to be »
P8 4] Po

where pg and ps are the boundary values of resistivity at the respective interfaces. By integration of equation
(19), Hirschorn et al.'® % showed that

Q= _—__(EE?L (28)
gép;
and .
5 —
& = 29
- (20)

where g, defined by equation (4), provided a relationship belween the constant-phase-element parameters
and the power-law model.

The impedance was calculated following
Z = R+ % (30)

and normally distributed stochastic errors were added following equations (11} and (12). The simulations
presented in Figure 9 represent the integration of equations (19) and {27) with py = 10" Qem, pg =
5% 108 Qem, v =6+2/3, £ = 12, and § = 2 mm. The ohmic resistance, R, = 10 Qem?, was added following
equation {30}

The results presented in Figure 9(a) suggest a constant-phase-element behavior ag suggested by equation
(29}, from which a value oo = 0.85 is obtained. The impedance response has two characteristic frequencies:

1
f{.‘,ﬂ = ———— = 1.50 I{Z (31)
2recgpo
and .
fc,d ] 2996 kHZ (32)
2resgps

The high-frequency region, presented in Figure 9{Db), indicates that the impedance deviates {rom pure CPE
behavior near f. 4, at which a capacitive behavior is identified. The measurement model results are compared

11
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The line represents the measurement model 1t with eleven Voigt elements. The frequency range was 10 mHz to 100 kHz and
2

2y = 1.09,

Table 6: Comparison of values extracted from the measurement model regression to the input parameters for the synthetic data
presented in Figure 9.

Parameter  Input Source Measurement Model
R./Qem? 10 - 9.9965 = 0.007Y
C/uFem™® 5313  equation {24) 5.45 £ 0.22
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ion to data encompissing the frequency range

te the input values in Table 6. The error for determination of ohmic resistance was —0.14% and the error
for determination of capacitance was —1.38%.

Determination of capacitance was made possible by the high-frequency capacitive behavior seen in Figure
9{b}. For systers in which the characteristic {requency defined by equation {32) is larger than the measured
frequency range, the impedance has the character of a constant-phase element for which a capacitance cannot
e obtained. Thus, capacitance values extracted from the measurement model analysis will be incorrect.
Equation (6) was regressed to the complex impedance for truncated frequency ranges. The results are
presented in Figure 10. A capacitance of 11.09+0.31 uF/em?, shown for a maximum regression frequency of
10C Hz, was obtained by regression to data encompassing frequencies from 10 mliz to 100 Hz. The maximum
frequency analyzed was smaller than the characteristic frequency given by equation (32), and the resulting
capacitance had an error of 109%. Larger errors may be obtained by regression to spectra with still smaller
maximun frequencies. A similar error was found for the estimation of the ohmic resistance. The ohmic
resistance of 18.74 + .76 £2em?, shown for a maximum regression frequency of 100 Hz, had an error of 87%.

4.3. Geometric Capacitance

Numerical simulations using finite elements were performed for a disk electrode embedded in an jusulating
plane. The numerical method employed in the present work is deseribed by Dizon and Orazem for interdig-
itated electrodes.® The appearance of a high-frequency loop associnted with the geometric capacitance can
be attributed to treatment of displacement as well as electrical currents.

The governing equation was conservation of current density

Vii=0 (33)
where the current density vector i comprised hoth electrical and displacement currents, i.e.,
dD
i= kB4 — (34)
dit
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Figure 11: Simulated impedance respense for a disk electrode with parameters to = 0.1 em, p = 10° Qcm, ¢ = 78, Cy =
20 pF/em?, and By = 101 Qem?. The line represents the fit by the measurement model with four Voigt elements, The
frequency range was 1 miHz - § MHz, and v2 /v = 1.29.

where x is the electrical conductivity, E is the electric field vector, and I is the electrical displacement
vector. The electrical displacement vector was obtained from the constitutive relationship

D =R (35)
and the electric-field vector was related to the electrical polential @ by

E=-V? (36)

Equations {33)-(36) are struightforward applications of Maxwell's equations.™

The electric potential and current were represented in phasor notation as
& = & + Re{dei*} (37}
and
1 =1+ Refielt} (38)
where & and i are the steady-state electrical potential and current density, respectively, and $ and 1 are

complex potential and current density phasors, respectively. The phasors © and i are functions of frequency
and position, butl are independent of time,

Under assumptions of a steady state and uniform properties, substitution of equations (34) to {38) into
equation (33} yields

V-i=—-kVE& =0 (39)

The conservation of current under a sinusoidal steady-state may be expressed as
(1 + jwesgp) V2D = 0 (40)

As the permittivity of vacuum £¢ = 8.8542 x 107 C/V cn is a very small number, equation (40} shows
that, for electrolytes of modest resistivity, the contribution of the displacement current can be neglected for
impedance measurements in the usual 16 mIiz-100 kHz range. The displacement current plays an important
role for measurements performed in high-resistivity electrolytes such as organic liquids. 554

Synthetic data are presented in Figure 11 for a disk electrode with parameters rg == 0.1 an, g = 10° Qeim,
e =178, Cq = 20 pF/em?, and R, = 10? Qem?®. Normally distributed stochastic errors were added following
equations (11) and (12}. The synthetic data reveal a high-frequency loop that can be attributed to the
geowmetric capacitance. The geometric capacitance for a disk electrode may be expressed as

, = deeg

(41)

nry
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Table 7. Coniparison of values extracted from the measurement model regression 1o the input parameters for the synthetic data
presented in Figures 3, 5, and 7.

Parameter Input  Measurement Mode!  Figure  Frequency Range
Cy/nFem™2  0.08793  0.088008 4 0.000067 11 1 mHz—10 MHz
Renr/Qem? 7,854 7,8556.3 £3.0 11 | mHz~-10 MHz
Cy/pFem™> 20 1204 1.2 12(a) 1 mHz-100 Hz
Renr/Qem? 7,854 7,879.2 4+ 8.3 12{a) 1 mHz--100 Hz
R /Oem? 10,000 10,519 + 81 12{a} 1 mHz-100 Hz
Cin/uFem™? 20 19.50 % 0.40 12(bY 1 mHz—0.79 Hz
RoLp/Sem? - 8,268 4 45 12(y 1 mHz—0.79 Hz
R, /Qcem? 10, 000 10,131 £43 12(b) 1 mHz~0.79 Hz
[ J— ; . I . . :
079 Hz 078 Hz

Ng AL L

&

:?_é\

¥ -2} ]
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o ‘ : ; ; -3 ) S— L 4 : " b
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(a) {b)

Figure 12: Truncated impedance taken from Figure 11: a) synthetic data with a [requency range of 1 mHz to 100 Hz and b)
synthetic data with a frequency range of 1 mHz to 0.79 Hz. The lines represent measurement model fits using, respectively,
three or one Voigt elemens, and the respective values of x2 /v were 1.14 and 1.06.

where the characteristic dimnension for the disk electrode is mry/4.

Regression of the measurement model to the complete spectrum shown in Figure 11 required four Voigt
elements. The results are presented in Table 7. The capacitance wes Cy == 0.088008 4 0.000067 nF/em?, in
good agresment with the value of 0.08793 nF/em? caiculated from equation (41). The geometric capacitance
loop was fit by a single Voigt element, and the high-frequency ohmic resistance could be obtained from
assoclated resistance value as R, yr = 7,855.3:1 3.0 Qlem?, in good agreement with the value of 7,854 Qem?
caleulated from input parameters.

Regression of the measurement model to the low-lrequency capacitive loop, shown in Figure 12(a), re-
quired three Voigt elements. The regressed frequency range was 1 mHz-100 Hz. The results are presented
in Table 7. The ohmic resistance obtained was 7,879.2 4 8.3 Qcm?, which was close to the high-frequency
chmic resistance estimated from input parameters to be 7,854 Qem?®. The regression allowed estimation of
capacitance, but the value obtained, 12.0 1.2 uFem ™2, was substantiaily smaller than the input double
layer capacitance of 20 pFem ™2, Similarly, the charge-transfer resistance was slightly larger than the input
value.

The error in estimation of double-layer capacitance and, io a lesser degree, the error in estimation of
charge-iransfer resistance can be attributed to the frequency dispersion caused by the nonuniform current
and potential distribution associated with the disk geometry. The characteristic frequency associated with
frequency dispersion has a valued®
B 1

8ReurCa
based on input values of Ry and Cy. The results of the regression of the measurement model 1o the
data with Trequencies in the range 1 mlz-0.79 Hz are shown in Figure 12(b). Only a single Voigt element
could be extracted, as would be expected in the absence of frequency dispersion. The capacitance was

fe =0.796 Haz (42)
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Figure 13: Simulated impedance respouse for a disk electrode with parameters ry = 0.1 em, p = 12.67 Qcm, £ = 78, Cg =
20 pFfem?, and Ry = 16° Qem?. Normally distributed stochastic errer was added to the impedance with standard deviation
cqual to 0.2% of the modulus: a) full spectrum and b} scaled impedance in the high-frequency region. The line represents the
fit by the measurement model with three Voigtl elements and 2 /v = (.94,

19.50 & 0.40 pFem ™2, in good agresment with the input vaiue of 20 uFem ™2, The charge-transfer resistance
was 10,131 4 43 Qem?, in good agreement with the input value of 10,000 $emm?. The oluic resistance of
8,268 +4: 45 can be considered the low-frequency ohmic resistance Repr. The ratic R, pr/Reur = 1.053 is
less than the value of 1.08 caleulated for capacitive behavior on disk electrodes® ™ and is in good agreement
with Figure 13.13 in Orazem and Tribollet?! for J = 4R, /7R = 1.

4.4. Surface Distribution of Time Constants

Newman showed, in 1966, that the electrode-insulator interface gives rise to nopuniforim current and
potentials distributions for currents that are below the mass-transfer-limited current.3”5% Newman also
reported that the capacity and ohmic resistance were functions of frequency above a critical value of fre-
quency.>® Huang et al®® showed that the geometry-induced frequency dispersion distorts the impedance
response above a critical frequency. Hirschorn et al.®! reported ihat the geometry induced frequency dis-
persion could be modeled approximately by a constant-phase element and that the Brug formula?® given as
equation {2} provided a good means of extracting the capacitance from the resuliing constant-phase-element
parameters.

Synthetic data were obtained by finite-element solution of Laplace’s equation for a disk elecirode embed-
ded in an insulating plane. The boundary condition for the electrode included the influence of a faradaic
reaction. The numerical methods used were described by Gharli et al.®® Normally distributed stochastic
errors were added following equations {11) and {12). The resulting synthetic data are presented in Figure
13({a) for a disk electrode with parameters 7o = 0.1 cm, p = 12.57 flem, € = 78, Cq = 20 pF/em?, and
Ry = 10* Qcm?. The influence of geometry-induced frequency dispersion is seen in Figure 13{h).

The characteristic frequency associated with frequency dispersion was caleulated from equation (42} to be
6.3 % 10% Hz. Above this frequency, the nonuniform current and potential distributions associated with the
electrode geometry causes frequency dispersion. The capacitance obtained by regression of the measurement
model to the complete spectrum was € = 11.8 £ 0.75 pF /em?, substantially smaller than the input value of
2 iF fem®,
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shown in Figure 13 for truncated frequency ranpes as [unctions of the maximum frequency of the regressed data scaled to the
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Table 8. Comparisen of values extracted from the measurement model regression to the input parameters for the synthetic data
presented in Figures 13 and 4.

Parameter Input  Measurement Model Frequency Range
Rour/Qcm? 099472 0.99708 £ 0.00084 1 mHz-1 Mz
R, /Qcem? 10,000 10,002.4 £ 3.6 1 mHz-1 MHz
O ufem—2 20 11.85 4+ 0.75 1 mHz-1 MHz
Re1r/cm? - 1.0715 -+ 0.0019 $ mHz-6.31 kHz
R, /Qcm? 10,0060 16,0020+ 3.8 1 mHz-6.31 kHz
C/uFem™? 20 19.996 +- 0.013 1 mHz-6.31 kHz

The capacitance values obfained by regression of equation (6) to the complex impedance for truncated
{requency ranges are presented in Figure 14 as functions of the maximwmn regressed frequency. Capacitance
values were normalized by the input value for double-layer capacitance. A correct value for the capacitance
was obtlained for regression 1o a maximum frequency equal to that obtained by equation (42). Regression
of the measurement medel to the complete spectrum shown in Figure 13 required three Voigt elements, and
regression to the truncated spectrum from 1 mHz-6.31 kHz required one Voigt element. The results are
presented in Table 8.

Regression to maxinmun frequencies an order of magnitude larger than the characteristic frequency given
by equation (42) vielded good estimates for the high-frequency ohmic resistance Re pp. Repression to maxi-
mum frequencies below the characteristic frequency yvielded values of Ry/Reur that were close to the value
of 1.08 calculated for J = 4R,/ R, approaching zero.?55%% For the present simulations, J = 1.3 x 107%.
As Lhe value of the ohimic resistance is much smaller than the charge-transfer resistance, both the regression
to the complete spectrum and regression to the truncated spectrum yielded good approximations for the
charge-transfer resistance. The regression to the 1 inHz-6.31 kHz frequency range yielded accurate values
for the double-layer capacitance because regression to a maximum frequency of 6.31 kHz eliminated most of
the confounding influence of the chinic impedance.
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5. Conclusions

The measurement modal provides a powerful tool for the identification of the error structure of impedance
measurements, including determination of the frequency-dependent. standard deviation of the measurements
and the frequency range that is consistent with the Kramers-Kronig relations. The present work demon-
strates thal the measurement model alse serves as a useful means to provide guantitative estimates for
parameters relevant to impedance spectroscopy data, including ohmic resistance, polarization resistance,
and capacitance.

The ability to extract capacitance by use of the measurement model is important, because most impedance
systems show distributed-time-constant behavior that is often fit by use of the CPE. The CPE parameters
are related to the capacitance of the electrode, but extraction of & capacitance requires different approaches
depending on the nature of the underlying distribution. For example, the Brug formula®® is used in cases
of a surface disiribution of time constants, and the power-law model'® 1% applies for a distribution through
a film. Not all distributed-time-constant behaviors are represented by a CPE, and formulas like the Brug
and Power-Law equations do not exist for such systems. Furthermore, the measurement model provides a
unique ability to extract the high-frequency and low-frequency ohmic resisiances for systems exhibiting an
chmic impedance.

The application of the measurement model to extract parameters for experimental impedance data de-
pends on the nature of the electrochemical system under investigation. For systems that have a aniform
current and potential on the electrode surface, the ohmic resistance and capacitance may be extiracted by
regression of the measurement model to the part of the impedance spectruin that is found Lo be consistent
with the Kramers-Kronig relations. The polarization resistance corresponding to the zero-frequency limit
may also be estimated. For systems that have a nonuniform current and potential distribution, a charac-
teristic frequency can be identified above which the impedance is influenced by the associated [requency
dispersion. This characteristic frequency may be estimated for general systems using

f[" B Q?TRQE]]]:C (13)
where values of ¢ and R, ur are estimated by regression of the measurement model to the impedance
spectrum that is found to be consistent with the Kramers—Kronig relations. The estimate for € may be
updated be eliminating the frequencies above f.. The new value of C is used to ealculate a new estimate
for the characteristic frequency. This is an iterative process is completed when the estiinated characteristic
frequency is larger ithan the maxihmum frequency used in the regression. The iterative process will yield
estimates for € and R,y p. The iterative process may fail to yield a suitable convergence for cases in which
B < Rc‘]ru:.

The use of the measurement model to extract physical properties of electrochemical systems are guided
by four caveats:

1. In the presence of geometry-induced frequency dispersion, the capacitance obtained by the measure-
ment model was smaller than the input double-layer capacitance. The measurement model can be
made to vield an accurate capacitance by removing the contribution of the chmic impedance from the
regressed data.

2. High-frequency and low-frequency olhunic resistances are defined for systems showing the presence of
geometry-induced frequency dispersion. The low-frequency ohmic resistance may be guantified by
regression to data that are below the characteristic frequency defined hy equation (42).

3. For systems that exhibit the influence of geometric capacitance, the capacitance obtained by the mea-
surement model is the geometric capacitance, independent of the value of the double layer capacitance.
The double-layer capacitance and low-frequency ohmic resistance may be extracted from regression to
data that are below the characteristic frequency defined by equation (42). The high-frecuency ohmic
resistance may be obtained by regression to data that are at frequencies below that affected by the
geometric capacitance loop.

4. For systems that show pure constant-phase-element behavior, a capacitance cannot be identified, either
by the measurement model or by extrapolation of the Cole-Cole plot.
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Used wisely, the measurement model may be a powerflul tool for exiracting the capacitance, ohmic resistance,
and polarization resistance for impedance data. It can be applied both for systems exhibiting normnal
distributions of time constants and, if applied to frequencies sufliciently below the characteristic frequency
for geometry-induced dispersion, for systems showing surface distributions of time-constants. Used in this
way, the measurement model provides a powerful complement to the development of system-specific process
models.
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A schematic representation of a Voigt circuit used hy Agarwal et al.>2? a3 a measurement
model.

Schematic representation of an electrochemical electrode-electrolyte interface: a) electrode
witlr a uniform current and potential distribution and b) electrode with a nonuniform geometry-
induced current and potential distribution.

Regression results for synthetic data obtained using the parameters given in Table 1 at three
quarters of the mass-transfer-limited current. The line representis the fit of the measurement
model with parameters given in Table 2.

Normalized residual errors for the regression shown in Figure 3 with parameters shown in
Table 2: a) real part of the impedance and b) imaginary part of the impedance. Dashed
lines represent the 95.4% interval for the assuned stochastic error structure. ie.. £20/Z, or
126 /Z;. where o = 0.002{Z]. )

Complex capacitance obtained from the impedance data shown in Figure 3 with assumed
ohmic resistance as a parameter. The maximum frequency shown is 100 kHz.

Compilex capacitance obtained from the impedance dala shown in Figure 3. The maximun
frequency shown is 10 kHz. An asymiptotic approach at high frequencies yields a capacitance
near 20 pF/em?. The line is the fit by a modified measurement mode! given as equation (18)
to frequencies between 1 Hz and 10 kHa. .

Regression results for synthetic data obtained using the parameters given in Table | at three
guarters of the mass-transfer-limited current. The data were truncated to minimize the con-
tribution of the diffusion impedance. The frequency tange was 1-100 kHz, and ¥?/1r = 0.86.
The line represents ihe {it of the measurement model with parameters given in Table 4.

Young impedance given by equation (21) in Nvquist format with R, = 10 Qem?, ¢ = 12,
A=2nm,d =4 nm, and pg = 101" Qem. The line represents the measurement model fit
with three Voigt elements. The dashed line represenis a perfect RC behavior and is presented
to highlight the distortion caused by the Young resistivity distribution. The frequency range

was 10 mHz to 100 kHz and y?/u» = 1.23.

Impedance given by equations (30) and (19) for the resistivity given by equation (27) with
Re = 10 Qem?, py = 10 Qem, ps o= 5 x 109 Qom, v = 64+ 2/3, ¢ = 12, and § = 2 nm: a)
complete frequency range and b) high frequency range. The line represents the measurement
model fit with eleven Voigt elements. The frequency range was 10 miz 1o 100 kHz and
xije=1.000 ..

Capacitance obtained by regression of equation (6) to the complex impedance for truncated
frequency ranges as functions of the maximum regression frequency of Lhe regressed data. Tor
example, the values of capacitance and ohinic resistance for a maximnum regression frequency
of 100 Hz were obtained by regression to data encompassing the frequency range of 10 mHz
to 100 Hz.

Simulated impedance response for a disk electrode with parameters vy = 0.1 em, p = 10° Qem,
g =78, Cq = 20 pF/em?, and Ry = 10* Qem®. The line represents the Bt by the measurement
model with four Voigt elements. The frequency range was 1 mHz - 1 MHz, and y?/v = 1.29
Truncated impedance taken from Figure 11: a) synthetic data with a {requency range of
1 mHz to 100 Hz and b} synthetic data with a frequency range of 1 mHz to 0.79 Hz. The

lines represent measurement model fits using, respectively, three or one Voigt element, and
the respective values of x2/1 were 1.14 and 1.06.
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Simulated Iimpedance response for a disk electrode with parameters rg = 0.1 emy, p = 12.67 Qcm,
£ =78 Cq = 20 pF/em?, and R, = 10? Qem?. Normally distributed stochastic error was
added to the impedance with standard deviation equai to 0.2% of the modulus: a) full spec-
trum and 13} scaled impedance in the high-frequency region. The line represents the fit by the
measurement model with three Voigt elements and ¥/ = 0.94.

Scaled capacitance and scaled ohmic resistance obtained by regression of equation (6) to the
complex impedance shown in Figure 13 for truncated frequency ranges as functions of the
maximmmn frequency of the regressed data scaled to the characteristic frequency pgiven by
equation (42).

Tables

Parameters employed for the electrochemical reaction influenced by mass transfer in a filin
presented in Figures 3-7.. . .

Regression results for the synthetic data shown in Figure 3. The characteristic frequency for
each element is defined as fi = 1/{2%7y).

Comparison of values extracted from the measurement model regression to the input param-

eters for the synthetic data presented in Figures 3, 5, and 7. Input parameters are given in
Table 1.

Regression results for a truncated spectrum shown in Figure 7. Input parameters for R, (sece
1) and Ry (see Ry) are given in Table 1.

Comparison of values extracted {rom the measurement model regression to the input param-
eters for the synthetic data presented in Figure 8. . . .

Comparison of values extracted from the measurement model regression to the input param-
eters for the synthetic data presented in Figure 9. . . .

Comparison of values extracted from ilie measurement model regression Lo the input param-
eters for the synthetic data presented in Figures 3, 5, and 7. . . .

Comparison of values extracted from the measurement model regression to the input param-
eters for the synthetic data presented in Figures 13 and 14,
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