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Large deviations for the KPZ equation from the KP equation

Pierre Le Doussal
Laboratoire de Physique de U’Ecole Normale Supérieure, PSL University,
CNRS, Sorbonne Universités, 24 rue Lhomond, 75231 Paris, France.

Recently, Quastel and Remenik! [arXiv:1908.10353] found a remarkable relation between some
solutions of the finite time Kardar-Parisi-Zhang (KPZ) equation and the Kadomtsev-Petviashvili
(KP) equation. Using this relation we obtain the large deviations at large time and at short time
for the KPZ equation with droplet initial conditions, and at short time with half-Brownian initial
conditions. It is consistent with previous results and allows to obtain sub-leading corrections, as
well as results at intermediate time. In addition, we find that the appropriate generating function
associated to the full Brownian initial condition also satisfies the KP equation. Finally, generating
functions for some linear statistics of the Airy point process are also found to satisfy the KP property,
and consequences are discussed.
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The Kardar-Parisi-Zhang equation? in one dimension is a continuum model for the stochastic growth of the height
field h(z,t), x € R, as a function of time ¢, of an interface between two phases in a two dimensional geometry. It reads

Ouh = 02h + (8:h)* + V2&(x, )

(1)



in the units chosen here, where £(z,t) is a unit Gaussian space-time white noise. It maps to the equilibrium statistical
mechanics problem of a directed polymer in a d = 1+ 1 random potential®, of partition function Z(z,t) = eh(@t)
which satisfies the stochastic heat equation (SHE)

NZ =7+ V26, t)Z (2)

defined here with the Ito prescription. Three initial conditions (IC) have been much studied (i) the flat IC Z(z,t = 0) =
1, (i) the droplet IC, Z(x,t = 0) = §(z), and (iii) the Brownian IC, Z(xz,t = 0) = eBr@+wizg(_z) 4 eBr@)—wrzg(y)
where By, g(z) are two unit half-sided Brownian motions with By, g(0) = 0. The case wy g — 0 is of special interest
as it corresponds to the stationary IC.

The KPZ equation is at the center of a vast universality class, the KPZ class, which, in one dimension (to
which we restrict here), contains a number of solvable discrete models for e.g. growth®®, particle transport™®, or
polymers®. Exact solutions have also been obtained for the one-point cumulative distribution function (CDF) of the
height at arbitrary time for the KPZ equation, for the three aforementioned special initial conditions'®22. These
results exhibit universal convergence at large time, upon scaling h with ¢'/% and space z with t2/3, to Tracy-Widom
(TW) type distributions??, the precise type depending on the class of initial conditions, specifically the GOE-TW
distribution for flat IC, the GUE-TW distribution for droplet IC and the Baik-Rains distribution* for stationary KPZ.

Recently, a very detailed characterization of the universal KPZ fixed point, which governs the infinite time limit of
all models in the KPZ class, has been obtained from the large time asymptotics of the TASEP model, for essentially
arbitrary deterministic initial condition?42°. The single-time, multi-point CDF of the (properly scaled) height field
h(z,t) was expressed as a Fredholm determinant (FD) with a Airy type kernel, quite complicated and non explicit
for general IC (formally constructed from a Brownian scattering operator) but which simplifies into explicit forms for
a number of cases. In parallel, asymptotic results were also obtained for the TASEP and the KPZ class on a finite
size periodic ring?%2°.

More recently, from the general FD form, Quastel and Remenik showed! that the CDF of the (properly scaled)
height field can be related to solutions of a well known equation in the theory of integrable systems, the Kadomtsev-
Petviashvili (KP) equation (for the one-point CDF) and the KP matrix equation for the multi-point CDF. This
remarkable result, which holds for the KPZ fixed point, i.e. for the infinite time limit of the typical fluctuations of
the height field, was termed ”completely unexpected”. The appearance of KP-like solitons in the description of the
KPZ fixed point was also pointed out in2%.

Even more surprising, it was noted that the finite-time solution of the KPZ equation itself can be related (for
arbitrary time) to the KP equation. This was obtained in Ref.! for the droplet and half-Brownian initial conditions.
More precisely, let us define the following generating function for the KPZ height at one point x and time ¢, equivalently
the Laplace transform of the probability distribution function (PDF) of Z(x,t),

G(z,t,r) = <exp(—eh(””’t)+1i2_r)> = <exp(—Z(x,t)e%_T)> (3)

where (- --) denotes the average w.r.t. the KPZ noise £(z,t). It was shown a while back, using e.g. the replica Bethe
ansatz, that this generating function can be calculated exactly for all ¢, as a Fredholm determinant (FD), for the
droplet IC'°* and for the half-Brownian IC'7'® | that is (on > 0) Z(z,t = 0) = eB@)~vzg(z). Tt was obtained in
Ref.!, using the FD expressions, that the following function ¢(r,x,t) of three variables

oz, t,r) = 0% log G(z, t,r) (4)
obeys the KP equation
1
D1+ ¢ 9,6 + Ea§¢+agla§¢ =0 (5)

The question of the initial condition is somewhat subtle and is discussed below. Note that for any fixed z,t, G(x, ¢, 1)
increases from 0 (for r = —00) to 1 (for r = +00), hence log G(z,t,r) < 0 is increasing, i.e. 9, log G(x,t,r) is positive
and G(z,t,r) and its derivatives w.r.t. 7 vanish at r = +o0.

The unexpected result (4)-(5) opens many questions, and we wish to address some of them here. We also wish
to open the new toolbox that it provides. We first show that one can easily recover recent results about the large
deviations for the KPZ equation, directly from the KP equation, and obtain a bit more. Large deviations mean



rare fluctuations, away from the well-studied typical fluctuations H ~ t'/3. There are two limits of interest, large
time ¢ > 1 and short time ¢ <« 1. It was shown that for droplet IC, the PDF of the (shifted) one point height

H = h(x,0) + {5, takes at large time, and in the scaling region H ~ ¢, the large deviation form?3°

H

) (6)
This holds for the left large deviation tail H/t < 0 (similar results hold for the right tail, with a different rate, not
addressed here). The exact rate function ®_(z) was obtained by four different, and non-trivial methods involving:
(i) the WKB limit of a non-local Painleve equation®! (ii) the free energy of a Coulomb gas perturbed at the edge3?
(iii) a variational formula using the stochastic Airy operator33, (iv) a summation of the short time expansion using
cumulants®* (see related rigorous results for the tails in3®). In Ref.?¢ it was found how the four methods can be
related and extended to treat a broader class of problems, involving linear statistics of the eigenvalues at the edge of
the f-random matrix ensembles (described by the Airys point process). Here we show that (6), together with the
exact expression for ®_(z), arise quite naturally from the analysis of the KP equation, henceforth providing a fifth
method. In addition, we extract the subleading corrections at large time.

P(H,t) ~ exp(—t?®_(

At short time ¢ < 1, it was shown that the large deviations occur in the regime H ~ O(1) (while the typical
fluctuations are H ~ t'/*) and take, quite generically, the form
(H)

P(H,t) ~ eXP(—T) (7)

The rate function ®(H) was (i) calculated from exact solutions for droplet IC, Brownian IC and for some half-space
cases® 4!, (ii) related to solutions of (saddle point) differential equations using the weak noise theory, allowing to
extract the exact asymptotics of ®(H) at large |H| for a variety of IC*?752. Both methods were found to be consistent,

and the results were also tested in very high precision numerical simulations®® 5. The first method proceeds by first
showing that at small time, for e.g. the droplet IC one has, for any z > 0

ZeH zZ —
<exp<ﬁ>>~exp<‘1’¢(£>> 7 ‘I’(Z):\/T%Lis)/z(*z) (®)

with H = h(0,t) + 1logt. The rate function ®(H) is then obtained via a (quite subtle) Legendre transform. In
Ref.3*, we further calculated, for droplet IC, the subleading terms in the exponential in the r.h.s. of (8), which takes
the form of the series %\If(z) + 21 the W, (2), up to a very high order, O(¢?).

To address the small time large deviations, we first write the property (4)-(5) in terms of equations satisfied
by the cumulants of Z(x,t). Using the known expressions for the first lowest cumulants, we check that these
equations are indeed satisfied for the droplet and the half-Brownian initial conditions (but not for the flat IC,
which thus does not seem to be simply related to KP). One finds that, at short time, the non-linear term in the
KP equation enters only perturbatively. This allows to determine iteratively the subleading terms in the r.h.s.
of (8) in terms of only the leading one, ¥(z). This procedure very efficiently recovers the systematic expansion
obtained in Ref.34, and allows to go beyond. This in itself, provides a strong test of the KP property. However, we
find that for the droplet IC the initial data problem is subtle, i.e the leading term, ¥(z), remains undetermined.
Specifying this large deviation rate function is equivalent to specifying the amplitudes of the ~ 1/v/t leading
short time behavior for each cumulant of Z(0,t¢). This thus appears as the initial data one must input in the KP
equation. This subtlety is not so surprising, since the droplet IC, Z(z,0) = §(z), needs some regularization, see below.

In Section ITE, we provide a bridge between the short time and the large time large deviations. This is achieved
through a summation of cumulants, initiated in Ref.3*, and that we push here, thanks to the KP equation, to the next
subdominant order. We show that it is equivalent to a semi-classical expansion, which takes the form of a perturbative
expansion in the third derivative in the KP equation, whose leading order amounts to solve the Burgers equation.

The generating function (129) of the KPZ equation with droplet initial condition can be put in the form G(z,t,r) =

G(t,r + %)7 where G(t,r) satisfies a reduced version of the KP equation (known as cylindrical KdV equation). We
show that the KPZ equation with droplet IC is only one particular solution of a more general class of solutions, which
encode for some linear statistics of the Airys point process (denoted a;)

G(t,r) = log Ea;[exp Zf t1/3a —7))] (9)

j=1
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This generating function was studied in Refs.3%3 (see definitions in Eqs (30-32) there), and f(z) is a fairly general
function, the special choice f(z) = —log(1 + e*) corresponds to the KPZ equation. We show here that for any g(z)
(where it exists), 92 log é(t, r) satisfies the reduced KP equation, see Remark 2. below, and the Appendix E for the
general analysis of a family of FD which satisfy the KP equation. This allows for a semi-classical expansion of the
linear statistics of the Airys point process using the KP equation, discussed in Appendix C.

Next, we consider the half-Brownian initial condition. There, using the KP equation, we obtain in the short time
limit ¢ < 1, with & = 2/+/t and @ = w+/t being kept fixed

H U (3 = L Vt2))
ze w \/{7
Gz, t,r) ~ (exp(———=)) ~ exp(—
(x,t,1) = (exp( NG )) ~ exp( NG
with H = h(z,t) + 3 logt, together with an explicit expression for W (z,Z), see (158) and (160). Further taking
the limit @ — 400 we finally obtain the result (8) for the droplet IC. Hence the half-Brownian solution to the KP
equation, which is well defined at ¢ = 0, can be used to regularize the droplet solution at small time.

(10)

Finally, comparing the equations that the cumulants of Z(x,t) must obey so that KP holds, and the known
expressions for these cumulants, e.g. from the replica Bethe ansatz, we identify the mechanism of solvability, see
Section IIT and Appendix B . It then implies that any IC which has a ”decoupled” overlap with the Bethe eigenstates
will similarly obey the KP equation. This is the case for the droplet and the half-Brownian IC, but since this is also
the case for the full Brownian initial condition, we conclude that the full Brownian IC does also satisfy KP. More
precisely, using an appropriately modified generating function G, ¢ = 92 log G must satisfy KP. We check explicitly
this conjecture by comparing with the known small time large deviation rate function for the Brownian IC obtained
in Ref.38.

Note that the original theorem for the CDF of the KPZ fixed point obeying KP was shown a priori only for

deterministic initial conditions. The fact that the KPZ equation with random IC (Brownian and half-Brownian) also
obeys KP is thus a quite interesting development?.
Note added. In a recent preprint®”, simultaneous with the first version of this work, Cafasso and Claeys obtain yet
another derivation of the KPZ large deviation left tail using Riemann-Hilbert (RH) methods. These methods allow
for a rigorous proof of the asymptotics. In Remark 4 below we compare with our results. Their formula also applies
to intermediate times. We show in Section IIF that intermediate time results can also be obtained from the KP
equation®®.

II. DROPLET INITIAL CONDITION
A. Space-independent, reduced KP equation

We start with the droplet initial condition Z(z,t = 0) = §(x). We first use the statistical tilt symmetry to eliminate

T

the spatial variable z. For the droplet IC it is well known that h(x,t) = h(0,%) — 4—i where = means identity in law
of the one point distributions. Hence one can write
2 2 2

D) s ot =Gty =+ ) (1)

x

G(z,t,r) = <exp(—eh(0’t)*ﬁ+%*r)> = G(t,r +
where we now denote
G(t,r) = (exp(—e"ODT=)) (e, r) = 92log G(t,r) (12)

Here G is the standard generating function for the height at z = 0. Injecting the form (11) into (5) one obtains, after
some cancellations, a reduced KP equation

1, 1,
Octp + 90 + S0 + 7?¥ =0 (13)

Note that this equation can be integrated once, with ¥ (¢,7) = Tz/}(t,r), i.e. it can also be written for the function
U(t,r) = 0. logG(t,r), as

s b L g 1
3t¢+§(5r1/)) +ﬁaﬂ/1+2*t1/}—0 (14)



where the integration constant must vanish since 1& = 0, log G vanishes at r — +o0.

Remark 1. Eq. (13) is also called the cylindrical Korteweg-de Vries (KdV) equation (up to a rescaling of
coefficients). Upon the change of variable (with b > 0)

r B Y b
6r)=—+ — =2 t=— 1
"/}( ,’I’) 2 + 2tu(yaT) 9 r T ) 7_2 ( 5)
it is transformed into the standard KdV equation®®
b
Oru + éﬁfju—l—Buayu =0 (16)
The canonical form is obtained for b = 6 and B = —6, and the form b = %, B =1 arises in the description of the

KPZ fixed point for flat IC!. Note that in the forthcoming paper®®, the KdV equation (16) is derived for the general
case of G(t,r) defined as in (9) using the Riemann-Hilbert setting proposed in®”.

B. Checks and moment expansion

We can now perform a few checks. The function v (¢, ), from its definition (12), admits an expansion in powers of
e " (e.g. for large positive r) whose coefficients are related to the cumulants Z,(t) = (Z(0,t)™). of the solution to
the SHE, as

— ”n2 nt
st =3 EV 7 et (17)

using that Z(z,t) = €@, Inserting into (13), we find that the reduced KP equation implies that the cumulants
Z,(t), n > 1, must satisfy the following recursion relation

nd—n 1 ~ (n—=1) nan3
—0vZn(t) + TZn(t) - %Z"(t) R Z mzm () Zn, (1) (18)

ni+ng=n,ni,ne>1

Before performing some simple checks that the known expressions for the Z,(t) do indeed satisfy this equation, we first
ask whether this recursion determines the Z,, (¢). The answer is that this recursion determines iteratively the Z, (),
except that at each level n > 1 there is an unknown integration constant c,,, since the solution to the homogeneous

3

part of (18) is Zhom(¢) = %eﬁ(”‘ ~™t. Let us examine the two lowest orders from (18)

_0,70(¢) — zltzl(t) —0 (19)
—01 Zy(t) + %Zz(t) — %Zg(t) = —%Zl (t)? (20)

The first equation gives Z;(t) = ¢1/+/t. We known that, upon averaging the SHE (with the Ito convention), the first

22
moment (Z(x,t)) satisfies the standard heat equation. Hence, for droplet IC one has (Z(x,t)) = \/%ﬂe_ft, i.e. the

free diffusion kernel, and one must have Z; (t) = (Z(0,t)) = ﬁ, which determines ¢; = 1/v/4m. The general solution

to the second equation is then

Zy(t) = et/Z(% + M%Erf(\/z)) (21)

On the other hand, the result of the Bethe ansatz calculation, i.e. Eq. (11) in Ref.!0, is

Zy(t) = %\/%etﬂ(l +Erf(\/z)) (22)

The two formula (21) and (22) are indeed consistent, provided we choose the integration constant co = 1 \/1% It is easy,

but tedious, to check from the Bethe ansatz results, that a similar pattern holds for higher cumulants (see Appendix
B for related checks). Hence we conclude that the coefficients ¢, play the role of the initial data. Equivalently, one

can characterize the initial data by specifying the small time ¢ limit as Z,(t) ~ % (with, as we checked here ¢, = ¢,

forn =1,2).



C. Short time large deviation expansion

It turns out that the coefficients ¢/, are known, they were obtained in the large deviation analysis of the KPZ
equation at short time in Ref.37. It was shown there that as t — 0
-1

Var

Hence the short time behavior of ¢ (¢, r) in (17) must be as ~ %, uniformly in 7, with

log G(t,r) ~ —%\I/(z =e "), U(2) Lis/o(—2) (23)

1 1 e " e ?r .
tr)~ ——0*W(z =€ ") = ——Lijjo(—e ") = — + +O0(e?" 24
P(t, ) i ( )= Hie(=e™) i T 1O (24)
This is consistent with the terms n = 1,2 in (17) and the values ¢j = ¢; = 1/V4m, ¢ = c2 = ﬁ obtained above

(since at small ¢ one can set the factor e to unity to the leading order). The equation (24) determines all the ¢,
hence the initial data.

Let us backtrack one step and ask whether one can obtain the full small time expansion from the KP equation ? In
Ref.34 it was shown that (23) was just the leading order of a systematic short-time expansion in powers of v/¢. Hence
we will look for the form

9(t.0) = 220 (mlr) + X plr)e® ) (25)

m>1

and insert it in the reduced KP equation (13). It gives a recursion (see Appendix A) which can be solved in a
hierarchical way

p1(r) = —p(r)® (26)
1 2 - 1
pa(r) = —pp(r)pi(r) = 5P’ (r) = On(5po(r)* = 5P (7)) (27)
and so on (here and below we use indifferently the notations 9,p(r) = p/(r)). We note that po(r) is left undetermined,
but all the p;(r) with ¢ > 1 are obtained from pg(r). We will thus consider po(r) as an ”initial condition” and set it
equal to the known result

Py(r) = ——Liy jp(—e™") (28)

Var

We can now compare with the result from Ref.?*, obtained through a quite complicated calculation directly ex-
panding the FD. The relevant formula there are (5), (30), (58), (61), (62). We check that

V(t,r) = 02qp=1(0) , o=—€e" , 00y,=—0, (29)

with gt g—1 there equals log G here, and the following functions were introduced there

Uao—ﬁi = £i+1 (30)
Let us check here the first two terms. One has p{(r) = £1(—e™") hence (25) and (26) lead to

1 2 1 -
Y(t,r) = 7 <£1 — V10, L% + t@f(gﬁ? - ﬁ&aﬁl) + O(t3/2)> (31)
where £; = £;(—e™"). Using that —9,£; = L£;41 and comparing with (58) and (62) in Ref.3* we see that it agrees.
In the Appendix A we have checked terms to a much higher order, we recover all terms displayed in Ref.>* and show
one order more, i.e. the term O(t7/2). The present method is clearly much faster.

The conclusion of this subsection is that the KP equation allows to recover easily the full systematic short time
expansion for the KPZ generating function with droplet IC, obtained in Ref.3* from the FD, provided it is given as
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an input, i.e. initial data, the leading term (28) for the large deviations which encodes the limits ¢/, = lim;_,o t'/2Z,,(t).

Remark 2. It is interesting to note that in Ref.?* we have considered a more general problem, the evaluation of
the following linear statistics over the Airys point process a; (see definitions and Eq. (30) and (32) there)

o0
qr.5(0) =logEa; [exp BZg(oetl/S‘”) ] = log Det[I — (1 — e’97) K aj] (32)
j=1

Gt.o(a) = g(aet1/3“) (with g(—e®) = f(z) as defined in the introduction). It leads to exactly the same expansion of
qi,5(0) in terms of the £;, i.e. all coefficients being independent of the choice of the function g(z), where now

B i [T — G [Tdp e
Li=Li(o)= ;(080) drv/zg(oce™™) = B(0dy) Eg(ae P7) (33)
0 —00

and the case of the KPZ equation is recovered for the choice g(x) = gkpz(z) = —log(1l — ). The important remark
is thus that once the ”initial condition”

po(r) = La(=e™") (34)

is specified, then the hierarchy of equations for the p,,(r) that we derived from the simplified KP equation, yields

exactly the same result for the p,,(r) as a function of the £;(c = —e~") as for the KPZ case. Hence it appears that

for this more general problem ¢(t,r) = 92q; 5(c = —e™") does satisfy also the KP equation, although with a different
initial condition. This is shown here in Appendix E using properties of FD. Note that, strictly, this holds only if the
chosen function g(z) is itself time-independent (hence, it does not apply a priori to the developments in Section V B
in Ref.?4, although we do find an application below, see also Appendix C).

Of course, considering (32) is a natural extension, once the conditions for a FD to lead to KP have been identified,
i.e. some conditions were given in Ref.! (see also Appendix E here). However the question of the initial condition was
not discussed there, and it is enlightening to see how it works out on the small time expansion.

D. Large time large deviations
1. Leading order

We now study the large time limit, and search for a left tail large deviation form of the type (6), in the limit where
both —r,t — 400 with z = r/t < 0 fixed, that is

log G(t,r) = loglexp(—e"OD T2y = —2®_(2) + o(t?) , r =2zt (35)

where one must have ®_(z) > 0 and @ (z) < 0 since log G is a negative increasing function of 7. Also one must
have ®_(0) = 0 since the regime of typical fluctuations, r ~ t1/3 correspond to z = 0. It is useful to note that the
generating function can also be written as

log(exp(—e~")) = Prob(H +~ < ) (36)

where v is a unit Gumbel variable, i.e. of CDF Prob(y < a) = e¢~¢ ", independent of H (here H = h(0,t) + ).
Hence in the limit ¢ — +oo one has log(exp(—ef~**)) ~ log Prob(Z < z) and (35) is equivalent to (6).

Eq. (35) implies that we must search for the following scaling form for ¢ (¢, r) in that limit

bit,r) = Rlog Glt,r) = Hol3) , Holz) =~ (2) (37)
Substituting this form into the reduced equation (13), we find that Hg(z) must satisfy
S Holz) — 2Hj(2) + Ho(2) Hy(=) = 0 (35)
Hy'(2)

where we can neglect the third derivative term =7 in the large time limit. One can also write the integrated
version inserting ¢(r,t) = —tio(H/t) + o(t) into (14), with ¢g(z) = —® (z) and Ho(z) = ¢)(z). The resulting
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equation is %1&0 — 2l + %(1[}6)2 = 0, i.e the integrated version of (38), with the integration constant automatically
fixed from (14), a constraint which can be written —3®’ (0) + ®”(0)? = 0. Given that ®’ (2) must be negative it
implies that @’ (0) = ®”(0) = 0.

The general solution of this equation with Hy(0) = 0 and which is real for any z < 0 reads

1 Ax2 ‘
HO(Z):Tﬂ(lim):§+%Z2+O(ZS) (30)

where A > 0 is a constant, as yet undetermined. The factor 72 has been introduced for convenience. The 4 branch
is also solution but leads to H(0) = 2/(An?) and can be discarded. Note that Hp(z) = 2/2 is also a solution,
corresponding to A = 0. Let us now integrate twice to obtain ®_(z), using that ®_(0) = &’ (0) = 0, leading to

A g ez ) A 2 L, 4
()= o ((1 An?z) 1) g Faip = 30 +OGY (40)

This is precisely the known result from the four methods®' 34, if we choose A = 1. Note that the result at small
2<0, P_(2) ~,0 —%z?’, is obtained independently of the choice for A. This result can also be obtained3® by

matching with the cubic tail of the Tracy Widom GUE distribution, from the regime of typical fluctuations r ~ t'/3,
assuming no intermediate regime (which seems to be indeed excluded by the present analysis).

Hence the KP equation provides a fifth and easy method to determine the large deviation function for the left
tail. The only remaining question is thus how to determine the constant A. It can be set by the outer tail ®_(z) ~

%(—z)w 2 at large z < 0 which can be obtained from the simplest and first term in the cumulant expansion32-34:36,39

which, by Jensen’s inequality, is also an exact upper bound for ®_(z). Equivalently, the constant A can be determined
from the structure of the short time expansion (which is a cumulant expansion). This was used in* to obtain the
full function ®_(z). We will implement that program below within the KP equation approach (in Section ITE), and
show that indeed the constant A = 1 by relating the short time and large time behaviors.

2. Subleading orders
We can now search for a systematic large time expansion in the large deviation regime, of the form
e _ h(08)+-5—r\\ _ 42 r r r
log G(t,r) = log{exp(—e""T1277)) = —¢ (IL(E) . t@l(g) — @2(;) +... (41)
We thus insert in (13) the expansion

Gt r) =0} log Gt,r) = Yt " Hy(r/t) , d(t,r) =0 logG(t,r) = Y '™ty (r/t) (42)

m>0 m>0

We find the following equation for Hj(z)

(Ho(2) = 2)Hi1(2) + Hi(2)(Ho(2) = 5) = 0 (43)

and the integrated version 2¢” (z — o) = b1 (which fixes ¥, (0) = —®/(0) = 0). This leads to

H1(Z)=\/% ; 1&1(2)2%(1—@) (44)

where aq is undetermined and A was discussed in the previous Section. It leads to

40,1
3md A2

2a12 ar o 9
TwA T 27 +0() =

74a1(fz)3/2
3mVA

where we have used that ®;(0) = 0. Indeed by matching to the typical regime we want t®;(st~2/3) to be at most of
order unity at large ¢, hence ®;(z) is at most |z|?/2 which implies ®;(0) = ®;(0) = 0.

B, (2) = (1— (1-n242)"?)

+O(z) (45)



However it turns out, as we see below from the examination of the cumulants in the short time expansion, that in
fact a; = 0 for the KPZ equation. It can already be guessed from considering the subleading term in the small time
expansion

1, 4

. 1 .,
log G(t,r) ~ \/ﬁng,/Q(—e )= _\%(1571_

substituting r = zt, the first term is O(¢?) and the second is O(1), the O(1/t) term proportional to (—z)3/2 is missing.
We have used for x — +o0o and v > 3/2, see Ref.”™

(—r)5/2+%\/—7+...) (46)

. _ (logz)” 7% (logx)" 2
L) = 10~ 6 R (47)

The complete argument for a; = 0 is made below. Note however that for the more general problem defined in
Remark 2 above, this constant is not necessarily zero.

Let us consider the next correction. Setting a; = 0, i.e. Hy(z) = 0, the equation for Ha(z) is

Ho(2)(Hi(2) — ) — 2Hj(2) + Ho(2) Hy(=) + o HY'(2) =0 (48)

and its integrated version —%@[;2 + (P — 2)Ph + 1—121%” = 0. We obtain the solution (from now on we set A = 1, its
value for the KPZ equation, see above Sections)

96as (1 — 71'22)3/2 + 7t (2 —3V1 - 71'22) R 960, (71'22 — 1) + 7t 2—14 — fff 0
Ha(z) = > 3 o Ya(2) = —— 5 = +0 (<)
96 (122 — 1) (V1 — 722 — 1) 4872 (m22 — 1) (V1 — 722 — 1) z
(49)
where as is undetermined and we note that for general as the function 2(z) = —®4(z) diverges at z = 0. This leads
to
192a5v/1 — w2z — 2 (7* — 96a2) log (V1 — 72z — 1) + 7 log (1 — 722)
2(2) = +b (50)

4874

where b is an (undetermined) integration constant. The constant as is determined below from the cumulant expansion
and is found to be ay = g—i. With this value of as we find that at small z — 0~ one has

6
1 4+ log = Tr2z
(I)Q(Z)’:glog(—Z)"f'Ts‘i‘b— 96

One could try to match this result to the left tail asymptotics of the Tracy Widom GUE distribution, recalled in
(114) below, which gives, naively, log Fy(s = 2t*/3) ~ f%|z\3 — %10g(|z|t2/3) + C. The first term is the correct
leading small |z| behavior of ®_(z), as discussed above, and the second term, i.e. the —£log|z| does agree indeed
with (51) and (41). Furthermore, it is clear that b could also be time dependent, and contain a logt¢ term (which
disappears in taking the derivative ¢(¢,7)). This makes the matching of the remaining O(1) term delicate, i.e. the
constant part of ®5(2) at small z, especially in view of the following remark.

+0 (2% (51)

Remark 3. Having determined the subdominant rate functions for the generating function in (41), we would like
to translate it into large deviation rate functions for the probability for H. Tentatively, one would search for a formula
of the type, at large t,

log Prob(H < zt) ~ —t2®_(2) — t &1 (2) — a(2) + ... (52)

While it is clear that the leading order involves the same function ®_(z) as in (41), determining the
subleading orders is more delicate. First, there is a wuseful upper bound from the Markov inequality

logProb(H < zt) = log Prob(e=¢" ™" > 1) < log(exp(—ef’=#")) + 1. If the form (52) holds, it would imply
B1(2) > ®1(2) = 0, and By(2) > Bo(2) + 1. Second, if one follows Ref.®" (Section 3.1) one has the lower bound
Prob(H < zt) > (exp(—ef=%!)) — e~ for any 7. The best one can do is choose 7 ~ z — 1log(Ct?)

and obtain a bound of the type logProb(H < zt) > —t?®_ (%) — ®3(3) — a where a > 0. Inserting
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—120_(2) ~ —t2®_(z) + t®' (2)log(Ct?). Hence it does not produce any useful lower bound on ®;(z) (and
even suggests a possible O(tlogt) term).

Remark 4. In the very recent preprint®” the following asymptotics is obtained by completely different methods

log G(t,r) = —t2<I>,(g) — é\/ 1-— WTQT + O(log?(|r]/tY3)) + O(t*/?) (53)

holds uniformly in M~! < t < M?/3r as s = —r/t'/3 — +00. In the region studied here, both —r,t — 400 with
r/t = z < 0 fixed, this agrees with our leading order O(¢?) result (the function ®_(z) is the same). It also agrees with
our conclusion that our O(t) result, i.e. the function ®1(z), vanishes. However it does not allow for a comparison of
our O(1) result, since corrections terms in (53) are larger. However formula (53) also holds for ¢ fixed (e.g. of order
O(1)) with r — —oo, which goes beyond the results of this Section, but is discussed again in Section ITF.

E. Matching small time and large time: the cumulants

As we discovered above, inserting the expected scaling forms for the large time large deviation rate functions into the
reduced KP equation, allows to determine their form up to a few unknown constants (A4, c¢1, co above). To determine
those, we return to the small time expansion, and pursue the program started in Ref.3*. There the following expansion
in cumulants was considered®? (see Egs. (129) to (132) there)

log G(t,r) = 3 % o (£, 7) (54)

n>1

where log é(t, r) = q5(0c = —e™ ") there, for the choice g(z) = gkpz(x), 8 = 1, but it holds more generally, see Remark
2. The cumulant &, (t,r) re-groups all terms of degree n in the expansion studied above, i.e. it is by definition a
homogeneous polynomial of total degree n in p{(r) = £1 and its derivatives —9,L; = L; ;. Each cumulant has the
following short time series expansion in ¢

Rn(t,r) =3 71RO (r) + > 12 PRE(r) (55)

p>1

The form of the leading term was found exactly in Ref.3* (see below) and shown to sum up to produce the large time
large deviation function ®_(z) studied above. Here we recover the result for £ (r) from the KP equation, and obtain
the next subleading term . (r).

Let us recall the iterative solution for the functions p/,(r) defined in (25) corresponding to the term of order tr
in the small time expansion of ¢ (t,7) = 82 log G(t,r). We see from e.g. (26) (see also Appendix A) that the structure
of the result for the p,, is a polynomial in p{, and derivatives of the form (schematically, we only indicate the degree
in pj and the total number of derivatives)

P = (00)™ ()™ 4 (00)™ (pg) ™+ (56)

1

The leading term corresponds to 9, |, the second one to k) _;, and so on. Below we will denote p),, = p% +pp +. ..

the above decomposition.

We will thus introduce the following expansion for (¢, )

KP(t,r)

n!

Y(t,r) =o(t,r) +Pr(t,r) +... wp(t,r)zafz

n>1

(57)

where 1 (t,7) corresponds to kU, 1 (t,7) corresponds to k%, and so on. This expansion corresponds to treating

perturbatively the third derivative term in the reduced KP equation (13) and can be called semi-classical expansion.
The leading term is thus obtained by neglecting the third derivative term in (13), i.e. solving

Outho + odrn + :tbo = 0 (58)

This is precisely the equation which was solved in Section IID 1, but only in the large ¢, large r» < 0 limit, using the
large deviation ansatz ¢ (t,r) ~ Ho(r/t) with Hy(z) = —®” (z) leading to Eq. (38). Here we provide a more complete
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solution, valid at all time ¢ and . We will do it by two methods (i) a series expansion, allowing to recover the result
of?* (ii) a mapping to Burgers equation, which is reminiscent of what was found in®® and allows to calculate easily
the next subleading term. Our result leads to a better understanding of how the small time and large time large
deviations are related.

The first method is to search for a solution of (58) as a series expansion at small time of the form wg(r,t) =

m

> m>0 P (1)t 7= . This leads to the simplified recursion for m > 0

m+1 1 o 0
5 Pt g > PonaPony =0 (59)

mi+mz=m,m1>0,m2>0

()

m>

and one obtains exactly the p;., m > 0 as a function of p{ as

A = ot (10 ()™ (60)

(m+1

using the identity for m > 0 for any function f(r)

m pm—+2 1 (m+2)' mi1 pmi1+1 gme pmo+1

mi+ma=m,mi>0,m2>0

which is easily checked with Mathematica. The result (60) is exactly equivalent to the formula (132) in Ref.3*
0
precisely p¥ (r) equals BEK"T,T) with n =m+ 1, using 0 = —e™ ", 09, = —9, and £, = p}. Obtaining the subleading
term with that method is a bit tedious, so we now consider an equivalent, but more convenient method.

, more

Let us first note that if we perform the following change of variable

lt,r) = %«Wi, ) (62)

then the reduced KP equation (13) becomes, for the function U(u,r)
- - 1 -
But(u, ) + O (P(u,r)?) + 6U83¢(U7T) =0 , u=vt (63)

We can now again perform the perturbative expansion in the cubic derivative term and write, for p = 0,1, ..
1

tlzp(\/i r) (64)

Y(t,r) = pr(tv ) wp(tar) =

p=>0

<

The leading term then obeys the Burgers equation
Ao (u, ) + 8, (Yo(u,7)?) =0 (65)

The general solution can be expressed as F(tho(u, ), — 2utho(u, 7)) = 0 for some function F(z,y). The solution of
interest here has ”initial condition” (v = 0,7) = p{(r). It is thus given by

Yo(u, ) = ph(r — 2utho(u, 7)) = o(t,r) = %pé(r — 2o (t, 1)) (66)

By expanding at small ¢ one can check that it produces the leading order of the cumulants as given above in (60).

The result (66) is quite general, see Remark 2. In the present case of the KPZ equation, using (28), wo(t,r) is
solution of

1 . _ ,
Po(t,r) = \/?mell/Q(_e r+2tao (¢, )) (67)

n 0 . . . . . .
where we recall ¢ (t,7) = 023", t?*””"T(IT) is the summation of the leading term in the small time expansion of each
cumulant.
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As was noticed in®* for large negative r ~ zt, z < 0, the leading term in each cumulant 9 (r) allows to obtain the
large deviation function ®_(z). From the large negative  asymptotics of the polylogarithm™ one has

po(r) = \/Z?Liw(_e*r) — _%(_r)l/z + ;Z(—r)f:sm + ... (68)

Inserting into (67) we obtain that the following limit exists, for z < 0

Hy(z) = t£+moo Po(t, 2t) (69)
and Hy(z) obeys the self-consistent equation
1 1
Ho(z) = —=+v/—2z+2Ho(z) = Ho(z)=—5(1+£V1-7%2) (70)
™ 7r

The correct branch (actually reached in the large time limit) is — and one recovers the result of the previous Section
for the large deviation function Hy(z), with A = 1. This method thus relates the small and large time and allows to
determine the missing constant A = 1 for the large time large deviation rate function.

Let us now briefly consider the general case of the linear statistics discussed in Remark 2. For a general function
g(x) the leading term in the semi-classical expansion is given by (66), where the function p{(r) is given by (34) and
(33). This case is studied in detail in Appendix C, where a connection with the Section V B in Ref.3* and with
the self-consistent equation in Ref.3¢ is obtained. It shows that there are other large time large deviation solutions
of the KP equation, of the form (t,r) ~ t*~'Hy(r/t%), with continuously varying exponent o and function Hy,
which corresponds to other functions g(x) in Remark 2 (and the ”monomial walls” in the Coulomb gas terminology
of Ref.35). The case of the KPZ equation is recovered for oo = 1.

Let us now go back to the KPZ equation and study the subleading term. Inserting (64) into (63) we obtain the
following equation for )y (u, )

. - - 1 -
8udjl (U, T) + 287“ [7/}1 (ua T)'IZJO (ua T)] + guafiﬁo (uv T) =0 (71)
It is more convenient to write 9y (u, ) = 8,6(u, r), integrate once w.r.t. 7 and obtain the equation for ¢
. 1 -
Oud(u, 1) + 290 (u, )0 d(u, 1) = —éuafwo(u, T) (72)

which can be seen as a convection equation for a passive scalar ¢(u,r) in the Burgers velocity field 21;0(11,7“). It is
easy, and useful for later checks, to first extract the small u expansion of ¢(u,r) from (72) and (66). One finds

Blu,r) = — 15w 00 (r) + w0, Lo @ (h(r) + L)) (73)
Fu 0L oo @ (h(rIpr) — Sro (B — gr ()] + O(w) (74

To solve the equation (72) it is then natural to work in the variable u,zzo instead of u,r. Indeed one has, from the
solution (66) to Burgers equation

r=r(u,0) = 2uth + g(do) , polgla)) =a (75)
where g is the inverse function of p{,. Let us define
é(uv ¢0) = (Z)(’LL, T(U, 1;0) = ¢(U, 21“[)0 + g(do)) (76)

We now obtain an equation for this function. Taking a derivative w.r.t. u, one obtains, using the equation (72) for ¢

0ud(u, o) = Dud(u, 2ty + 9(d0) + 20 0,0(u, 2ud + 9(d0)) = —gudo(u, ) (77)

Let us evaluate the r.h.s. One has from (75), by variation
1 1
- . (78)
9g,r 2u+ g (o)

aﬂLO =
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Taking a derivative 0, and using again (78), one finally obtains from (77)

1 9/1(1/;0)87“12;0 _ 1 UQ/I(Q/NJO) (79)

6" Qut g (0)? 6 (2u+ g (W)

One can then easily integrate this equation w.r.t. u, with the constraint that ¢ must vanish at u = 0 from (73). One
obtains

au(vg(ua qZO) =

TN 9”(7/;0)112

d(u, o) = = = (80)
129/ (v0)(2u + ¢ (¥0))?
From the definition of the inverse function g(a) one can now use the relations
/ 1 7 / QPS'(Q(Q))
a) = ———— a)=—¢ (a)* ="~ 81
YO ge@ = W) =y
and we obtain our final result for the two first orders, summarized as follows
1 - - -
¢(t7 T) = 7["/}0(”7 ’I") + 8T¢(u7 T) + .. ] ) u = \/i ) ¢0(U7 T) = p()(r - QU'IZJO(ua 7")) (82)
w2 g~ 2udo(u,r) . 2
) =75 = ; 7)) = e (=1)"(9,)" (p ml 83
o0.7) = g e e o) = eSS (@) ) (6

m>0

It is easy to expand this result in powers of u = v/t and recover the result (73), which provides a check on our exact
solution.

We now consider again the limit of large t, large negative r, with z = r/t < 0 fixed. Up to higher or-
der terms, O(1/t3), we only need the (semi-classical) expansion in the cubic derivative of the KP equation as
P(t, 1) = po(t,r) + 1(t,r). We will now find that ¢o(t,r) ~ Ho(z) + t%HLSQ)(z) and ¢ (t,r) ~ t%HQ(I)(z) Hence (i)
there are no correction of order O(1/t), i.e. the function Hj(z) is zero, as claimed in the previous Section (ii) two
pieces add up to give the total subleading rate function Ha(z) = Hél)(z) + Hz(z)(z).

To evaluate 11 we use the large negative r asymptotics.

Ph(r) = — ()2 ) = e ()R () = () (84)

s T om 47

Inserting in the solution (82) we obtain

1 (u,r) = Vi1 O | (—r + 2tHy) ~3/? L ] (85)

1247 (14 LVi(—r — 2tHy)~1/2)2
1 (1) 1 1 1
= —H H = —0, 86
t2 2 (Z) ’ 2 (Z) 48 Ho(z) (7T2H()(Z) _ 1)2 ( )
where we have used that —mHo(z) = \/—z + 2Ho(z) and we recall that Hy(z) = (1 — V1 — 722).

Inserting now the large r expansion (68), and keeping the subdominant term in the equation for iy, i.e. ¥y =
%pg(r — 2i1)g), we obtain g = Hy + t%H2(2) with

1
T 24Hy(2)2(1 — 72Ho(2))

HY(2) (87)

Adding the two contributions we find

1 1 1 1 1 —
1) = St i) T 1807 | M) Py — 1) ¢ Mol = m(l-vi-ma) o (88)

Omne can now check that this result is identical to the one obtained in (49) from the large time large deviation ansatz,

provided one sets as = g—: In fact the second term in (88) corresponds to setting as = 0, while the first is the one
proportional to as (i.e. the solution of the homogeneous part of the equation for Hs). Once again, the calculation of
the cumulants from the short-time expansion allows to fix the unknown constant as in the large time large deviation
subleading rate function.
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F. A related expansion: intermediate times

One can consider a related expansion which allows a systematic study of the tail of log G (t,r) and of its derivative
U(t,r) = 8, log G(t,r) (which is solution of the integrated version (14) of the reduced KP equation) at large r < 0 for
any time ¢.

Consider again the small time serles expansion (25). We now assume that the functions p,,(r) have the following
expansion P, (1) = >, <o Pmn(— r)*2" for r — —oco. This is certainly the case for the KPZ equation, and for some
class of FD as in Remark 2 (the more general class studied in Appendix C can be studied by similar series expansions
involving different exponents). Hence we look for a solution as a double series

S bt T ()T = Y pu()T =Y () () (89)

0<m<n m>0 n>0

since, as we find below, p,, , = 0 for m > n. The coefficients p,,_,, encode information for several limits. (i) First, the
leading small time behavior for ¢ — 0 at fixed » < 0 (for m = 0) is given by

Wb(t,r) 2 po(r \[ZPOn TZ—\/Z—WLism(—@_T) (90)

n>0

where the last equality is valid only for the particular case of the KPZ equation, see (28). (ii) Second, the leading
large time large deviations (35) for r = 2zt < 0 and t — 400 (for m = n) is given by

G(tr) =ty Pl f*——tfb’( g) (91)

n>0

(iii) Finally, the series (89) contain the information about the large r < 0 expansion at fixed time ¢, encoded in the
functions gy (¢), i.e.

=N )T L ) =Y paat T (92)
m=0

n>0

We will determine below some of these functions ¢, (t). To this aim one can note that they satisfy differential equations
which can be solved recursively. We find it easier however to study instead the recursion for the p,, ,,. Inserting in
(14) we obtain recursion relations which show that all p,,~y», = 0. The coefficients pg ,, for n > 0 are arbitrary (i.e.
determined as in the previous Sections by the function po(r)). All py, , with m > 1 and general n > 1 can be obtained
from the set of pg,, as follows

min(ni,m—1)

pm,n = E? ( (n 9) (n96 7)(77’ 5)pm 2,n—6 + Z nl 4 + e n) Z pm1,n1pm717m1,n717n1)
n1=0 mi=max(0,m—n+n)
(93)
where all p,, ,, = 0 for either m < 0 or n < 0. This recursion is easily generated using Mathematica. One finds that
P11 = —%pg’o and so on. If we suppress the first term on the r.h.s, which arises from the cubic derivative in the KP

equation, one can check that one reproduces the expansion given in (60).

We now specialize to the KPZ equation, for which the pg,, are determined from (90). Let us recall the expansion,
for r — —oo (here we need only the formula for s a positive half-integer)

(—T)S_2k

I'(s+1—2k) (94)

Liy(— :-22 — 2172k ¢ (2k)

Hence pg,, = 0 unless n is a multiple of 4 and

1 (1-2"%)¢(3)

Pn=4ak = ﬁ 1_,(5_Tn) (95)
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The above recursion then leads to the following solutions for the lowest g, (t) up to n = 12

2 1 Vi 2 t3/2 T
t) = t) = —— t) =~ t)=—— )= —+ —— 96
qO( ) 37‘_\/% ) Q1( ) a2 q2( ) a3 Q3( ) 3t Q4( ) A5 + 12\/5 ( )
1 N t t7/2 T3
Q5( ) 12 QG( ) A8 U7 Q7( ) 4872 ) QS( ) 6479 + 960\/1? ( )
t2 52 19/2 t5/2 5/t 13t t3
W) =gatig 0= "mem s T 0 W= 15 e (98)
TE11/2 5¢7/2 259¢3/2 3170
qi2(1) (99)

= 153675 T 153677 T 02161 4608/

One can verify that, keeping only the leading term at large t for each g, (t), i.e. 117717,Lt%7 agrees, as it should according
to (91), with the expansion of —t®’ (z) in z = r/t at large z < 0, from the solution (40) (with the correct value
A =1), a rather non-trivial check

[ _143/2 3/2
Wo(rft) = —tar (Ty = 2CN2or VErVE ot VTR () T (100)
0 't 3wyt w2 73 34 4m® 247
5/2 7/2 9/2
N (~1)2 4772 - (=1)"= o2 N 7(=1) 2 +O((—1)11/2) (101)
6479 128711 1536713 r

Furthermore, since p,,_3 , = 0 for all n > 2, we immediately see that the subleading function H;(z) = 1/3'1 (z) studied in
Section II D 2 is indeed zero, and that the above results are consistent with the series expansion of the next subleading
function Hy(z) = ¢4(2) obtained in that Section, i.e. one can check that

Da(2) =Y pram(—2) T (102)

n>4

is indeed the function for z < 0 found in (49) with the correct value ag = g—:

We can now integrate (92) over r to obtain the series expansion for large r < 0

(=) — S log(—r) + Q(t) (103)

4(—r)5/2 2 2(=r)32Vt 2rt /=1 (3t2 + 7® 1 2 5-n
:‘ébr)ftﬁw‘(g)ﬂs—w‘W‘ulog(_r”Q(”—Z%<t>5_n<—”2

n>6

Here Q(t) is an undetermined integration constant of O(1) in the large r < 0 expansion. Note that all terms with
a positive power of r appearing in (103) are already contained in the function —t>®_(r/t), apart from the term
—%+/—7/t. This additional term is consistent with the one discussed in Remark 4.

Remark 5. For the KPZ equation many of the p,, , vanish. Indeed they vanish if m — n is not a multiple of 4.
The series has the following structure

Y(t,r) = Z [Pagart™2720(=1) 3728 o pgr an 1 820(—1) 72 4 pagioaraat (=) 2 pygg st T2 (—r) 7]
0<q<k

(104)

Hence it naturally splits in the sum of four functions, for which one can also obtain coupled series recursion relations.

G. Large time expansion, typical fluctuations

For completeness we now address briefly the regime of typical fluctuations in the large time limit. Not surprisingly,
once the scaling form is introduced, it reproduces the KPZ fixed point result of Ref.!. However it allows in principle
to study the finite time corrections.
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In the large time and typical fluctations regime, we expect that the generating function (12) takes the form

. h(0,t) + &
G(t,r) = Po(r/tl/g) + t_apl(r/t1/3) +-- , P(s)= lim Prob(i( )+ 13

Jim St <) (105)

where the last equality follows by construction of the generating function. At this stage we allow some freedom for the
decay exponent a of the subleading corrections (see below). We thus look for a solution to the reduced KP equation
(13) of the form

Y(t,r) = 07 log G(t,r) = 723 (o (r/t"7) + 4~ r (r/t"/?) ) (106)
The function 1y(s) must satisfy

12epg1) — 4stby — 24bg + by’ = (107)

Note that one can also consider the integrated version which, from (14) leads to

W(t,r) = 0, log Gt 1) = t /3 (o (r/t/3) + 7y (r/t1/%) + ) (108)
6(¢00)* — dstify + 240 + ¢’ = (109)

with 1 = ).
A solution to the equation (107) is obtained from a solution ¢(s) to the Painleve II equation as
Yo(s) = —q(s)® , ¢ =sq+2¢° (110)

This is verified by inserting into (107) leading to

d
12403 — 48y — 200 + 90" lyo=—g> = —(24 - +64)(¢" = sq = 2¢°) =0 (111)

This solution, together with ¢(s) ~ —Ai(s) for s — +o0o, corresponds to the TW-GUE distribution Fs(s)
02log Po(s) = —q(s)? . Pols) = e S dulwm)at® — () (112)
This is the standard analysis, also obtained from the KP equation satisfied by the KPZ fixed point in Ref.!.

Let us recall the large negative s asymptotics for ¢(s) and Fs(s). From (110) one easily obtains (correcting a
misprint in the last term in Ref.%3)

-5 1 73 10657 5 1 9 1
=y (14— — — + ——— 1 O(]s| 2 =t — = 4+ O(—2)... 113
a(s) 5 1+ 55 ~ 1288 T 10oa T O wels) =5+ 55— 155 TOGRE) (113)
and, integrating twice,
1 1 3 1
log F: =——Is]>— =1 C+——+0(—= 114
og 2(8) 12|S| ] Og(|5|)+ + 26|8|3 + (|S|3) ( )

where obtaining the constant C' = i log 2 + ¢’(—1) requires more sophisticated methods%3.

Let us note that the right tail approximation of Fy(s), i.e. the first order in the expansion of the FD in powers of
the Airy kernel at large positive s, reads

/2

3/2 oo +oo 8 .3
Fy(s) = Det[] — PyKpiPy] =~ 1 — TePyKa; + O(e™ 55 ! )=1-— / du/0 dvAi(u+v)> +0(e 3"7)  (115)

There is a corresponding approximation ¥o(s) = too(s) + ... where one neglects the non-linear term in the KP
equation, i.e. also in (107), leading to

—4sth — 200 + Y4 =0 (116)
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which is solved as 1(s) = —qo(s)? with ¢f = sqo, solved as qo(s) = —Ai(s), leading to (115). The approximation
(115) corresponds to the large time limit of the contribution of the single string states in the Bethe ansatz. Hence
the latter obeys the linear part of the KP equation, as discussed below (see also Appendix B).

We write now the equation satisfied by the subleading term in (105). It is more convenient to give the result for
the function 1 defined in (108) (with v1(s) = ¥{(s)). One finds that it must satisfy the following linear equation

2(1 — 6a)h1 () — 4(s + 3q(s)*)q (s) + 47" (s) = (117)

At large s it implies that 1/31(3) ~ (—s)% =1 Tt is not so easy to solve this equation. However, the analysis of the

Fredholm determinant was carried in Ref.%4 and it was found that (see Appendix B there)

G(t,r = st'/3) ~ Fy(s) + 23 e FQ"( Y+ O(t4/3) (118)

This predicts that the exponent a = 2/3 and that a solution of (117) should be

- 72 Fy(s) w? - 2 |s|®> 7 27 855

P1(s) = Fas Fa(s) gas(wo(s) +4o(s)?) = *(T TU6 s 1285 +0(|s|%)) (119)

Although we have not been able to show it directly, we carried a series expansion at large negative s, using (113) to
a much higher order, which indeed indicates that this is the case.

Remark 6. We know from Refs.!9"!3 that the finite time analog to (115) is (keeping only the first order in the
expansion of the FD in traces of the finite time kernel)

A +°° A1 u+wv
IOg G(t, T) = IOg Det[I — O't,'r‘KAi] = —TI‘[O't TKAI / s / 1 n e—tl/zu + ... (120)
¢
1
O-t’r(u, U/) = W&(u — U/) (121)
It is easy to check that the (single trace) leading term
. oo Ai(u )2
a(t,r) = 0,108t o = 12 [ T EED 122)
is solution of the linear part of the integrated reduced KP equation (14)
A 1 37 1 -
Oy + Eaﬂh + E% =0 (123)

Indeed one can write formally (upon expansion of the ”Fermi factor” in (122) and using the Airy propagator identity)

n- t _]. n
Z anie_nr'i' 12 , Ay = ( ) (124)

n>1

It can also be written as

Dt r) = e Ly jo(—e ) (125)

1
Vit
It is reminiscent but different from the exact expression of the first cumulant, see formula (111) in®* (which is the
same formula with Liz/ instead of Li; /5). The first cumulant for log G has the expression Tr[log(1— o, ,.) K a;] different
indeed from —Tr[o,,. K ;] above. It provides the correct small time limit ¢(r,t) ~ po(r)/v/ (see (25) and (28)) and
does also satisfy the linearised version of KP (which can be checked by direct expansion as above, or see Section
IIT A). Hence, although 1[)1 satisfies linear KP, it does not have the correct initial condition.
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III. OTHER INITIAL CONDITIONS: HALF-BROWNIAN AND BROWNIAN

We now turn to the half-Brownian and Brownian initial conditions. We perform some checks from the known
expressions for the cumulants of Z(x,t), which hint at a general mechanism for the KP equation to hold. It agrees
with the statement of Ref.! for the half-Brownian, and leads us to conjecture that the KP equation is also obeyed for
the full Brownian. In the second part, we briefly study the small time large deviations for both cases, which confirms
the conjecture.

It was stated in Ref.! that for the half-Brownian initial condition (B(x) is a one-sided Brownian with B(0) = 0)
Z(x,0) = M@0 = B@)—weg gy (126)

the function ¢(x,t,7) = 0%log G(x,t,r) associated to the same generating function G defined in (129), satisfies the
KP equation, which we recall here

1
0+ ¢ 06+ 15070+ 01056 =0 (127)
In addition we conjecture here that a similar property holds for the Brownian initial condition
Z(x,0) = M@0 = Br@)—wrzg(g) 4 Brl@)twizg_y) (128)

for the modified generating function

Gla,t, 1) = {exp(—eP@OHXFB=TY) = (exp(—Z(a,t)etz ")) (129)
where y is a log-gamma random variable independent from h(z,t), of PDF P(x)dx = e 2*X=¢ “dy/T'(2w) and of
exponential moments "X = F(lfl(’;;l ) with 2w = wg 4+ wg,. We claim that G also satisfies the KP equation (127).

We can again expand G in (129) in cumulants, now in presence of space dependence. This leads to the series in e™"

— "n2 nt
qs(x,t,r)zz%zn(x,t)evw s Zo(x,t) = (Z(x, 1)), (130)

n>1
In the case of the full Brownian, Z(z,t) must be replaced by Z (z,t) = @YX and the cumulants are averages over
both h and x. Inserting in the equation and identifying the terms e™"" we obtain the recursion, for n > 1

—Zy, (x t)—l—ng;nZ (x t)+382Z (@, t) = —l(n—l)' Z
t4n ) 12 n ) ngg n ) - 9 .

ni+ns=n,ni,n2>1

nin3

nlan!an(x’t)an (x,t) (131)

which, as in the previous Section, allows to determine the moments recursively from the first one, up to some
undetermined solution of the homogeneous equation which enters at each level n. The latter reads

3
Zn(wt) =€ 2! / DK s () inka (132)
2T
where £ (k) is the Fourier transform of Z;(z,0) (which is usually specified by the initial data) and the Z, (k) are (up
to a rescaling) the Fourier transforms of the z,(z,0) are a priori arbitrary (if we consider the general solution of KP).
As a side remark, see Appendix B for details and definitions, Eq. (132) corresponds to the evolution of the moments
(Z(x,t)™)1string retaining only the contribution of the eigenstates of the delta bose-gas Hamiltonian corresponding to
a single string ng = 1 with arbitrary momentum (which contains the ground state). The general solution of the KP

equation is thus a functional of the set of functions 2, (k)

Zn(x,t) = Fu(, t:{2;(F)}j=1,...n) (133)

and it is a priori far from obvious in general that this corresponds to the exact cumulants of the KPZ/SHE equation
for some initial condition. Let us now make some more detailed analysis.

Let us start with n = 1, which reads

—0, 7y (2, t) + 0% Z1(2,t) =0 (134)
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Hence Z)(z,t) = z1(x,t) must satisfy the heat equation, which as we discussed above is a consequence of the Ito
convention. Hence at this stage any initial condition of the SHE would work. Indeed we see that for the half-Brownian
Zi(x,t) = (Z(z,t)) given in (B9) does satisfy (134). Although it does involve some additional averaging over the
Brownian IC, the linearity of (134) guarantees that it works.

Let us write now the equation for the second cumulant Z5(z,t)
1 1,5 1 9
3tZQ(:E,t) - §Z2(56,t) - iﬁng(x,t) = §Z1(£E,t) (135)

The general solution is

_(z—a")?

Zy(x,t) = 29(z, ) e 27 Zy(af ') 2ez (1) (136)

dz’ dt/
vy ) [ ot

which is not illuminating. In the Appendix B the following form, suggested by the Bethe ansatz, is studied. Suppose
that the generic integer moment can be written as

x> s m ns [ L(m3—m;)—m,k?
(Z(z, ") = nl Z 3 H/Zm Sy ik gt 52 [ (S —mg)—m; k2] (137)

ns=1 S ('"Lla "”ns)nﬂ 1

" ln—[ Som 1 Aki — k;)? + (mi —m;)?
j=1

1<i<j<ns Al = kj)* + (mi + mj)2

T(wtik—2)

———=2< and for the Brownian (for the modified partition
T (w+ik+2)

which is the case for the half-Brownian with Sy, =

D(wr+ik—2) T(wrp+ik—%)

U(wr+ik+3) T(wp+ik+%3)’
of Ref.17:2%21 Then, irrespective of the precise form of Sy ,, the equations (131) will be obeyed. This conjecture is
verified in the Appendix B for n = 2,3. A similar mechanism holds for the nested contour integral form (see Appendix).

sum Z(z,t)) with S, = an information obtained from the replica Bethe ansatz solutions

Hence we expect that the KP equation will be obeyed for any IC such that the overlap factorizes. Let us now
examine the question of the initial condition, and the short time large deviations.

A. Half-Brownian

For the half-Brownian IC, the initial data for the moments read
(Z(,0)") = ("PW) e f(x) = " E 70 (x) (138)

and one can also write explicitly the initial condition for G' (which is discontinuous at x = 0)

wr—r +oo 2 —wx—1
Gla,0,r) = (e 0@y = / \/;%e—sz—eb 6(z) + 0(—z) (139)

We now study the time evolution at short time ¢ < 1. The regime of interest will correspond to small x, large w
and zw fixed, so we will need the initial condition in that region. Let us write explicitly the initial condition for the
first three cumulants and their expansion at small x, large w and zw fixed

Zy(x,t =0) = 27%0(z) ~ e %f(x) (140)
Zy(z,t = 0) = (2197 _ 2G5} ~ ge=2wTg(z) (141)
Zs(z,t = 0) = (% — 1)% (% + 2) e(3739)7(3) ~ 3226 ~37h(z) (142)

It is easy to guess that the general formula is

Zn(x,t = 0) 02" e m0Tg (1) (143)
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We will need the definition and series expansion of the standard branch Wy(z) of the Lambert function®, W (z)

W(z)eW ) =2 | W(z)=Wolz) == %nmz” (144)
n>1

From the moments we can thus write the initial condition for G, in that regime (for small z, large w, with wz fixed)
as

n

—-1H)" 1 -1
log G(x,t =0,r) = Z ( n') Zn(xz,t =0)e™™ ~ — Z %n"”e*”(“bgmﬂ“m)H(x) (145)
n>1 ’ n>1 :

8

and its derivative,

. 1

bz, t =0,r) = 9, log G(z,t = 0,7) = EWO(e%H%Hw@)o(@ (146)
For fixed r and small x with wz fixed one has 9, log G(z,t = 0,7) ~ e~ ""“*0(z) as for a half-wedge, however there
is a fluctuation region, with fixed r — log  + wx where 9, log G(x,t = 0,r) ~ 1/x is large.

To study the small time large deviations of small ¢, small x and large w with wx fixed we define

@:z , W =wVt (147)

By analogy with the study of the Brownian IC in Ref.?®, we expect in the case of the half-Brownian, the large deviation
form at £ =10

1
log G(0,t, 1) ~ ——W(t' /2" 148
BO(0.1r) =~ w(H2e) (143)
At finite & we thus expect the following form (which we obtain explicitly below)
1 . 1 1 1
log G(z,t,r) ~ ——VY(Z,r — = logt) z,t,r) = 0% log Gz, t, 1) ~ ———=1)(&,r — = logt 149
g()ﬁ( 5 log?) ¢()Tg()ﬁ¢( 5 log?) (149)

with 1) = 92W. Inserting into the KP equation (5) gives to leading order O(t—3/2)
Op) + 021h 4 20,0, — 20%4) = 0 (150)

Note that for the droplet IC the same equation degenerates and does not allow to determine the function. Since (150)
is a linear equation, an alternate method, which we now use, is to study the linear part of the recursion (131) for the

cumulants
n®—n

12

0, 32 1) = 0 (151)

3

At short time one can neglect the term (n® —n)/12, and the solution can be written explicitly from the knowledge of

the initial condition (143), as

too dy _ne-w?
e 4t
0 \/471'15/77,

Other, more explicit, expressions for these cumulants are given in Appendix D.

Zn(2,t) = n" 2 YT reT My (152)

Before evaluating this expression, let us first show that at large w one recovers exactly the droplet result. The large
w limit is obtained setting y — y/w which leads to

1 n—3 _pn —ne’ oo n—1_-—n 1 -2 —n —nz?
Zn(x,t) ~ n" 2w e T4 dyy" e = ——=n"2T'(n)w "e” 4 (153)
47t 0 47t
and to
1 1 22 1 1 o2
log G(z,t,7) ~ > (1)t (Se T ) = ———Lig (——e "B ) (154)

47t "1 w VAart 2w
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Apart from a shift, this is exactly the result obtained in Ref.?”. The shift is easy to understand. Indeed, since at large
w, e~ HB@Y (1) — L6(z), we expect Zpy(x,t) — + Zy(x,t) (the index hb refers to half-Brownian and d to droplet),

12 . .
that is (exp(—em@H=)) 5 (exp(—eha(OD)—r=logw=37)) — (exp(—ela(@t)=r=logw)) Hence using the half-Brownian
IC as a regularisation to run the KP equation, one can indeed calculate the leading term pf(r) = £; in the short
time expansion for the droplet IC (which was missing from a direct approach).

Let us return to the solution (152) for the cumulants and perform the summation (one can neglect the term ¢/12
in the exponential at small time)

(_1)n — _3 R
log G J),t,’/‘ ~ Zn q;,t e nr o~ n—y e T Tt wyn 155
5 Gl t,7) n§>:1 Tz e v P s
v g[ye—r+%logt—(i”4y)2—u‘)y}n (156)

v Amt n>1

where in the second expression we have rescaled y — v/ty. We use now the following integral representation for the
series

(—1)n “+oo du (_1)11—1 o Cyn +Ood7u
7122:1 n! \/ﬁ sl (ze™")" = /0 \/ﬁWo( “) (157)

using the formula (144) for the Lambert function Wy. Hence we find our final result for the small time large deviation
function from the Brownian IC

log G(x,t,r) ~ —\Il@(:i logt) , E=x/Vt o, W =wVt (158)
R +oo +oo Pl
Uy (2,7) = / dy/ \/du _T_u_%_wy)
Virm ™
which gives Eq. (10) in the introduction, with U(#,z = e™") = U(Z,r).

This result can be put in an equivalent form%. Going back to the series (156) we can rescale y — y/n, expand the

Yy 2 .
square in the exponential, and use the representation e~ in = ﬁfj;o dketRy—mk to put it in the form

+oo _ +o0 i
IOgG(CB /. T \[/ dk ( 1)n (6—7-—§+%10gt—k2)n/ dyyne—y(w—f—zk) (159)
0

nn! y

N8

When w — £ > 0 one can perform the integral over y, and one recognizes the series expansion of the function
Lis(s) = >, 51 Z—Z, leading to

2
e—r——-‘,— logt —k

1 [Tdk_.
log G(z,t, 1) ~ %/_Oo %ng( — ) (160)

_z _;
W= 3 ik

This form of the large deviation function is similar to the generic form which is obtained for other solvable cases®”.

B. Brownian

We now consider briefly the full Brownian IC. The initial condition is
Z(z,0) = eX(ePr@ewrg(3) 4 Br@ewizg(_g)) (161)
and its moments are given by (we denote 2w = wy, + wg)

I'2w —n)

(22,0 = =g

<e”<¥—w>w0(x) + e"(g“”L)”;G(—x)) (162)
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The corresponding initial condition for G can be written as

oo T dh L2 bwpetar

_ _btwpatx—r
e 2l (e ¢

Glz,0,7) = (e Z@0e) :/

—00

dxP(x) /_ Tl

Let us specify to the case wy, = wr = w. As for the half-Brownian, we want to study the limit of small x, w large
with wzx fixed. We would like to apply the same method as for the half-Brownian, i.e. evolve the cumulants with the
linear part of the KP equation as

0(—x)) (163)

. teo dy n(a—u)2

Zp(z,t) ~ 3 \/Twe_ % Zn(y,t =0) (164)

However the initial condition for Z,(z,¢ = 0) in the regime of interest is now more complicated, e.g.

~ 1 ~ 1
Zy(x,t =0) ~ %e*wlm\ o Za(@t=0) = o (14+ 2wlz|)e= 2wzl (165)
_ . 15
_ ~ —3w|x _ ~
Zs(w,t = 0) 2 o (14 Bwlz|(1 + wlz|)e =l Z,(0,t =0) ~ e (166)

and so on, with more and more complicated polynomials. Hence we have performed only a few checks on the following
conjectured formula

(—1)" ~ . 1 —r
log G(z,t) = Z — Zn(z, )" |, iz we ) v/ilE=0 = —W‘Il(te ) (167)
n>1 ’
1 [t 1 ze Y oo dk; e~k
U(z)=— dy(1 log(l4+ ——) = — —Lis(—2—5——= 168
=1 [ ats v+ Sy = - [ Pl (168)

where the second line is the exact result for the Brownian IC obtained from the FD in Ref.3® (the equivalent last
expression was obtained in3* and note that all known solvable IC for KPZ in full space and half-space can be put in
similar forms*!). Inserting the Z,(z,t) obtained from (164) and the initial condition (165) we have verified by series
expansion in e~" that it holds for n = 1,2,3. Although much remains to be done, this provides a nice check that the
full Brownian IC indeed satisfies the KP equation, as claimed here.

IV. CONCLUSION

In conclusion we have studied some of the consequences of the property recently discovered in Ref.!, that the
generating function of the droplet and half-Brownian IC solutions of the KPZ equation satisfy the KP equation. We
have also studied the mechanism for this property to hold on the cumulants Z,(z,t), which led to the conclusion
that the modified generating function for the full Brownian IC (or any IC with a ”decoupled” overlap) should also
satisfy this property.

The main consequences of the KP property studied here concerns the large deviations, both at short time and
at large time. For the droplet IC we have found that the question of which initial condition should be used for the
KP equation is intimately related to the small time large deviations. In the case of the droplet IC, the KP equation
simplifies into a reduced KP equation. We have shown how to recover, from this reduced KP equation, and in a
rather effortless way, the full systematic short time expansion obtained previously in Ref.>*. On the other hand
substituting the large time large deviation form in the reduced KP equation provides a (rather simple) fifth method
to obtain the rate function ®_(z), up to a single undetermined parameter. We showed how this parameter can be
determined using the so-called cumulant summation of the short time expansion. This method, which allows to
relate the short time and the large time large deviation regimes, was studied within the KP setting. It takes the
form of a semi-classical expansion where one treats the third derivative term in the KP equation as a perturbation.
It can nicely be solved in terms of Burgers equation. This allowed us also to obtain in addition the first subdominant
corrections, not obtained in Ref.?4. We have shown that not only the KPZ problem, but a variant of a more
general problem of linear statistics of the Airy point process, defined and studied in Ref.?* and3%, do obey the KP
property. We have re-obtained some results for these linear statistics, by a completely different method. The ensuing
connections between the KP equation, the Coulomb gas, the non-local Painleve equation, and the stochastic Airy
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operator (the connections between the latter three were unveiled in Ref.?®) remain to be investigated deeper.

Note two interesting consequences. The first arises from the connection®%® of the droplet solution of the
KPZ equation to N non interacting fermions in a 1D harmonic trap at finite temperature 7', with Hamiltonian
H = % + %, in the limit N, 7 — 400 at fixed b = N'/3/T. Denoting &max(T') the position of the rightmost fermion,
and & = V2NY0 (20 (T) — v2N) the centered and scaled position, then 92 log Prob(b¢ < r) satisfies the reduced
KP equation (13) with ¢t = b3. A second consequence arises from the connection between the KPZ equation and the
non-relativistic limit of the D=1+1 sine Gordon field theory%®. It implies that, in that limit, the two time correlation
function of the field e*?(%) (at time zero and t, o being the sine Gordon field) identifies with the generating function
G(t, r) studied in the present work, with the correspondence e1r T = (2sinh %)Qe*Alcgt. Hence, in that limit the two
time correlation function obeys a differential equation related to KP via this change of variable.

For the half-Brownian and Brownian IC the study is technically more involved since one should handle space and
time, and many questions remain. However, we have obtained the small time large deviation space-time rate function
for the half-Brownian IC. We have also checked that the formal solution at short time in the case of the Brownian
IC does agree with known results for the large deviation rate function at the origin, from Ref.38.

Although the present study does not explain the deep reason of why the KP equation appears in some finite
time solutions to the KPZ equation (which is related to why they can be expressed as a specific form of Fredholm
determinants) it does show that this property provides a new interesting angle to study properties of these solutions.
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Appendix A: Short time expansion

We give here more details on the short time expansion for droplet IC. It is also valid for more general linear
statistics problems see Remark 2.

Inserting the series (25) into (13) and integrating once over r (as in (14)) we obtain the recursion, for m >0

m—+1 1 "

1
P+t + 75 0m1lm1 + 5 > Py Pray, =0 (A1)

mi+ma=m,m1>0,m2>0

2

Performing the recursion with Mathematica we find that all p,,, are total derivatives of the form p,, = 8, P, (p(, Dy, --)
where P, are polynomials. Using —0,.L; = L;+1 and pj(r) = L1, we find exactly all seven terms (up to O(t?)) given
in the lengthy equation (61) in Ref.3%. Tt is easy to obtain quickly the next terms, and we will show here only the
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next one O(t7/?)
ps(r) =0y 3155758 + £4£7 ‘|' /335557 £2£6£7 + 53/36 + 52£3£4£6 + £2E5£6 + ﬁﬁsﬁﬁ
+96L3L2L0 + ?£§£4£§’ + —L4£5L§ + —53,665? + —Lg,cw? + —Lg,ciz:‘* + 160L3L3 LT + —1:2@5‘1*

44 1 12 12 .2 1
+—£2,c3£5£4+ go,cgaﬁz‘f 432591:4 8£6£3 85211%3 + gcgﬁf 8%%354,03 6O£3£5£3
2 1
27054[,6.53 490c3£75§ + Eﬁgcgcﬁ 3 Oﬁ%gc? @Lgﬁﬁ‘;’ +40L5L4L% + §£§£5£§ + E£2£455L1
14 4 22

+1—5£2£3£6£% + %ﬁ%&ﬁf + £511°8€11 +LAC + E%Liﬁl 3205050, + —0£25354£1 + 5 LA L5 L

10 ., 37Ls5L6Ly  103L4L7L, 17£3£851 16£ 14 . 0 | BS3LY | 607LoL3
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58 . 5 4 V21LL0Ls | 1T | BOBLsLal | TTL2LsLy 5 ) L1,
g Lalalat Ghals + =g F ggsLake t g 2160 564 -2 T97664

where we recall that p/,(r) is also the term of order t" in ¢t p—1(0) as defined in equation (61) in Ref.3%.

Appendix B: Checks on cumulants from the Bethe ansatz for the droplet, half~-Brownian and Brownian IC

Let us recall briefly that the moments of the solution of the SHE can be obtained as a sum over the eigenstates of

the delta Bose gas (Lieb Liniger) Hamiltonian™ H,, = =30, 97 — 2\ p<, 0(Ta — 2p), as follows
—tE —tE

\Iu\l2

in quantum mechanical notations, where ¥, denote the eigenfunctions (and ||x|| their norm) and E,, the eigenvalues
of H,. Note that ¢ = 1 in our units for the study of the SHE (corresponding to attractive interactions), but the
case ¢ = —c < 0 is also of interest in the context of repulsive bosons™. The eigenfunctions™ are parameterized by
a set of rapidities u = {\1,..A,}, are totally symmetric in the z,, and in the sector ;7 < 29 < -+ < x,, take the
(un-normalized) form of a sum over permutations P

U, (21, . ZAPHelZmAPa%, Ar= ] (1+;')\P). (B2)

>\ _
PES, 1<a<f<n Ps o

a=1

with E, = Y. AZ. To evaluate (B1) one needs ¥*(z,..x) = nle™™ 22 For the Brownian IC the wavefunction
of the initial replica state is:

n

©o(Y) = (y1,--yn|®0) = ([ [ ("2 ePr9200(—yo) + 70 mveePn)G(yo))) 5, e (B3)

a=1

where Y = y1,..y,,. The half-Brownian is obtained setting wy, — 400, and for the droplet IC, ®(Y) = [[1_, 6(ya),
obtained e.g. by further multiplying by w% and sending wgr — +00. One needs the overlap

(Bo|T,) = n! / UL (Y)0(Y) =nl Y Ap / ¢ Slimi Arae gy (V) (B4)
Y1<y2<..<Yn

PeS, Y1<y2<..<Yn

A 7miracle” occurs in performing the sum over permutations, and one finds'”2%2! that the overlap takes the very
simple ”decoupled” form for the Brownian IC

H?=1(U)R +wg, — j)

Hj:l(wR - % —iAj) Hj:l(wL - % +1iAj)

for the half-Brownian, and simply (®¢|¥,) = n! for the droplet IC. In

(Do|T,) =n (B5)

which leads to (®g|¥,) = m
j=1

the infinite system size limit, each eigenstate is made of 1 < n, < n strings with rapidities A\j , = k; — (m] +1—2a),
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a =1,...,m; (here k; are real momenta and m; > 1 integers with Z;’;l m; = n). The overlap are thus, for
half-Brownian IC (hb) and Brownian IC (b)

T(wy +WR) T wp wr, w I (w+ik—2)

=———2£ (B6
INwy +wg —n) Sk;m F(erikJr%)( )

7k:j,mj kj,mj ’

(@o|Wp)ne =n! [[ 5% 5 (DolWu)y = nl
j=1 j=1

with Sy’ = r and so on. To remove the extra factor in the full Brownian case (and allow for a FD expression)
’ 3

1
w+ik— -
one defines (in that case only) the modified partition sum Z(z,t) as

(Z"(x,1)
[T (wr +wr — )

T(wp +wgr —n)

) Z(m7t) = eil(Lt) = emhtx s <enx> - F(U) +w )
L R

(Z"(x,1)) =

(B7)

i.e. one defines?>?! a randomly shifted height field h(z,t) = h(x,t) + x (recalling that Z(x,t) = e™*1), where x a
log-gamma variable of parameter v = wy +wg, independent of h. Finally after inserting the known expression for the
norms ||u||? of the eigenstates, and changing k; — —k; one obtains the formula (137) of the text, which we reproduce
here

) =m Y L

ns=1

ZIZ 21 mjk; tZ”il[i(m?*mj)*mjk?]
> I/ TR (B

(ma,e.mn, ) 7=1

s Ak — k)2 o m)2
% H Skj,mj H (K kj) + (m; m])
i=1

S

A(ki — kj)? + (m; +m;)?

1<i<j<ng

with Sk, = 1 for the droplet IC, Si ,, = Skm for the half-Brownian IC, and Sj ,, = s}f’fnswz m for the Brownian,

where it is implicit here and below that in that case the Lh.s. of (B8) must be replaced by (Z(z,t)"), the moments
of the modified partition sum.

If the KP equation property holds, the cumulants must satisfy the equations (131). We want to understand the
mechanism for this property on the form (B8). Let us start with the first two cumulants obtained from (B8). They
read

dk _, 2
Zilant) = (2t = [ rem e W s, (B9)
2 2 Ak _gig o2tk
Zo(x,t) = (Z(x,t)*) — (Z(x,1))* = e 7€ Sk.2 (B10)
dky [ dR2 ok k) (k353 (k1 — k2)®
/ / ( o )[(kl — k)2 +1 1S5k 1

In the expression for Z, the first integral is the contribution of the single string state which contains two bosons,
ns = 1, my = 2, and the second integral the contribution of the two string state, ny = 2, m; = 1, ma = 1 (these
strings are just ”particles” since their length is unity).

Let us now check that the first equation in (131) is obeyed
1 1., 1 )
8tZ2(1‘,t> - §Z2(l‘,t) - 58$Z2(I7t) = §Z1(x,t) (Bll)

We note that the differential operator Dy = 0, — 102 — 1 gives zero on the first term in (B10). It is the 1-string
contribution ny = 1 and, as mentioned in the text, it is a general property that this term obeys the linear part of the
equation (B11) (and more generally the linear part of (131)). Acting on the second term in (B10) the operator Do
multiplies the integrand by

1 1 1
Dy (ky, ko) = —(k3 + k3) + 5(]?1 + ko)? — 3 —5((1€1 —ko)* +1) (B12)
Hence in the integrand we have the simplification
(kl - k2)2 -1 1
D(ky,ko)|—————— -1 =D(k1,ks) 75— = = B13
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which leads to factorization of the double integral in two factors Z; given by (B9), which thus implies that (B11) holds.
2
Let us check whether this mechanism, which uses only properties of the factor arising from the norm, E:i::jg%
and not of the factor Sk ,,, holds to higher order. Let us write the third cumulant from (B8). We see that the
substractions, arising from the definition of a cumulant, result in ”counterterms” inside each contribution, which we
have written in a symmetric form

Zs(z,t) = (Z(x, 1)) — 3(Z(x,t)°)(Z(x,1)) + 2(Z(z,1))> = 22 / %6*3”’“@*3”‘625,“3 (B14)

dky dks _. (op2. 1.2 4(k1 — k2)2 +1
3 t/2/77 ia(2kitho) - (2K HRDLG g _q
e o 21 © k1,2 k2’1[4(k1 — k)2 + 9 ]

dkq dko dk )
1 2ie—zx(kl+k2+k3)—(kf+k§+k§)tskl$1Sk2’15k3’1

27 21 2m
[ (k1 —ko)® (k1 —ks)* (ks —ks)® (ki —ko)® (ki —k3)® (ko —ky)? 4o
(kil — k2)2 +1 (k‘l — k‘3)2 +1 (kg — /{ig)z +1 (k‘l — k2)2 +1 (k‘l — k‘3)2 +1 (kz — k3)2 +1

Again we have written first the contribution ns; = 1, then ngy = 2 and finally the ny; = 3 term. Let us check that the
second equation from (131) is obeyed.

1
01 Z3(x,t) — 2Z3(x,t) — 58223(3?, t) =47y (x,t) Zo(x, 1) (B15)

The differential operator D3 = 0y — %83 — 2, gives again zero when applied on the first term ns = 1. On the second
term ng = 2, it multiplies the integrand by

= L — k)2 1 9) (B16)

D3 — —(2k} + k3) + = (2k1 + k2)? — 5

1
3

| w

thereby producing exactly the first term in the r.h.s of (B15) which reads explicitly

A7y (2, ) Zy (2, t) = 4et/? / @%e*i“%ﬁ’%)*<2k?+k5)t5k1 25k, 1 (B17)
2 27 ’ ’
_ 2
Lh&%e—ix(lﬁ+kz+k3)—(kf+k§+k§)t5k1’1Sk2)15k371[ (k1 — k2) Y

2r 27 2w (k1 —k2)2+1

Finally on the third term its action on the integrand gives exactly the second term in (B17) using that

1
(—kT — k3 — k3 — g(kl + kg + ks)® — 2) (B18)
[ (k1 —ko)® (ki —ks)* (ks —ks)® (ki —ko)® (ki —k3)® (ko —ky)? I
(kil — k2)2 +1 (k‘l — k‘3)2 +1 (]{2 — k3)2 +1 (k‘l — k‘g)Q +1 (kl — ]{?3)2 +1 (k}g — k3)2 +1
_L)2
_ A k) 1+ 2 perm]

T3k — k)2 41
Hence (B15) is obeyed.

Although we have not established it n > 4, it is already clear on the cases n = 2,3, that the mechanism of
7simplification” which transforms the n-th cumulant onto a sum of lower cumulants, upon application of the
differential linear operator, works only from some combinatoric property of the norm factor, and does not involve
Sk,m. Only the decoupled form of the overlap is crucial, hence it works in ezactly the same way for droplet,
half-Brownian, and Brownian (in the latter case using the modified partition sum Z). Of course this decoupled form
is also the reason for a simple FD formula to exist (when summing up the moments in the generating function G)
but it is useful to see how it works on the cumulants.

Remark 7. One can ask how this mechanism works on the nested contour integral representation. Consider any
solution of the form

20 2 —Z%Z; —C
i 1<i<j<n 7 J

R | (] O | e (519
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This formula holds for the droplet IC, with ¢ = 1 in our units, where the C; are parallel to the imaginary axis with
real parts such that Re(z; — z;) > € (see formula (6.6) in Ref.”?). In that case g(z) = 1 but we consider here the
more general case. Note that the case ¢ < 0 is also of interest as it provides a solution for the repulsive delta Bose gas™.

Let us set ¢ = 1 (but the property extends for any ¢). For n = 2 the property is very simple. The operator
Dy =0 — %8% — % leads to the multiplication of the integrand by

1 1 1
zf+z§—§(zl+zz)2—§:5(21—22—1)(21—22—1—1) (B20)

The following simplification thus occurs in the integrand

e (B21)

DN | =

%(21—22—1)(,21—22—1—1)( 1):%(z1—zg+1)—>

Z1 — R — 1 B
The last step arises from the symmetry of the integrand, which can now be used, since the poles have disappeared
and the contours C; can be brought together. Hence (B11) holds. It works quite similarly to the previous paragraph,
although the factors are slightly different.

For n = 3, from the definition of the third cumulant in (B14), we implement the subtractions in a symmetric way,
which leads to the following factor in the integrand of Z3

Z3 — H Zi — Zj B Z1 — %2 . Z1 — 23 . Z9 — 23 +2: 2 (B22)
1§i<j§nzi_zj_1 z271—23—1 21 —23—1 2z9—2z3—1 (z1— 22— 1)(22 — 235 — 1)

which, we note, simplifies. The differential linear operator D3 acts by multiplying the integrand by Ds(z1, 22, 23) =
22 4+ 22 + 22 — L(z1 + 22 + 23)2 — 2 and an important property is that at the double pole of (B22),

3
Ds(z1, 22, 23) |21 =29+1,20=25+1 = 0. One also checks the following symmetrization property

2 —
] = 4sym S

Dg(Zl,22,23)Sym21122123[( 21722723[ 1] (B23)

21— 29— 1)(22 — 23 — 1) 2 —zg—1
which is necessary condition for (B15) to hold. It would be sufficient for ¢ < 0 but here for ¢ > 0 one need to examine
the poles to make sure it holds also for the nested contours. Since we did that in the previous paragraph, we know
that it must work, and we will not pursue it here. It seems clear that there is a general mechanism for the equations
on the cumulant to hold, provided, again, that the overlap is factorized. It would be interesting to establish it for any

value of n.

Appendix C: Large time large deviation for more general g(z), and linear statistics of the Airy process

As noted in Remark 2., for any function g(z), the function ¢(¢,7) = 82¢; (0 = —e™"), where q; g(c = —e™") is the
FD (32), must obey the KP equation with a more general initial condition ¢(¢,7) ~;_o %p{)(r) with

+oo
ph(r) = La(—e7) = 2 (0,)? | davag-e (c1)
0

T
One can now choose a more general function g(z), as in Eq. (214) of Ref.34, with
Bg(—e™") =T (1 +y)Liy(—e™") =5 —oo —(—r)l (C2)

except that we do not include the factor t1=7 of (214), i.e. we must choose g(z) to be time-independent. The value
v = 1 corresponds to the KPZ case, gkpz(x) = —log(1l — z). Then one has, from Eq. (218) of Ref.34,

Ph(r) = La(e ) s~ ()L Q= j;(;(fz)w (©3)

which is a monomial at large negative 7.
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We now ask about the large time large deviation regime. We will use the analysis of cumulants of Ref.?4, extended
here in Section ITE. Let us perform the counting of powers of time. We write, from (56) and (60)
o G . Z Hn(t,’f") o Z i t%—lzn—l(_l)n—l(a )n—3( / (T))n _’_t%<a )n—2( /)n—2 + (04)
n>1 n>1

where the second (subleading) term is written only schematically. Because what we do is slightly different than in
Ref.3* we must scale 7 ~ t* and determine « later. We thus set r = 2t® with fixed z < 0. Then the powers of time
in the first term are ¢3 ~1—(=3)+na(y=3) Ty make it independent of n we must choose a = ﬁ (we will restrict
here to v < 3/2). The power of time of each term is then logCArY ~ 3=l — {575 The subleading term (second
term) then scales as logé’ ~ t3 =2+ (n-2aly-3) = t, hence it is indeed subdominant at large time for v > 3/4,
which is @ > 2/3. Now we note that although the power counting in ¢ is different, all coefficients being the same, the
summation of the leading term should lead to the same function as in Ref.?*, i.e

log G(t,r) = %10 (z) |, B () =5 1“((7_12)7;) ?EZ(_”;(;?)_%% (—z)3-n(3=) (C5)

On the other hand, we can directly search for a solution of the reduced KP equation (13) which scales for large
negative r as

log G(t,r) = —t710_(-2) , w(t,r) = 0 log Gt ) = 17 Ho () (C6)

with Hy = —®” . Tt leads to a generalisation of (38), to which it reduces for « =1
(= 3)Ho(2) — (=) + Hol=) Hy() = 0 ()
This equation is solved by the change of variable Hy(z) = zh(z) and z = —e* which leads to % = h(h%:ah) leading to
CKa=(1- 2%)2%1(%2(2) )20 (C8)

where K is an integration constant. For o = 1 one recovers Hy(z) = +(1 — /1 — Kz) with K = 7% for the KPZ
equation. ) )
At large negative z, from (C8) one has that Ho(z) ~ —K 24 (—z)!72a. If we set a = ﬁ as suggested by the
3

above cumulant analysis, we obtain Hy(z) ~ —K7~2(—z)Y~2. This is indeed the behavior predicted in (C5) from
the leading term n = 1 (for v < 3/2 which we assume here), that is for z - —oo

I'(1+~) 3 Q —1
D_(2)~y ————L—(—=2)""2 | Hy(z)=—-9"(2) > —=(—2)""2 C9
O~ e o) 0(2) =~ () =~ (2) (©9)
hence we identify K = (%)% which reproduces K = 72 for the KPZ case v = 1 (with Q = 2/7). From (C5) the
(large |z|) series expansion predicted by the cumulants reads is

z z 2
n>1

Ho(z) _ @%(z) 1 3 (=)™ T(n(y—3)+1)
T

2 (n+1)T(2 - né ) (Q(=2)~E)" (C10)

which we can compare with the small y, h = £ expansion of the equation y = h(1— 2h)2e L with y = 1/(—K2z)Y/(2),

Setting o = ﬁ one has y = %(—z)’(%’” and the equation becomes y = h(1 — 2h)2 7. It is then easy to check

with Mathematica that the two series coincide.

Hence the cumulant method and the KP equation once again agree, now for a larger class of functions g, i.e. a
larger class of linear statistics of the Airys point process. One recovers then from the KP equation the results for the
large deviation function ®_(z) of Ref.>* and Ref.?6 for monomials x:{_, although in a slightly different setting.
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Let us close by showing how the above results can be equivalently be derived using the semi-classical expansion
discussed in Section ITE, which, to leading order, maps to the Burgers equation. We can use the solution of the
Burgers equation (66), in the form g (t,7) = %p{)(r — 2t)o(t,7)). In the large time limit we insert the scaling form

Po(t,r) = t*"LHy(r/t*) and use the asymptotics (C3) of pj(r) at large negative r = 2t*. One sees that the powers of
t cancel out only if « = 1/(3 — 27), in agreement with the above results, and we obtain

Hy = —%(—z +2Hy)"" 2 (C11)

It is easy to see that this equation is equivalent to the equation (C8) with K = (%)3:§~ in full agreement with the
above results. This already indicates that the Burgers equation solution is equivalent to the self-consistent equation
(15) found in Ref.35, but we leave the full analysis of these connections to a future work.

Appendix D: Cumulants for the half-Brownian IC in the small time large deviation regime

We give explicit expressions for the cumulants at short time for the half-Brownian IC. One can solve directly the
linear equations for the cumulants in the small time large deviation regime, from the main text

nd—-n 1.,
o gé‘x]Zn(x,t) =0 (D1)

[0 —
One can look for solutions of the form

Zn(w,t) = —=t"Fy(y = 2/V1) (D2)

\F

Inserting we find that it is solved by hypergeometric functions. One finds, for w =0

s (0 (2) (20 ny ntl _n3
F,(y) = 2" 2n"3 (r(2 1F1( 5 +/nyl R (1= 5355 (D3)
leading to the explicit forms for e.g. the lowest cumulants
Zi(a,t) ~ & (erf <x> + 1) (D4)
1Ly ~ 9 2\/5

2ot = b (e () 1) + Lo s

Zs(z,t) ~ 3 (2t + 3$2) <erf (gj;) + 1) + \/i\/fxe_gff (D6)

and one can check that they have the correct ¢ = 0 limits (143). For w > 0 one finds
1

Zn(a,t) ~ —t"2F, (y = 2/V1) (D7)

et (p (M 1 (011 LY g (RELEL
F.(y)=2"""n"7 e (F(2) 1F1<2,2,4n( )>+\f1"( )(y 2w)1F1( 5 ,2,4n(y 20)

Appendix E: Fredholm determinant and KP equation

In a seminal paper”® " Péppe and Sattinger found a family of Fredholm determinants (FD) which satisfy the KP
hierarchy. Following their (redundant) notation, consider X = (x1, x2, z3,..), Z = (21, %2, 3, ..) and a kernel F(X, Z)
which satisfies the linear equation (Eq. (2.4) in Ref.™)

0y F— 0" F+ (—)"0"F=0 |, n=23. (E1)
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Note that x, for n > 1 occurs in both X and Z, hence J;, acts on both arguments of the kernel. One then defines
the FD noted D(X) on L2[x1, +00[, with xg, 3, ... being parameters

+oo n +o0
1
D(X) = Det(I + P[Ily“'OO[F) = Z ﬁ H / dy? 1<Cb}ect<nF(Yb7YVC) ) Ya = (y?vx%xf}u ce ) (E2)
n=0 " a=1Y71 -

and Py, 1o the projector on the interval [21, +oo|. In other words D(X) is the standard FD on L2[z1, +oo| for the
operator F' with kernel F(y,y') = F((y,22,...), (3, 22,...)). Then (Theorem 3.1 in™) the function
u(X) =202 log D(X) (E3)

satisfies the KP hierarchy, D(X) being the tau function. The lowest member is the KP equation, obtained for
X = (71,22, 73), which reads (in the conventions of Ref.”)

1 3
Oyt — Z(@ilu + 6udy, u) = 18;18§2u (E4)
To connect with the present paper we set
ry =r , Ty =

U(Z’l, $2,$3) = 2¢($7ta T) ) D(xla (EQ,.’E,?,) = G(l’,t, T) (E5)

Let us now define the following kernel on L.2[0, +oo[ (v,v" > 0)

, z

Kan(0,) = Kol + 0,7 +0') = (47,3, —2), 0 7,2, 2)) (56)
where x,t are parameters. By construction it satisfies
Or Kutr (v, 0") = (05 + 0u) Kar (v,0") (E7)
and the conditions obtained from (E1) read
0K — —%(ag FONE 0K = (0~ 0K (ES)
Hence, if these conditions are satisfied, one has that
oz, t, 1) = 0'Det(1 + Py 4 oo Katr) (E9)

satisfies the KP equation (5) for any a such that the FD is well-defined. Eqs (E7),(E8) are the conditions given in
Ref.!.

The generating function for the droplet IC can be written as

G(z,t,r) = Det(I — Mztr)|]L2(]R+) (E10)
2 2
1

. X . X
M (v,0) :/duE(tl/BU7T)Al(u+’l}+W)Al(u+’0/+ 4t4/3) , X(z)= Tre

(E11)

Performing the shift v — w + t~/3r, using the integral representation of both Airy functions, rescaling z,w —
/32, 13w, u — t~1/3u, and, in a second stage, using the translation z — z + 57 W — w — 5 we see that M is
equivalent under a similarity transformation (which does not change the FD) to the kernel

+oo
K:I:tr(v7vl) :/ duE(u)/ dz’:ﬂet(éﬁ-%)—z(v+7'+u)—w(vl+7-+u)+w(§—#) (El?)
o o2 (2im)?
with My (v,0") = /3K, (01 /3, 0/t1/3)e2: (V' =v)  The kernel K manifestly satisfies the above conditions Eqs
(E7),(E8). This establishes that for the droplet IC, ¢(x,t,7) = 82G(z,t,r) satisfies the KP equation.

Furthermore, the same conditions Eqs (E7),(E8) are also satisfied for any choice of X(u) in (E12) (for which we
assume the FD to be well defined). For the choice L(u) = 1 — e9(=¢") one recovers exactly the FD considered
in the Remark 2 (and in Ref.3*). Indeed one then has Det(] — My )|i2r+) = Det[l — (1 — eP9.7)Ky;] where
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Gro(u) = g(aetl/gu) and 0 = —e™", as in (32) (this is easily seen e.g. expanding in traces and using the cyclic
property). Hence the whole class of FD (32), useful to evaluate linear statistics of the Airy point process, satisfy the
KP property, as claimed in the text.

Finally note that the IV soliton solution of the KP hierarchy is obtained from a linear superposition of a particular
solution of (E1)

N
= Z ajexlpj—zwj +X 52 Ta (P} —4}) (E13)
j=1
One finds that
D(z) = det (8;j — —o "m0+ Lz #n (i —a}) (E14)
NxN J Di — QJ

More general solutions are obtained from the continuous superposition
F = /d,u(p, q)eaflp—mq-l-znzz:cn(p”—q") (E15)

for some weight measure du(p, q), leading to kernels generalizing (E12) and which obey the KP hierarchy property.
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