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Abstract

We consider a controlled evolution problem for a set Q(t) € IR?, originally motivated by
a model where a dog controls a flock of sheep. Necessary conditions and sufficient condi-
tions are given, in order that the evolution be completely controllable. Similar techniques
are then applied to the approximation of a sweeping process. Under suitable assumptions,
we prove that there exists a control function such that the corresponding evolution of the
set Q(¢) is arbitrarily close to the one determined by the sweeping process.

1 Introduction

In this paper we consider a controllability problem for the evolution of a set Q(t) C IR?. This
was originally motivated by the model introduced in [4], describing the evolution of a flock
of sheep, who tend to scatter around but also react to the presence of a dog. The region
Q(t) C IR? occupied by the sheep is described as the reachable set for a differential inclusion,
while the position of the dog is regarded as a control function. As in [4], we consider a “scare
function” ¢ = (1) > 0, describing the speed at which sheep run away from the dog, depending
on the distance r. Further results and extensions can be found in [9, 10]. For more general
models of crowd dynamics we refer to [3]. A general theory of evolution problems in metric
spaces, also describing the evolution of a set, was developed in [1, 11].

In the following we consider the evolution of a set in IR?, and assume

(A1) The function r — (r) is continuously differentiable for r > 0, and satisfies

¢ < 0, lim ¢(r) = 4+ oo, lim ¢(r) = 0. (1.1)

r—0+ T—+00



Given a function t — £(t) € IR? describing the position of a repelling agent, we define the
velocity field
r—§

v(z,§) = @(|$—5\)m- (1.2)

For a given initial set Qg, we denote by Q¢(¢) the set reached by trajectories of
z € vz, &), z(0) € Q. (1.3)
In other words, for any ¢ > 0,

Q8(t) = {x(t); z(0) € Qo x(+) is absolutely continuous,

1.4
i(r) = v(z(r), &(r)) for a.e.TE[O,t]}. (1.4)

Throughout the following we write 0, , and int (2, for the boundary, the closure, and the
interior of a set Q C IRY, respectively. By B(Q,r) we denote the open neighborhood of radius
r around the set 2, while dy denotes Hausdorff distance [2].

To avoid any difficulty about uniqueness of solutions of (1.2)-(1.3), we assume that the control
&(+) is chosen so that
inf  d(&(t),Q5(t)) > 0 forall 0 <7 < T, (1.5)
te(0,7]
We wish to understand how the function ¢ affects the controllability properties of the evolution

equation (1.3). Roughly speaking, given an initial set Qy and a terminal set 2y, we seek a
control £(-) such that, at the terminal time T', the set Q¢(7T') in (1.4) is arbitrary close to €.

Definition 1. We say that the set-valued evolution (1.3) satisfies the Global Approximate
Confinement property (GAC) if the following holds. Let Q,Q1 C IR be any two compact
domains, with 0y simply connected and such that Q0 C int Qqy. Then for any T,e > 0, there
exists a Lipschitz continuous control & : [0,T] — IR satisfying (1.5) and such that the set

(1.4) satisfies

O C QNT) C B(Q,e) (1.6)
If there exists a locally Lipschitz control & : [0, T[— IR? satisfying (1.5) and such that
ONT) = Q, (1.7)

we then say that the set-valued evolution (1.3) satisfies the Global Exact Confinement
property (GEC).

The primary goal of this paper is to find conditions which are necessary, or sufficient, to
achieve the (GAC) or (GEC) properties. Indeed, we will show that these properties are
determined by the asymptotic behavior of the function ¢ as r — 0+. Our first main result is

Theorem 1 (necessary condition). Let ¢ satisfy (Al). If the (GAC) property holds,
then the function ¢ must satisfy

/Olrd2<p(r)d7’ = +00. (1.8)

To state a sufficient condition, we introduce the assumption



(A2) For every k> 0 one has

lim rd/2. gj(m“l/Q) +1
r—0+ rd-o(r)

= 0. (1.9)

Theorem 2 (sufficient condition). If the function ¢ satisfies (A1)-(A2), then the (GAC)
and (GEC) properties hold.

This result applies, in particular, to the function ¢(r) = r—? for any 8 > d.

A proof of Theorem 1 will be given in Section 2, while Theorem 2 will be proved in Section 3.

The controllability of the set-valued evolution (1.4) is closely related to a result on the approx-
imation of a sweeping process. Indeed, let ¢ — V/(t) describe a moving set in IR?. We assume
that each V(t) is a compact set with nonempty interior and smooth boundary, smoothly
depending on time. More precisely:

V() = {we R w(t,x) <0}, (1.10)
where ¢ : IR x IR* — IR has C? regularity and satisfies the nondegeneracy condition
Y(t,x) = 0 = Va(t,x) # 0. (1.11)

As usual, we denote by Ny ;) (7) the outer normal cone to V() at a boundary point z € 9V (t).
In the case of an interior point x € intV (t), we simply define Ny (;)(z) = {0}. By the well
known theory of sweeping processes [5, 6, 7, 8, 12], for any initial point zg € V(0), the
differential inclusion

x(t) e — Nv(t)(x(t)), ac(O) =Xy (1.12)

has a unique solution ¢ — x(t,z¢) € V(). In turn, for a given initial set 9 C V' (0), one can

consider the sets
Q@) = {z(t,z0); o € Qo}- (1.13)

A natural question is whether there exists a control £(-) such that the corresponding sets Q¢ ()
in (1.4) remain uniformly close to the sets (t), for all ¢ € [0, T]. It turns out that this is true,
under an assumption which slightly strengthens (A2), namely:

(A2') For some 3> 1/2 one has

lim — 21~ = 0. (1.14)

w(t) = v(z(t),£(t)), z(0) = xo, (1.15)

with v as in (1.2), while ¢ — x(t, z¢) is the trajectory of the sweeping process (1.12), with the
same initial condition.



Theorem 3 (approximation of a sweeping process). Assume that the function ¢ satisfies
(A1) and (A2'). Asin (1.10)-(1.11), let t = V(t) be a family of sets with C* boundaries.
Then, for any T,e > 0 there exists a measurable control t — &(t) such that

25 (t, 20) — 2(t, 0)| < € for all zog € V(0), te0,T]. (1.16)

An immediate consequence of (1.16) is that, for any initial subset Q¢ C V(0), the corresponding
sets Q5(¢) in (1.4) and Q(¢) in (1.13) satisfy

d(Q5(t), Q(t)) < e forallt e [0,T]. (1.17)

A proof of Theorem 3 will be worked out in Section 4.

2 Proof of the necessary condition

In this section we give a proof of Theorem 1. The main idea is that, if (1.8) fails, then for
any choice of the control £(-) the volume of the set Qf cannot shrink too fast. This puts a
constraint on the sets that can be approximately reached at time T'.

Let t — £(t) be any admissible control. Fix any time ¢ > 0 and let v = v(-,£()) be the vector
field in (1.2). Then, calling § = d(&(t), Q4(t)), we compute

divvdr + divvdx

d
—meas(Q5(t = /
( ( )> QE()NB(E(t),1) QEM\B(E(1),1)

dt (2.1)

S /5 PN () dr 4 (1) - meas(4(1))

Here and in the sequel wy_1 denotes the (d — 1)-dimensional measure of the surface of the unit
ball in IR?. An integration by parts yields

/1 ri g (rydr = — /l(d — Dr?2[p(r) — ()] dr — 6 p(8) — p(1)]
5 1 (22)

1
> = [ =D dr - ().
1)

If (1.8) fails, then

1 1
/ ri=2p(r) dr < M = / ri2p(r)dr < oo.
1) 0

Since ¢ is decreasing, one has

o) = o [stpyas < o [T g as < M
d—1 0 — d-1 0 — d-1

This implies that the right hand side of (2.2) is bounded below by a constant. Therefore, (2.1)

yields
_ Wd—1 Md

%meas(ﬁé(t)) > ¢'(1) - meas(Q4(t) — =

(2.3)
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By Gronwall’s inequality, for all times ¢ > 0 we conclude that

_1Md
meas(ﬂg(t)) > ¥ (D meas(Q) — P14y (2.4)

d—1
This a priori lower bound on the measure of the set Qg(t) shows that approximate controlla-
bility cannot be achieved. L]

Remark. Assume that the divergence of the vector field v(-,£) remains negative for x close
to &, that is

d—1
O+ ——¢(r) <0 forall0 <r <7, (2.5)
T
for some 7 > 0. In this case, the Global Approximate Confinement property implies
limsup ¥ lp(r) = + oo, (2.6)
r—0+

Indeed, one can replace the estimate (2.1) with

imeas (Q§ (t)) = / divvdzr + divvdz
dt Q8 ()N B(E(1).7) Q8 ()\ B(£(1).7)
> / divv dz + ¢/ (F) - meas(QX(¢))
<|z|<F
= wa [F1(7) = 677 1p(0)] + ¢/ (7) - meas(Q4(1)
> — wd_lédflgo(é) + ¢ (7) - meas(Qg(t)) .

If (2.6) fails, then

%meas(Qg(t)) > /() - meas(Q4(t)) — C

for some constant C1, and it leads again a priori lower bound on the measure of the set Q(¢).

3 Proof of the sufficient condition

Aim of this section is to provide a proof of Theorem 2. As a preliminary, consider a bounded
open set Q C IR? with C2 boundary ¥ = 99Q. On the complement IR?\ ¥ we consider the
vector field

= [l =) =g dote) (31)

where o denotes the (d — 1)-dimensional surface measure on ¥. Since ¥ has C? regularity, for
every z sufficiently close to X there exists a unique perpendicular projection y, € ¥ such that

— Y| = d(z,¥) = mi —yl. 3.2
|2 = ye| = d(z,%) = minjz—y| (32)

To fix the ideas, assume that this perpendicular projection x — vy, is well defined whenever

d(x,X) < rg, for some curvature radius rg > 0. In the following, n, = ‘z gw‘ denotes the unit

normal to the surface ¥ at the point y,.




Lemma 1. Let the function ¢ satisfy (A1)-(AZ2). Then the vector field v in (3.1) satisfies

li = . .
s (e, v(z) = oo (3:3)

Figure 1: The portion of ¥ near the point y, can be represented as the graph of a function f, as in
(4.3).

Proof. 1. Consider any point = sufficiently close to 3 so that the perpendicular projection
Yo = m(x) at (3.2) is well defined. Let V, be the hyperplane tangent to ¥ at y, and let n,
be the unit normal vector. As shown in Fig. 1, in a neighborhood of y,, the surface ¥ can be
expressed as the graph of a function f : V, — IR. More precisely, call ¢ = d(z, %) = |z — y,|.
Without loss of generality, we can choose a system of coordinates such that y, = 0. Notice
that, by the regularity and compactness of the surface X, we can assume that the radius dy of
the ball where the function f is defined is independent of 1, € ¥.. Moreover, the C? norm of
f remains uniformly bounded. By construction we have

f(0) =0, Vf(0) =0, I fllc2(B0,59)) < Co, (3.4)

for some uniform constant Cp. Defining the constant x = /2/Cy > 0, by (3.4) one has the
implication

1
Iy — Y| < Klz—ye|? = (ng, z—y— f(yng) > 0. (3.5)

Figure 2: The estimates (3.10)-(3.11).



2. Next, consider the decomposition ¥ = ¥ U ¥o U X3, where
1= {y+ fly)ne; [yl < w22,

Y = {y+ fy)ne; wl2|'? <y <&},
Y3 = E\(Eluzg)

(3.6)

Based on (3.6), we shall estimate the vector field v by splitting the integral in (3.1) in three

parts:
wie) = [ ele-e) T=gdol). =123

so that Z
v(z) = vi(z)+ va(x) + vs(z).

In the following, for y € V;, we use the bound |f(y)| < %|y[2 and the identities
lz| = €, ly| = r, v —y| = Ve2 +r2, n, = .
As long as |y| < dp, the above implies
|z —y — f(y)ngc|2 € {82 +(1- 006)7“2 , g2+ (1+ Cos)r2 + C§T4/4}.

Using (3.9) and the monotonicity of ¢ we obtain the estimates

rel/2 V(e + Cor?/2)% + r?
{0z, vi@)) = e /0 (e - %72) | SO(\/(;Jr (,*0(;2/2)2 7 )

kel/2 o Co @(\/82 +(1+ 2005)r2>
Co/o " (87 2" ) V22 (1 +2Che)r?
3 ”5;/2 io <p<\/62 +(1+ 2Cos)r2>

—c er r,
4 Jo Ve?+ (1 +2Cpe)r?

Y

Y

IN

(0, va())]

2+ (1= Coe)r?
s plve2+ (1 — Coe)r?
Cl-/o (\/ )~7"ddr,
Kkel/2 \/82 + (1 — 006)7’2
(e, v3(z))| < C,

c1/2

IN

4 2
co/ ’ rd_zw(\/e?Q +(1- C(]E)T’2) e+ Cor’/2 dr

(3.7)

(3.10)

(3.11)

(3.12)

for some constants C, Cy, ¢y > 0. Performing the change of variable s = r /1 4+ 2Cye in (3.10),

one finds

ESdiQ 2 ds

Ve? + s?
4oy et o (V)

> — s ———="ds

w2 Jo Ve + s

v

(ng , vi(z))

1eel/2 o (VZ+ )
Co - /O



for some constant Cy > 0. Setting t = V&2 + s2, we estimate

(ng, vi(z)) =

i

k2 .

ACy  [ame'? o\
> ?./k (=€) 7 () dt
d—1 1,..1/2
402 3 2 ghke d—1
> — | = . t -p(t) dt.
T k? (4> /25 o)
Similarly, using the variable s = /2 + (1 — Cpe)r? in (3.11), we have
) go(\/EQ +(1- Co&‘)?”2> 1 62+e(e—Ch6?) 4
/ rldr = . @(s)-rT1 ds
Kel/2 \/62 + (1 — 006)7’2 1—Coe v/ €2+ (1-Coe)r?e

1
(1 — C’Og)% /\/€2+(1005)1425

Thus, for € > 0 sufficiently small, it holds
)

e va(@)] < Ca- [ st pls) ds

%I{El/ 2
for some constant C3 > 0. Setting £ = 2¢ we obtain

m1§1/2

(n,, vi(z)) > 04./~ ST

3

and
do

(0, vo(x))| < (;'3./ g1

K1€1/2

for k1 = £= and some constant Cy > 0. In particular,
2v2

K1€ d—1
(0, , v1(z)) C/ A

©o(s) ds

o(s) ds,

\/ 62+¢e(e—Ché2)

o(s) - s ds.

e ' do C do
|y, va(z))] 3 / 1 o(s) ds 3 / i1
ngl/Z I€1§1/2
If the assumption (A2) holds, then one has
limsup 7% @(r) = +o00.
r—0-+
This implies
% 4 a1 29 -1
lim s_-stZIimsu/s_-sdszi
=0+ Jp 2(5) r—>0+p r els) d2¢ oot

Applying L’Hopital’s rule and the assumption (A2), we obtain

&:d/Zfl . 90('%151/2)

fm =5 = 5w
— —
) / s p(s) ds :
5
d
= "y
2 -0+

E1p(8)

Jdimsup (2r)%-p(2r)

(3.13)

(3.14)

—+00.



This yields

IA
|
1
(@)

as e — 0.

% d—1
’(nz, V2(l‘)>‘ o | /mél/2 s < (s) ds

(g, vi(x))

Finally, observing that
(g, va(z))| < C,

the limit behavior (3.3) is clear. This achieves the proof, because the constants Cy, do, k are
independent of the point y, € X. O

In the following, for x ¢ X(t) we denote by 7(t,z) the perpendicular projection of x on X(t),

and call (t.2)
z—m(t,x
t = - 77 1

the unit normal vector.

Corollary 1. Consider a family of compact C? surfaces %(t), continuously depending on
t € [0,T], with uniformly bounded curvature. Define the vector fields

vita) = [l g dolo) (3.10

Then for any N there exists § > 0 such that, for allt € [0,T],

d(z,2(t)) < ¢ = (n(t,z), v(t,z)) > N. (3.17)

Indeed, this follows from Lemma 1, observing that the limit in (3.3) is uniform over all surfaces
X(t).
Proof of Theorem 2.

1. Let the compact sets 21 C int )y be given, with ; simply connected. To fix the ideas,
assume

B(h,p) C Qo (3.18)

for some radius p > 0. Given T' > 0 and 0 < € < p, we can find a decreasing family of compact
sets t — V(t) with C? boundary, as in (1.10)-(1.11), such that

B(Qo,e) c V(0), B(,e/2) ¢ V(T) C B(t,3¢/4). (3.19)
Call ¥(t) = 0V (t) the boundaries of these sets and define the vector fields

wit.a) = - [ ol &) T dote). (3:20

Here the constant dg > 0 is chosen small enough so that

50-/ do < 1 for all ¢ € [0, T, (3.21)
()



wi(t,z)| < 8% for all = € B(Q1,2/2), te0,T]. (3.22)

2. For any point z € €, denote by ¢ — x(t, z¢) the solution of
z(t) = wi(t,z(t)), z(0) = 20 . (3.23)

We claim that
x(t,xg) € intV(t) for all ¢t € [0,T]. (3.24)

To prove (3.24), let L be a Lipschitz constant for the multifunction ¢ — X(t), so that the
Hausdorfl distance between the two boundaries satisfies

dp (Z(s), E(t)) < L(t—s) forany 0<s<t<T. (3.25)
For any trajectory t — xz(t) of (3.23), (3.20), consider the distance
d(t) = dist (2(t), ()

of z(t) from the boundary ¥(t) = 0V (t). By Corollary 1 there is a constant £; €]0,¢] such
that, for any x € int V() with dist(z, X(t)) < €1, one has

L
<n<t,x>, L, IR ﬁ a<§>> > = (3.26)

In view of (3.26) and (3.25), if d(x(t), X(t)) < e1, then the time derivative of the distance d(t)

satisfies )
dt) > — L+ (n(t,2(t), w(t,z(t)))

= — n(t, . x(t 7(75) ¢ o
> — L+ (f = 0.
0

If z(t) is a trajectory starting inside Qg, then d(0) > e > ;. By (3.27) we thus have d(t) > &1
for all ¢ € [0, T7.

We conclude this step by observing that, for every zo € B(£1,¢/4), by (3.22) the corresponding

trajectory satisfies
et

3T for all ¢ € [0,T]. (3.28)

|z(t, 20) — wo| <

3. Relying on the approximation procedure developed in [4], we claim that there exists a
Lipschitz control ¢t — £(t) for (1.2)-(1.3) that produces almost the same trajectories as (3.23).
More precisely, calling t —+ 2¢(, 29) the solution to

& = v(z,&(t)), z(0) = x9, (3.29)

for every t € [0,T] and zg € o one has

125 (, o) — 2(t, )| < % (3.30)

10



Toward this goal, for any ¢ € [0, T, define ! to be the (d — 1)-dimensional measure supported

on X(t), so that
pt(A) = / do
ANE(t)

for every open set A C IR?. By (3.21) it follows
o p(IRY) = 6y - [surface area of X(t)] < 1 for all t € [0, 7.
We now choose a point # € IR? very far from the origin and define the probability measure
it = dop’ + (1 — o ,U*t(Rd))m:?:
where mz denotes a unit Dirac mass at Z.

Notice that, as |Z| — +o00, by the second limit in (1.1) the vector
= [l - ) =g 4it(© (331)

approaches dow(t, ), uniformly on compact subsets of IR? \ ¥(¢).

Given an integer n > 1, we split the interval [0, 7] into n equal subintervals, inserting the
points t; = iT/n, i = 0,1,...,n. For each i, the probability measure i’ can now be
approximated by the sum of N equal masses, say located at &1,...,&n. Defining the time
step h = %, we then consider the control function

Et) = &; if t;i+(G—1Dh<t < t;+jh. (3.32)

The same arguments used in [4] now show that, as n, N — oo, by suitably choosing the
points &;;, trajectories of the ODE (1.3), (3.32) converge to the corresponding trajectories
of & = v(t,x). Moreover, the convergence is uniform for all initial data in the compact set
Qo C R\ £(0).

Finally, we can replace the piecewise constant function §(-) by a Lipschitz function 1 (). If
|€ — €|l is sufficiently small, the corresponding trajectories still satisfy the same estimate
(3.30).

4. Recalling that
z(T,z9) € V(T) C B(u, 3¢/4),
by (3.30) we now conclude
QNT) = {25(T,xz0); xo€Qo} C B(Q, e). (3.33)
This establishes the second inclusion in (1.6).

To prove the first inclusion, consider the continuous map z¢ — ¢ (T, zp) from the compact
set B(Qq, €/4) into IR%. By (3.28) and (3.30) it follows

|28 (T, z0) — xo| < i for all zg € E(Ql, Z) (3.34)

For any given y € Qy, define the continuous map g¢¥ : B(0,e/4) — IR? by setting
¢(z) = 25 (T,y—2)— (y — 2) for all z € B(0,¢/4).

11



By (3.34) one has
¢Y(B(0,e/4)) € B(0,e/4).

Therefore, Brouwer’s fixed point theorem implies
9Y(z0) = 20 for some zy € B(0,¢/4).
This yields
y = 25(T, x0) with r9 = y— 20 € B(y,e/4).
Hence Q1 C Q5(T).

5. Finally, to pass from approximate controllability to exact controllability one can split the
interval [0, 77, inserting an increasing sequence of times 7; with 7; = T'— as j — oo. Then
construct Lipschitz controls ¢ — £(t) on each subinterval [7;_1, 7;] such that the corresponding
sets Q(7;) satisfy

P(Ql, 2_‘j) - Qg(Tj) - P(Ql, 21_j).

4 Approximating a sweeping process

The key tool for the proof of Theorem 3 is the following lemma, which improves on Lemma 1
under the stronger assumption (A2').

Lemma 2. Let Q C IR? be a compact set with C* boundary ¥ = 0. Let v be the vector field
in (3.1). If the function ¢ satisfies (A1)-(A2'), then

lv(z)] — +o0 as d(z,¥) — 0, (4.1)
v(z) z-—m(2) ol
V@) Jr—n@)] 0 d(z, %) — 0. (4.2)

Proof. 1. Consider any point = sufficiently close to ¥ so that the perpendicular projection
Yy = m(x) at (3.2) is well defined. As in the proof of Lemma 1, in a neighborhood of y,,

the surface Y can be expressed as the graph of a function f : V., — IR. More precisely, call

e =d(z,%Y) = |z — y,|. Then, given 1 < a < 1, we can write £ = 1 U 3y U X3, where

1= {y+f@)m; yeVi, [yl <),
Yo = {y+ W) yeVe, e <[y <&}, (43)
Y3 = 2\(21U22)

Notice that, by the regularity and compactness of the surface ¥, we can assume that the
radius &g of the ball where the function f is defined is independent of y, € X. Moreover, the
C? norm of f remains uniformly bounded.

12



Without loss of generality, in the following computations we shall assume y, = 0 € IR?. By
construction we again have the bounds (3.4), valid for some constant Cp, uniform w.r.t. y, € X.
We shall estimate the vector field

v(z) = vi(x) + va(2) + va(z)

by splitting the integral (3.1) in three parts, as in (3.7). Notice, however, that now we refer
to the different decomposition (4.3) of the surface 3.

2. Calling J(y) = /1+ |V f(y)]? the Jacobian determinant of the map y — y + f(y)n, from
Ve N B(yz, 0p) into X, we have

_ . Y e
i) = [ ey Sl Tt () dy (4.4
We write
vi(z) = vii(z) +via(2),
where
Vn@)z‘é<w¢WFwDé_;d% viz(z) = vi(z) = vu(z). (4.5)

Notice that vii(z) is a vector parallel to n, and is computed as

60{
_ -2, (. /2 5 2). £ _
vii(z) = <co/0 r Lp( e2+r ) mdr) ng, (4.6)
for some constant ¢y > 0. Hence, in order to obtain the limit (4.2), let’s first prove that
Via(2)] — 0 as €—0. (4.7)
Vi1 ()]
The vector via(z) satisfies
@) = [ [elle =y fomd) ~ plle -] - TL I g,
lyl <ee [z —y — f(y)ng]
z—y— fly)n, x—y}
+ pllz —y { — J(y) dy
e YT e Sy T T o= TV (4.
T —y
t [ ella—gh L ) - dy
lyl<ee [z —y|
= A1+ Ay + Aj.
In the following, recalling (3.4), we use the bounds
Co, 1o _ 2
fWI < Iyl [J(y) = 1] = O(1) [yl (4.9)
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and the identities (3.8). Since the function ¢ is decreasing and r < %, using (3.9) one obtains
the estimate

A1 < C'/Osa rd=2 [90(\/52+(1—C’o€)r2) —@(m)} dr
+C - / rd=2 { 62+r> g0<\/€2—|—(1—|—2005)r2)} dr

= Ay + A,
(4.10)
for some constant C' and all ¢ > 0 sufficiently small. In addition, we have
v—y— fyne ‘ lz—yl—lz—y— fly)n|| , [
x—y— n, T — x — x —
o=y Tl e=d T
< 9. 1f(y)] < 0y yl*
|z =y [z =y
Consequently,
ol <O [ plea) Uy = e [T (VETR)
lyl<ee [z —yl 0 Ve +r?
ex 2c
d—2 2 2\ . €
< C CO/O r go(x/e +7’) 7mdr
(4.12)
and

e & 2a
: (Ve +12) 07 : =2, (\ /a2y
| As| SCCO/O r <,0( 8+T>T drSCCQ/O r <p( 5+r> 52+r2dr

(4.13)
for a suitable constant C'.
Since we are choosing o > 1/2, comparing (4.12) and (4.13) with (4.6), it is clear that
A A
LﬁiLﬂgz&@*-+o as ¢ — 0. (4.14)
[vi1(z)]
Proving a similar estimate for A; requires more work. Performing the variable change
s = V1—=Cpe-r,
one obtains
80(
0 < / rd_z[ €24+ (1 — Coe)r?) — 82+r2]dr
[ B =) - (v )
_ e /1—Coe e*
< (1-Coe) T / 54720 (\/ €2 + 32) ds — / rd_ng(\/ €2 + r2) dr
0 0
(4.15)

< [(1—006)_% —1} /Ea ri=2p (\/W) dr
0

< Cie /OE rd_ng (m) dr,



for some constant C;. Recalling (4.10) and comparing with (4.6), we thus obtain
EQ
Ay < 026/ rd=2¢p (\/ g2 +7"2> dr
0
e €
< Ve [t (Ve ) (4.16)
- 2 0 v ( ) N + r2
C 2C5&”
= Ve vu) < 2 va()

for some constant Cy. A similar argument yields

d—1
e 1 5 e*V/14+2Cpe
. d—2 2 2 . . d—2 9 2
A < C [/0 r gp(\/e +r>dr <1+2C'08> /0 r gp(\/e —H“)dr]
e ) a
< 035/ rd*2go (\/ €2 4+ r2) dr < 0036 vii(x)].
0 0

(4.17)
Putting together (4.10), (4.14), (4.16), and (4.17), we can compare the sizes of the vectors vi;
and vio in (4.5)—(4.8). Indeed, the previous analysis shows that

vis(@)| _ [Ax] + [ A2] + 45 A1 + Agg + |As| + | A3

-0 as e — 0. (4.18)

v (@) ~ Vi1 ()| - [vii(z)|
3. In a similar fashion we now compute
VQ(:C) = le(a:) + VQQ(CE)7 (4.19)
where vy
vol(z) = r—yl) T—dy
2(?) /€“<|y<50 w(\ D |z —y|
R — . (4.20)
= Cplvert+r?) s ———=d s
Co /Ea T QD( 13 T ) \/m T 1
and
o) = [ [elle -y swmal) ol —y))] - YT g,
e <y|<do [z —y — f(y)ng|
r—y—flyn, z-—y
+/ T—y { — } J(y) dy
e <ly|<do l ) lz—y— flyns| |z —y| @) (4.21)
T —y
el ) - 1 dy
e <[y| <do |z —y|
= B1+ By + B3.
As in (4.12)-(4.13), we have
|By| + |Bs| < Cy- /50 S o (Ve24r2) dr < G /50 ri L o(Ve +12) dr . (4.22)
e \/m e
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Using again (3.9) and the fact that ¢ is a decreasing function, we obtain
00
B < C- [/ pd=2 {s@ (\/52 Fa- cos)ﬂ) (VT rz)} dr
do
+/ =2 {(p(\/zs? + 7'2) - @(\/62 + (14 Coe)r2 + 037«4/4)} dr
&

«

= B+ Bia.
(4.23)
As in (4.15), performing the variable change s = /1 — Coe - r, we obtain

B = C- /:) rd=2 [@ (\/82 +(1-— Coe)r2> — (p(\/fm) dr}
sd_Qcp(\/m> ds — /sa rd_QgD(\/m) dr]

rd72cp(\/m) dr

00

d—1 60m
_C. (1—005)—7/
e%y/1—Cpe

4o e
< 038/ TdiQQO(\/ €2 + T2) dr + Cs /
€

@ 8am
(4.24)
for a suitable constant Cs. Since ¢ is decreasing, for e sufficiently small we have
EQ Ea
/ rd’zap(\/ff? + 7"2) dr > / rd*2<p(\/ e2 + 7"2) dr
0 e*(1-C3v/¢)
€Ot
> (1—C3y/e)2. / ed*QLp(\/ €2 + 7"2) dr
*(1-C3v/€)
a+ e
> (1 — Cgf) 0357+1 : / ’I“d_2<p(\/ g2 + T2) dr
Cse® e*(1-C3e)
1 = A2
> ve2+r?) dr.
- 2\/> e*(1-Cse) SO( )
(4.25)

In turn, this yields

3 o
By < 035/ OTd*QQO(\/s? +r2) dr+203\/§/ rd’2g0<\/52 +r2> dr

@

5
< Cgs/ord_Qtp(\/ )dr—|—203\/6+520‘ 1 /
3

«@

\/m (\/ g2 + 7"2> dr

% 40563
< 035/ T‘dizgﬁ?(\/ €2 + 7”2) dr + se 2 |vi1(z)].
1)

@ CO

(4.26)

Next, performing the change of variable ¢t = \/ (14 Coe)r? + Cgr*/4, we estimate

/:Ord_2-@(\/€2+(1+C’05)r2—|—Cgr4/4)dr > /50 __ o (VT E)dt

o £ (142Co/¢) 1+ 04(6 + t2)

16



for a suitable constant C4. This implies that
40 d—2

c. [/5¢ (Ve +2)ar | r o (VT R) dr]

o ca(14200yE) 1 + Ca(e +12)

do 1 4 5 5 e*(1+2CoVe) a2 5 5
< C’l/e (1_1+C4(5+7"2)>r cp(\/e +r)dr+/€a r cp(\/s +r>dr

0 e (
< 00y [Ce 4t (V) artC [ 112 (VEE £ 72) dr.

Bia

IN

1+2Co /%)

As in (4.25), one estimates

e*(142Co+/%) e
/ Wiy (JEE) < 2\/g/0 P20 (Ver +02) dr
3

[e3

for ¢ sufficiently small. Thus, as in (4.23), we obtain

5 o
By < C’C4/ O(E +r?)rd=2p (\/ e2 + 7’2) dr + 20\/5/ rd_ng(\/ g2 + r2>dr
€ 0

@

(4.27)
do
< C’C’4/ (e + r?)ri=2p (\/ e2 + r2) dr + 403 - |vii(x)].
ECM
Combining (4.21), (4.22), (4.23), (4.26), and (4.27), we finally obtain
)
|vaa(z)| < Cj - / (e+r+ r2)rd’2<p<\/ e + r2) dr + C5e 2 - |vii(x)] (4.28)
60(

for some constant Cs.

4. Finally, since in (4.8) the integral over Y3 involves functions which are uniformly bounded
over X, we have a trivial bound of the form

lvs(z)| < Cs. (4.29)

5. We now compare the sizes of voa(z) and vs(z) with vi;(x). From (4.6) it follows

e @(\/52—1-7”2)
vii(e)| > co/ pd 2N )
0 Ve2 4 r2

Performing the change of variable t = /&2 + r2 one obtains

dr .

o

Nere - NG e
v 2w [ @ Fewd = w(3) [ em @)
1> 134

Recalling (4.28) and (4.29), we obtain

[vaz(2)] + |vs ()]
[vii(z)]

o +C5'€a_%+

. pny (4.31)
/2 rd_lw(r) dr Vi ()]



for some constant C'.

By (4.18) we already know that the ratio |via|/|v11| approaches zero as ¢ — 0. Moreover, by
(4.6) and (4.20) one has

vor(z) = Cevii(x) for some constant C. > 0.

Therefore, in view of (4.31), we can conclude that (4.2) holds true provided that

1
/ rdilgo(r) dr
lim £

+ et
=0 / rd_lga(r) dr
2

13

= 0. (4.32)

We show that (4.32) is satisfied if ¢ satisfies the assumption (A2'). Indeed, let 3 > 1 be as
in (A2’) and choose % < a < B. Setting & = 2¢, we have e* > &7 if ¢ is sufficiently small.
Consequently,

1 1 g &b
/ rdilgo(r)dr < /B rdflgo(r)dr and / rdflgo(r)dr > / rdflgo(r)dr.
ex & 2e 15

On the other hand, as in the proof of Lemma 1, it holds

lim s7lp(s) ds = + 0.

r—0+ J,
Using L’Hopital’s rule and the assumption (A2’), we obtain
! d—1
/gl3 rp(r)dr =1, (8B) . (3aB1) . (&)

m 282 T _ :
50t /lrd_l(p(T)dT 50 gd=1. (&) =0 &,
&

proving (4.32). O

Corollary 2. Consider a family of compact C? surfaces %(t), continuously depending on
t € [0, T, with uniformly bounded curvature. Define the vector fields v(t,-) as in (3.16). Then
for any N,e > 0 there exists § > 0 such that, for allt € [0,T],

d(z, (1) < 6 —  |v(ta)| > N,
vit,z) -7t ) (4.33)
Vo) merta)ll

d(z,5(t) < 6 —

Indeed, the proof of Lemma 2 shows that the limits (4.1)-(4.2) are uniformly valid over a
family of surfaces ¥(¢) with uniformly bounded curvature.
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5 Proof of Theorem 3.

Relying on Lemma 2, we can now give a proof of the convergence to the sweeping process,
stated in (1.16). We recall that this sweeping process keeps all trajectories inside a moving
compact set V() C IR? with smooth boundary ¥(t). To fix the ideas, we assume that this set
is defined in terms of a C? function 1, as in (1.10)-(1.11). The argument relies on three main
properties.

(P1) There exists a radius pg > 0 such that, if ¢ € [0,7] and d(z,X(t)) < po, then the
perpendicular projection 7(t,x) of x on 3(t) is well defined. In this case we denote by
n(¢,z) the unit normal vector to ¥(¢) at the point 7 (¢,z), as in (3.15)

(P2) Setting

- ey oS
Vi) = [l €l) g dole). (5.1
for any § > 0 the solution ¢ ~ z°(t) to
T = dv(t,x), z(0) = x¢. (5.2)

satisfies 2°(t) € V (t), for every xq € int(V(0)) and t € [0, T].
To see why this is true, assume d(x°(t), £(t)) < po and consider the unit normal vector

n(t,z%) =

i’ () (5.3)

Then

%(d(xé(t),z(t))) > <5v(t,x5(t)), n(t,x5)> — Ly,

where Ly is a Lipschitz constant for the multifunction ¢t — %(¢). By (4.1)-(4.2), it follows that
(v(t,y), nt,y)) — +oo as  d(y,X(t)) = 0.

Hence the distance d(x%(t), ¥(t)) remains uniformly positive in time, for every fixed § > 0 and
all initial points 2 at a uniformly positive distance from 3(0).

Finally, by the properties (1.1) of ¢ it follows

(P3) For every 0 < € < %, by choosing 0 < § < §p < € sufficiently small, for every z € V()
one has the implication

v(t,x) x —m(t,x)

VD) et o)

0 < dz,2(t) < & = < e (54)

dz,5(t) > & =  dv(t,z)| < e (5.5)
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Indeed, (5.4) follows from Corollary 2 and the properties (1.11) of the function v, defining the
boundary ¥(¢). The implication (5.5) trivially holds, choosing J > 0 sufficiently small.

In the following, using the properties (P1)—(P3), we estimate the distance between z°(¢) and
the solution x(t, zp) of the sweeping process (1.12). The proof will be given in several steps.

1. For a given initial condition z¢ € intV(0), let ¢t — 2°(t) be the solution to
T = ov(t,x), z(0) = 9,
and let ¢t — x(t) be the corresponding solution to the sweeping process driven by the set V().

For every t € [0, such that d(z(t),%(t)) < po/2, let n(t) be the unit normal vector to 3(t)
at the point 7 (¢, z(t)). By the regularity of X(-), we can extend n(-) to a Lipschitz function
defined on the entire time interval [0, 7]. For simplicity, this extension will still be denoted by
t — n(t).

We now split the difference as
wt) = 2°(t) —2(t) = wi(t) +wa(t), (5.6)
where the vector wy (t) is parallel to n(t) while ws(t) is orthogonal to n(t). Namely,
wi(t) = 6()n(t),  6() = (wt),n(t)), wy(t) = w(t) —wit).  (5.7)

For future use, we observe that, if d(z°(t), 2(t)) < po, then the unit normal vector n(t, z%) at
(5.3) is well defined and
n(t) —n(t,2%)] < Calw(t)], (5.8)

for a suitable constant Cy,.

Our main goal is to show that w(t) remains small. This will be achieved by estimating the
time derivatives w(t), wa(t), considering two possible alternatives (see Fig. 3).

CASE 1: d(2°(t), %(t)) > &
CASE 2: d(2°(t),%(t)) < 6.

We observe that, by the C? regularity of the boundaries %(t) = OV (t), there exists a constant
Cs: such that

(n(t,z),y—z) > —Cx-|y—z|? forall t€[0,7], ze€X(t), ye V(). (5.9)

In particular,

z(t) € X(t) — 6(t) > — Cx |wa(t)]?. (5.10)

2. In this step we consider the Case 1: d(z(t), £(t)) > o .

On the interval [0, 7], let L, > 1 be a Lipschitz constant for the map ¢ — n(t), and let Ly, be
a Lipschitz constant for the multifunction ¢ — X(¢), w.r.t. the Hausdorff distance. Observe
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Xx(t) e

()

Figure 3: Left and center: the two different cases considered in the proof of Theorem 3, depending on
the distance of 2°(t) from the boundary X(¢). Right: if d(2%(t),X(t)) < &9, then the speed 6 v(t,x%)
can be very large, and the same is true of 6. To handle this situation, we need to insert a weight
function W in our estimates.

that Ly, provides a common Lipschitz constant for all trajectories ¢ +— xz(t) of the sweeping
process.

We claim that

£+ Colwa(t)] > 6(t) > lwa(t)] < e+ Colw(t)],

(5.11)
where C1 = 1+ Ly + Ly - max,cjo rj{diam(V'(¢))} and Cy = 2Ly. Indeed, recalling (5.5) and
(5.7), we have

0(t) = (w(t),n(t)) + (w(t), n())
= (2°(t),n(t)) — (@(t),n(t)) + O(t) (1), 2(t)) + (wa(t), n(t))

—e — Lo|ws(t)] if x(t) ¢ S(t)
—C1 if z(t) € B(t) '

(
> —[@(t)] — [&(t)] — w2 (t)] - [a(t)] (5.12)
{ —& — Lp|wa(t)] if x(t) ¢ X(1),
—€ — Ly — Lo|wa(t)] if z(t) € X(?).

Moreover,

0(t) < (@°(t),n(t)) — (@(t),n(t)) + [wa(t)] - [0(t)] < e+ Ln fwa(t)]- (5.13)
Together, (5.12)-(5.13) yield the upper and lower bounds on 6 in (5.11).
Next, by (5.7) one has

w0 = |5 w0 -] = | [0 - won®)ne])

< [t = (i), ne) n(t)| + 2Ln [w(®)]
Since (t) is either zero or parallel to n(t), by (5.5) it follows

(1) = (), n@)n@)| = |5v(t,a (1)) - i) - (v(t,a’ (1) — @), n(t) n(t)
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= [ov(t,2°(t)) — (5 v(t,2°(t)),n(t)) n(1)]

< ov(t, ()] < e.

This implies the second inequality in (5.11). In particular, if z(t) € int(V(t)) then @(¢) = 0

and
Llu)] < 3+ Lalu()). (5.14)

3. In this step we consider Case 2: d(z°(t), X(t)) < &y. As long as
1

lw(t)] < TR (5.15)
we claim that
0(t) < 8+ C3(d + |w(t)])?, (5.16)
. —La|wa(t)] if  x(t) € X(1), _ .
0(t) > . [w2(t)] < Cale+[w(@))(A +[0(2)]), (5.17)
e if x(t) € X(¢),

for some constants Cs, Cy.

Notice that, if d(x(t),3(t)) > po/2, we then have |w(t)| > po/4, because without loss of
generality we can assume 0y < € < po/4. In this case the estimate (5.16) is trivially satisfied,
by choosing a constant C5 large enough.

In the following, we thus assume d(x(t),3(t)) > po/2, so that the projection m(t,z(t)) is well
defined. Recalling (5.6)—(5.9) we obtain

o(t) = <x5(t) —z(t), n(t)> = <x6(t) — 7 (t,2%), n(t)> + <7T(t7 %) — (1), n(t)>
< |0t w2 + (w(t.2%) — x(t).n(n))

< bo+ (m(t,2%) — 2(t), n(t) —n(t,2%)) + (7(t,2°) — 2(t), n(t,z’))
< G0+ Cuw(t)] |r(t,2%) — 2(0)| + Cx |m(t.2) — 2(t)]]
< 6o+ Cu lw(®)] (60 + [w(®)]) + Cs (6 + [w(t)])?

< 8o+ Cs(do + [w(t)])?
for a suitable constant C3. This implies (5.16).
Using (5.4), the time derivative § can be estimated as
0() = {(B),n(0) + (w(t), m(1) > (@), n() — )] — |wa(8)][0(0)
= alv(t.2”)| ((fesey — nlt.29) + (n(t.29) — n(H) +n(t). n(0))
~[#O] ~ wa(t)] Do) (5.18)
dlv(t,a")|( — & = Cnfw(t)] +1) — La |ws(t)] it a(t) ¢ 2(1),

ov(t,2®)|( =& = Culw(®)| +1) = Ly — La [wa(t)] it 2(t) € S(2).

22



As long as (5.15) holds, we have 1 — & — Cyp|w(t)| >
in (5.17). From (5.18) we also deduce

%. This already yields the first inequality

|6v(t,2%)| < 2(C1+ [0(¢))). (5.19)
In turn, this yields

hia(t)] < |ov(t,2®) = (3v(t,2%), n(t)) n(t)| + 2Ln w(®)]

v .%5
< |5v(t,2d) ||VE§$5> —n(t)| + 2Ln [w(®)]

)|

\4 I‘a
’(5V(t, LE&)‘ {‘ ‘ng: $5;|

< 16v(t,2°)] (€ + Culw(t)]) + 2L [w(?)]

IN

—n(t, z°)

+|n(t,2%) - n(t)}} + 2Ly [w(t)]

< 2(CL+|6(t)]) (e + Culw(t)]) + 2Ln [w(t)],

establishing the second inequality in (5.17).

4. In this step we prove that there exists a constant C5 > 0 such that, for every ¢ € [0, 7],

0(t)] < Cs(e +w2(t)), (5.20)
where
wa(t) = m[%x} lwa(s)] for all ¢ € [0,T]. (5.21)
s€|0,t

Notice that, if z(t) € X(t), then (5.10) applies. Let us assume that x(¢) ¢ X(¢) and define the
time
to = inf{s € [0,t] ; z(r) ¢ X(r) forall r € [s,t]}.

From (5.11) and (5.17) it follows
0(s) > —&— Lupwa(s)|) > —e— Lna(s) for a.e. s € [to, ]

This yields

0) = O(to) + [ 6(s)ds > e(to)—/te+an2(s) ds

to to
> —Os|wa(to)]” = T(e + Lawa(t)) > — Co@i(t) = T(e + Luta(t)) .
As long as wa(t) < 1, recalling that L, > 1 we have
0(t) > —(Cx+TLy)-(c+wat)).

Thus, to obtain (5.20), one only needs to consider the case where 6(¢) > 0. Observe that, if
d(z°(t), £(t)) < do, as long as

et )] € — (5.22)



from (5.16) it follows N
0(t) < Cs(e+wal(t)) (5.23)

for some constant Cf.

We claim that (5.20) holds, for a suitable constant C5. Indeed, consider the time
to= inf{s€[0,4); 6(r) >0 and d(a’(r),%(r)) > forallr € (s,t)}.
We then have 0(t1) < Cs(e + ws(t)). Therefore, by (5.23) and (5.11) it follows

6(t) = 6(t1) + tté(s)ds < Cs(e+wa(t)) + tt(s—l—CQIwz(s)])ds

< Cs(e+an(t) + | (e + Cata(t)) ds < Cs(e + ().

5. In the following we shall assume |w(t)] < po/3 for all ¢ € [0,7]. In this case, when
d(z(t),2(t)) > po we have i(t) = 0, |#°(t)| < € and the estimates are trivial. Without loss of
generality, we can thus assume that the normal vectors n(t) and n(t,z°) are well defined.

For a suitable constant x (to be determined later), define the weight

exp { — kd(2°(t), 2(¢)) | it d(z®(t),2(t) < b,
W(t) = (5.24)
exp{—~kdo} it d(x0(t),%(t)) > do.
We now analyze how the weighted distance

A(t) = 10(t)| + W(t) wa(t)

changes in time. The heart of the matter is to provide a bound on ws. Indeed, by (5.20) the
component wi(t) = 6(¢t)n(t) can be bounded in terms of wy(t).

6. At any point t € [0,7] where wa(-) is differentiable, by the definition of ws it follows

X

0 < 2(t) < Jwa(t)]. (5.25)

Sl

We first consider Case 1, where d(2°(t),2(t)) > 8. By (5.11) and (5.20), we have that

W (t) =0 and
o (t)] < e+ Cofw(t)] < Cole+[0(t)] +wa(t)) < Ca2(1+4Cs)(e+wa(t))
Therefore, (5.25) yields

S W) = W) () < W) lia)] < GO+ W+ ().
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On the other hand, in the case where d(2°(t), X(t)) < &g, by (5.17) and (5.20) one has
iz (t)] < Cale + [w(t))(1+[0(t)])
Cale +10()] +@2() (1 +10(1)) < (Ca+ CaCs)(e +wa(t)) (1 + [6(1)])
{ (Ca+ CuCs)(1+ Ch) (e +wa(t))  if 6(t) <0,
(Cy+ CaCs)(e +wa(1))(1+6(t))  if 6(t) >0,

A

IN

IN

{ Co(e + w2(t)) if 0(t) <0,
Cole +wo())(1+6(t))  if 6(t) >0,

By (5.25), for a.e. t € [0,T] one has

d Co(e + w2(2)) if 0(t) <0,
f’lﬂg(t) < {
Cs(

~ < (5.26)

e+wy(t))(1+0(t) if 6(t)>0.

As long as € + |w(t)] < m, from (5.8), (5.12), and (5.19), it follows

%d(aﬁ(t),z(t)) > (dv(t,2’ (1), n(t,2%)) - Ly

> (dv(t,2(1)), n(t)) — Culw(®)| - |3v(t,2(1))| - Ls

v

(w1 (8), n(t)) + (wa(t), n()) + (1), n(t)) — Caw(t)] - [0v(t, 2°(t)] — Ly
> 0(t) — [ua(t)] = Culw(®)] - [5v(t, 2° ()] - Ly

> 0(t) = Cale + [w(B)]) - (1 + [(8)]) = 2Culw(t)] - (C1 + 10(®)]) - Ly

> 0(t) = (2Ca + Co)(e + [w(®)]) - (C1 +10®))) — L > 30(t) - C5

for some constant C; > 0. Inserting the weight, we now estimate

C(Wiyin) = W) - S d@ (0, () + W) - Lins(r)
< EWOm0) + CW ([)iBa(t) + W) - ().

Two cases can occur:

e If A(t) < 0, then (5.26) and (5.17) yield

d

Z(WO@0) < W) (e +a2(1))

for some constant Cfg.
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e If A(t) > 0, then (5.26) yields

% (W(Bds(t) < = SW(da()0E) + W (t) - %@z(t) + KCrW (1)@ (t)

< - gW(t)wg(t)é(t) + CeW () (e + Wa(t)) (1 4 O(t)) + kC7W (t)wa(t)

IN

W(e) - (= 5a(0) + Co (e + Bat) ) 6(2) + (Co -+ KCo)e+ Bal0)

so that

~—

We now choose the constant  in (5.24
> 2Cs.

In this case, either wy(t) < €, or else

4wy inm)

IN

2
< W) (Co+ KCr) (e + Ba(t)) -

W) [(—” + 206> O(t) (1) + (Cs + KCr) (e + @a(t))

(5.27)
Combining both Cases 1 and 2, we obtain that either wy(t) < € or else
d - _
a(W(t) Do(t)) < CoW(H)a(t), (5.28)
provided that
_ (111 1 po}
o(t t) < - — . 5.29
e P@)]+wa(t) < mm{4’4cn’203’201(2cn+c4)’3 (5:29)

7. To complete the argument, consider the time
t = sup {7‘ € [0,7]; (5.29) holds for all ¢ € [0,7‘]}.
Since wa(t) is continuous and non-decreasing, there exists t. € [0, ] such that
wy(t) < e for all t € [0, t.],
{ wa(t) > € for all t €]t.,1].
Hence (5.28) implies
W (t)wa(t) < e W (t)w(t.)  forallt, <t <T.
Since e "% < W (t) <1, we have
wa(t) < exp(CoT +k-6)-e  foralltel0,.
Recalling (5.20), we obtain

10(t)] < Cs [exp(CoT +r-00) +1]-e  forall t € [0,7].
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This yields
€+‘9(t)‘+7j}2(t) < Cioe for all t € [0,ﬂ,

where
Cip = (1 + C5) [exp (CgT + K- 50) + 1] .

Therefore, for any € > 0 such that

< 1 . { 1 1 1 1 0 }
15 —— min-< —, 5 y s T (s
Cio 4’ 4C,° 2Cs 201(20n + 04) 3

we conclude that

f=T, lw(t)] < |0(t)] + @a(t) < Cre  forall t € [0,T]. (5.30)

8. The previous analysis has shown that, by choosing § > 0 small enough, the sweeping
process can be arbitrarily well approximated by the evolution generated by the vector field
dv(t,x). Repeating the argument in step 3 of the proof of Theorem 2, we now construct a
control function t — £(t) such that trajectories of the ODE

. z —£(1)

i(t) = ez —EON T2

[z — &(t)]
approximate the trajectories of & = § v(t, z), uniformly for ¢ € [0,7] and for all initial data in
the compact set Qo C IR?\ ¥(0). This completes the proof. O
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