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NONEXISTENCE OF LEVI FLAT HYPERSURFACES WITH

POSITIVE NORMAL BUNDLE IN COMPACT KÄHLER

MANIFOLDS OF DIMENSION > 3

SÉVERINE BIARD AND ANDREI IORDAN

In memory of Gennadi M. Henkin

Abstract. Let X be a compact connected Kähler manifold of dimension > 3
and L a C∞ Levi flat hypersurface in X. Then the normal bundle to the Levi

foliation does not admit a Hermitian metric with positive curvature along the
leaves. This represents an answer to a conjecture of Marco Brunella.

1. Introduction

A classical theorem of Poincaré-Bendixson [28], [29], [5] states that every leaf
of a foliation of the real projective plane accumulates on a compact leaf or on a
singularity of the foliation. As a holomorphic foliation F of codimension 1 of CPn,
n > 2, does not contain any compact leaf and its singular set Sing F is not empty,
a major problem in foliation theory is the following: can F contain a leaf F such
that F ∩Sing F = ∅? If this is the case, then there exists a nonempty compact set
K called exceptional minimal, invariant by F and minimal for the inclusion such
that K ∩ Sing F = ∅. The problem of the existence of an exceptional minimal in
CPn, n > 2 is implicit in [12].

In [13] D. Cerveau proved a dichotomy under the hypothesis of the existence of
a holomorphic foliation F of codimension 1 of CPn which admits an exceptional
minimal M: M is a real analytic Levi flat hypersurface in CPn (i. e. T (M)∩JT (M)
is integrable, where J is the complex structure of CPn), or there exists p ∈M such
that the leaf through p has a hyperbolic holonomy and the range of the holonomy
morphism is a linearisable abelian group. This gave rise to the conjecture of the
nonexistence of smooth Levi flat hypersurface in CPn, n > 2.

The conjecture was proved for n > 3 by A. Lins Neto [22] for real analytic Levi
flat hypersurfaces and by Y.-T. Siu [31] for C12 smooth Levi flat hypersurfaces.
The methods of proofs for the real analytic case are very different from the smooth
case.

A real hypersurface of class C2 in a complex manifold is Levi flat if its Levi form
vanishes or equivalently, it admits a foliation by complex hypersurfaces. We say
that a (non-necessarly smooth) real hypersurface L in a complex manifold X is Levi
flat if X\L is pseudoconvex. An example of (non-smooth) Levi flat hypersurface in
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CP2 is L = {[z0, z1, z2] : |z1| = |z2|}, where [z0, z1, z2] are homogeneous coordinates
in CP2 (see [19]).

In [21] Iordan and Matthey proved the nonexistence of Lipschitz Levi flat hy-
persurfaces in CPn, n > 3, which are of Sobolev class W s, s > 9/2. A principal
element of the proof is that the Fubini-Study metric induces a metric of positive
curvature on any quotient of the tangent space.

Nonexistence questions for the Levi flat hypersurfaces in compact Kähler man-
ifolds were first discussed by T. Ohsawa in [24], who proved the nonexistence of
real-analytic Levi flat hypersufaces with Stein complement in compact Kähler man-
ifolds of dimension > 3.

In [9], M. Brunella proved that the normal bundle to the Levi foliation of a closed
real analytic Levi flat hypersurface in a compact Kähler manifold of dimension
n > 3 does not admit any Hermitian metric with leafwise positive curvature. The
real analytic hypothesis may be relaxed to the assumption of C2,α, 0 < α < 1, such
that the Levi foliation extends to a holomorphic foliation in a neighborhood of the
hypersurface.

The main step in his proof is to show that the existence of a Hermitian metric
with leafwise positive curvature on the normal bundle to the Levi foliation of a
compact Levi flat hypersurface L in a Hermitian manifold X, implies that X\L is
strongly pseudoconvex, i.e. there exists on X\L an exhaustion function which is
strongly plurisubharmonic outside a compact set. This was generalized in [10] for
invariant compact subsets of a holomorphic foliation of codimension one. Of course,
if X is the complex projective space, then every proper pseudoconvex domain in X
is Stein [34].

Brunella stated also the following conjecture [9]: Let X be a compact connected
Kähler manifold of dimension n > 3 and L a C∞ compact Levi flat hypersurface
in X. Then the normal bundle to the Levi foliation does not admit any Hermitian
metric with leafwise positive curvature.

The assumption n > 3 is necessary in this conjecture (see Example 4.2 of [9]).
In [11] Brunella and Perrone proved that every leaf of a holomorphic foliation

F of codimension one of a projective manifold X of dimension at least 3 and such
that Pic (X) = Z accumulates on the singular set of the foliation. In this case the
normal bundle to the foliation is ample.

In [25], T. Ohsawa considered a C∞ Levi flat compact hypersurface L in a
compact Kähler manifold X such that the normal bundle to the Levi foliation ad-
mits a fiber metric whose curvature is semipositive of rank> k on the holomorphic
tangent space to the leaves and proved that X\L admits an exhaustion plurisub-
harmonic function of logarithmic growth which is strictly (n− k)-convex. Then, if
dimX > 3, he proved that there are no Levi flat real analytic hypersurfaces such
that the normal bundle to the Levi foliation admits a fiber metric whose curvature
is semipositive of rank> 2 on the holomorphic tangent space to L. Some possibilities
for generalization in the smooth case are also indicated.

In this paper we solve the above mentioned conjecture of Brunella for compact
connected Kähler manifolds of dimension n > 3. The principal ingredient of the
proof is a refinement of the proof of Brunella [9] of the strong pseudoconvexity of
X\L : we show that there exist a neighborhood U of L and a function v on U
vanishing on L, such that −i∂∂ ln v > cω on U\L, where c > 0 and ω is the (1, 1)-
form associated to the Kähler metric. Then we use the L2 estimates [2], [1], [20],
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[15] for the weighted ∂-equation on (n, q)-forms on X\L endowed with a complete
Kähler metric. These estimates together with the lower uniform boundedness of
the eigenvalues of the Levi form and a duality method developped in [19], allow us
to solve the ∂-equation with compact support for (0, q)-forms, 1 6 q 6 n − 1, and
this leads in dimensions > 3 to the solution of Brunella’s conjecture.

2. Preliminaries

Let X be a complex n-dimensional manifold, ω a Kähler metric on X, Ω a
domain in X and σ a positive function on Ω. For α ∈ R denote

L2
(p,q)(Ω, σ

α, ω) =

{
f ∈ L2

(p,q)loc (Ω) :

∫
Ω

|f |2 σ2αdVω <∞
}

endowed with the norm

Nα,ω,σ(f) =

(∫
Ω

|f |2 σ2αdVω

)1/2

.

Let Ω be a pseudoconvex domain in CPn and δ∂Ω the geodesic distance to the
boundary for the Fubini-Study metric ωFS . By using the L2 estimates for the
∂-operator of Hörmander with the weight e−ϕ, ϕ = −α log δ∂Ω which is strongly
plurisubharmonic by a theorem of Takeuchi [34], Henkin and Iordan proved in [19]
the existence and regularity of the ∂ equation for ∂-closed forms in L2

(p,q)(Ω, δ
−α
∂Ω , ωFS)

verifying the moment condition. This gives the regularity of the ∂-operator in pseu-
doconcave domains with Lipschitz boundary [19] and, by using a method of Siu [31],
[32], the nonexistence of smooth Levi flat hypersurfaces in CPn, n > 3 follows (see
[21]). These techniques will be used in the 4th and the 5th paragraph.

We will use also the following theorem of regularity of ∂ equation of Brinkschulte
[7]:

Theorem 1. Let Ω be a relatively compact domain with Lipschitz boundary in
a Kähler manifold (X,ω) and set δ∂Ω the geodesic distance to the boundary of

Ω. Let f ∈ L2
(p,q)(Ω, δ

−k
∂Ω , ω) ∩ Ck(p,q)

(
Ω
)
∩ C∞(p,q) (Ω), q > 1, k ∈ N and u ∈

L2
(p,q−1)(Ω, δ

−k
∂Ω , ω) such that ∂u = f and ∂

∗
−ku = 0, where ∂

∗
−k is the Hilbert space

adjoint of the unbounded operator ∂−k : L2
(p,q−1)(Ω, δ

−k
∂Ω , ω) → L2

(p,q)(Ω, δ
−k
∂Ω , ω).

Then for k big enough u ∈ Cs(k)
(p,q−1)

(
Ω
)

where s (k) ∼
k→∞

√
k.

3. Strong pseudoconvexity of the complement of a Levi flat
hypersurface

Let L be a smooth Levi flat hypersurface in a Hermitian manifold X. As was
mentioned in [9] and in [25], by taking a double covering, we can assume that L is
orientable and the complement of L has two connected components in a neighbor-
hood of L. This will be always supposed in the sequel and for an open neighborhood
U of L we will denote by U+ and U− the two connected components of U\L. We
will denote by δL the signed geodesic distance to L.

In [9] Brunella proved that the complement of a closed Levi flat hypersurface
in a compact Hermitian manifold of class C2,α, 0 < α < 1, having the property
that the Levi foliation extends to a holomorphic foliation in a neighborhood of L
and the normal bundle to the Levi foliation admits a C2 Hermitian metric with
leafwise positive curvature is strongly pseudoconvex, i.e. there exists an exhaustion
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function which is strongly plurisubharmonic outside a compact set. The following
proposition strenghtens this result:

Proposition 1. Let L be a compact C3 Levi flat hypersurface in a Hermitian
manifold X of dimension n > 2, such that the normal bundle N 1,0

L to the Levi
foliation admits a C2 Hermitian metric with leafwise positive curvature. Then
there exist a neighborhood U of L, c > 0 and a non-negative function v ∈ C2 (U),
vanishing on L and positive on U\L such that −i∂∂ ln v > cω on U\L, where ω
is the (1, 1)-form associated to the metric. Moreover, there exists a nonvanishing
continuous function g in a neighborhood of L such that v = gδ2

L.

Proof. Let z0 ∈ L. There exist holomorphic coordinates z = (z1, · · ·, zn−1, zn) =
(z′, zn) in a neighborhood of z0 such that the local parametric equations for L are
of the form

zj = wj , j = 1, ..., n− 1, zn = ϕ (w′, t)

where ϕ is of class C3 (see [4]) on a neighborhood of the origin in Cn−1 × R,

holomorphic in w′ and ∂ϕ
∂t (z0) ∈ R∗. We consider a C3 extension ψ = (ψ1, ..., ψn)

of ϕ on a neighborhood of the origin in Cn−1×C, ψ (w′, t+ is) = (w′, ϕ (w′, t) + is).
Then ψ is a C3 diffeomorphism in a neighborhood of z0 and holomorphic in w′. It
follows that

L = {(z′, zn) : ρ (z′, zn) = 0} .

where ρ = Im
(
ψ−1

)
n
. We denote f =

(
ψ−1

)
n

(z′, zn). Since ∂bf = 0 on L, where

∂b is the tangential Cauchy-Riemann operator on L, there exists an extension f̃ of

class C3 in a neighborhood of z0 such that ∂f̃ vanishes to order greater than 2 on

L, i.e. Dl∂f̃ = 0 for |l| 6 2 on L.

So there exists an open finite covering
(
Ũj

)
j∈J

by holomorphic charts of L such

that Ũj\L = Ũ+
j ∪ Ũ

−
j such that Uj = L ∩ Ũj =

{
z ∈ Ũj : Im f̃j = 0

}
, where ∂f̃j

vanishes to order greater than 2 on L and the Levi foliation is given on Uj by{
z ∈ Uj : f̃j (z) = cj

}
, cj ∈ R . Thus df̃j = ∂f̃j is a nonvanishing section of N 1,0

L

on Uj and by shrinking Ũj , we may consider that df̃j 6= 0 on Ũj .

We may suppose that N 1,0
L is represented by a cocycle {gjk} of class C2 subor-

dinated to the covering (Uj)j∈J and there exist closed (1, 0)-forms αj of class C2

on Uj holomorphic along the leaves such that T 1,0 (Uj) = kerαj for every j ∈ J
and αj = gjkαk on Uj ∩Uk. So (αj)j∈J defines a global form α on L with values in

N 1,0
L such that locally on Uj we have α (z) = αj (z) ⊗ α∗j (z) where α∗j is the dual

frame of αj . In particular we have α∗k = gjkα
∗
j .

Let h be a C2 Hermitian metric with positive leafwise curvature Θh

(
N 1,0
L

)
on

N 1,0
L . h is defined on each Uj by a C2 function hj =

∣∣α∗j ∣∣2 such that hk = |gjk|2 hj
on Uj ∩ Uk.

Since αj = ηjdf̃j on Uj for every j, where ηj are nowhere vanishing functions of
class C2 on Uj holomorphic along the leaves and

1

ηk

(
df̃k

)∗
=

1

ηj
gjk

(
df̃j

)∗
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on Uj ∩ Uk, it follows that

|gjk (z)|2 =

∣∣∣∣ ηj (z)

ηk (z)

∣∣∣∣2
∣∣∣∣∣∣∣
(
df̃k

)∗
(
df̃j

)∗
∣∣∣∣∣∣∣
2

=
hk (z)

hj (z)
, z ∈ Uj ∩ Uk.

So

hj |ηj |2
(

Im f̃j

)2

− hk |ηk|2
(

Im f̃k

)2

vanishes to order greater than 2 on Uj ∩ Uk and

(
hj |ηj |2

(
Im f̃j

)2
)
j∈J

defines a

jet of order 2 on L. By Whitney extension theorem there exists a C2 function v on

X such that v − hj |ηj |2
(

Im f̃j

)2

vanishes to order 2 on Uj for every j ∈ J . Let

η̃j , h̃j be C2 extensions of ηj , hj on Ũj and set α̃j = η̃jdf̃j , ṽ = h̃j |η̃j |2
(

Im f̃j

)2

.

For z ∈ Ũj denote E′z =
{
V ′ ∈ T 1,0

z (X) :
〈
∂ Im f̃j , V

′
〉

= 0
}

and E
′′

z the or-

thogonal of E′z in T 1,0
z (X). Then for every V ∈ T 1,0

z (X) there exists V ′ ∈ E′z, V ′′ ∈
E′′z such that V = V ′ + V ′′. The curvature form Θ

(
N 1,0
L

)
is represented by

−i∂∂ ln
(
hj |αj |2

)
on Uj , so by shrinking Ũj we may suppose that there exists

β > 0 such that
(
−i∂∂ ln

(
h̃j |α̃j |2

)) (
V ′, V ′

)
> βω

(
V ′, V ′

)
for every z ∈ Ũj and

V ∈ T 1,0
z (X).

On Ũj\L we have

−i∂∂ ln ṽ = −i∂∂ ln

h̃j
∣∣∣∣∣ α̃jdf̃j

∣∣∣∣∣
2 (

Im f̃j

)2

(3.1)

= −i∂∂ ln h̃j |α̃j |2 + i∂∂ ln
∣∣∣df̃j∣∣∣2 − i∂∂ ln

(
Im f̃j

)2

.

Let z ∈ Ũj and V ∈ T 1,0
z (X). Then V = V ′ + V ′′, V ′ ∈ E′z and V ” ∈ E′′z and

−i∂∂ ln h̃j |α̃j |2
(
V, V

)
=

(
−i∂∂ ln

(
h̃j |α̃j |2

)) (
V ′, V ′

)
+2 Re

(
−i∂∂ ln

(
h̃j |α̃j |2

) (
V ′, V ′′

))
+
(
−i∂∂ ln

(
h̃j |α̃j |2

)) (
V ′′, V ′′

)
There exists a constant C > 0 depending on the eigenvalues of −i∂∂ ln

(
h̃j |α̃j |2

)
with respect to ω such that for every ε > 0

2
∣∣∣Re

(
−i∂∂ ln

(
h̃j |α̃j |2

) (
V ′, V ′′

))∣∣∣ 6 C

(
εω
(
V ′, V ′

)
+

1

ε
ω
(
V ′′, V ′′

))
,

so

−i∂∂ ln h̃j |α̃j |2
(
V, V

)
> βω

(
V ′, V ′

)
− C

(
εω
(
V ′, V ′

)
− 1

ε
ω
(
V ′′, V ′′

))
−
∥∥∥−i∂∂ ln h̃j |α̃j |2

∥∥∥
ω
ω
(
V ′′, V ′′

)
(3.2)
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Since ∂f̃j vanishes to order greater than 2 on L, for every γ > 0 there exists a
neighborhood of L such that

(3.3)

∣∣∣∣i∂∂ ln
∣∣∣df̃j∣∣∣2 (V, V )∣∣∣∣ 6 γω

(
V, V

)
and

(3.4)
∣∣∣i∂∂ Im f̃j

(
V, V

)∣∣∣ 6 γ
(

Im f̃j

)
ω
(
V, V

)
.

Let z ∈ Ũj\L. By (3.4) it follows that

−i∂∂ ln
(

Im f̃j

)2 (
V, V

)
=

−2
i∂∂ Im f̃j

Im f̃j
+ 2i

∂ Im f̃j ∧ ∂ Im f̃j(
Im f̃j

)2

(V, V )

> −2γω
(
V, V

)
+ 2i

∂ Im f̃j ∧ ∂ Im f̃j(
Im f̃j

)2

(
V ′′, V ′′

)
(3.5)

> −2γω
(
V, V

)
+

2inf
Ũj

∥∥∥∂ Im f̃j

∥∥∥2

ω(
Im f̃j

)2 ω
(
V ′′, V ′′

)
.

By using (3.2), (3.3) and (3.5), from (3.1) we obtain(
−i∂∂ ln ṽ

) (
V, V

)
> (β − Cε)ω

(
V ′, V ′

)
+

(
2

(Im fj)
2 inf
Ũj

∥∥∥∂ Im f̃j

∥∥∥2

ω
− C

ε
−
∥∥∥−i∂∂ ln h̃j |α̃j |2

∥∥∥
ω

)
ω
(
V ′′, V ′′

)
−2γω

(
V, V

)
.

By choosing 0 < Cε < β and by shrinking Ũj such that 2
(Im fj)2

is big enough

and γ small enough, we obtain that there exists c > 0 such that −i∂∂ ln ṽ > cω on

Ũj\L. Finally, since v − ṽ vanishes to order greater than 2 on L, it follows that
there exists a neighborhood U ′ of L such that − ln v is strongly plurisubharmonic
on U ′\L. We can now take U = {z ∈ U ′ : v (z) < µ} for µ > 0 small enough.
L is a C3 manifold, so the signed distance function δL is a defining function of

class C3 for L. Since v is of class C2 on U and vanishes to order greater than 2 on
L, we have v = gδ2

L with g continuous in a neighborhood of L.
Suppose that there exists x ∈ L such that g (x) = 0. Then v = o

(
δ2
L

)
in a

neighborhood of x. But there exists j such that x ∈ Uj and v = hj |ηj |2
(

Im f̃j

)2

+

o
(
δ2
L

)
. Since Im f̃j = 0 and d Im f̃j 6= 0 on L it follows that

∣∣∇2v
∣∣ (x) 6= 0. This

contradiction shows that g (x) 6= 0 on L.

4. Weighted estimates for the ∂-equation

Remark 1. Under the hypothesis and conclusions of Proposition 1, we consider
a positive extension ṽ of the restriction of v on a neighborhood of L to X\L. Let
s > 0 such that {v < e−s} ⊂ U and let ϕ be a smooth function on R such that ϕ = 0
on ]−∞, s] and ϕ is strictly convex increasing on ]s,∞[. Then ψ = ϕ (− ln ṽ) is a
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plurisubharmonic exhaustion function of X\L, which is strongly plurisubharmonic
outside a compact subset of X\L.

In the sequel, L will be a compact C∞ Levi flat hypersurface in a compact Kähler
manifold X of dimension n > 2, verifying the hypothesis and the conclusions of
Proposition 1. We denote X± the connected components of {z ∈ X : v > 0} en-
dowed with a complete Kähler metric ω̃ which will be defined later and we set

D(p,q)(X
±) =

{
f ∈ C∞(p,q)

(
X±
)

: supp f ⊂⊂ X±
}

and

H(p,q)

(
X±, ṽα, ω̃

)
= ker ∂ ∩ ker ∂

∗
α ⊂ L2

(p,q)

(
X±, ṽα, ω̃

)
where ∂

∗
α is the Hilbert space adjoint of the operator ∂ : L2

(p,q) (X±, ṽα, ω̃) →
L2

(p,q+1) (X±, ṽα, ω̃).

Proposition 2. For every α > 0, there exists a complete Kähler metric ω̃ on
X\L, ω 6 ω̃ 6 C

ṽ2ω, C > 0, such that the range Rα(n,q) (X±) of the operator

∂α : L2
(n,q−1) (X±, ṽα, ω̃)→ L2

(n,q) (X±, ṽα, ω̃) is closed for 1 6 q 6 n.

Proof. The proof is based on methods of [16] (see also [14]).
Denote by ω the Kähler metric of X. Since i∂∂ (− ln v) > cω on U\L, c > 0, by

a method developped in [27] it follows that there exist a neigborhood V of L and
η > 0 such that −vη is strongly plurisubharmonic on V \L. Then for 0 < β < η,
we have the Donnelly-Fefferman estimate [17]

(4.1) i∂ (− ln v) ∧ ∂ (− ln v) 6 ir∂∂ (− ln v) .

on V \L, with 0 < r = β/η < 1. This is equivalent to say that the norm of ∂ (− ln v)
measured in the metric i∂∂ (− ln v) is smaller than r on V \L (see also [6] and [19]).

Let α > 0. We consider the trivial line bundle E on X\L endowed with the
Hermitian metric hα = eα ln ṽ. Set

ω̃ = iΘ (E) +Kω = iα∂∂ (− ln ṽ) +Kω

with K a positive constant. Since − ln ṽ is an exhaustion function on X\L, it
follows by (4.1) that for K big enough ω̃ is a complete Kähler metric on X\L such
that ω 6 ω̃ 6 C

ṽ2ω, C > 0.

Denote λj (respectively λ̃j) the eigenvalues of iΘ (E) with respect to ω (respec-
tively ω̃), 1 6 j 6 n, in increasing order. By Proposition 1, there exists c > 0 such
that iΘ (E) = iα∂∂ (− ln ṽ) > αcω on {ψ > b} for b big enough. So, as in [16] (1.6)
we have

(4.2) 1 > λ̃j =
λj

λj +K
>

αc

αc+K
> 0, 1 6 j 6 n

on {ψ > b}. By Bochner-Kodaira-Nakano inequality (see for ex. [14]) we have

(4.3) Nα,ω̃,ṽ
(
∂u
)2

+Nα,ω̃,ṽ

(
∂
∗
αu
)2

>
∫
X±
〈([iΘ (E) ,Λω̃])u, u〉α,ω̃,ṽ dVω̃

for every u ∈ D(n,q) (X\L), where Nα,ω̃,ṽ =
∫
X±
|u|2ω̃ ṽαdVω̃.

Let χ be a smooth function on X such that 0 6 χ 6 1, χ = 0 on a neighborhood
of {ψ < b} and χ = 1 on a neighborhood {ψ > b′} of L, b′ > b. By (4.3) and (4.2),
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for every u ∈ D(n,q) (X\L) we have

Nα,ω̃,ṽ
(
∂ (χu)

)2
+Nα,ω̃,ṽ

(
∂
∗
α (χu)

)2

>
∫
X±
〈([iΘ (E) ,Λω̃])χu, χu〉α,ω̃,ṽ dVω̃

>
∫
{ψ>b′}

〈([iΘ (E) ,Λω̃])χu, χu〉α,ω̃,ṽ dVω̃

>
∫
{ψ>b′}

(λ1 + · · ·+ λn) |χu|2ω̃ ṽ
αdVω̃

>
αc

αc+K

∫
{ψ>b′}

|u|2ω̃ ṽ
αdVω̃

so there exists C, c′ > 0 such that

2Nα,ω̃,ṽ
(
∂u
)2

+ 2Nα,ω̃,ṽ

(
∂
∗
αu
)2

+ C

∫
supp(χ′)

|u|2ω̃ ṽ
αdVω̃

> c′
∫
X\L
|u|2ω̃ ṽ

αdVω̃ − c′
∫
{ψ<b′}

|u|2ω̃ ṽ
αdVω̃.

Finally it follows that there exists a compact subset F = supp (χ′) ∪ {ψ 6 b′} of
X± such that for every u ∈ D(n,q) (X\L)

(4.4) c′Nα,ω̃,ṽ (u)
2 6 2Nα,ω̃,ṽ

(
∂u
)2

+ 2Nα,ω̃,ṽ

(
∂
∗
αu
)2

+ (C + c′)

∫
F

|u|2ω̃ ṽ
αdVω̃.

Since ω̃ is a complete metric on X\L, (4.4) is valid for every u ∈
(
Dom∂

)
∩(

Dom∂
∗
α

)
. The conclusion of Proposition 2 is now a consequence of Proposition

1.2 of [23].

Corollary 1. For every α > 0 and 1 6 q 6 n we have H(n,q) (X±, ṽα, ω̃) = {0}.

Proof. As (X±, ω̃) is a connected weakly 1-complete Kähler manifold and the bun-
dle E defined in the proof of Theorem 2 is a semi-positive line bundle on X± which
is positive outside a compact suset of X±, the Corollary 1 is a consequence of [33],
Corollary of the Main Theorem (see also [3], [30] and [26], Corollary 2.10).

By taking in account Corollary 1, a classical application of Proposition 2 (see
for example [18]) is the following:

Corollary 2. For every α > 0 and , 1 6 q 6 n we have:

(1) There exists the ∂-Neumann operator Nα
(n,q) : L2

(n,q) (X±, ṽα, ω̃)→ L2
(n,q) (X±, ṽα, ω̃)

such that for every f ∈ L2
(n,q) (X±, ṽα, ω̃) we have the orthogonal decompo-

sition f = ∂∂
∗
αNα

(n,q)f + ∂
∗
α∂Nα

(n,q)f and ∂Nα
(n,q) = Nα

(n,q+1)∂, ∂
∗
αNα

(n,q) =

Nα
(n,q−1)∂

∗
α.

(2) For every ∂-closed form f ∈ L2
(n,q) (X±, ṽα, ω̃), ∂

(
∂
∗
αNα

(n,q)f
)

= f .

Lemma 1. Let f ∈ C∞(0,q) (X), 1 6 q 6 n − 1, be a ∂-closed form such that f

vanishes to infinite order on L. Let ψ1, ψ2 ∈ Dom∂ ⊂ L2
(n,n−q) (X±, ṽα, ω̃) such

that ∂ψ1 = ∂ψ2. Then ∫
X±

f ∧ (ψ1 − ψ2) = 0.
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Proof. By Corollary 2, there exists h ∈ L2
(n,n−q−1) (X±, ṽα, ω̃) such that ψ1−ψ2 =

∂h. Since f vanishes to infinite order on L and ω̃ 6 C
ṽ2ω, it follows that∫

X±
f∧(ψ1 − ψ2) = lim

ε→0

∫
{v>ε}∩X±

f∧∂h = lim
ε→0

(∫
{v>ε}

∂f ∧ h+

∫
{v=ε}∩X±

f ∧ h

)
= 0.

Proposition 3. Let f ∈ C∞(0,q) (X), 1 6 q 6 n − 1, be a ∂-exact form such

that f vanishes to infinite order on L. Then for every α > 0, there exists u ∈
L2

(0,q−1) (X±, ṽ−α, ω̃) such that ∂u = f and N−α,ω̃,ṽ (u) 6 CαN−α,ω̃,ṽ (f), with

Cα > 0 independent of f .

Proof. Step 1. Definition by duality of u ∈ L2
(0,q−1) (X±, ṽ−α, ω̃), 1 6 q 6 n− 1.

The proof of this point is inspired from [19], Proposition 5.3. By Proposi-
tion 2, Rα(n,q) (X±) is closed for every α > 0 and by Corollary 2 we can find a

bounded operator Tα(n,q) = ∂
∗
αNα

(n,q) : Rα(n,q) (X±) → L2
(n,q−1) (X±, ṽα, ω̃), such

that ∂Tα(n,q)ϕ = ϕ for every ϕ ∈ Rα(n,q) (X±), 1 6 q 6 n.

Define now the continuous linear form Φf on Rα(n,n−q+1) (X±), 1 6 q 6 n, by

Φf (ϕ) =

∫
X±

f ∧ Tα(n,n−q+1)ϕ, ϕ ∈ R
α
(n,n−q+1)

(
X±
)
.

By the Hahn-Banach theorem, we extend Φf as a linear form Φ̃f on L2
(n,n−q+1) (X±, ṽα, ω̃)

such that
∥∥∥Φ̃f

∥∥∥ = ‖Φf‖. Since
(
L2

(n,n−q+1) (X±, ṽα, ω̃)
)′

= L2
(0,q−1) (X±, ṽ−α, ω̃)

by the pairing

(β1, β2) =

∫
X±

β1 ∧ β2, β1 ∈ L2
(0,q−1)

(
X±, ṽ−α, ω̃

)
, β2 ∈ L2

(n,n−q+1)

(
X±, ṽα, ω̃

)
,

there exists u ∈ L2
(0,q−1) (X±, ṽ−α, ω̃) such that

Φ̃f (ϕ) =

∫
X±

u ∧ ϕ

for every ϕ ∈ Rα(n,n−q+1) (X±).

Step 2. We prove that ∂ (−1)
q
u = f , 1 6 q 6 n− 1.

Let ϕ = ∂ψ ∈ C∞(n,n−q+1) (X±) with ψ ∈ D(n,n−q) (X±). Set gα = ∂
∗
αNα

(n,n−q+1)∂ψ ∈
L2

(n,n−q) (X±, ṽα, ω̃). By Corollary 2, ∂gα = ϕ and by Lemma 1

(4.5)

∫
X±

f ∧ gα =

∫
X±

f ∧ ψ.

But by step 1 we have

(4.6) Φ̃f (ϕ) =

∫
X±

u ∧ ∂ψ = Φf (ϕ) =

∫
X±

f ∧ gα

and by (4.5) and (4.6) it follows that∫
X±

f ∧ ψ =

∫
X±

u ∧ ∂ψ

for every ψ ∈ D(n,n−q) (X±). Therefore ∂ (−1)
q
u = f and the Proposition is

proved.
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Remark 2. Since ω 6 ω̃ 6 C
ṽ2ω, by Lemma VIII.6.3 of [14] it follows that:

a) Let f be a smooth (n, q)-form on X such that f vanishes to order k on L.
Then f ∈ L2

(n,q)

(
X±, ṽ−k, ω̃

)
Indeed ∫

X±
|f |2ω̃ ṽ

−kdVω̃ 6
∫
X±
|f |2ω ṽ

−kdVω <∞

b) Let f ∈ L2
(n,q)

(
X±, ṽ−k, ω̃

)
, k > 2. Then f ∈ L2

(n,q)

(
X±, ṽ−k+2, ω

)
.

Indeed ∫
X±
|f |2ω ṽ

−k+2dVω 6 C

∫
X±
|f |2ω̃ ṽ

−kdVω̃ <∞, C > 0.

5. Nonexistence of Levi flat hypersurfaces

Proposition 4. Let L be a compact C∞ Levi flat hypersurface in a Kähler manifold
X of dimension n > 3 such that the normal bundle N 1,0

L to the Levi foliation
admits a C2 Hermitian metric with leafwise positive curvature. Let u ∈ C∞(0,q) (L),

1 6 q 6 n − 2, such that ∂bu = 0. Then for every k ∈ N∗ there exist a ∂-closed
extension Uk ∈ Ck(0,q) (X) of u.

Proof. By Proposition 1 there exist a neighborhood U of L, c > 0 and a non-
negative function v ∈ C2

(
U
)

vanishing on L such that v = gδ2
L and −i∂∂ ln v > cω

on U\L. Let ũ ∈ C∞(0,q) (X) be an extension of u such that ∂ũ vanishes to infinite or-

der on L. Since ∂ũ ∈ L2
(0,q+1)

(
X±, δ−2k

L , ω
)
, q+1 6 n−1 and L2

(0,q)

(
X±, δ−2k

L , ω
)

=

L2
(0,q)

(
X±, ṽ−k, ω

)
for every k ∈ N, by Remark 2 a) and Proposition 3 it follows that

for every k ∈ N∗ there exist a Hermitian complete metric ω̃ on X\L, ω 6 ω̃ 6 C
v2ω

and h± ∈ L2
(0,q)

(
X±, δ−2k

L , ω̃
)

such that ∂h± = ∂ũ on X±. By Remark 2 b) we

have h± ∈ L2
(0,q)

(
X±, δ−2k+4

L , ω
)
. So by using Theorem 1, for k big enough we can

choose h± ∈ Cs(k)
(0,q)

(
X±
)

, s (k) ∼
k→∞

√
k. This means that for k big enough, the

form h defined as h± on X± is of class Ck on X and vanishes on L. So Uk = ũ−h±
is a Ck-smooth ∂-closed form on X which is an extension of u.

Theorem 2. Let X be a compact connected Kähler manifold of dimension n > 3
and L a C∞ compact Levi flat hypersurface. Then the normal bundle to the Levi
foliation does not admit any Hermitian metric of class C2 with leafwise positive
curvature.

Proof. Suppose that the normal bundle N to the Levi foliation admits a Hermitian
metric of class C2 with leafwise positive curvature. Since N is topologically trivial,
its curvature form ΘN for the Kähler metric of X is d-exact. So there exists a
1-form u of class C∞ on L such that du = ΘN ; we may suppose that u is real and
u = u0,1 + u0,1, where u0,1 is the (0, 1) component of u. Since ΘN is a (1, 1)-form,
it follows that ∂bu

0,1 = 0, where ∂b is the tangential Cauchy-Riemann operator.
By Proposition 4 there exists a Ck-extension U0,1 of u0,1 to X, k > 2, such that
∂U0,1 = 0.

By Hodge symmetry and Dolbeault isomorphism H0,1 (X,C) ≈ H1,0 (X,C) ≈
H0 (X,Ω1

X), where Ω1
X is the sheaf of holomorphic 1-forms on X. So there exists

η ∈ H0
(
X,Ω1

X

)
and Φ ∈ Ck (X) such that Ũ0,1 = η + ∂Φ. It follows that ΘN =
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i∂b∂b Im Φ on L and this gives a contradiction at the point of L where Im Φ reaches
its maximum.

Remark 3. A first version of this paper was announced on arXiv in 2014, but
there was a gap in the proofs of §4, which is now corrected. Recently, Brinkschulte
proved a generalization of Theorem 2 for compact Levi flat hypersurfaces in complex
manifolds (see Theorem 1.1. of [8]). She uses crucially the Proposition 4.1 of [8],
whose statement and proof are the same as Proposition 1 of this paper and which
are unchanged from 2014 in our preprint arXiv:1406.5712. However she refers only
to Proposition 1.1 of [25], where the lower positive bound for the eigenvalues of the
strongly plurisubharmonic function is not mentioned.

Acknowledgement 1. We would like to thank M. Adachi and T.-C. Dinh for very
useful discussions. We would also thank the referees for their remarks.
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[20] L. Hörmander, L2 estimates and existence theorems for the ∂ operator, Acta Math. 113

(1965), 89–152.
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