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Abstract1

Streaming potentials are produced by the coupling between the water flow and2

the electrical current generated by the drag of electrical charges within the pore3

water of the media. This electrokinetic coupling is strongly influenced by the4

hydraulic properties that control groundwater flow (permeability, saturation and5

pressure head). Under unsaturated conditions, hydrogeologic studies have widely6

established that the relationships of permeability and saturation with pressure head7

are different for drainage and imbibition experiments. The hysteresis phenomenon8

present on these properties produces a hysteretic behaviour on the streaming po-9

tential which has been recently observed in experimental data. Hysteresis can be10

explained by the presence of irregularities in the pore geometry of the media which11

affects the water flow and, therefore, the excess charge density that is effectively12

dragged by the flow. In this study, we present a physically-based analytical model13

to describe the hysteresis phenomenon in the estimates of the effective excess charge14

density. Under the assumptions of a porous medium represented by a bundle of tor-15

tuous capillary tubes with throats and a fractal pore size distribution, hysteretic16

curves are obtained for the effective excess charge density as a function of pressure17

head using a flux averaging technique. These analytical expressions are closed-form18

and depend on the medium petrophysical and chemical properties. The predictions19

of the proposed model are consistent with laboratory data from drainage-imbibition20

experiments. These results open up exciting possibilities for studies involving water21

movement and processes in the vadose zone.22

Keywords: Hydrogeophysics, Streaming Potential, Hysteresis, Vadose zone23

1 Introduction24

Understanding and monitoring water movement in the subsurface is important to charac-25

terize the processes occurring in the earth critical zone. Indeed, water plays crucial roles26
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in supporting terrestrial life, shaping and interacting with that zone (Fan et al., 2019).27

Among the different electrical methods used to study groundwater, the self-potential (SP)28

method has proven to be the most appropriate for characterizing water flow since its sen-29

sitivity to water flux direction and velocity. This passive geophysical method relies on the30

measurement of electrical potential differences (i.e., the electrical field) using two or more31

non-polarizable electrodes (e.g., Petiau, 2000) and a high impedance voltmeter. It can be32

employed performing snapshots or monitoring of profiles, maps (e.g., Jardani et al., 2006),33

or vertically distributed in the ground (e.g., Doussan et al., 2002; Jougnot et al., 2015).34

The SP method was effectively used to monitor pumping and recovery tests (e.g., Rizzo35

et al., 2004; Straface et al., 2007; Malama et al., 2009b; Soueid Ahmed et al., 2014), and36

also environmental studies such as CO2 flooding (e.g., Büsing et al., 2017), contaminant37

fluxes (e.g., Linde and Revil, 2007) and root-water uptake (e.g., Voytek et al., 2019). The38

recorded SP signals are a superposition of different contributions related to electrokinetic,39

redox and diffusion phenomena. In this study, we focus on the electrokinetic (EK) contri-40

bution which is predominant in hydrological studies as it is generated from the water flow41

in porous media. The origin of the EK contribution to the SP signal lies in the presence42

of an electrical double layer (EDL) in the pore water created by the electrical charges that43

are generally found at the mineral surface (Stern, 1924). The EDL contains an excess44

of charge that counterbalances the charge deficiency of the mineral surface. This excess45

of charge is distributed in two layers within the EDL (see Fig. 1). Close to the mineral46

surface is where most of the excess charge is distributed in a fixed layer with a very limited47

thickness called the Stern layer, and the rest of the remaining fraction is contained and48

flows in the diffuse layer (or Gouy-Chapman layer). The limit between these two layers49

can be approximated by the shear plane which is characterized by an electrical potential50

called ζ-potential (e.g. Hunter, 1981).51

Flow and transport in partially saturated soils are significantly influenced by the hys-52

teresis phenomenon present in the hydraulic properties of the porous media (e.g., Topp,53

1971; Mualem, 1977; Jury et al., 1991; Pham et al., 2005). Recent studies have shown the54

importance of the hysteresis phenomenon regarding the SP signal. Doussan et al. (2002)55

measured SP signals during rainfall events and observed differences in the water flux esti-56

mates when considering drainage and imbibition phases. Maineult et al. (2008) measured57

variations of the SP signal during periodic pumping tests performed at a test site located58

near a freshwater reservoir. Whereas they observed a correlation between the pumping59

and the SP signal, a phase-lag was found between the SP and pressure head measurements60

which they related to drainage-imbibition cycles. Revil et al. (2008) performed numerical61

experiments with harmonic pumping tests in an unconfined aquifer. They observed that62

the experiment accounting for a hysteretic flow model could explain the SP variations63

found by Maineult et al. (2008). In order to extract valuable information from pumping64

tests using SP data, it is necessary to rely on accurate models. For example, Malama65

et al. (2009a) developed mathematical solutions for the SP signals associated to pumping66

test in unconfined aquifers. Later, Soueid Ahmed et al. (2016) developed a hydraulic67

tomography approach for an aquifer in transient conditions from SP and hydraulic head68

data. In this work the authors mention the importance of the hysteresis of the hydraulic69
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properties in the SP signals. Haas and Revil (2009) measured SP signals resulting from70

Haines jumps during the drainage and imbibition of a sandbox and observed that in each71

case the electrical signature was different. The drainage experiment exhibited a larger72

amount of electrical bursts in the SP signals than the imbibition experiment. Jougnot73

et al. (2012) developed two flux averaging approaches to estimate the EK contribution74

to the SP signal by considering that the pore distribution of the media can be derived75

from the water retention function or from the relative permeability function. They tested76

both approaches against an unsaturated vertical hydraulic flux due to rainfall events from77

Doussan et al. (2002). While their model predicted well the first rainfall, the follow-78

ing events presented an increasing discrepancy. They considered that hysteretic effects79

due to drainage-imbibition cycles of the soil may explain that observation. Allègre et al.80

(2014) performed a study of the SP response to drainage and imbibition experiments in81

a sand column and observed that the SP signal presented a hysteretic behaviour with82

respect to pressure head. Later, Zhang et al. (2017) presented a methodology to deter-83

mine a relationship between the streaming potential coupling coefficient and saturation84

for unsaturated flow during drainage and imbibition experiments.85

In order to study SP phenomena, two approaches have been developed over the years86

to model the streaming current generation. On the one side, the Helmholtz-Smoluchowski87

coupling coefficient approach focuses on the evolution with varying water saturation of88

the coupling coefficient which relates an electrical potential and a hydraulic pressure head89

differences (Guichet et al., 2003; Jackson, 2010; Allègre et al., 2014). This approach90

neglects electrical surface conductivity on the mineral surface, nevertheless alternative91

formulas have been proposed by several researchers in order to account this effect (e.g.,92

Morgan et al., 1989; Revil et al., 1999; Glover and Déry, 2010). On the other side,93

the second approach is more recent and focuses on the excess charge that is effectively94

dragged by the water flux in the pore space (e.g., Kormiltsev et al., 1998; Linde et al.,95

2007; Revil et al., 2007; Jougnot et al., 2012; Revil, 2017; Guarracino and Jougnot, 2018;96

Jougnot et al., 2020). In this approach, the streaming current can be expressed as the97

product between the effective excess charge density and the water flux velocity. While98

both approaches describe the same physics, the difference lies in which parameter is used99

to describe the electrokinetic coupling between the streaming potential and the water100

flux. An interesting point of the second approach is that it allows the decomposition101

of the coupling coefficient in three components: the relative permeability, the electrical102

conductivity and the effective excess charge density. Whereas all of these components103

depend on the water saturation, the behaviour of each one is different. The behaviour of104

the first two components under unsaturated conditions has been studied for decades (e.g.,105

Archie et al., 1942; Waxman and Smits, 1968; Mualem, 1986; Lenhard and Parker, 1987),106

nevertheless, how the effective excess charge density varies with saturation is a current107

theme of study that requires more development (e.g., Jougnot et al., 2012; Revil, 2017;108

Thanh et al., 2018; Soldi et al., 2019).109

Based on the coupling coefficient approach, Revil et al. (2007) proposed the first110

model to describe the hysteresis phenomenon in the streaming potential. They considered111

two sets of van Genuchten parameters (one for the drainage and one for the imbibition112
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experiments) in order to model this phenomenon in the variation of the coupling coefficient113

with the saturation. Later, Jougnot and Linde (2013) also employed this approach to114

reproduce the SP signal during drainage and imbibition experiments. In this study, we115

consider the framework developed by Sill (1983) and focus on the effective excess charge116

approach proposed by Kormiltsev et al. (1998) and Revil et al. (2007) where the EK signal117

can be directly related to the water flux velocity:118

∇ · (σ∇ϕ) = ∇ · (Q̂vu) (1)

being σ (S m−1) the bulk electrical conductivity, ϕ (V) the electrical potential, Q̂v (C119

m−3) the excess charge effectively dragged by the water flux and u (m s−1) the water flux120

which follows Buckingham-Darcy’s law (Buckingham, 1907; Darcy, 1856).121

In order to describe the water flow at the representative elementary volume (REV)122

scale, capillary tube models have proven to be useful for characterizing the porous media123

by considering different shapes and pore size distributions (e.g., Jerauld and Salter, 1990;124

Xu and Torres-Verd́ın, 2013; Wang et al., 2015). Recently, these models have provided125

valuable insight in the study of, for example, mineral dissolution (e.g., Guarracino et al.,126

2014), electrical conductivity (e.g., Thanh et al., 2019), saturation hysteretic effects on127

seismic signatures (e.g., Solazzi et al., 2019) and streaming potential phenomenon (e.g.,128

Jackson, 2008, 2010; Linde, 2009; Jougnot et al., 2012, 2015; Thanh et al., 2018; Guar-129

racino and Jougnot, 2018). In this study, we derive an analytical model to describe the130

hysteresis phenomenon in the effective excess charge density under partially saturated131

conditions. For this purpose, we base our approach on the capillary tube model proposed132

by Soldi et al. (2017) that only describes the hydraulic properties of a partially satu-133

rated porous media. The key feature of this model is that it includes hysteresis effects134

in the water flow properties by considering irregularities in the structure of the tubes.135

The pore geometry of this model is represented by a bundle of capillary tubes with peri-136

odic reductions in the pore radius (constrictivities or ”ink-bottle”) and a fractal pore size137

distribution. This pore geometry causes a different saturation pattern during drainage138

and imbibition that can be used to model hysteresis in macroscopic hydraulic properties.139

Nonetheless, other effects could also contribute or explain the presence of the hysteresis140

phenomenon in porous media such as contact angle effects, entrapped air and pore network141

connectivity (e.g., Jury et al., 1991; Klausner, 1991; Vogel and Roth, 2001). Therefore, as-142

suming this pore geometry, the excess charge effectively dragged by the water flow is first143

calculated for one single constrictive capillary tube (i.e. referred to as microscale) and is144

then upscaled to the bundle of capillary tubes (i.e. the REV scale) using a flux-averaging145

technique. Closed-form analytical expressions for the effective excess charge density are146

obtained as a function of pressure head. The periodic constrictivities of the pores allow to147

introduce the hysteresis phenomenon in the model’s expressions in a simple form due to148

the strong control of those irregularities over the water flow. The proposed model is con-149

sistent with the previous model of Soldi et al. (2019) for non-constrictive capillary tubes,150

and with experimental laboratory data from drainage and imbibition cycles. Moreover,151

the relationship between the effective excess charge density and the coupling coefficient152

allowed us to estimate this last coefficient for different soil textures and also observed its153
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hysteretic behaviour when expressed as a function of pressure head.154

2 Hysteretic analytical model155

In the present section, we derive an analytical closed form expression for the effective156

excess charge density. The proposed model is based on the macroscopic description of the157

effective excess charge density that is dragged by the water flow in the porous media and158

that can be obtained from the upscaling of pore size flow and electrokinetic phenomena.159

First, we present the pore geometry, the pore size distribution law and the hysteretic160

hydraulic properties obtained at macroscopic scale from Soldi et al. (2017). Then, we161

derive the electrokinetic properties, for a single pore and for a REV of porous media, and162

we obtain effective excess charge density curves for drainage and imbibition as functions163

of pressure head.164

165

At microscopic scale, we consider that the pore structure of the media is represented by166

tortuous capillary tubes with varying aperture. Each pore is conceptualized as a circular167

tube of radius R (m) and length l (m) with periodically pore throats aR (as illustrated168

in Fig. 1) where a is the radial factor that represents the ratio in which the radius is169

reduced (0 ≤ a ≤ 1, dimensionless). Then, under the assumption that the pore geometry170

has a wavelength λ and that the length of the tube contains an integer number M of171

wavelengths, the pore radius along the tube can be expressed as (Soldi et al., 2017):172

r(x) =
{
aR if x ∈ [0 + λn, λc+ λn)
R if x ∈ [λc+ λn, λ+ λn), (2)

where c is the length factor (0 ≤ c ≤ 1, dimensionless) that represents the segment of λ173

with pore throat and n = 0, 1, ...,M − 1.174

175

At macroscopic scale, we consider as a representative elementary volume (REV) a176

cylinder of radiusRREV (m) and length L (m). The porous space of the REV is represented177

by a bundle of capillary tubes whose radii vary between a minimum Rmin (m) and a178

maximum Rmax (m) pore radius value.179

The number of pores whose radii are greater than or equal to R is assumed to follow180

a fractal law given by (Tyler and Wheatcraft, 1990; Yu et al., 2003; Soldi et al., 2017,181

2019):182

N(R) =
(
RREV

R

)D
, (3)

where D is the pore fractal dimension (1 < D < 2, dimensionless) and 0 < Rmin ≤ R ≤183

Rmax < RREV .184

Differentiating the cumulative pore size distribution given by Eq. (3) with respect to185

−R, we obtain the number of pores whose radii are within the infinitesimal range R and186

R + dR:187

dN(R) = DRD
REVR

−D−1dR. (4)
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Figure 1: Schemes of the pore geometry of a single capillary tube with periodic pore
throats (on the left) and of the electrical layers within the capillary (on the right).
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2.1 Hydraulic properties188

In this Section, we present the expressions of the REV’s porosity, and the effective satu-189

ration and relative permeability curves as function of the pressure head from Soldi et al.190

(2017). These curves are different for drainage and imbibition tests due to the presence191

of the pore throats.192

The porosity φ of the REV can be computed from its definition as the ratio of the193

pore volume to the total volume of the REV. For the proposed geometry, the expression194

of φ yields:195

φ = fv(a, c)Dτ
R

(2−D)
REV (2−D)

[
R2−D
max −R2−D

min

]
, (5)

where τ = l/L (dimensionless) is the hydraulic tortuosity of the pores and196

fv(a, c) = a2c+ 1− c. (6)

This factor fv varies between 0 and 1 (see Fig. 2a from Soldi et al., 2017) and quantifies197

the reduction in the pore volume due to the presence of the pore throats.198

To obtain the main drying effective saturation curve, we consider that the REV is199

initially fully saturated and a pressure head h is applied in order to drain it. For a tube200

with constant radius, the pressure head h (m) can be related to the radius of the pore Rh201

by (Bear, 1998):202

h = 2Ts cos(β)
ρgRh

, (7)

where Ts (N m−1) is the surface tension of the water, β the contact angle, ρ (kg m−3) the203

water density and g (m s−2) the gravity acceleration. For a drainage experiment, it is then204

reasonable to consider that the pores with radii between Rmin and Rh/a will remain fully205

saturated since we assume that a pore is fully desaturated if its pore throat radius aR206

is greater than the radius Rh (Eq. (7)). Therefore, the main drying effective saturation207

curve Sde can be expressed as (Soldi et al., 2017):208

Sde (h) =



1 if h ≤ hmin

a

(ha)D−2−hD−2
max

hD−2
min −h

D−2
max

if hmin

a
< h < hmax

a
,

0 if h ≥ hmax

a

(8)

where209

hmin = 2Ts cos(β)
ρgRmax

hmax = 2Ts cos(β)
ρgRmin

, (9)

hmin and hmax are the minimum and maximum pressure heads defined by Rmax and Rmin,210

respectively.211

For an imbibition experiment, we consider that the REV is fully desaturated and it is212

flooded with a pressure head h. Then, the pores whose radii are between Rmin and Rh will213
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be fully saturated and the main wetting effective saturation curve Swe can be computed214

as (Soldi et al., 2017):215

Swe (h) =



1 if h ≤ hmin

hD−2−hD−2
max

hD−2
min −h

D−2
max

if hmin < h < hmax.

0 if h ≥ hmax

(10)

Recently, this saturation model has been effectively used to estimate the effect of hys-216

teretic saturation fields on seismic signatures which are generally observed in laboratory217

during drainage and imbibition experiments (Solazzi et al., 2019).218

219

Similarly, considering the same hypotheses and the Buckingham-Darcy law for unsat-220

urated water flow, Soldi et al. (2017) obtained the main drying relative permeability curve221

kdrel as a function of pressure head for a drainage experiment which is given by:222

kdrel(h) =



1 if h ≤ hmin

a

(ha)D−4−hD−4
max

hD−4
min −h

D−4
max

if hmin

a
< h < hmax

a
,

0 if h ≥ hmax

a

(11)

while for an imbibition experiment, the main wetting relative permeability curve kwrel can223

be expressed as:224

kwrel(h) =



1 if h ≤ hmin

hD−4−hD−4
max

hD−4
min −h

D−4
max

if hmin < h < hmax.

0 if h ≥ hmax

(12)

Note that Eqs. (8), (10), (11) and (12) can be used to compute the main drying and225

wetting curves of the hysteretic cycle observed in the effective saturation and relative226

permeability. Scanning curves can be scaled from these main curves using different ap-227

proaches for any intermediate state (e.g., Parker and Lenhard, 1987; Beliaev and Has-228

sanizadeh, 2001). It is important to remark that relative permeability can be expressed229

as a function of effective saturation which yields in a non-hystertic function (see Ec. (28)230

from Soldi et al., 2017). This means that the relationship between these two variables231

krel(Se) is unique for the drying and the wetting, and this result is consistent with ob-232

served experimental data (e.g. Topp and Miller, 1966; Van Genuchten, 1980; Mualem,233

1986).234
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2.2 Electrokinetic properties235

In this section we derive expressions to estimate the electrokinetic phenomenon which236

results from a coupling between hydraulic and electrokinetic properties at pore scale. We237

consider that the capillary tubes are saturated by a binary symmetric 1:1 electrolyte (e.g.,238

NaCl). Under the hypothesis of a thin double layer (the thickness of the electrical double239

layer is small compared to the pore radius), the effective excess charge density carried by240

the water flow in a single tube of constant radius R is given by (Guarracino and Jougnot,241

2018):242

Q̂R
v = 8NAe0C

0
w

(R/lD)2

−2e0ζ

kBT
−
(
e0ζ

3kBT

)3
 , (13)

where NA (mol−1) is Avogadro’s number, e0 (C) the elementary charge, C0
w (mol L−1) the243

ionic concentration far from the mineral’s surface, ζ (V) the zeta potential, kB (J K−1)244

the Boltzmann constant, T (K) the temperature and lD (m) the Debye length which is245

defined by:246

lD =
√

εkBT

2NAC0
we

2
0
, (14)

being ε (F m−1) the pore water dielectric permittivity. Note that Eq. (13) is considered247

valid when the pore radius is greater than 5lD (see Guarracino and Jougnot, 2018; Jougnot248

et al., 2019).249

By assuming the conservation of the electrical charges in the pore volume, the effective250

excess charge density carried by the water flux in a capillary tube with pore throats Q̂p
v251

(C m−3) can be expressed as:252

Q̂p
v(R) = 1

Vp

∫ l

0
Q̂r
vπr

2(x)dx = M

Vp

[∫ λc

0
Q̂aR
v π(aR)2dx+

∫ λ

λc
Q̂R
v πR

2dx

]
= Q̂R

v

1
fv
, (15)

where Vp = πR2lfv is the volume of a single pore. Note that Q̂p
v depends inversely on253

the factor fv which is a function of the pore geometry parameters, a and c (Eq. (6)). As254

mentioned in Section 2.1, fv can vary between 0 and 1, and the inverse of this factor is255

then greater or equal to 1. Figure 2 shows the effect of the radial factor a on 1/fv for256

different constant values of the length factor c (0.1, 0.3 and 0.5). Despite of the fact that257

c can vary between 0 and 1, we considered values in the range of 0 to 0.5 for representing258

realistic pore geometries. It is interesting to observe that as the factor a decreases, the259

radius of the pore is reduced significantly producing a larger effect on the Q̂p
v values.260

Therefore, the pore throat plays a key role in the estimates of the effective excess charge261

density.262

In order to derive the effective excess charge density Q̂REV
v carried by the water flow263

in the REV, we consider conditions of saturation similar to those used to compute the264

hydraulic properties (Section 2.1). For a drainage test, we assume that a pressure head h265

is applied to drain a fully saturated REV. Then, only the pores that remain fully saturated266

(Rmin ≤ R ≤ Rh/a) contribute to the volumetric water flow, and hence to the effective267
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excess charge density Q̂REV,d
v (C m−3). Considering a flux averaging technique, the total268

Q̂REV,d
v can be computed by integrating the individual contribution of each pore as:269

Q̂REV,d
v = 1

vDπR2
REV

∫ Rh
a

Rmin

Q̂p
v(R)qp(R)dN(R), (16)

where vD = ρg
η
krelk

∆h
L

(m s−1) is the Darcy’s velocity and qp(R) (m3 s−1) the volumetric270

flow rate of a pore with varying aperture given by (Soldi et al., 2017):271

qp(R) = ρg

η

πR4

8 fk(a, c)
∆h
l
, (17)

being272

fk(a, c) = a4

c+ a4(1− c) (18)

the factor that quantifies the reduction in the volumetric water flow due to the pore273

throats. This factor is dimensionless and varies between 0 and 1.274

Substituting Eqs. (4), (15) and (17) in (16) and combining the resulting expression275

with Eqs. (5) and (8) yields:276

Q̂REV,d
v = NAe0C

0
w

−2e0ζ

kBT
−
(
e0ζ

3kBT

)3
 l2D
τ 2
fk
f 2
v

φ

k

Sde
kdrel

. (19)

Similarly, for an imbibition test, we consider that the REV is saturated with a pressure277

head h. The pores with radius smaller than Rh will be fully saturated and thus contribute278

to the water flow. Then, the effective excess charge density Q̂REV,w
v can be expressed as:279

Q̂REV,w
v = NAe0C

0
w

−2e0ζ

kBT
−
(
e0ζ

3kBT

)3
 l2D
τ 2
fk
f 2
v

φ

k

Swe
kwrel

. (20)

Note that in the case of non-constrictive tubes, a = 1 (or c = 0) which yields to fv = fk =280

1, Eqs. (19) and (20) have the same analytical expression which is the equation obtained281

by Soldi et al. (2019) for the effective excess charge density in tortuous straight tubes.282

Equations (19) and (20) can be expressed as:283

Q̂REV,i
v = Q̂REV,sat

v Q̂REV,rel,i
v (21)

where the effective excess charge density for saturated conditions Q̂REV,sat
v (C m−3) is284

given by:285

Q̂REV,sat
v = NAe0C

0
w

−2e0ζ

kBT
−
(
e0ζ

3kBT

)3
 l2D
τ 2
fk
f 2
v

φ

k
(22)

and the relative effective excess charge density Q̂REV,rel
v (dimensionless) by:286

Q̂REV,rel,i
v = Sie

kirel
(23)
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being i = d, w. Note that the Q̂REV,sat
v factor is the same for both drainage and imbibition287

experiments and depends on petrophysical and electro-chemical properties. However,288

the Q̂REV,rel,i
v factor only depends on the hydraulic properties of the media which differ289

between drainage and imbibition tests. Then, the hysteresis phenomenon in the effective290

excess charge density is associated with the relative factor.291

By inspection of Eq. (23), it can be noticed that when Se approaches zero, both292

terms of the quotient tend to zero for drainage (when h→ hmax/a) and imbibition (when293

h→ hmax). From Eqs. (8), (11), (10) and (12), we obtain the same asymptotic value for294

drainage and imbibition:295

lim
Se→0

Q̂REV,rel,i
v = lim

h→hmax
a

Sde (h)
kdrel(h) = lim

h→hmax

Swe (h)
kwrel(h) = hD−4

min − hD−4
max

hD−2
min − hD−2

max

. (24)

This limit case represents the excess charge of the pores with smallest radius dragged by296

the residual water saturation.297

The main drying relative effective excess charge density curve Q̂REV,rel,d
v as a function298

of the pressure head h can be obtained by substituting Eqs. (8) and (11) into Eq. (23):299

Q̂REV,rel,d
v (h) =



1 if h ≤ hmin

a

(ha)D−2−hD−2
max

(ha)D−4−hD−4
max
· h

D−4
min −h

D−4
max

hD−2
min −h

D−2
max

if hmin

a
< h < hmax

a
.

hD−4
min −h

D−4
max

hD−2
min −h

D−2
max

if h ≥ hmax

a

(25)

Similarly, the main wetting relative effective excess charge density curve Q̂REV,rel,w
v is300

obtained by replacing Eqs. (10) and (12) into Eq. (23):301

Q̂REV,rel,w
v (h) =



1 if h ≤ hmin

hD−2−hD−2
max

hD−4−hD−4
max
· h

D−4
min −h

D−4
max

hD−2
min −h

D−2
max

if hmin < h < hmax.

hD−4
min −h

D−4
max

hD−2
min −h

D−2
max

if h ≥ hmax

(26)

Note that the relative effective excess charge density expressions for both drying and302

wetting have analytical closed form expressions which depend on independent parameters303

(a, D, hmin and hmax) with geometrical and physical meaning.304

3 Sensitivity analysis of the model305

In order to study the role of the model parameters in the estimates of the relative effective306

excess charge density, we perform a parametric analysis of Eqs. (25) and (26). We test307

the influence of the fractal dimension D, the radial factor a that controls the pore throats308
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Figure 2: Dimensionless factor 1/fv as a function of the radial factor a for different
constant values of parameter c.

and the minimum pore size Rmin as these parameters produce the greatest impact in the309

size distribution and geometry of the porous media. The following reference values of310

these parameters are considered: D = 1.5, a = 0.5 and Rmin = 1.5× 10−4mm.311

Figure 3 summarizes this analysis and shows the curves of the hydraulic properties Se312

and krel (Eqs. (8), (10), (11) and (12)) besides the relative effective excess charge density313

curves (Eqs. (25) and (26)). Figures 3a-c show the effect of the fractal dimension for fixed314

values of the other parameters. It can be observed that parameter D produces significant315

differences between the hysteretic loops of the effective saturation curves, while it slightly316

affects the loops of the relative permeability. For high pressure head values, no significant317

variations are shown among the Se and krel curves, nevertheless, the asymptotic values318

of the relative effective excess charge density vary with the different values of parameter319

D (see Fig. 3c). In fact, note that the maximum value of Q̂REV,rel
v increases when D320

decreases, however, this variation remains within one order of magnitude. Figures 3d-f321

show the effect of the radial factor a. The influence of this parameter is significant in the322

main drying curves of effective saturation and relative permeability for the entire range323

of pressure head values. However, no variations are observed in the main wetting curves324

of the hydraulic properties since they are independent of a, and hence these curves are325

overlapping each other for the different values of a. As a result, this parameter strongly326

affects only the main drying Q̂REV,rel
v curve for all the pressure head values. Indeed, the327

hysteresis cycle for Q̂REV,rel
v increases for low values of a since the increasing distance328

between the curves of the drainage and imbibition experiments (see Fig. 3f). As a329

tends toward 1, the two main Q̂REV,rel
v curves tend to reduce their distance, as it can be330

expected since this limit case represents a tube of constant radius and thus no hysteretic331

phenomenon will be observed. Figures 3g-i show the effect of Rmin, this parameter is332

inversely proportional to hmax (Eq. (7)). The effect of Rmin is significant in the Se333

hysteretic loops for increasing values of pressure head, while it is not significant in the334

krel curves. Hence, the Q̂REV,rel
v curves show the strongest differences for high values of335
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Figure 3: Parametric analysis of the relative effective excess charge density Q̂REV,rel
v for

drainage (solid lines) and imbibition (dashed lines): c) sensitivity to the fractal dimension
D, f) sensitivity to the radial factor a, and i) sensitivity to the minimum radius Rmin

(which corresponds to values of hmax, see Eq. (7)). Note that fixed values of the remaining
parameters were considered in each case. The corresponding curves of effective saturation
(Fig.3(a), 3(d) and 3(g)) and relative permeability (Fig.3(b), 3(e) and 3(h)) are also
shown.

pressure head. It can also be observed that the maximum value of Q̂REV,rel
v increases336

when Rmin decreases (see Fig. 3i) since, at residual water saturation, the pores with337

smaller radius are the ones that remain with water and a significant amount of excess338

charge is dragged. In addition, note that this parameter can change Q̂REV,rel
v in 3 orders339

of magnitude while the distance between the main drying and wetting curves of the loops340

remains approximately constant.341

Finally, from this parametric analysis, we can conclude that parameters a and Rmin342

produce the most significant changes in the estimates of Q̂REV,rel
v . Furthermore, while the343

estimates of the main drying Q̂REV,rel
v curve are highly sensitive to parameter a which344

produces strong differences between this curve and the wetting Q̂REV,rel
v curve, parameter345

Rmin can modify Q̂REV,rel
v values over several orders of magnitude.346
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4 Relative coupling coefficient347

The effective excess charge is an efficient parameter to study the electrokinetic coupling348

under partially saturated conditions. This parameter is the basis of an approach that has349

been increasingly employed in the last decades, nevertheless, the Helmholtz-Smoluchowski350

approach is the most used in the literature which is based on the coupling coefficient CEK .351

This coefficient relates an electrical potential difference and a hydraulic pressure head352

difference generated by the water flow. The relationship between the relative coupling353

coefficient Crel
EK and the relative effective excess charge density Q̂REV,rel

v can be obtained354

from Eq. (1) (e.g. Linde et al., 2007; Revil et al., 2007):355

Crel,i
EK = Q̂REV,rel,i

v kirel
σrel

, (27)

where Eqs. (11) and (19) are used to calculate this parameter for the drainage case, and356

Eqs. (12) and (20) for the imbibition case, whereas the relative electrical conductivity is357

estimated using Archie’s second law (Archie et al., 1942), σrel = Snw being n the water358

saturation exponent. In this sensitivity analysis, we consider a simple non-hysteretic359

model for the electrical conductivity to better focus on the hysteresis in the effective360

excess charge density function. We then considered two different soil textures to study the361

estimates and behaviour of the coupling parameter within the framework of the approach362

based on the effective excess charge and the Helmholtz-Smoluchowski approach. The363

soil textures are a sand and a silt which were used by Soldi et al. (2017) to estimate364

the hysteretic saturation from the experimental data from Pham et al. (2003). Table 1365

lists the parameters used to estimate the hydraulic and electrical properties of the two366

textures. The hydraulic parameters were taken from Soldi et al. (2017) for both textures,367

while the electrical parameter was taken from Lesmes and Friedman (2005) and Doussan368

and Ruy (2009) for the sand and silt respectively.369

Fig. 4 shows the relative effective excess charge density Q̂REV,rel
v and the relative370

coupling coefficient Crel
EK as functions of both the pressure head h and effective water371

saturation Se for the two different soil textures. It is interesting to note that the hysteretic372

effect on both Q̂REV,rel
v and Crel

EK can be observed when these parameters vary with pressure373

head values (see Figs. 4a and 4c). However, when they are represented as a function374

of Se, the resulting curve is non-hysteretic as shown in Figs. 4b and 4d. For a fixed375

value of pressure head, the estimates of Q̂REV,rel
v vary significantly between the two soil376

textures (being the greater values for the sand) while the differences in the estimates of377

Crel
EK are smaller between the two textures. It can also be observed that whereas the378

Q̂REV,rel
v values vary over several orders of magnitude (about 2 and 6 orders for the silt379

and the sand, respectively), the Crel
EK values remain within the range 0∼1.1 for the two380

soil textures. For all the effective saturation range, the Crel
EK curve for the silt remains381

below the corresponding curve for the sand. Nevertheless, the estimates of Q̂REV,rel
v for382

the silt are smaller than the estimates for the sand only for low saturation values.383

In a recent study, Zhang et al. (2017) proposed a model to determine the saturation384

dependence of the relative coupling coefficient and observed from that relationship that385
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Figure 4: (a,b) Relative effective excess charge density and (c,d) relative coupling coeffi-
cient as functions of pressure head and effective saturation for two soil textures: a sand
and a silt. The solid and dashed lines in Figs.4(a) and 4(c) correspond to the drainage
and imbibition cases, respectively.

Crel
EK exhibits hysteresis. Such behaviour can not be explained by the model developed386

in this study as the resulting Crel
EK-Se curve is non-hysteretic. The hysteresis observed by387

Zhang et al. (2017) could be attributed to the numerical approximations used to calculate388

water saturation or other phenomena such as changes in wettability or entrapped air.389

From a theoretical point of view, no hysteresis phenomenon is present in Crel
EK when390

expressed as a function of effective saturation. Note that the behaviour of the proposed391

Crel
EK-Se curves, shown in Fig. 4d, is consistent with previous works considering the392

coupling coefficient (e.g., Bordes et al., 2015) and theoretical models assuming the porous393

media as bundles of capillary tubes (see Figs. 6c and 6d from Jougnot et al., 2012). The394

model of Jackson (2010) predicted a decrease in the estimates of Crel
EK when decreasing395

Se. In addition, the model derived by Jougnot et al. (2012) also predicted that the Crel
EK396

values decrease when Se decreases. Moreover, they observed strong differences on the397

Q̂REV,rel
v and Crel

EK estimates as functions of Se for different soil textures (see their Fig. 6).398

They also showed that Crel
EK can reach values greater than 1 for low effective saturation399

values when considering a sand texture, but that it remains smaller than 1 for a silt. As400

shown in Fig. 4d, this behaviour of Crel
EK for those two textures is also predicted by the401

proposed model.402
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Table 1: Values of the parameters used to estimate the relative effective excess charge
density and the relative coupling coefficient for a sand and a silt.

Soil type Proposed model parameters∗ Electrical parameter+

D (-) a (-) hmin (m) hmax (m) n (-)
Sand 1.02 0.40 0.112 100.00 1.30
Silt 1.76 0.41 0.510 10.20 5.96

∗Values taken from Soldi et al. (2017).
+The sand value was taken from Lesmes and Friedman (2005), while the silt value from
Doussan and Ruy (2009).

5 Comparison with experimental data403

Data sets of coupling coefficient-pressure head for drainage and imbibition experiments404

are lacking thus far in the literature. Allègre et al. (2014) studied the self-potential (SP)405

response to a periodic succession of drainage and imbibition cycles in a column filled with406

clean Fontainbleau sand. They measured values of pressure head h at two different points407

(h1 and h2) of the column and the SP differences ∆V between them. In order to test the408

proposed model, we estimated relative coupling coefficient values Crel
EK from the recorded409

data (see Fig. 4 from Allègre et al., 2014) as a function of the mean pressure head value410

between the two points as follows:411

Crel
EK

(
h1 + ∆h

2

)
= 1
Csat
EK

∆V
∆h , (28)

where ∆h = h2 − h1 corresponds to the pressure head differences between the points.412

For Csat
EK , we considered the value measured by Allègre et al. (2014) for the sand column413

under total saturation conditions.414

Figure 5 shows the Crel
EK data obtained from Allègre et al. (2014) using Eq. (28) and415

the relative coupling coefficient model for the sand estimated previously in Section 4.416

The data show high scattering, nevertheless, it can be observed that the behaviour shown417

by the Crel
EK data values is different for the drainage and for the imbibition experiments.418

Even so, it is not possible to establish a clear pattern of the data in either of the cases.419

Note also that the Crel
EK values of the experimental data reach values greater than 1 as420

predicted by the proposed model.421

6 Discussion and conclusion422

A physically based theoretical model to describe hysteresis phenomenon in the estimates423

of the effective excess charge density for partially saturated conditions has been presented.424
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Figure 5: Relative coupling coefficient as a function of pressure head for experimental
data from a sand sample from Allègre et al. (2014).

The proposed model is based on the assumption that the porous medium can be repre-425

sented by a bundle of tortuous capillary tubes with periodic pore throats. The derivation426

of the model involved upscaling procedures at pore and REV scales of the hydraulic and427

electrokinetic properties of the porous medium. Considering a fractal distribution of pore428

sizes and a binary symmetric 1:1 electrolyte, analytical closed-form expressions have been429

obtained for the effective excess charge density Q̂REV
v for the drainage and imbibition430

experiments.431

The hysteretic behaviour of the effective excess charge density is explicitly observed in432

the relative factor Q̂REV,rel
v when expressed as a function of pressure head since it depends433

on the flow history of the medium. This phenomenon is easily introduced in the model by434

the presence of the pore throats as it strongly controls the flow properties of the medium.435

The radial factor a plays a key role to represent the hysteresis in the proposed model as it436

controls the size of the pore throats. In addition, if a = 1 (pores with constant radii), the437

expression of the proposed model becomes the expression proposed by Soldi et al. (2019)438

for non-constrictive tortuous capillaries.439

The saturated effective excess charge density factor Q̂REV,sat
v depends on the petro-440

physical properties of the medium and the chemical parameters of the pore water while441

also being affected by the presence of the pore throats through the factor fk/f 2
v . This442

factor depends on the radial a and length c factors of the pore throat. In the limit case443

of a non-constrictive tube (a = 1), the expression of the Q̂REV,sat
v factor is the equation444

obtained by Soldi et al. (2019) for saturated conditions.445

The influence of the model parameters (D, a and Rmin) on the estimates of the relative446

effective excess charge density has been tested by a sensitivity analysis. The results447

show that variations of the fractal dimension D slightly affect the Q̂REV,rel
v estimates.448

Nevertheless, the effects of the radial factor a and the minimum pore radius Rmin produce449
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the most significant variations in the Q̂REV,rel
v values. The factor a controls the shape of450

the hysteretic loop (the distance between the drainage and imbibition curves), and in451

the limit case of a = 1, the hysteresis disappears from the Q̂REV,rel
v curves as it will452

be expected. Nonetheless, the variations of Rmin can affect the Q̂REV,rel
v estimates over453

several orders of magnitude.454

The comparison of the relative effective excess charge density and the relative coupling455

coefficient estimates for two different soil textures shows that both parameters exhibit the456

hysteresis phenomenon when expressed as functions of the pressure head. However, a457

non-hysteretic behaviour is observed when they are described as functions of the effective458

saturation. The comparison of the two soil textures also shows significant differences in459

the estimates of Q̂REV,rel
v . In fact, it could be observed that its value varies over 6 orders460

of magnitude for the sand while over 2 orders for the silt. Nevertheless, the Crel
EK values461

vary in a small range (0∼1.1 approximately) for both textures.462

To the best of our knowledge, the data shown in Figure 5 are the only hysteretic463

data available to validate coupling coefficient curves as function of pressure head values.464

From a qualitative comparison, the Crel
EK values estimated from the proposed model are465

consistent with the experimental data values. Even though, further drainage-imbibition466

tests are needed, the proposed model provides a simple and physically meaningful way to467

include hysteresis effects on the electrokinetic potential.468

Based on the framework of the effective excess charge, the present study represents a469

step forward to understand the electrokinetic coupling under partially saturated condi-470

tions since the model includes hysteresis phenomenon in SP signals. As far as reported in471

literature, this is the first analytical model that accounts this phenomenon in the stream-472

ing potential. Therefore, this simple model can be a valuable starting point to the use of473

the SP method in hydrogeophysics studies to non-intrusively monitor unsaturated ground-474

water fluxes (e.g., Doussan et al., 2002; Suski et al., 2006; Jougnot et al., 2015; Voytek475

et al., 2019; Hu et al., 2020) and help to improve the understanding of processes occurring476

in the vadose zone, such as contaminant plumes (e.g. Naudet et al., 2003; Minsley et al.,477

2007), hydro-fracturing (e.g. Darnet et al., 2006; Haas et al., 2013) or related to reservoir478

engineering (Saunders et al., 2006).479
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