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NONEXISTENCE OF LEVI FLAT HYPERSURFACES WITH
POSITIVE NORMAL BUNDLE IN COMPACT KAHLER
MANIFOLDS OF DIMENSION >3

SEVERINE BIARD AND ANDREI IORDAN

In memory of Gennadi M. Henkin

ABSTRACT. Let X be a compact connected Kahler manifold of dimension > 3
and L a C°° Levi flat hypersurface in X. Then the normal bundle to the Levi
foliation does not admit a Hermitian metric with positive curvature along the
leaves. This represents an answer to a conjecture of Marco Brunella.

1. INTRODUCTION

A classical theorem of Poincaré-Bendixson [28], [29], [5] states that every leaf
of a foliation of the real projective plane accumulates on a compact leaf or on a
singularity of the foliation. As a holomorphic foliation F of codimension 1 of CP,,,
n > 2, does not contain any compact leaf and its singular set Sing F is not empty,
a major problem in foliation theory is the following: can F contain a leaf F' such
that F N Sing F = (0?7 If this is the case, then there exists a nonempty compact set
K called exceptional minimal, invariant by F and minimal for the inclusion such
that K N Sing F = (. The problem of the existence of an exceptional minimal in
CP,,, n > 2 is implicit in [12].

In [13] D. Cerveau proved a dichotomy under the hypothesis of the existence of
a holomorphic foliation F of codimension 1 of CP,, which admits an exceptional
minimal 9t: 9 is a real analytic Levi flat hypersurface in CP,, (i. e. T (9)NJT (9N)
is integrable, where J is the complex structure of CP,,), or there exists p € 9t such
that the leaf through p has a hyperbolic holonomy and the range of the holonomy
morphism is a linearisable abelian group. This gave rise to the conjecture of the
nonexistence of smooth Levi flat hypersurface in CP,,, n > 2.

The conjecture was proved for n > 3 by A. Lins Neto [22] for real analytic Levi
flat hypersurfaces and by Y.-T. Siu [31] for C'2 smooth Levi flat hypersurfaces.
The methods of proofs for the real analytic case are very different from the smooth
case.

A real hypersurface of class C? in a complex manifold is Levi flat if its Levi form
vanishes or equivalently, it admits a foliation by complex hypersurfaces. We say
that a (non-necessarly smooth) real hypersurface L in a complex manifold X is Levi
flat if X'\ L is pseudoconvex. An example of (non-smooth) Levi flat hypersurface in
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2 SEVERINE BIARD AND ANDREI IORDAN

CPy is L = {[z0, 21, 22] : |z1| = |22|}, where [z, 21, 22] are homogeneous coordinates
in CPy (see [19]).

In [21] Tordan and Matthey proved the nonexistence of Lipschitz Levi flat hy-
persurfaces in CP,, n > 3, which are of Sobolev class W*, s > 9/2. A principal
element of the proof is that the Fubini-Study metric induces a metric of positive
curvature on any quotient of the tangent space.

Nonexistence questions for the Levi flat hypersurfaces in compact Kahler man-
ifolds were first discussed by T. Ohsawa in [24], who proved the nonexistence of
real-analytic Levi flat hypersufaces with Stein complement in compact Kéhler man-
ifolds of dimension > 3.

In [9], M. Brunella proved that the normal bundle to the Levi foliation of a closed
real analytic Levi flat hypersurface in a compact Kéahler manifold of dimension
n = 3 does not admit any Hermitian metric with leafwise positive curvature. The
real analytic hypothesis may be relaxed to the assumption of C%%, 0 < a < 1, such
that the Levi foliation extends to a holomorphic foliation in a neighborhood of the
hypersurface.

The main step in his proof is to show that the existence of a Hermitian metric
with leafwise positive curvature on the normal bundle to the Levi foliation of a
compact Levi flat hypersurface L in a Hermitian manifold X, implies that X\L is
strongly pseudoconvex, i.e. there exists on X\L an exhaustion function which is
strongly plurisubharmonic outside a compact set. This was generalized in [10] for
invariant compact subsets of a holomorphic foliation of codimension one. Of course,
if X is the complex projective space, then every proper pseudoconvex domain in X
is Stein [34].

Brunella stated also the following conjecture [9]: Let X be a compact connected
Kahler manifold of dimension n > 3 and L a C*° compact Levi flat hypersurface
in X. Then the normal bundle to the Levi foliation does not admit any Hermitian
metric with leafwise positive curvature.

The assumption n > 3 is necessary in this conjecture (see Example 4.2 of [9]).

In [11] Brunella and Perrone proved that every leaf of a holomorphic foliation
F of codimension one of a projective manifold X of dimension at least 3 and such
that Pic(X) = Z accumulates on the singular set of the foliation. In this case the
normal bundle to the foliation is ample.

In [25], T. Ohsawa considered a C* Levi flat compact hypersurface L in a
compact Kéhler manifold X such that the normal bundle to the Levi foliation ad-
mits a fiber metric whose curvature is semipositive of rank> k on the holomorphic
tangent space to the leaves and proved that X\ L admits an exhaustion plurisub-
harmonic function of logarithmic growth which is strictly (n — k)-convex. Then, if
dim X > 3, he proved that there are no Levi flat real analytic hypersurfaces such
that the normal bundle to the Levi foliation admits a fiber metric whose curvature
is semipositive of rank> 2 on the holomorphic tangent space to L. Some possibilities
for generalization in the smooth case are also indicated.

In this paper we solve the above mentioned conjecture of Brunella for compact
connected Kéahler manifolds of dimension n > 3. The principal ingredient of the
proof is a refinement of the proof of Brunella [9] of the strong pseudoconvexity of
X\L : we show that there exist a neighborhood U of L and a function v on U
vanishing on L, such that —i0dInv > cw on U\L, where ¢ > 0 and w is the (1,1)-
form associated to the Kéhler metric. Then we use the L? estimates [2], [1], [20],
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[15] for the weighted d-equation on (n, q)-forms on X\ L endowed with a complete
Kaéahler metric. These estimates together with the lower uniform boundedness of
the eigenvalues of the Levi form and a duality method developped in [19], allow us
to solve the d-equation with compact support for (0,g)-forms, 1 < ¢ < n—1, and
this leads in dimensions > 3 to the solution of Brunella’s conjecture.

2. PRELIMINARIES

Let X be a complex n-dimensional manifold, w a Kahler metric on X, Q a
domain in X and o a positive function on Q. For « € R denote

L2 (0" w) = {f € Lhyuoe @ : [ 1520V, < oo}

endowed with the norm

1/2
Nooo(f) = ( /Q | fIQGQQde) .

Let Q be a pseudoconvex domain in CP,, and dyq the geodesic distance to the
boundary for the Fubini-Study metric wrg. By using the L? estimates for the
O-operator of Hérmander with the weight e~%?, ¢ = —alogdsq which is strongly
plurisubharmonic by a theorem of Takeuchi [34], Henkin and Tordan proved in [19]

the existence and regularity of the d equation for 0-closed forms in L%p’q) (9,055, wrs)

verifying the moment condition. This gives the regularity of the d-operator in pseu-
doconcave domains with Lipschitz boundary [19] and, by using a method of Siu [31],
[32], the nonexistence of smooth Levi flat hypersurfaces in CP,,, n > 3 follows (see
[21]). These techniques will be used in the 4th and the 5th paragraph.

We will use also the following theorem of regularity of 0 equation of Brinkschulte
[7]:

Theorem 1. Let Q be a relatively compact domain with Lipschitz boundary in
a Kdhler manifold (X,w) and set dpq the geodesic distance to the boundary of

—k re) oo
Q. Let f € L(2p7q)((2,589,w) N C’é“p,q) (Q) N C(pﬂ) (Q,q>21, ke Nandu €
L2

(p,qfl)(Q’ Opc w) such that du = f and 9 u=0, where @, is the Hilbert space

adjoint of the unbounded operator O_y : L%pyq_l)(ngg;,w) — L%p,q)(Q,(;a_g,w).

Then for k big enough u € C'(SIEZ)_I) (Q) where s (k) o VE.

3. STRONG PSEUDOCONVEXITY OF THE COMPLEMENT OF A LEVI FLAT
HYPERSURFACE

Let L be a smooth Levi flat hypersurface in a Hermitian manifold X. As was
mentioned in [9] and in [25], by taking a double covering, we can assume that L is
orientable and the complement of L has two connected components in a neighbor-
hood of L. This will be always supposed in the sequel and for an open neighborhood
U of L we will denote by U™ and U~ the two connected components of U\L. We
will denote by d;, the signed geodesic distance to L.

In [9] Brunella proved that the complement of a closed Levi flat hypersurface
in a compact Hermitian manifold of class C>%, 0 < a < 1, having the property
that the Levi foliation extends to a holomorphic foliation in a neighborhood of L
and the normal bundle to the Levi foliation admits a C? Hermitian metric with
leafwise positive curvature is strongly pseudoconvex, i.e. there exists an exhaustion
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function which is strongly plurisubharmonic outside a compact set. The following
proposition strenghtens this result:

Proposition 1. Let L be a compact C® Levi flat hypersurface in a Hermitian
manifold X of dimension n > 2, such that the normal bundle NLl’O to the Levi
foliation admits a C? Hermitian metric with leafwise positive curvature. Then
there exist a neighborhood U of L, ¢ > 0 and a non-negative function v € C? (U),
vanishing on L and positive on U\L such that —i0dInv > cw on U\L, where w
is the (1,1)-form associated to the metric. Moreover, there exists a monvanishing
continuous function g in a neighborhood of L such that v = g&%.

Proof. Let zg € L. There exist holomorphic coordinates z = (21, -+, 2n—1,2n) =
(', z,) in a neighborhood of zy such that the local parametric equations for L are
of the form

zi=wj, j=1.,n—1, z, =Wt

where ¢ is of class C® (see [4]) on a neighborhood of the origin in C"~! x R,
holomorphic in w’ and %—f (20) € R*. We consider a C? extension v = (¢1, ..., %)
of ¢ on a neighborhood of the origin in C"* =1 x C, v (w',t +is) = (w', ¢ (W', t) + is).
Then 7 is a C? diffeomorphism in a neighborhood of zy and holomorphic in w’. It
follows that

L={(,2,):p (2, 2,) =0}.
where p = Im (w_l)n. We denote f = (w_l)n (2, 2,). Since 9, f = 0 on L, where
Oy is the tangential Cauchy-Riemann operator on L, there exists an extension fof
class C? in ‘a neighborhood of 2z such that Of vanishes to order greater than 2 on
L,ie D'9f =0 for || <2 on L.
So there exists an open finite covering (ﬁ;)jeJ by holomorphic charts of L such

that ZJVJ\L = /(}]IUE'? such that U; = L N ﬁ; = {z € ﬁ; : Im]?j = O}7 where 5};
vanishes to order greater than 2 on L and the Levi foliation is given on U; by
{z el;: fi(z) = cj}, ¢; € R . Thus df; = Of; is a nonvanishing section of NP
on U; and by shrinking i]\;, we may consider that df~j # 0 on ﬁ]

We may suppose that N, L1,0 is represented by a cocycle {g;x} of class C? subor-
dinated to the covering (U;);.; and there exist closed (1,0)-forms o of class C?

on U; holomorphic along the leaves such that 710 (U;j) = keraj for every j € J
and o = gjray on UjNUk. So (a;), ; defines a global form o on L with values in

NL1’0 such that locally on U; we have a (2) = a; () ® o] (2) where o} is the dual
frame of a;. In particular we have af = g;xaj.

Let h be a C? Hermitian metric with positive leafwise curvature 0, (./\/ Lw) on
NLI’O. h is defined on each U; by a C? function h; = |a;f ? such that hy, = |gjk\2 h;
on Uj NU;.

Since a; = njdfj on U; for every j, where n; are nowhere vanishing functions of
class C? on U; holomorphic along the leaves and

L (i) = o 47
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on U; N Uy, it follows that

o (0 = |2

So , ,
hj |nj)? (Ime) — I | (Imfk>

N2
vanishes to order greater than 2 on U; N Uj, and (hj |T]j|2 (Im fj) ) defines a
JjeJ
jet of order 2 on L. By Whitney extension theorem there exists a C? function v on

X such that v — h; |77j|2 (Im E)Q vanishes to order 2 on U; for every j € J. Let
i, h; be C2 extensions of 1;, h; on U; and set a; = 7;df;, 0 = h; || (Imfj)Q.

For z € U; denote E, = {V’ eTH(X): <8Imfj,V’> = 0} and E. the or-
thogonal of E/ in T1:? (X). Then for every V € T}0 (X) there exists V' € EL, V" €
E! such that V = V' + V”. The curvature form © (N L1,o) is represented by
—i00 In (hj |aj|2) on Uj, so by shrinking /U\; we may suppose that there exists
B > 0 such that (7265111 (hNJ |0¢NJ|2)> (V', V") = Bw (V', V') for every z € ’UVJ and
Ve T’ (X).

On U;\L we have

2

()

= —i0dWnh; |a;* + 09 |df;

%5

(3.1) —iddInT = —iddn |k,

J
‘2 — 400 1In (Im%)ﬁ‘rj)2 .
Let z € ﬁ; and V € T} (X). Then V=V'+ V" V' € E, and V” € E! and
09 [a;* (V,V) = (=io9m (h;[a5%)) (v', 77)

+2Re (ﬂ'&gln (Hj |a;|2) (V’,W))

+ (oo (i o) ) (v, 77)
There exists a constant C' > 0 depending on the eigenvalues of —i00 In (hNJ \67]|2)
with respect to w such that for every ¢ > 0

P ‘Re (—iaéln (h} |&;\2) (V’,W))’ <C (au (V' V7) + éw (V”,V”)) ,
SO
_igami, @ (V) > Bw (V. V) -C (ew v'.7) - L (V”,Vﬂ))

(3.2) — |-ioomn; @R | w v v
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Since 5};‘ vanishes to order greater than 2 on L, for every v > 0 there exists a
neighborhood of L such that

(33) 901 dF; [ (V.7 < 0 (v7)
and
(3.4) 091w f; (vV.V)| <5 (Im ;) w (V. V).

Let z € U;\L. By (3.4) it follows that

—i851n<lmfj)2(V,V) _ z@@lmfg+2i31mfjA~812rI1fj (‘/77)
Im f; (Imfj>

(3.5) S o (V) 4 2N T
~ 12
2inf HalmfjH

> 2w (VV) + 2 Zw (VT

(Im E)2
By using (3.2), (3.3) and (3.5), from (3.1) we obtain
(=i00Inv) (V,V) = (B—Ce)w (V' V)

+ <(Im2 mf H@Im fi
—2vyw (V V) .

g ) (v, 77)

By choosing 0 < Ce < 8 and by shrinking U such that —=— is big enough

f )
and v small enough, we obtain that there exists ¢ > 0 such that —i00Inv > cw on
U;\L. Finally, since v — v vanishes to order greater than 2 on L, it follows that
there exists a neighborhood U’ of L such that —Inv is strongly plurisubharmonic
on U'\L. We can now take U = {z € U": v(z) < p} for p > 0 small enough.

L is a C® manifold, so the signed distance function &7, is a defining function of
class C? for L. Since v is of class C2? on U and vanishes to order greater than 2 on
L, we have v = gd% with g continuous in a neighborhood of L.

Suppose that there exists € L such that g(z) = 0. Then v = o (6%) in a

N2
neighborhood of x. But there exists j such that x € U; and v = h; |77j|2 (Im fj) +

0(6%). Since Im f; = 0 and dIm f; # 0 on L it follows that |V2v| (x) # 0. This
contradiction shows that g () # 0 on L. 1

4. WEIGHTED ESTIMATES FOR THE O-EQUATION

Remark 1. Under the hypothesis and conclusions of Proposition 1, we consider
a positive extension v of the restriction of v on a neighborhood of L to X\L. Let
s > 0 such that {v < e™*} C U and let ¢ be a smooth function on R such that ¢ =0
on ] —o00,s| and @ is strictly convex increasing on |s,00[. Then ¥ = ¢ (—1nv) is a
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plurisubharmonic exhaustion function of X\L, which is strongly plurisubharmonic
outside a compact subset of X\L.

In the sequel, L will be a compact C*° Levi flat hypersurface in a compact Kdhler
manifold X of dimension n > 2, verifying the hypothesis and the conclusions of
Proposition 1. We denote X* the connected components of {z € X : v >0} en-
dowed with a complete Kdhler metric W which will be defined later and we set

Dy, (X¥) = {f € Cl .,y (XF) : supp f CC Xi}

and

Hip,q) (Xi,’ﬁa,&) =kerdn kergjl C L%IMJ) (Xi,ﬁa,(fu)

where 52 is the Hilbert space adjoint of the operator O : L%p 2 (X*,5%0) —
L%p’qﬂ) (X*,5% Q).

Proposition 2. For every a > 0, there exists a complete Kihler metric W on
X\L, w € @ < %w, C > 0, such that the range R® . (X*) of the operator

- (n,q)
Ou : L%n’qfl) (X*,5%0) — L%n,q) (X*,5%, @) is closed for 1 < q < n.

Proof. The proof is based on methods of [16] (see also [14]).

Denote by w the Kihler metric of X. Since i99 (—Inv) > cw on U\L, ¢ > 0, by
a method developped in [27] it follows that there exist a neigborhood V of L and
1 > 0 such that —v” is strongly plurisubharmonic on V\L. Then for 0 < § < 7,
we have the Donnelly-Fefferman estimate [17]

(4.1) i0 (—Inv) A (—1Inv) < irdd (—1nv).

on V\L, with 0 < r = /n < 1. This is equivalent to say that the norm of 0 (—Inv)
measured in the metric 99 (— Inv) is smaller than 7 on V\ L (see also [6] and [19]).

Let @ > 0. We consider the trivial line bundle £ on X\L endowed with the
Hermitian metric hy, = €7, Set

0 =10 (F) + Kw = iadd (—In?) + Kw

with K a positive constant. Since —In% is an exhaustion function on X\L, it
follows by (4.1) that for K big enough @ is a complete Ké&hler metric on X\ L such
that w <@ < Sw, C > 0.

Denote A; (respectively XJ) the eigenvalues of i© (F) with respect to w (respec-
tively @), 1 < j < m, in increasing order. By Proposition 1, there exists ¢ > 0 such
that i© (E) = iadd (— Inv) > acw on {1 > b} for b big enough. So, as in [16] (1.6)
we have
(4.2) 1>h =N 5 A

' TN+ K T ac+ K

>0,1<j<n
on {1 > b}. By Bochner-Kodaira-Nakano inequality (see for ex. [14]) we have
_ N2
(43)  Nogs (00 + Nogs (Ton) > [ (00 (B) Aausu) g 5 Ve
X+ o

for every u € Dy, ) (X\L), where No g5 = [y |ul5 0%dV.
Let x be a smooth function on X such that 0 < x < 1, x = 0 on a neighborhood
of {¢ < b} and x =1 on a neighborhood {¢) > t'} of L, b’ > b. By (4.3) and (4.2),
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for every u € D(y,,q) (X\L) we have

Nogs @0c)’ + Nogs (3L 0v) > [ (0B Aa]) x5 Vs

> [ (0 (B Aa]) xu Ve
{p>v'}

> / AL+ -+ ) Ixul2 0%dV3
{¢>b'}

ac 2 ~,
ulZ vdVg
CKC“F K /{’tl)>b’} ‘ |w
so there exists C, ¢’ > 0 such that
2Na,g’5 (8u)2 + 2Na’§,,5 <8au> +C |U|§ v*dV

supp(x’)

> c’/ |u\‘%ﬂadVg—c’/ u)2 5 dVz.
X\L {y<b'}

Finally it follows that there exists a compact subset F' = supp (x') U {¢p < b'} of
X* such that for every u € D, ) (X\L)

— —x 2 ~
(44) ¢Nogs (1) <2Nags ()" +2Nez (Tou) +(C+¢) / Jul2 TV
F

Since @ is a complete metric on X\L, (4.4) is valid for every u € (Domd) N
(Domgj;). The conclusion of Proposition 2 is now a consequence of Proposition
1.2 of [23]. 11

Corollary 1. For every a >0 and 1 < g < n we have H, g (X*,9% @) = {0}.

Proof. As (X*,©) is a connected weakly 1-complete Kéhler manifold and the bun-
dle E defined in the proof of Theorem 2 is a semi-positive line bundle on X* which
is positive outside a compact suset of X*, the Corollary 1 is a consequence of [33],
Corollary of the Main Theorem (see also [3], [30] and [26], Corollary 2.10). I

By taking in account Corollary 1, a classical application of Proposition 2 (see
for example [18]) is the following:

Corollary 2. For every a > 0 and , 1 < ¢ < n we have:
(1) There exists the 0-Neumann opemtor/\/& N L%n 9 (XE,5% @) — L?n 9

such that for every f € L%n 9 (X*,5%, @) we have the orthogonal decompo-

sition f = DD NG o f + 0ONG o F and ING, o) = NG 11,05 NG ) =
(C:Lq_l)ga.

(2) For every O-closed form f € L? (X 9% &), 9 (52/\/(0‘”7(1)f) = f.

*

(n,q)

Lemma 1. Let f € C’&j’q) (X), 1 < q<n—1, be a O-closed form such that f
vanishes to infinite order on L. Let ¢1,vy € Domd C L%n n—q) (X*,5%,@) such
that Oy = Oy. Then

/ FA (W — o) = 0.
X+

(X*,5%, @)
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Proof. By Corollary 2, there exists h € L? ) (X*,5%, &) such that ¢, — )y =

- (n,n—q—1
Oh. Since f vanishes to infinite order on L and @ < %w, it follows that

/ FA(1 — o) = lim fAOh = lim / 5f/\h+/ fAR|=0.
X+ =0 Jiyseynx = g0 {v>e} {v=e}nX=*

Proposition 3. Let f € C’Fg’q) (X), 1 < q<n-—1, be a 0-exact form such
that f wvanishes to infinite order on L. Then for every a > 0, there exists u €

L%O,q—l) (X*,972.@) such that Ou = f and N_ows () < CaN_oz5(f), with
Cq > 0 independent of f.
Proof. Step 1. Definition by duality of u € L%07q_1) (X*,572.2),1<q¢<n—1.

The proof of this point is inspired from [19], Proposition 5.3. By Proposi-
tion 2, R® . (X*) is closed for every a > 0 and by Corollary 2 we can find a

(n,q)
bounﬂed operator T, \ = 0, NG, )+ Ry, ) (X*) — L?mq_l) (X*,7%,@), such
that 6T&7q)¢ = ¢ for every ¢ € R (X*),1<q¢<n.
Define now the continuous linear form ®; on R?n7n_q+1) (X*),1<q<n,by
+
(bf (QO) = . f A T((fz,nqurl)(lD’ pEe R?n,nqurl) (X ) .
By the Hahn-Banach theorem, we extend ® as a linear form (/ﬁ} on L?n,nfqﬂ) (X*,9% @)

— !
such that HCIJfH = ||®¢||. Since (L%n,n—q+1) (Xi,vo‘,w)) = L%07q_1) (XE, 57, 0)
by the pairing

(ﬂl,ﬂg) = /Xj: B1 N Ba, B1 € L%O,q—l) (Xi,'ﬁ*a,(:)) , Bo € L%n,n—q—i—l) (X:t’gava;) R

there exists u € Lf, , (X*,97%, @) such that

Br(0)= [ une

for every ¢ € R, ,,_q11) (XF).
Step 2. We prove that 9 (—1)%u = f, 1< q<n— 1.
Let p = 0y € C(O:L),n—q+1) (X*) with e € D(n.n—q) (X*). Set g = 504/\/(%771_q+1)5‘77/1 €

L? (X*,9%,@). By Corollary 2, dg, = ¢ and by Lemma 1

(n,n—q)

45 . = .

(4.5) /Xing /Xifw

But by step 1 we have

(4.6) W)= [ undu=a,0)= [ fna.

and by (4.5) and (4.6) it follows that

/Xiwa:/Xiu/\Ew

for every ¥ € Dy n—g) (X*). Therefore d(—1)?u = f and the Proposition is
proved. i
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Remark 2. Since w < w < %w, by Lemma VIIL.6.3 of [14] it follows that:

a) Let f be a smooth (n,q)-form on X such that f vanishes to order k on L.
Then f € L%n,q) (Xi,v*k,w)

Indeed

/ |fI2 07 *dVs < / |fI2 57 %AV, < 0o
X+ X+
b) Let f € LZ, (X*,07%,@), k>2. Then f € L3, o (XE, 072 w).
Indeed

/ L5+ 2av, < C/ |50 *dVs < 00, C > 0.
X+ X+

5. NONEXISTENCE OF LEVI FLAT HYPERSURFACES

Proposition 4. Let L be a compact C*° Levi flat hypersurface in a Kdhler manifold
X of dimension n = 3 such that the normal bundle NL1’0 to the Levi foliation
admits a C? Hermitian metric with leafwise positive curvature. Let u € C’E’g’q) (L),

1< ¢ <n—2, such that Oyu = 0. Then for every k € N* there exist a O-closed
extension Uy, € C(ko o (X) of u.

Proof. By Proposition 1 there exist a neighborhood U of L, ¢ > 0 and a non-
negative function v € C? (ﬁ) vanishing on L such that v = g62 and —iddInv > cw
on U\L. Letu € Coo (X) be an extension of u such that Ju vanishes to infinite or-
der on L. Since 0u € L?o,q+1) (X, 672k, w), ¢+1 < n—1and Lfqu) (X, 5£2k,w) =
L%O,q) (Xi, vk, w) for every k € N, by Remark 2 a) and Proposition 3 it follows that
for every k € N* there exist a Hermitian complete metric @ on X\ L, w < @ < v%w
and h* € L? (Xi,ég%,@) such that Oh* = 0u on X*. By Remark 2 b) we

(0,9)
have h* € L%O 2 (Xi, 552’“'4, w). So by using Theorem 1, for k big enough we can
choose h* € Cfélfl)) (ﬁ), s (k) Moy Vk. This means that for k big enough, the
’ — 00

form h defined as h* on X7 is of class C* on X and vanishes on L. So Uy = ti—h*
is a C*-smooth O-closed form on X which is an extension of . I

Theorem 2. Let X be a compact connected Kdahler manifold of dimension n > 3
and L a C*° compact Levi flat hypersurface. Then the normal bundle to the Levi
foliation does not admit any Hermitian metric of class C? with leafwise positive
curvature.

Proof. Suppose that the normal bundle N to the Levi foliation admits a Hermitian
metric of class C2 with leafwise positive curvature. Since A is topologically trivial,
its curvature form © for the Kéhler metric of X is d-exact. So there exists a
1-form u of class C* on L such that du = OV; we may suppose that v is real and
u = u%! 4+ u01, where u®! is the (0,1) component of u. Since @V is a (1,1)-form,
it follows that J,u®! = 0, where 9, is the tangential Cauchy-Riemann operator.
By Proposition 4 there exists a C*-extension U%! of u%! to X, k > 2, such that
Ut = 0.

By Hodge symmetry and Dolbeault isomorphism H%! (X,C) ~ H9 (X,C) ~
HO (X, 0L), where Q% is the sheaf of holomorphic 1-forms on X. So there exists
ne H°(X,Q%) and ® € C* (X) such that U%! = 7j + 99. It follows that OV =
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10,0, Im ® on L and this gives a contradiction at the point of L where Im ® reaches
its maximum. [

Remark 3. A first version of this paper was announced on arXiv in 2014, but
there was a gap in the proofs of §4, which is now corrected. Recently, Brinkschulte
proved a generalization of Theorem 2 for compact Levi flat hypersurfaces in complex
manifolds (see Theorem 1.1. of [8]). She uses crucially the Proposition 4.1 of [8],
whose statement and proof are the same as Proposition 1 of this paper and which
are unchanged from 2014 in our preprint arXiw:1406.5712. However she refers only
to Proposition 1.1 of [25], where the lower positive bound for the eigenvalues of the
strongly plurisubharmonic function is not mentioned.

Acknowledgement 1. We would like to thank M. Adachi and T.-C. Dinh for very
useful discussions. We would also thank the referees for their remarks.
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