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Instituto Superior Técnico, Universidade de Lisboa,
Av. Rowvisco Pais, 1049-001 Lisboa, Portugal

¥ Department of Pure Mathematics and Mathematical Statistics,
University of Cambridge,
Wilberforce Road, Cambridge CB3 0WB, United Kingdom

ABSTRACT. We consider the wave equation, Ogt¢ = 0, in fixed flat Friedmann-Lemaitre-Robertson-Walker
and Kasner spacetimes with topology Ry x T3. We obtain generic blow up results for solutions to the wave
equation towards the Big Bang singularity in both backgrounds. In particular, we characterize open sets of
initial data prescribed at a spacelike hypersurface close to the singularity, which give rise to solutions that
blow up in an open set of the Big Bang hypersurface {¢ = 0}. The initial data sets are characterized by the
condition that the Neumann data should dominate, in an appropriate L2-sense, up to two spatial derivatives
of the Dirichlet data. For these initial configurations, the L2(T3) norms of the solutions blow up towards the
Big Bang hypersurfaces of FLRW and Kasner with inverse polynomial and logarithmic rates respectively.
Our method is based on deriving suitably weighted energy estimates in physical space. No symmetries of
solutions are assumed.

1. INTRODUCTION AND MAIN THEOREMS

In this note, we analyse the behaviour of solutions to the wave equation on cosmological backgrounds
towards the initial singularity. Our spacetimes of interest are the spatially homogenous, isotropic flat
Friedmann-Lemaitre-Robertson-Walker (FLRW hereafter) backgrounds and the anisotropic vacuum Kas-
ner spacetimes. The former plays an important role in physics, since observational evidence suggests that at
sufficiently large scales the universe seems to be spatially homogeneous and isotropic. The Kasner solutions
also play an important role in the theory of general relativity, since they form the past attractor of Bianchi
type I spacetimes, the Kasner circle, which in turn are the basic building blocks in the “BKL conjecture” [5]
concerning spacelike cosmological singularities, see [7] for recent developments on this subject in the setting
of spatially homogeneous solutions to the Einstein-vacuum equations.

The spacetimes have the topology R, x T3 and are endowed with the metrics:

n 2
(1.1) grLRW = — At + 57 (d2? + da? + da?), 5 <7<2
3 3 3
(1.2) Gkasner = — dt> + > _tPida?, Y pi=1, > pi=1, p; <1,
j=1 j=1 j=1

respectively. Both metrics grr.rw, gKasner have a Big Bang singularity at ¢ = 0, where the curvature blows
up |Riem| ~ t=2 as t — 0. Metrics of the form are solutions of the Einstein-Euler system for ideal
fluids with linear equation of state p = (7 — 1)p, where p is the pressure, and p the energy density. The case
v = 2 corresponds to stiff fluids, i.e., p = p, where incompressibility is expressed by the velocity of sound cg
equating the velocity of light ¢ = 1. For the stiff case the dynamics of the Einstein equations towards the
singularity are completely understood by the work of [31], 32| [33]. The other endpoint v = % corresponds
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to the coasting universe which does not have a spacelike singularity. On the other hand, the Kasner metric
(1.2) is a solution to the Einstein vacuum equations. When one of the p; = 1 equals one, and the other two
vanish (flat Kasner), it corresponds to the Taub form of Minkowski space and there is no singularity as the
spacetime is flat.

Our goal is to understand the behaviour of smooth solutions to the wave equation towards these singularities
from the initial value problem point of view and by deriving appropriate energy estimates in physical space,
which may also prove useful for dynamical studies. According to the references in the literature, such as
[1, 26, 28, [30], these waves are shown to blow up in certain cases. We wish to characterize open sets of
initial data at a given time ¢y > 0 for which such blow up behaviour occurs at t = 0. Denote the constant ¢
hypersurfaces by ;.

First, we give the general asymptotic profile of all solutions:

Theorem 1.1. Let ¢ be a smooth solution to the wave equation, Ugip = 0, for either of the metrics

JFLRW , GKasner, @rising from initial data (o, Oitbg) on Ey,. Then, ¥ can be written in the following form:
_2

(1.3) Yrrrw (t,2) = Arrw (2)t 7 + urrrw (4, ),

(14) wKasner(ta (E) = AKasner(x) logt + uKasner(t7 .T),

where A(x),u(t,z) are smooth functions and uFLRWt%fl,uKasnw(log t)~1 tend to zero, ast — 0.

We prove the preceding theorem by deriving appropriate stability estimates for renormalized variables,
which as a corollary imply the continuous dependence of A(z) on initial data. For instance, solutions coming
from initial configurations close to those of the homogeneous solutions tl_%,logt in FLRW and Kasner
respectively, will blow up with leading order coefficients A(z) ~ 1. Hence, the set of all blowing up solutions
to the wave equation is open and denseﬁ

Our next theorem yields a characterization of open sets of initial data for which the corresponding solutions
to the wave equation blow up in L?(T?) at the Big Bang hypersurface t = 0.

Theorem 1.2. Let ¢ be a smooth solution to the wave equation, Ugip = 0, for either of the metrics
GFLRW , JKasner, arising from initial data (1o, O0ptbg) on i, to > 0. If Opbg is mon-zero in L*(T?), to is
sufficiently small such that

277

2t &

(1.5) W Z 10582, 0[72 psy < €ll@etbol|72(rs)s (FLRW)
Y =1

5, o2
(1.6) 27(1 PAE Hataxlz/}OHLQ(TS <€H5t1/Jo||Lz(vﬂ-3 (Kasner)

i=1
and g, Otby satisfy the open conditions

. 3
(L.7) (1= O)l10bollZrs) >to ™ Y 190l 2
i=3
o5 &
(FLRW) +— (22 Z 10z, 0, 00| L2 (T3),
3y i,j=1
3
(1.8) (1= ) 0ollFzrsy > D to P 10, tb0ll72rs)
i=3
2t2 2p; —2p;
(Kasner) + Z — 5 102,02, %0l L2 (13),
1,7=1

for some 0 < e <1, then ||A(x)| g2(rsy > 0.

4n the sense that if a solution blows up in a compact set at Xg, i.e., A(z) # 0 in that compact set, then this property
persists under sufficiently small perturbations. On the contrary, if A(z) = 0 in an open subset of X, one can always add a small

_2
multiple of £ ,logt to produce a new solution with A(z) # 0 in that open set.
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Remark 1.3. Given a blowing up solution to the wave equation in either FLRW or Kasner, having non-
vanishing leading order coefficient A(z), it is easy to see, using the expansions . . that the solution
satisfies the conditions in Theorem [I.2] for ¢y > 0 sufﬁc1ently small.

We also prove a local version of Theorem giving open initial conditions in a neighbourhood of ¥,
Uy, , whose domain of dependence intersects the singular hypersurface Xy at a neighbourhood Uy, where the
L?(Up) norm of the corresponding solutions blows up.

FIGURE 1. Domain of dependence of an open neighborhood Uy, of the initial hypersurface ¥, .

Theorem 1.4. Let Uy, be an open neighborhood in ¥, to > 0, whose domain of dependence intersects ¥
in Uy = (0,0)3, and let 1 be a smooth solution to the wave equation, gy = 0, for either of the metrics
JFLRW , §Kasner, a7ising from initial data (1o, 0¢thg) on Uy,. If Otbg is non-zero in Uy, to is sufficiently small
such that

4

ot
1 O( )2 Z ||6t8 w0||L2 Ut
3v/ =1
4t
(19) o [snatwonywmwmat vl
37
1— 2
ty > 2
(FLRW) +6 log (1+ - AT)”&&?/JOHLZ(UM) <€||3t¢0||L2(U1,0),
3y
3 2—-2p;
2t,
; (1—p;)? 1010z 1/)0||L2 Usy)
At5 P
(1.10) +Z 1= [”atwO”L?(Ut + 11002, |7 2 (Vi)
=1
3 2 té b1
(Kasner) +Z210g (1+ R )||(“)tw0||L2 Ury) < €||8t¢0”L2(Ut
1=1
and (o, Outbo) satisfy the open conditions:
(1- 6)\\8%0“%2(%)
. 3 Qto -3 3
>ty S 10 bl + oy O 10k, ol
=1 (3’)’) 1,7=1
_2
4750 7 3«, sw
(L1 3y Zna WollZzw,) +to Z 1020201172 0,
3y = i,l=1
tlf% a2
+6log (1+ 7=t 7 X 10w ¥0llZ20s, ) (FLRW)
3 i=

(1 = |0l 2,y



& 2 2t2 2pi=2p;
> Zto Pi '(/)O||L2(Ut )"’ Z 7}))”8;8]8 wOHLQ(Ut
=1 7,7=1 4
1—

1.12 4t0 " t—QPf b t_2pz 9.0 2
(1.12) + Z 102300172 U) T 10z, zz¢0||L2(Ut0)]

i,l=1

1_,
=2 m¢0||%2(ut0)7 (Kasner)

=1

for some 0 < e < 1, then ||A(x)||L2(v,) > 0.

The blow up behaviour of linear waves observed near Big Bang singularities is reminiscent of the behaviour
of waves in black hole interiors containing spacelike singularities [8, [14]. Examples are the Schwarzschild
singularity or black hole singularities occurring in spherically symmetric solutions to the Einstein-scalar field
model [10], where a logarithmic blow up behaviour has been observed for spatially homogeneous waves. Such
logarithmic blow up behaviour was recently confirmed [I6] for generic linear waves in the Schwarzschild black
hole interior. The aforementioned blow up behaviours, however, are in contrast to the behaviour of waves
observed near null boundaries, where linear and dynamical waves have been shown in general to extend
continuously past the relevant null hypersurfaces [11], [17]-[23], see also [25] 27].

Lastly, we should note that although we only deal with spatially homogeneous spacetimes, our method of
proof is applicable to cosmological spacetimes with Big Bang singularities exhibiting asymptotically velocity
term dominated (AVTD) behaviour [2] @4 6, [9] T3], 15, 21, 24] [29].

2. PROOF OF MAIN THEOREMS

2.1. Energy argument and notation. In order to derive the energy estimates required for the proof of
Theorem we will apply the vector field method and define certain energy currents constructed from the
stress-energy tensor

(21) Tunly] = ButbOhth = 500000

of the scalar field ¢. The divergence of T[] reads

(2.2) VT[] = O - Ogtb,

where V stands for the spacetime covariant connection. Hence, if ¢ satisfies the homogeneous wave equation
(2.3) g =0,

it follows that we have energy-momentum conservation V%Ty;[¢)] = 0. Contracting the stress-energy tensor
with a vector field multiplier X, then defines the associated current

(24) o [0] = X T[],
whose divergence, according to , equals
(2.5) VeI W] = (VX)) Tup[¢)] + X4 - Ogp

Applying the divergence theorem to (2.5), over the spacetime domain {Us}eft ¢, (Figure , we thus obtain:
(2.6) / JX [Wng voly, + Z/ JX [ ivolNi

to
— / J [Wng, voly, — / / Ve IX [Y]voly, ds,
U 0 t JU.

to



where ny, = —0y, voly, is the intrinsic volume form of U; and

My = Okt 5Oy,
VOIN:!: =t dtdz;dz;, (FLRW)

27) t S dt = +dx;, on N

nNi = _at t—P 6‘“7
VOlNi = t'=Pidtdz;dx;, (Kasner)
t— pldt +dzxy, onj\/l

for each 1 =1,2,3; i < j; 4,5 # 1.

Below we will choose the wvector field X to be a suitable rescaling ny,. Note that,
ng JX[] = J& W] = 1[(8)* + [Vy|*] and JX [Y]nf+ = 0, where V is the covariant derivative intrinsic
to the level sets of t. Hence, if we can control the second term on the RHS of (the bulk), in terms of
J&[b], we obtain an energy estimate for .

Notice that in the case of the whole torus, Uy, = ¥;,, due to the absence of causal boundary terms,
becomes

(2.8) /2 ,, JX [Ing, vols, = /E

In the analysis that follows, we will often require higher order energy estimates that we can obtain by
commuting the wave equation with spatial derivatives and applying the above energy argument. Note, that
we are considering homogeneous spacetimes in which the spatial coordinate derivatives {9,, } are Killing and
hence [y, 8,,] =0, ¢ = 1,2, 3. This means that the above identities (2.6)), are also valid for 9%, where
we use the standard multi-index notation 0y = 931052053 for an iterated application of spatial derivatives,
a = (a1, az,a3), |a| = a; +az+az. In this notation, the H*(3;) norm of a smooth function f : (0, +-00) x T3
equals

(2.9) T / 92 F)2vol e,

la| <k

to
Jo [WIng, vols, — / / VeI X [Y]volg, ds.
t s

to

where volgye = dzidzedrs. We will often omit ¥; from the norms to ease notation and use H*, L? for the
corresponding time-dependent, non-intrinsic norms.

2.2. Flat FLRW. Let ¢ be a smooth solution to the scalar wave equation

(210) DQF‘Lwa =0
Consider the orthonormal frame
(2.11) o= 8, =t Da,

adapted to the constant ¢ hypersurfaces ¥; with the past normal vector field ey pointing towards the singu-
larity. In this frame, the second fundamental form K;; of ¥, reads

21
2.12 Kii = Ve,. ,€i) = ———, = 172,3.
(212) o(Vercoe) = —5 i
Further, the intrinsic volume form on ¥; equals
(2.13) volg, = 7 vol gue.

Proposition 2.1. The following energy inequality holds:

2
(2.14) t5 /E Jeo[oylvols, < tg /2 Jeo[oey)vols,
t to
for allt € (0,to] and any multi-index «. Moreover, ¥ satisfies the pointwise bound
R
(215) | t x ‘ < C( Z tO / JSU aar(/} VOth ) flo + |w(t07.’17)‘,
|| <2 il

where C' > 0 is a constant independent of tg,~y



Proof. We compute the divergence of Jé% €o[yh]:
(216) vegt o) B (et e) Tl = 1 KToaf] - cot Tuoly]
— 3 KulVof? = 5EKVOR + 237 (eon)? + (Vo]
BB Ak,
Hence, utilising (|2 1.} for X = t7 eg yields

2 2
(2.17) ¢ / Je[vols, =t /
P PP

2
(2.18) <t /Z Jeo [lvols,,

to

to 4
Jo° [Ylvols, — / / 57 V| ?voly, ds.
t pO 3’7

The same identity is valid for 92, leading to (2.14). In particular, taking into account the volume form
(2.13)), we have the following bounds for d;1:

2
(2.19) 70,0002 <2t5 | Jge[oSwlvols,
St

for all t € (0,%0] and a. Integrating 9;¢ in [t, o] and employing the Sobolev embedding H?(T?) «— L>(T?)
we derive:

(2.20) [(t,x)| = | /t 0s(s, x)ds + w(to,x)|

to
<C / 10,0llads + [ (to, )|
t
C e o
— (-4 ) Zto/ Jel0svlvols, ) + |b(to, @),

|| <2

<

2

for v < 2. O

Remark 2.2. The bounds 1) 1} are saturated by the homogeneous function tlf%, which is an exact

solution of (2.10)).

From the previous proposition we understand that 17 is the leading order of ¢ at ¢ = 0. To prove this
rigorously, we derive analogous energy bounds for the renormalised variable > that satisfies the wave

t el

equation:

v 2 2 (U

Proposition 2.3. Let i be a smooth solution to the wave equation in FLRW backgrounds with % <7y < 2.
Then, the following bounds hold uniformly in t € (0,t]:

N _6
(2.22) 3 / Jg°[ag v S |vols, gtﬁ " / Jeo [0 17’0 Jvoly, ,
>

’v to
(2.23) t 5 /
P

VOlEt < tO 37 / Jgo [ag %]Volzto,
-3 s =3
for all t € (0,t9] and any multi-index o«. Moreover, the limit

to

(2.24) A(z) = lim —
exists, it is a smooth function and the difference u(t,x) =1 — A(m)tlf% satisfies

t—0

(2.25) lim 5 / JEo[0%u]voly, = 0.
¢



Proof. Let n > 0. We compute

(2.26) V“(Jﬁ"eo[tlwi]) &2 Va(tneo)bTab[tlwi] + t”eo(tli%) Ly t1¢3
— tnK“bTab[thﬁz] _ (eotn)Too[tlwz] — %(1 — 7)t"[eo(t17 )2
B | L g ¥ (13 2
ST (g + PV P G+ S -2 (t1 z)]

This leads to different choices of 77 depending on the value of ~, given by
(2.27) n=4-

(2.28) n=——

We refer to the former as the stiffest region and the latter as the softest region. The case v = % corresponds
to radiation, where n = —%. For the two cases, || reads

a t4_%eo ¢ _ 8 _6 ’l/J
a t_%eo w _ 8 —1-Z w 2
(2:30) VeI ) = (g -2 [eo<t1 P

Then, the energy identity |i for %, X = t*"7ep, in the stiffest region {3 < v < 2}, implies that
t vy

6
/ 1 V012f<t07/ J ["/}
bl 7 t
to
2——/ / 2|Volgds
Y

47? e ¢
(2.31) < /2 Tt ol

]VOlEt

1
to to

Commutlng with 0Y yields the bound ( - Similarly, we obtaln statement in the softest region
{3 <v < } In particular, taking into account the volume form , we have the bounds:

(S [ ey, )
ty

la]<2 Stg

-1 < Clo- wa ||

(2.32) 10,2

1

for <v<2,

SV

(2.33) 10,

t1lfg| < CHat 2 72 < ( Z to = / Joeo[aﬁthfQ]volzm> ,

o <2 o

for <<

Wl b
ol W

which imply that 9,4 (t, z) € L*([0,%0]), uniformly in z, for all 2 < v < 2. Thus, tl’% has a limit function

A(z), as t — 0. The smoothness of A(x) follows by repeating the preceding argument for 8?



Consider now the energy flux of the difference 1) — A(x)t'™~,

(2.34) t7 [ Jeolth — A(@)t' )2 + [V (1 — A(z)t' ™) [voly,

X
2
T P A
ot '3 gl
+t2_%\ﬁ( 11/)2 — A(z))|*voly,
t v

- AP

2
-3

2 4 2 4 —
<ot [ 2t Ue P (- 2R AP 4 T P
bN t Y T t

+ 275V A(z) 2vols,

2
:4t2/ Jgﬂ[tﬂ]vol,;umuzu—
PP vy

v
412
7) |

2
pol =

— A(z)[*vol puc

+ 217 |VA(z)[*vol pye
PP
222),223) 9 "
oy o= 2 [ 1L
7o s T

— A(z)|*volpuc

3

+20075 3 [ (05, A(2)*v0l puc,
i=1"7 ¢

for all % < 7 < 2. The third term in the preceding RHS clearly tends to zero, as t — 0, and by the definition
of A(x), so does the second term. Since the above argument also applies to 0% — A(x)tl_%], this proves
(12.25)). O

Remark 2.4. The renormalised estimate (2.22)) yields an improved control over the spatial gradient of
compared to (2.14). Indeed,

2 f— 4-8 4
2545 |Vip|*volg, <t, ~ / J5°[ 1%)2 Jvols, 3 <y <2,
N PN R4
(2.35) ) ’
PRSP 2 e 2 4
137 %t V| voly, <ty ™ J5o [—=vols, , -<y< o,
= ’ > g3 e 3 3

to

holds for all ¢ € (0, ], where in the stiffest case 2 — % < 0, while in the softest % —-2<0.

The previous proposition validates the asymptotic profile (|1.3)) of v, as stated in Theorem
Lemma 2.5. The following estimate for the L? norm of 0,,v holds:

2

JEo [0, ¢]V01Euc> ,

o

(17 2y
— ¥ 2
(2.36) 102, ¥l L2(s) < 102,¥lL2(5,y) + \/501—2153 </2

to

for all t € (0,¢].

Proof. Differentiating in ey we have:

1
(2.37) §€0||awi¢||2L2(zt) <0zl L2z lleodll L2,

(using ([E-19)) <

or

1
2 2
(2ta [ Jso[axiw}volzto) 10l 50
to

~+
2|

2

2

t’Y
(2.38) eoll 0z, ¥l L2(s,) < \/5;(/
b

5

J50 [0, w]volEuc>

to

Integrating the above on [t, %] gives (2.36) for v < 2. O
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Remark 2.6. The bounds that we have proven so far, stated in Propositions and Lemma are
also valid if we replace the integral domains 3,3, by Uy, Uy,. This can be easily seen from the fact that in
the corresponding energy identity , the null boundary terms have a favourable sign for an upper bound
and therefore can be dropped.

Now we may proceed to derive the blow up criterion given in Theorem (1.2 First, notice that for 'y > £
the main contribution of the energy flux generated by J¢[¢)] comes from the et term. Indeed, by (12.35| 1t
follows that

(2.39) t5 / Jgo[z,b]volgt:% / 7 (041))*vol e + O(t")
I po

wheren—é—2>0 for v € 3, )andn—2—— > 0, for v € (2,3]. Hence, taking the limit ¢ — 0 in the
preceding 1dent1ty and utilizing ([2.25)) leads to

2

2y / A2(2)vol pue.
3o

1
(2.40) lim £+ / JE []voly, = = (1 —
o, 2 ¥

t—0

Combining (2.17)), (2.40) we derive:

(2.41) l(1 - g)2 A?%(z)vol pye
2 vy 2o

:t(?/ T lvols,, - o / "1/ V| 2vols,, ds
b

to

l\J\H

(by (2.36))

4 1
t 106725, + to “Zna Bllaes,,)
=1

3
8 4_1_4 2
— 5 S 3y dsz Hawi’(/)||L2(Eto)
172 2
16 (% a4 a(ty " —s " 7)? 1‘? /
- — 57 3 ds ) t J5° [0, 9] vols
3y Jo (1- ZO S 0’ [0V ‘o
1 a 1 &
=3t ||3t¢||%2(2t0) - §t§w Zg Haxilﬁ”%z(zto)
3
—Wz[to 1002, 1B, + 18 Znaﬁa@wum |
3v/ =1

Now is evident now that if the assumptions of Theorem [1.2 for FLRW are satisfied, then ||A(z)||z2(rsy > 0.
To prove Theorem for FLRW, we use the local energy identity (2.6) and plug in (2.7)), (2.13), (2.16):

(2.42) t3 / JE [Y]voly,
U
L L i § 2
=5l 10:01 22w,y + 5t Z 102,012 (v, )

=1

to
4 4_q1_

37 st HZnamwnp s

to
(i <Jsi,5#1) / / +3~7[|(eoj:el)w|2+|eiw|2+|ej1/)|2}dsdxidxj.
NEAT,
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Since ¢~ 3 dt = +dx; along ./\/li, it follows by integrating that the closure U, of the neighbourhood U, is the
2 2
cube I3, where I = | ~]. We make use of the following 1-dimensional Sobolev inequalit

-5

(2.43) Pt < (6+ 1)1 / P2t ) den + 1 )l oy,

2
=35
for f € HY(I), t € (0,t].

First, we take the limit ¢ — 0 in (2.42)), employing (2.40)), and then we apply (2.36) to the integrand in
the third line of lj and 1) to the integral over N;™ N Uy in the last line of 2.42)) to deduce the lower
bound:

(1- 2)2/[] A?(z)voly,

(2.44) -

s 1
(J7|\5t7/’”L2(Uf )T 5 to B Z 102 7/’||L2(Ut

i=1

1
2
1
2

t() 4 1 4 3 2

— [ s TEds) 102, ¢ 1172w, )
0 i=1

2

1_,
16 [ 4 | 4 (t 1_7 Jeo
- — s7 17y 20 dsZtO/ Oz, Y]voly,,

Uz,

to 1

— 1+ — s_% s%lzfeo P|volgycds

1_2 0
0 6+ 2rs B .

3y

to 3
—/ 87%/ 43%z:JOeo[c’?gglw]volEuc
0 Us =1

3
1 4 1 2
= 5t HathzL%Um) - 51587 > ||afﬂz‘z/}”%2(Ut0)
=1

24 3 3
t. 3 4 8
- 170(71)2 Z [tg ||8t8acﬂ/’||%2(zt0) + 1t Z |\awjazi¢||%2(zt0)

3v/ i=1 j=1

to 1 iy 4 .
(by (2.14) for {U:}) */0 (1+ W—l,l)s MdS/U 12t J5° [§]vol pue

1— 23 37 to

to
—/ s BVds/ 4t0 ZJSO O, V]vOl gy
Ut =1

3
1.4 ) 1.5 )
=56 110120, = 5167 Z 10201172 0,

2-% 3

t 3y
- 1 _O(A)Q Z [tO ||8t8 @[’HL?(Zt +t ZHamJa 1/’||L2 DI ]

3y i=1
2
ty 7
0
1-—

3
0 1001, + 6857 Y- 105010,

37

4 8 3
21 S 100 + 25 S 100020910,

=1 il=1

5Proof by fundamental theorem of calculus: f2(t,z;) < ming, er f2(t, @) + [; 2|10z, fldzy < |I|~ 1Hf\|L2(I) 1l (-
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1— 2
ty ¥
5 )[to ||5t¢||L2(UtO)+t ZnaﬂthLQ(Ut )]

—3log (1+
13

Thus, if the assumptions of Theoremfor FLRW are satisfied, then the RHS of ([2.44) gives || A(x)| r2vy) >
0. This completes the proofs of the main theorems for FLRW.

2.3. Kasner. For Kasner the adapted orthonormal frame to the constant ¢ hypersurfaces reads:
(245) €y = —8,5, €;, = t_piali.
In this frame, the non-zero components of the second fundamental form K of the ¥; hypersurfaces are

(2.46) Kii = g(Veieo,e) = 2, i=123,

Further, the intrinsic volume form voly, on ¥; equals

(247) VOlEt = tVOlEuc.

Proposition 2.7 (Upper bound). Let ¢ be a smooth solution to the wave equation, Ogtp = 0, in Kasner.
Then the following energy inequality holds:

(2.48) ¢ / Je [0 lvols, < o / Jeo e gvoly,
paps P

for all t € (0,ty] and any multi-index . Moreover, 8%¢ satisfies the pointwise bound

(2.49) ool <c ¥ (4 [

lal<2

oL, ) log 2 + 102010, ).

to
for any multi-index B, where C' is a constant independent of tg, p;-

Proof. We compute the divergence of the current J¢°[¢]:
Z3)
vegen ) & v (teo) T ] = KT [v] — (cot) Toolv]

(2.50) =) Kit(ei)* - *KZ it| Ve + [(601/1) +[Vyl]

3
—1
3
Z(l —pi)(e)?

Hence, by (12.8]), for X = teg, we have

(2.51) ¢ /E JE[vols, =t

t

to 3
Jo° [Y]vols, +/t /2 Z(pz — 1)(es1p)?)vols, ds
0 s =1

Jso[¥]vols, .

to

(pi <1) <to

o~ o

Note, that the same inequality holds for %1 by commuting the wave equation with 92. In particular, taking
into account the volume form, we control

(2.52) tQ/Z (0s))*vol pye < 2t0/Z Jg“[w]volgto,t2||8taf¢||?{2
< Z 2t / 5o [0505]vols, ,
|a|<2

for all ¢ € (0, o).
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Using the fundamental theorem of calculus along eg and Sobolev embedding H?(T?) < L*°(T?), we then
derive

t
(2.53) 050 (t,2)| =] [ 0.07%ds + ¢ (to, )]

to
to
§/<m@%wmmmmwwwﬁwmwn
t

(by ) <c Z (%/E

|| <2

for all ¢ € (0, o). O

i leg02ulvols.. ) log Y+ 1020(t0.2).

to

Instead of deriving renormalised energy estimates, as in the previous subsection for FLRW (see Proposition
2.3), we prove the validity of the expansion by using to view the wave equation as an inhomoge-
neous ODE in ¢. This procedure is more wasteful in the number of derivatives of 1 that we need to bound
from initial data, but it is slightly simpler.

Proof of Theorem for Kasner. We express the wave equation for ¢ in terms of the (¢, 21, x2, 23) coordinate
system and treat the spatial derivatives of 1 as error terms:

(2.54) —02¢ — 8t¢+2t P92 4 = D (td)) = Ztl i

Integrating in [t,to] we obtain the formula

to 3
taﬂ/f:toaﬂﬁo—/ 281_21’@51.1/1(15
toi=1
t to g 3
(2.55) w(t,x):w(to,m)+to8t¢olog—+/ —/ Z 572 dsds
t() ¢ S Js P
to 3 "
=v(to,z) + (toatww / Zsl_maﬁiwd5> log
(UN— 0

to 1 s 3
/ / > 5702 pdsds

A(z)logt + uz(z z),

where
to 3
(2.56) A(x) :toatwo—i-/ 251*21’1'3;1/)(15,
0 =1
to 3
(2.57) u(t, ) =(to, ) — (t08t¢0+/ Zsl—%iamds) log to
0 =1

to 1 S 3
+ / - / > F 702 pdsds.
t 0 =1

Note, that since by the absumption 1 —2p; > —1 and by (2.49) [|02¢||L~ < Cllogt|, t € (0,t0], the
functions s'=2Pi92 1, L [ Zz |52 wds are mtegrabl in [0,tp] and hence the above formulas make

sense. Moreover, it is implied by - 2.57) that A(x),u(t,z) are smooth functions and © = uxgsner and
its spatial derivatives are in fact umformly bounded up to t=0:

(2.58) 107 ull oo () < C,

for all ¢ € (0,tp], any multi-index a, where C' > 0 is a constant depending on initial data. O

6By Proposition their L' ([0, tp]) norm is bounded by initial data.
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Next, we prove the blow up result stated in Theorem for Kasner. Notice that since p; < 1, the main
contribution of the energy flux generated by the current J[¢)], as t — 0, comes from the 0 term:

3
1
(2.59) t / T [glvols, =5 / 2(00) + > 127 (0,1) Vol pue
Xt Xt i=1
1 2 2 - 2-2p; 2
=5 t*(0p)) volEuc—i—Zt PiO(] log t]?).
S i=1
Utilising (1.4)), (2.58) it follows that
1 1
(2.60) lim ¢ / Jé[]voly, = = lim / t2(0p))*vol gye = = / A2 (z)vol pye.
=0 Jy, : 2 t—0 o 2 o

Thus, returning to (2.51) and taking the limit ¢ — 0 we obtain the identity:

(2.61) /E A?(z)vol pye =1to/Z

3
1 1o 2-2p,
=5l iam,) + 5Dt 7
=1

to 3
Jeo[lvols,, + / / S (0 — 1) exth)vols, ds
s =1

to

3rﬂ/’||%2(z,,o)

to 3
+/ Z(pi—l)sl_zpi/ (02, %) *vOl pyeds.
0 =1 Zs

We bound the L? norm of 9, as follows:
Lemma 2.8. The following estimate for the L? norm of 0,,v holds:

1
2

e t
262) ol < 1ontlis + (200 [ Tpl0 0ot ) g™,
P

to

for all t € (0,1t).
Proof. We have

1 ) c-s
*§3t||axﬂ/1||L2(zt) < 0¥l 22 10602, L2 (5,

= 0|02, L2(s,) < 10102, 12(5,)

to
102,022y < 02,4l L2(5,,) +/ 1050z, 125, ds
t

1
(2.63) 102, ¥l 2(50) 102, ¥l L2(s,) + <2t0/z Jg° @W]VOlEtU) 2 10g%0,
to
where in the last inequality we made use of . O
Applying to we derive:
(2.64) / A2 (x)vol gue
3o

3
1 1A o,
2 §t(2)\|3t¢\\%2(zto) t3 >t 102,91 72s,,)
=1

3 to

3 / (pi — 1)s' 2 ds(2) 02,0 3o, )

=30 [ ns

S
log |*ds (2’53”@%%”“(&0)
0
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—i—QZtQ

axjaxiwnmo))

1 2—2p;
fo“aﬂb\\m(zto Zt P10z, Yl T2 s, )

> tg T, 2-2
D DR [towtazlwm, +Zt z

i=1

3zjami¢||%2(zto)

If the assumptions of Theorem [1.2] - for Kasner are satlsﬁed, then it is clear from the preceding lower bound
that HA(‘T)HL2(’]I‘3) > 0.

To prove the local version of the blow up criterion in Theorem we argue similarly, but also take into
account the contribution of the null flux terms in . Note that the upper bounds (2.48)), (2.49), (2.63)
are also valid for the integral domains U;, Uy in place of ¥;, %, since the null flux terms in (2.8)) have a
favourable sign for an upper bound. Hence, taking the limit ¢ — 0 in and employing , 2.50), ,
we obtain:

(2.65) /U A%(z)vol pye

2 t0||at¢||L2(Uto)+ ZtQ 2p7‘|8ﬁvi¢”2L?(Ut0)

to
+/ Z(pi—l)sl_2p"/ (0z,%)*vol pycds
: U

s

(<1 #1) —Z / Jer &7 gl e+ et 4 e s

Since t~Pidt = +dx; along J\fli, it follows by integrating that the closure U; of the neighbourhood of Uy is
the product I; x Iy x I3, where I; = [—% ] The analogous inequality to then reads

2
(2.66) At x) < (0+ : 7plt1 Pr) / P2t @) + | (6 20| F .
with f € Hl(ll), te (O,to].
Applying the latter bound to the integral over ./\fli N U, on the RHS of | , along with 1 , we derive

(267) A2($)V01Euc
Uo
> t%natu)npwt )ty Zf 00 72w, )
=1

+Z [ = a1 b, )
3 to

+Z/ (pi71)5172p1 IOg |2d5(2t0||ata ’l/)”LQ Uto)
i=170

+ Qth 2P| amjaz#/)HL?(Uto))

3

1
— § P €0
{/ e 2 = )s P /U 4sJ5° [Y]voly,ds

+/ /43J§° 2, W] voly, ds]
U

s
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flt 0 E t2 2P
=9 o|| t¢||L2(Ut

3
i=1
3

win%ﬁ(Um)

t2 2p;

{tonata R Seo )+Zt2 o 8jaxi1/}|%2(2to)}

2t1 P 2—-2p; 2
T HathLQ(Uf +Zt %l 22w,y

=1

+toZ||at uwnpwtowzf 10,0003,

1—p;

3
2t
- Zlog (4 7= ) B0 e, + 8577 3 105,13, )
=1

Thus, given the assumptions in Theorem H for Kasner, it follows that ||A(z)||z2(v,) > 0, as required.
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