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DIFFERENTIAL K-THEORY AND LOCALIZATION FORMULA FOR
n-INVARIANTS

BO LIU AND XTAONAN MA

ABSTRACT. In this paper we obtain a localization formula in differential K-theory for S!-
actions. We establish a localization formula for equivariant n-invariants by combining this
result with our extension of Goette’s result on the comparison of two types of equivariant
n-invariants. An important step in our approach is to construct a pre-A-ring structure in
differential K-theory.
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0. INTRODUCTION

The famous Atiyah-Singer index theorem [7] states that for an elliptic differential oper-
ator on a compact manifold, the analytical index (related to the dimension of the space of
solutions) is equal to the topological index, computed in terms of characteristic classes. We
can view the index as a primitive spectral invariant of an elliptic operator, whereas global
spectral invariants such as the n-invariant of Atiyah-Patodi-Singer and the analytic torsion
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of Ray-Singer as the secondary spectral invariants of an elliptic operator. In [6l Proposition
2.10], Atiyah and Segal established a localization formula for the equivariant index using
topological K-theory, which computes the equivariant index via the contribution of the fixed
point set of the group action. Thus it is natural to ask whether the localization property
holds for these secondary spectral invariants. Note that they are neither computable from
local data, nor topological invariants as the index.

Note that the Ray-Singer holomorphic analytic torsion [52] (and its families version,
Bismut-Kohler torsion form [21]) is the analytic counterpart of the direct image in Arakelov
geometry [56]. Bismut-Lebeau’s embedding formula [22] for the analytic torsion and Bismut’s
family extension [I5] are the essential analytic ingredients of the arithmetic Riemann-Roch-
Grothendieck theorem [34] [36].

Kohler-Roessler established in their proof of the equivariant arithmetic Riemann-Roch
theorem, a Lefschetz type fixed point formula [39, Theorem 4.4] in the equivariant arithmetic
K-theory. In the arithmetic context, their result gives a relation between the equivariant
holomorphic torsion and the contribution of the fixed point set corresponding to the n-th
roots of unity. In [40, Lemma 2.3], they discussed in detail this problem and made a conjecture
for projective complex manifolds [40, Conjecture, p82]. Kohler-Roessler [40] did not use the
comparison formula of Bismut-Goette [19], but used instead their equivariant arithmetic
Riemann-Roch theorem. For more applications of the equivariant arithmetic Riemann-Roch
theorem, cf. Maillot-Roessler [49] and later works.

Atiyah-Patodi-Singer [4] developed an index theory for the Dirac operator on compact
manifolds with boundary. Their index formula involves a contribution of the boundary,
called n-invariant. Formally, it is equal to the number of positive eigenvalues of the Dirac
operator minus the number of its negative eigenvalues. Cheeger-Simons [27] gave a formula
in R/Q for the n-invariant by using their differential characters, cf. also the work of Zhang
[61].

The n-invariant (and its families version, Bismut-Cheeger n-form [I7]) is the analytic coun-
terpart of the direct image in differential K-theory (see e.g., [I1], 25, 32]). In particular, the
embedding formula of Bismut-Zhang [24, Theorem 2.2] for the n-invariants plays an important
role in the proof of Freed-Lott’s index theorem in differential K-theory [32, Theorem 7.35].
Various extensions of Bismut-Zhang’s embedding formula have been recently established by
B. Liu [43] and later work.

In this paper we will establish a localization formula in differential K-theory. Our result
is formally similar to [39, Theorem 4.4], but we employ here totally different arguments. For
Sl-actions we get a pointwise identification between the equivariant n-invariant and the fixed
point set contribution to the n-invariant, modulo a rational function with integral coefficients.
The definition of the fixed point set contribution is actually an important part of the local-
ization formula. By combining this identification with our recent extension [45] of Goette’s
comparison formula for two kinds of equivariant n-invariants [37] we finally conclude our main
result: the difference of the equivariant n-invariant and its fixed point set contribution, as a
function on the complement of a finite subset of S', is the restriction of a rational function
on S! with integral coefficients. It seems that our result is the first geometric application of
differential K-theory.
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Let us recall first the Atiyah-Segal localization formula for the equivariant index. Let Y be
an S'-equivariant compact Spin® manifold. It induces an S'-equivariant complex line bundle
L such that wy(TY) = ¢;(L) mod (2), where ws is the second Stiefel-Whitney class and ¢; is
the first Chern class [41, Appendix D]. Let E be an S'-equivariant complex vector bundle
over Y. Let DY ® E be the spin® Dirac operator on S(TY,L) ® E, where S(TY, L) is the
spinor associated with this spin® structure (cf. (LI3])).

For any complex vector bundle F' over a manifold X, we use the notation

(0.1) Sym,(F) =14 Sym*(F)t, MN(F) =1+ AF(F)

for the symmetric and exterior powers of K°(X)[[t]] respectively and denote by Sym(F) :=
Sym, (F'). Here in (0.T)), 1 is understood as the trivial complex line bundle over X in K°(X),
the K-group of X.

Let Y5" be the fixed point set of the circle action on Y, then each connected component
Yasl, aeB, of Y isa compact manifold. Let N, be the normal bundle of Y(f1 in Y and we
can choose a complex structure on N, through the circle action. For any a € B, V¥ " also has
an equivariant spin® structure with associated equivariant line bundle L, = L, s1 ®@(det N,) ™
(see (L33)) for instance). :

Let K% (Y"1, be the localization of the equivariant K-group K2, (Y,%") at the prime
ideal I(g), which consists of all characters of S vanishing at g.

Assume temporarily that Y is even dimensional. Then the spinor is naturally Z,-graded:
S(TY,L) = SY(TY,L) ® S~ (TY,L). Let DY ® E be the restrictions of DY @ F to the
space €°(Y,S8*(TY, L) ® E) of smooth sections of S*(TY, L) ® E on Y. Then the kernels
Ker(DY ® F) of DY ® F are finite dimensional S'-complex vector spaces. Let

(0.2) Indg(DY ® L) ="Tr ‘Ker(D}r/(X)E) [g] — Tr |Ker(D§®E) 9]

be the equivariant index of DY ® E corresponding to g € S'.
For g € S! fixed, let y be a character of S* such that y(g) # 0. Forw = (F* — F~)/x €

Kgl(Yas 1) 1(9) We define the equivariant index of DYe @ w by

(0.3) Ind,(D** ®w) := y(g)~! (Indg(DYaS ® F*) — Ind,(D¥* F*)) .
This does not depend on the choices of F*, F~ € K% (V%) and y. Here DY&' @ F* are
spin® Dirac operators on Y9 " defined in a similar way as DY @ E.

Theorem 0.1. [6, Lemma 2.7 and Proposition 2.10] If Y5 is the fized point set of g € S,
then there exists an inverse A_1(N*)~! in Kgl(Yasl)I(g). Moreover,

1
(0.4) Indy(D* ® E) = Y Ind, (DYf @A (N) ' ® E|Yc§1) .

For simplicity, we fix a complex structure on N, such that the weights of the S!-action on
N, are all positive. Then by [47, (1.15) and (1.17)], we can reformulate Theorem [0.1] in the
following way:

(0.5)  Ind, (DY ® E) = Z Ind, (DYaSl ® Sym(N;) ® E|Y51) as distributions on S*.
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Notice that Ind(DY ® E) = Ker(DY @ E) — Ker(DY ® E) is a finite dimensional virtual
representation of S?, thus is an element of the representation ring R(S") of S*. For each «,

(0.6) Ind (Dyas ® Sym(N*) ® E|Ysl) € R[S"]
is a formal representation of S!, i.e., each component of weight k of (0.6]), denoted by
Ind (DYaSl @ Sym(N2) @ Elyg )
a Jk

is a finite dimensional virtual vector space. As a consequence of ((LI), we have for any
k| > 1,

(0.7) S nd (DY @ Sym(N) @ E|Yasl)k — 0.

From now on we assume that Y is odd dimensional. Let ¢*¥ be an S*-invariant Riemannian
metric on TY, and VIV be the Levi-Civita connection on (Y, ¢g?Y). Let h' and h¥ be S1-
invariant metrics. Let VI and V¥ be Sl-invariant Hermitian connections on (L,h*) and
(E,hF). Put
(0.8) TY = (TY,g"", V"), L= (L h" V"), E=(EL" V"),

We call them equivariant geometric triples.

For g € S' let 7,(IY, L, E) be the associated equivariant APS reduced 7-invariant (cf.

Definition [T2]).

In the rest of this paper we always assume that Y5" # () except in Section B
Let Lo, N;, Sym(N;) and A_;(N;) be the induced geometric triples on VS5 In view

of (@), it is natural to ask whether we can define 7, <TYaS , Lo, Sym(Ng) ®E\Ysl> as a

distribution on S! for each o and how to compute the difference

(0.9) To(TY, L E) = >y (TYE, Lo, Sym(N2) © El 1)

as a distribution on S! by using geometric data on Y.
In this paper we give a realization of A_ (N *) in the localization of equivariant differential
K-theory, such that

(010) Zﬁg <TYa51’&7 )\,1<N2)_1 ® E‘y&m)

is well-defined, and then we identify it to 77,(TY, L, E) up to a rational function on S* with
integral coefficients. The remaining challenging problem is to compute precisely this rational
function on S! in a geometric way.

For g € S* let I?S(Y) be the g-equivariant differential K-group in Definition 2.14] which is
the Grothendieck group of equivalence classes [E, ¢] (see (2.87) for the equivalence relation) of
cycles (E, ¢), where E is an equivariant geometric triple and ¢ € Q2°4 (Y9, C)/dQever (Y9, C),
the space of odd degree complex valued differential forms on the fixed point set Y9 of g,
modulo exact forms. Let [A(g(Y) 1(g) be its localization at the prime ideal I(g). Then as
explained in ([Z.93)), an element of I?S(Y)I(g) can be written as ([E, ¢] — [E', ¢']) /x, where x
is a character of S! such that x(g) # 0.
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With respect to the S'-action, we have the decomposition of complex vector bundles N, =
D,-0 Na,» such that g € St acts on N,, by multiplication by g".

Using the pre-A-ring structure of the differential K-theory constructed in Theorem [2.6], we
obtain the differential K-theory version of the first part of Theorem [0.1k

Theorem 0.2 (See Theorem ZT7)). There exists a finite subset A C St (cf. Proposition[I.1]),
such that for g € SN\ A, [A,l(N;),O} is invertible in I?S(Yasl)l(g) and there exists Ny > 0,
which does not depend on g € SY\ A, such that for any N € NN > Ny, we have

«

(0.11) a0 = vt 0] € B9 )i,

Here A,l(N;j)j\/l is defined by truncation up to degree N > Ny in the formal expansion of

A_1(N*)7" given by the ~y-filtration (see the precise definition in ([Z63), (2.65), [Z66) and

Remark 0.3. By (ZI00), A1 (V) is a sum of virtual vector bundles on Y;5" with coeffi-
cients in

(0.12) F(z)) ] (=1 Nt e RSy

v:Ng,v7#0

with F(z) € Z[z], where Z[z] means the ring of polynomials in = with integral coefficients
and rk N, is the rank of the complex vector bundle N,.

For g € St set
(0.13) Qq :={P(9)/Q(g9) € C: P,Q € Z[z],Q(g) # 0} C C.

Let ¢ : Y5 — Y be the canonical embedding. Let i* : I?S(Y)I(g) — I?S(YSI)I(Q) be the
induced homomorphism.

Theorem 0.4. For g € S, the direct image map fy, : I?S(Y)I(g) — C/Qy,

019 (B (- [ TV As R (IY.LE)

is well-defined.

For any g € SY\ A, i* is an isomorphism and the following diagram commutes

. . Ao (v),0] Tuir
EJ(Y* )1)

Ky(v)
(0.15) x /
fysl! C/ng fy

where the product U is defined in (Z88)). In particular, taking into account (0.14), we have
for any N € N with N' > Ny, where Ny is as in Theorem [I2,

(016> 7_79 (Hv L7 E) - Z 7_79 (TYaSi&’ )‘*1<N;)J7\/1 ® E‘YO§1> € @g-

I(g)

The final main result of our paper is as follows:
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Theorem 0.5. Let A C S' and Ny € N be as in Theorem [0.2 Then for any N € N,
N > Ny, for any equivariant geometric triple E on'Y, the function on g € ST\ A,

(0.17) iy (TY, L, E) = > "1, (TYO?I Loy A1 (N2 @ Elyasl)

is the restriction on S\ A of a rational function on S* with integral coefficients that does not
have poles on S*\ A.

In the last part of this paper (see Section B0l we discuss the case when yst = 0.

Theorem 0.6 (See TheoremBIT). IfYS' =0 and A = {g € S*: Y9 # 0}, then7,(TY, L, E)
regarded as a function on S\ A, is the restriction of a rational function on S' with integral
coefficients and without poles in S*\ A.

Let us explain why we do not work directly with all elements g € S*\ A in Theorems
and [0.4l Note on one hand that the equivalence relation defining I?S(Y) (cf. (Z87) in
Definition [2.14)) really depends on g € S! even for g € S'\ A. Thus we can neither define the
differential K-group I?gl (Y), nor localize uniformly on g € ST\ A. On the other hand, even in
the classical situation from Theorem [0.I, we only localize at each element. To get Theorem
[0 a certain uniform version of Theorem [0.4lon g € S\ A, we need to use Theorems and
[LIQ i.e., our extension of Goette’s result, which is roughly saying that the equivariant 7-
invariant is a meromorphic function in g € S with possible poles in A and whose singularity
is locally computable on Y.

We give at the end of the introduction a proof of Theorem and a formal computation
for (LY) in a special case.

We suppose that there exists an oriented even dimensional S'-equivariant Spin® Riemann-
ian compact manifold X with boundary Y = 0X and associated S'-equivariant Hermitian
line bundle £ = (£, h*,V¥), and an S'-equivariant Hermitian vector bundle (€, h¢) with
Slinvariant Hermitian connection V¢ such that (X, g7*), £ and £ are of product structure
near the boundary and

(0.18) S(TX,L)=8Y(TX,L)®S (TX,L), SHTX, L)y =S8(TY,L).

Then the index Indaps(D¥ ® &) of the Dirac operator DX @ £ with respect to the APS
boundary condition, is a finite dimensional virtual S!-representation. By [29, Theorem 1.2],
we have for any g € S™\ Ay,

019 Indansy(D¥ @ 8) = [ T4,(IX. £)chy(€) - 1,(TY. L E)
xst
where A4, = {h € S': X5 £ X"},
IfYS" = @), then X5" is a manifold without boundary. Thus (I.I9) implies that 7,(TY, L, E)
is the restriction to S'\ A; of a rational function on S' with integral coefficients.
Assume now YS' # (). We denote by Indaps(D* ® €, k) the multiplicity of weight k part
of S'-representation in Indaps(D* ® &). Then

(0.20) Indapsg(D* @ &) =Y Indaps(D¥ @ & k) - g*, for any g € S".
k



LOCALIZATION FORMULA FOR n-INVARIANTS 7

Introduce the notation (cf. (LI8) and (B3.40))

(0:21) R(q) =g 228 R sym  (NN) @ (Y B’

v>0

= >~ Rug® € K(X™)[lg.q7)

where we denote by @®,~oNX the normal bundle of X 5" in X as in (LH). Now in view of

(@), we apply the usual APS-index theorem [4] for the operator DXS1 ® Ry taking into
account that X" is a manifold with boundary Y "= 0X5" and we obtain

(0.22) Indaps(DX" @ Ry) = / TA(ITX5, L) ch(Ry) = Y 0(TY.", Lo, Ry).
x5t T o T

where £/ is the associated line bundle over X5' defined as in (L33)). By the general ana-
lytic localization technique in index theory by Bismut-Lebeau [22], we can expect that the
arguments in [28, Theorem 1.2], [47, §1.2] extend to the APS-index case, i.e., we can expect
that

S

(0.23) Indaps(D* ® £, k) = Indpps(D* 1 ® Ry) +st(Y, k), forany k € Z,

where sf(Y, k) € Z is the spectral flow of a family of deformed DY ® E operators via the
vector field generated by the Sl-action. As in the case of manifolds without boundary we
write formally

(0.24) > TA(TXY, L) ch(Ry) - * = Tdy(TX, L) chy(£).

Thus, we have at least formally for any g € ST\ Ay,

(0.25) (LY, L E) =Y (Z NTYS, Lo, Ri) — (Y, k)) g~

keZ «

This heuristic discussion hints to the possibility of computing (0.9) geometrically.

However, the authors are not aware of any result stating that for S'-equivariant geometric
triples (TY, L, E) as above there exist k& > 0 and S'-equivariant X, £, £ such that 0X
consists of k properly oriented copies of Y and by restriction to X we get TY, L, E. Another
difficulty is how to make a proper sense of the right-hand side of (0.25]). This is why our
intrinsic formulation of Theorem does not rely on the existence of such an X. Also, it
shows the usefulness of the y-filtration that we introduce in differential K-theory.

Finally, it is natural to ask whether there is a similar localization formula (0I7)) for the
real analytic torsion [23] 51]. However, unlike the case of the holomorphic torsion and the
n-invariant, a suitable K-theory where the real analytic torsion is the analytic ingredient of
a Riemann-Roch type theorem (cf. [20]) is still lacking.

The main result of this paper is announced in [44].

This paper is organized as follows. In Section [I, we introduce the main object of our paper,
the equivariant n-invariant, and we review some of its analytic properties, which we will use
in this paper, such as the variation formula, the embedding formula and the comparison of
equivariant n-invariants. In Section [2 we prove that the differential K-ring is a pre-A-ring
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and construct the inverse of [A_;(N}),0] in

Theorems 4 and [0 and study the case Y5'
n-invariant in the case Y = St

Ag(Yasl) I(g) explicitly. In Section B, we prove
= 0.

We also compute in detail the equivariant

Notation: For any vector space V and B € End(V'), we denote by Tr[B] the trace of B on
V. We denote by dimg or dim¢ the real or complex dimension of a vector space, and we skip
the subscript if it is clear from the context. For a complex vector bundle E, we will denote
by rk E its rank as a complex vector bundle, and E® the underlying real vector bundle.

For K = R or C, we denote by Q°*(X,K) the space of smooth K-valued differential forms
on a manifold X, and its subspaces of even/odd degree forms by Q°ve*/°dd(X K). Let d be
the exterior differential, then the image of d is the space of exact forms, Im d.

Let R(S') be the representation ring of the circle group S'. For any finite dimensional
virtual S'-representation V = M — M’ € R(S') and h € S', its character

(0.26) xv(h) = Tr |y [h] — Tr | [R] € ZIh, R,

a polynomial in & and h~! with integral coefficients. Conversely, for any f € Z[h, h~!], there
exists a finite dimensional virtual S'-representation V; € R(S') such that f = Xv; on S L
So in this paper, we will not distinguish the finite dimensional virtual S!-representation and
f € Z[h,h™1] as an element of R(S).
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1. EQUIVARIANT 7)-INVARIANTS

The heat kernel approach to the Atiyah-Singer index theorem, introduced by Mckean-
Singer, Gilkey, Atiyah-Bott-Patodi, ..., establishes the local index theorem for Dirac opera-
tors. It finds immediately many applications, in particular the discovery of the Atiyah-Patodi-
Singer index theorem for manifolds with boundary and of the n-invariant as the boundary
contribution in this index formula. Bismut, along with his various collaborators, has made
groundbreaking contributions in this direction, in particular by developing various ideas and
techniques to study the global spectral invariants such as the n-invariant and the analytic
torsion.

In this section we review some facts about the equivariant n-invariants. These results have
largely been influenced both philosophically and technically by the analytic localization tech-
nique in index theory developed by Bismut-Lebeau. The variation formula which computes
the difference of the equivariant n-invariants associated with different metrics and connec-
tions, is a direct consequence of Donnelly’s equivariant APS index theorem for manifolds
with boundary. It is used in Theorem to show that the direct image in g-equivariant
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differential K-theory is well-defined. The embedding formula guarantees that the direct im-
age in g-equivariant differential K-theory is compatible with the embedding. Note that the
embedding of the fixed point set into the total manifold appears naturally in our problem
(09).

To conclude Theorem from Theorem [0.4] we need to understand the analyticity of the
equivariant n-invariant as a function of ¢ € S!. In the same way as fixed-point formulas
have two equivariant versions, the Lefschetz fixed-point formula and Kirillov-like formulas of
Berline-Vergne, also equivariant n-invariants have two versions. In Theorems [ [LT0, we
show that the difference of these two equivariant n-invariants is given by an explicit local
formula, involving natural Chern-Simons currents. Moreover, the Kirillov-like equivariant
n-invariant is analytic near 0 € Lie(S%).

This section is organized as follows. In Section [[LT] we study the equivariant decomposition
of TY, in particular, we define the finite subset A C S' in Theorem 0.2 In Section .2, we
define the equivariant n-invariant. In Section [[L3] we first introduce some characteristic
classes and Chern-Simons classes which appear in various situations in the whole paper, then
we recall the variation formula. In Section [L4] we review the geometric construction of the
direct image for an embedding in topological K-theory, in particular the natural metrics
and connections on the direct image constructed by Bismut-Zhang. Finally, we explain
the embedding formula. In Section [[LA] we compare the equivariant n-invariant with the
equivariant infinitesimal n-invariant.

1.1. Circle action. Let Y be a smooth compact manifold with a smooth circle action. For
g € St set

Yi={yeY:gy=uy},

1.1
(1.1 YSI:{yGY:hy:yforanthSl}.

Then Y is the fixed point set of g-action on Y and Y5 is the fixed point set of the circle
action on Y with connected components {V> 1}%%. Since Y is compact, the index set *B is
a finite set. Certainly, for any ¢ € 1, Y5 C V9.

If g € St is a generator of S!, that is, g = €™ with ¢ € R irrational, then Y5 is the fixed
point set Y9 of g. We have the decomposition of real vector bundles over Y,” '

(1.2) TY|yo =TYS & P NE,.
v#0

where NF, is the underlying real vector bundle of a complex vector bundle N, over ys!
such that g acts on N, , by multiplication by g*. Let N be the normal bundle of YS inY.
Then (LL2) induces the canonical identification N, := N|ys1 = @#()N(Hiv. We will regard N,
as a complex vector bundle. The complex conjugation prgvides a C-anti-linear isomorphism
between the complex vector bundles N, , and Nav_y. Since we can choose either N, , or NW}

as the complex vector bundle for N¥ | in what follows, we may and we will assume that

a,v)

(1.3) TY|ys =TYS @ @ NE,, No=EP Naw.

v>0 v>0
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Since the dimension of 7Y is finite, there are only finitely many v such that rk N, , # 0.
Set

(1.4) q = max{v : there exists a € B such that rk N,, # 0}.
Then we have the splittings
q q

(1.5) TY|yo =TV & P NE,, No=EP Naw-

v=1 v=1
Proposition 1.1. The set
(1.6) A={ge s Y% £y}
s finite.

Proof. Let g™¥ be an S'-invariant metric on Y. Then there exists € > 0 such that the
exponential map

(1.7) W, 2) €U ={(y,Z) €N, :y €Y' |Z| < &} = exp,(Z)

is a diffeomorphism from /. into the tubular neighborhood V. of Y* "in Y. Then for any
g =€ e St (y,Z) e U, with Z = (24,)!_; € N,,, we have

(1.8) 9!y, Z) = (. (€ 20 )3-1)-
Thus for ¢ € (0,1),

(1.9) U = vS', it ¢ F, = {E : k,p coprime, 0 < k <p< q}.
p

Now S acts locally freely on Y := Y \U./2. Thus for any x € Y, the stabilizer S; of z is
a finite group {e*™/* : 0 < j < k} ~ Z, for certain k € N*. Set N, = T,Y,/T,(S" - ), which
is a linear representation of S! ~ Z,. By the slice theorem, there exists an S'-equivariant
diffeomorphism from an equivariant open neighborhood U, of the zero section in S* x s1 Vg
to an open neighborhood of S' - z in Y}, which sends the zero section S'/S! onto the orbit
St .z by the map g € S* — g - 2. Now in this neighborhood U,, for any g € S\ S!, U = .
By using the compactness of Y; there is a finite set Ay C S! such that for any g € S\ Ay,
YY¥ = 0. Combining with (L9), we know A in (LG is finite.

The proof of Proposition [L1l is completed. O

1.2. Equivariant n-invariants. In the remainder of this section, let Y be an odd dimen-
sional compact oriented manifold with circle action. Then the circle action automatically
preserves the orientation of Y. Let g7 be an S'-invariant metric on T'Y .

Assume that Y has an S'-equivariant spin® structure, i.e., the S'-action on Y lifts naturally
to the associated Spin¢ principal bundle, in particular, it induces an S!-equivariant complex
line bundle L such that wy(TY) = ¢;(L) mod (2), where ws is the second Stiefel-Whitney class
and ¢ is the first Chern class [41, Appendix D]. Let S(TY, L) be the fundamental complex
spinor bundle associated with this spin® structure. It is an Sl-equivariant complex vector
bundle in a canonical way, and formally

(1.10) S(TY,L) = S(TY) ® L2,
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where Sy(TY") is the fundamental spinor bundle for the (possibly non-existent) spin structure
on TY and L'/? is the (possibly non-existent) square root of L.

Let E be an S'-equivariant complex vector bundle over Y. Then S* acts on € (Y, S(TY, L)®
E) by

(1.11) (g.5)(z) = g(s(g'x)), for g€ S*.

Let h* and h¥ be S'-invariant Hermitian metrics on L and E respectively. Let h%Y be the
Slinvariant Hermitian metric on S(T'Y, L) induced by ¢’ and h%.

Let VY be the Levi-Civita connection on (7Y, ¢™Y). Let VX and V¥ be Sl-invariant
Hermitian connections on (L, h") and (E,h¥) respectively. Let V¥ be the connection
on S(TY, L) induced by V¥ and VI [41, Appendix D]. Let VS¥®¥ be the connection on
S(TY, L) ® E induced by V" and V¥,

(1.12) VYOE — v 91+ 1 VE
Let {e;} be alocally orthonormal frame of (T'Y, g”*). We denote by ¢(-) the Clifford action
of TY on S(TY, L). Let DY ® E be the spin® Dirac operator on Y defined by
(113)  DY®E=Y c(e;)Vr® : ¢>(Y,S(TY,L)® E) —» ¢*(Y,S(TY,L) ® E).
J

Then DY ® E is an S'-equivariant first order self-adjoint elliptic differential operator on Y
and its kernel Ker(DY ® F) is a finite dimensional S'-complex vector space.

Let exp(—u(DY ® E)?), u > 0, be the heat semi-group of (DY ® ).

We denote by TY, L, E the equivariant geometric data

(1.14) TY = (TY, g™, V™), L= (L h* V"), E=(E K VF).
We also call TY, L, E equivariant geometric triples over Y.

Definition 1.2. For g € S!, the equivariant (reduced) n-invariant associated with 7Y, L, E
is defined by

du

2 /mu
1
+ 5 Tr ‘Ker(Dy®E) [g] eC.

115) nry.Lm = "I [g(D" © B)exp(—u(D” @ E)?)

The convergence of the integral at v = 0 in (LI5]) is nontrivial (see e.g., [I8, Theorem 2.6],
[29], [59, Theorem 2.1]).

1.3. Variation formula. Since ¢’" is S'-invariant, the fixed point set Y9 is an odd dimen-
sional totally geodesic submanifold of Y for any g € S'. Let N® be the normal bundle of Y9
in Y, which we identify to the orthogonal complement of 7YY in TY .

Since the S'-action preserves the spin® structure, we see that Y7 is canonically oriented
(cf. [9, Proposition 6.14], [46, Lemma 4.1]).

Assume first ¢ = > € SN\A (cf. (LB)), then Y9 = Y5 and by (L3), we have the
decomposition of real vector bundles over Y9,

(1.16) TY|ys =TY' © P N;, N* =N},

v>0 v>0
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where N® is the underlying real vector bundle of the complex vector bundle N, such that
h € S* acts by multiplication by h’. We will fix the orientation on Y9 = Y " induced by the
canonical orientation on N, as complex vector bundles and the orientation on 7Y .

Since g7V is S'-invariant, the decomposition (ILT6]) is orthogonal and the restriction of V¥
on Y9 is split under the decomposition. Let ¢g7¥*, gV *and gNlﬂ)R be the metrics induced by g7
on TY9, N® and NE. Let VIV’ V¥ “and VM be the corresponding induced connections
on TY9, N® and NE with curvatures RTY’, RY “ and R™'. Then under the decomposition

(@IG),
(1.17) gV =g 0", =P, V=V a PV’

Similar to (L.I6]), we have the orthogonal decomposition of complex vector bundles with
connections on Y9

(1.18) Elyo =@ E., V=PV

(2

Here h € S' acts by multiplication by h” on E, and the connection V#* on E, is induced by
V¥, Let RE, R®» be the curvatures of V¥, Vv,

Definition 1.3. For g = > € S\ A, set

) TY 9
A(TYI, V™) = det/? Erad ,
sinh (ﬁ RTY? )

, -1
A\Q(NR, VNR) D= (iédimNRdetl/Q\NR <1 — g - exp <2LRNR)))
7T

. -1
_ L dim NE 5 1/2 o  HNE
(1.19) ‘H(” ot e (1 ! eXp(QwR ))) |

v>0

A TY, V™) = A(TYI, VYY) A, (N® VYY) € Q*(Y9,C),

chy(E) : = Tr {g exp (% RE)}

= ZTI" [exp (QLREU + 22’7?2}75)} e Q*(Y9,C).
T
The sign convention in KQ(NR, VNR) is that the degree 0 part is given by [ ], (21 sin(m;t))_% dim Nf

The forms in (I.I9) are closed forms on Y¢ and their cohomology class does not depend
on the Sl-invariant metrics g™, h¥ and connection VZ. We denote by A(TYY), A, (TY),
chy(E) their cohomology classes, two of which appear in the equivariant index theorem [9]
Chapter 6].

Comparing with (LI9), if h € S* acts on L|,s by multiplication by h!, we write

(1.20) chy(L'?) := exp (%RL\W + iﬂlt) e Q' (Y9,C).
m

We denote by
(1.21) Td, (V™Y V") = A, (TY, V™) ch, (L?).
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Note that the natural lift of g = 2™ on S(T'Y, L) over Y5' is given by

(1.22) H H (cos (wvt) + sin (7vt) ¢ (e;’j_l) c(es;)) - ettt

where {e}?}j is an oriented orthonormal frame of N,. This explains the sign convention in
(L.21).
If g € A, we have the decomposition of real vector bundles over Y9,

(1.23) TY|ys =TY'® @ N(9),

0<0<m
where N(0) is a real vector bundle over Y9 which has a complex structure such that g acts
by multiplication by e? if §# # 7; or an even dimensional oriented real vector bundle on
which g acts by multiplication by —1 if § = 7. We fix the orientation on Y¢ induced by the
orientations on Y and on N(6). Then we can still define chy(£) as in (LI9). Let g act on
Ly by multiplication by ¢, 0 < §' < 2. Now the lift of the g-action on S(TY, L) over Y9
is given by

0 0 "
(1.24) € H H (COS (5) + sin (5) c (egj_l) c (egj)) 2?2 and e=1or—1,
0<6<m jJ

where {ef}j is an oriented orthonormal frame of N(6). From (24, the sign convention of
Tdy(V"™, V*) in (L2) is that its degree 0 part is given by € [ [_g< (27 sin(6/2)) "2 dmN©)i0'/2
This situation is only used in Sections [L3] and

We explain now the construction of Chern-Simons classes. Let

(1.25)  TY; = (TY,9;", V"), Lj = (L,hj,V}), and E; = (E,h7, V) for j=0,1

) 77 Y 7
be equivariant geometric triples over Y as in ([L14]).

Let 7 : (y,5) € Y xR — y € Y be the obvious projection. Then the S!-action lifts
naturally on Y x R, by acting only on the factor Y. Let ¢™ 7Y, A" X and h™ ¥ be S'-invariant
metrics on 7*TY, 7*L and 7*FE over Y X R such that for j = 0,1,

(126) g7r*TY|Y><{j} — ngY’ hﬂ’*L Yx{j} = hJL’ hﬂ*E|yx{j} = h]E
Let V7' TY V™ L and V™ ¥ be S'-invariant Hermitian connections on (7*TY, g™ TV, (7*L, h™ L)
and (7*E,h™ ¥) such that for j = 0,1,
(1.27) V™ iy = VI, VT vy = VE VT Py = VE
Let T*E = (7*E, h™ ¥ V™ ) be the associated geometric triple on Y x R.
If « = ag+ds A ag with ag, 1 € A*(T*Y'), put

(1.28) {a}® = .

For g € S', the equivariant Chern-Simons classes &19(&, Q),ﬁg(vg’”,vg,v?y, Vi) €
Q°dd(Y9 C)/Im d are defined by

1
chy(Ey, Ey) = / {ch,(T*E)}*ds € Q°%(Y9,C)/Imd,
(1.29) 0

1
Td,(VEY,VE vIY V) = / {Tdy (V™ TY V™I sds € Qo4 (Y9, C)/Tmd.
0
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Moreover, we have
dehy(Ey, Ey) = chy(Ey) — chy(Eo),

(1.30) i
deg<vgY7 v£7 V?Yv v%) = ng<v{Y7 Vf) - ng(V%“Y’ vg)

Note that the Chern-Simons classes depend only on VJTY, V]L and V]E for j = 0,1 (see [48]
Theorem B.5.4]).
Let n,(TY;, L;, E;) for j = 0,1 be the equivariant reduced 7-invariants associated with

(TY;, L;, E;). The following variation formula is proved in [42, Proposition 2.14] (see also

[43, Theorem 2.6]), which extends the usual well-known non-equivariant variation formula
for p-invariants (cf. [5, p95] or [I8, Theorem 2.11]).
Recall that for a finite dimensional virtual S!'-representation V', we denote its character by

xv (cf. (0.26]).

Theorem 1.4. There exists V € R(S') such that for any g € S*,

(131) 7,(TY, Lo, By) — 7y(TYa: Lo, Eo) = / Td,(VIY, VE, V1Y, VE) chy (By)

Y9

s [T, (95, 9E)chy (B By) + xr (o)
Y9

1.4. Embedding formula for equivariant n-invariants. Recall that {Y,%' },eq is the set
of the connected components of Y5' and N, is the normal bundle of Y?S "in Y. We consider
N, as a complex vector bundle and denote by N the underlying real vector bundle of N,.
Then N® @ C = N, ® N,. Let b be the Hermitian metric on N, induced by g™e.

Let C(NF) be the Clifford algebra bundle of (N, gV*). Then A(N}) is a C'(NE)-Clifford
module. Namely, if u € N,, let u* € N; be the metric dual of u. The Clifford action on
A(N}) is defined by

(1.32) c(u) = V2urA,  c(@) = —\/2iy  for any u € N,.
Here A,i. are the exterior and interior products on forms.

Set
(1.33) Lo = Llyst @ (det N,)~".

Then TY5" has an equivariant spin® structure as wy(TY,%) = ¢1(Ly) € HZ, (Y7 ' Z)mod (2)
(cf. [A7, (1.47)]). Let S(TYS", Ly) be the associated fundamental spinor bundle for TY5"
such that
(1.34) S(TY,L)|ys1 = S(TYS Ly) @ A*(N}).
As in (LI0), formally, we have
(1.35) SIS La) = So(TYE) © LY o0 & (det Ny) 2,

' A(N)) = So(NF) ® (det N, )2

Let VN be the Hermitian connection on (N, hY) induced by VV* in (ILI7). Note that
the equivariant geometric triple N, = (N, A", V") induces equivariant geometric triples
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A (N2), A°4(N7) and det N,. Denote by
A1 (NG) = AT (NG) — AY(N),
A1 (NVg) = A (Ng) — A*M(NG).

Let L, be the equivariant geometric triple induced from (L33]).
From [14], (6.26)], we have

(1.37) ch, (A,l(N;;)) = R, (N®, V)1 ch, ((det Na)*lﬂ) .

From (LI9)-(T21), (I33) and (I37), on Y5, we have
(1.38) Td,(V™, V%) ch, ()\,1(]\7;)) = A(TYS, v ) e, (i/?) ~Td, (vTYfl,vLa) .

(1.36)

We call F a trivial S'-equivariant vector bundle over Y if there is a finite dimensional
Strepresentation M such that FF' =Y x M with the Sl-action on F by g(y,u) = (gy, gu).

Let (u, h*) be an S'-equivariant Hermitian vector bundle over V5" with an S'-invariant
Hermitian connection V#. Let ¢ : Y5' — Y be the obvious embedding. In the following, we
describe the geometric construction of Atiyah-Hirzebruch’s direct image uu € K°(Y) of p
for the embedding in K-theory [2], [24, §1b]. It will be clear from its construction that it is
compatible with the group action.

For any 0 > 0 set Uy, s := {Z € NE : |Z| < §}. Then there exists g > 0 such that the
exponential map (y,7) € N¥ — eXpZ(Z ) is a diffeomorphism between U, 5., and an open
S'-equivariant tubular neighbourhood of Y* "inY for any «. Without confusion we will also
regard U, 2., as this neighbourhood of Yas "in Y via this identification. We choose g > 0
small enough such that for any o # 8 € B, Uy ., NUs 20, = 0.

Let 74 : N, — Y% denote the projection of the normal bundle N, over Y5". For Z € NE,
let &(Z) € End(A®*(N*)) be the transpose of the canonical Clifford action ¢(Z) on A*(N.,) in
(L32). In particular, for u € N,, let u* € N be the metric dual of 4 € N, then

(1.39) &(u) = V2i,, &a)=—V2u" A.
Let 7% (A®(N?)) be the pull back bundle of A*(N?*) over N,. For any Z € NX with Z # 0,

(6%
*

let 6(Z) . 7.(.z{(‘/\even/odd(]\/';‘k{))|Z - 71_;(Aodd/even(]\/‘

«

))|z denote the corresponding pull back
isomorphism at Z.

As S! acts trivially on Yasl, we can just apply [41, Chapter I, Corollary 9.9] for each
weight part to see that (cf. also [55, Proposition 2.4]) there exists an S'-equivariant vector
bundle F, over ¥' such that (A®(N*) @ pa) @ F, with i, = plyst, is a trivializable
S'-equivariant complex vector bundle over Y;5' with the S'-equivariant trivialization map
@ 1 Y5 X M, — AY(N*) @ p1q ® F,. Then

(1.40)  vV=16(2) ® moldp, : To (A (ND) ® pra @ Fo)lz = ma(A*Y(NG) @ pta @ Fo)lz

induces an S'-equivariant isomorphism between two S!'-equivariant vector bundles over I/{Q—QEO \Y? "
By adding trivial S'-equivariant vector bundles for the part F,, we can also assume that
M, = Mg = M for any o« # [ € B. Now the identification 7} (A*(N) ® po & Fa)
(resp. 7 (ACYY(NZ) @ po @ F,)) with (Y \ Uslhaey) X M on Uy 9e)\Uae, via the map ¢,
(resp. (vV—1¢(Z) @ 7:1dg,) o p,) defines an S'-equivariant vector bundle &, (resp. £_) over
Y. Moreover the identity map of the above trivializations of &, and &_ over Y\ Uy Ua
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extends smoothly the map (L40) to a map v : &, — {_. Thus for each a € B, there exists
an S'-equivariant vector bundle F, over Y° " such that

Elttnzg = Ta(ATYUND) @ ta @ Fo)lt ey

(1.41) i
,U‘Z/{Q,QEO = _1C<Z> @ WZ{IdFa7

and the restriction of v to Y\ Uy Ua 2¢, is invertible. Then the direct image of p by ¢ is given
by

(1.42) up =& — &€ KUY,
By a partition of unity argument, we get a metric h¢ = h%+ @ h&- over Y such that

(143) h§i|ua’so — ,n_; <hAeven/odd(Nc»;)®Ma EB hFa)

Y
Zf{a,so

where RAT M (ND®ke ig the Sl-invariant Hermitian metric on A®*/°4(N*) @ 1, induced
by A" and h*. Again by a partition of unity argument, we get an S'-invariant Z,-graded
Hermitian connection V¢ = V& @ V& on € = &, @ £_ over Y such that

(144) vgi‘uaﬁo — 71.; <vAeven/odd(Nc»;)®ua EB VFO‘)

Y

Z/{cx,so

where VA (V2)®ua s the Hermitian connection on A®/°%(N*) @ 1. induced by V¥
and V#. We denote now

(1.45) &x = (&4, h%, V) over Y.

An equivariant extension of Bismut-Zhang embedding formula [24, Theorem 2.2] (cf. also
[28, Theorem 4.1] or [30, Theorem 2.1]) for n-invariants was proved in [43, Corollaries 3.8,
3.9]. The following result follows from [43, Corollaries 3.8, 3.9] applied for G = S, g € S*\ A.

Theorem 1.5. There exists V' € R(S'), such that for any g € S*\ A4,

(1.46) M,(LY, L, &) — 7, (TY

7L7 g_—) = Zﬁg(TYaSi&) H) + XV’(g)

Remark that in [43, Theorem 3.7] applied in the case when the base space is a point,
V' is an equivariant spectral flow of a family of deformed Dirac operators on Y with a
pseudodifferential operator perturbation obtained from the corresponding perturbation of
the Dirac operator on Y9. Since for any g € ST\ A, Y9 = V5" does not change, thus V' does
not depend on g € ST\ A.

Remark 1.6. Note that in the general setting of |43 Theorem 3.7] for the embedding
1:Y — X, there is an additional term, the equivariant Bismut-Zhang current. Note that
the equivariant Bismut-Zhang current is defined for the normal bundle of Y9 in X9. In our
case, since (Y9)9 = Y9, this term is zero.
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1.5. Comparison of equivariant n-invariants. In this subsection, we review the compar-
ison formula for equivariant n-invariants in [45], which is an extension of the result of [37]
and the analogue of the comparison formulas for the holomorphic torsions [19] and for the
de Rham torsions [20].

For K € Lie(S!), let K (z) = %}t:o e . x be the induced vector field on Y, and Lg
be the corresponding Lie derivative given by Lxs = %‘t:e (e7K.s) for s € €>(Y, E) (cf.

(LIT))). The associated moment maps are defined by [9, Definition 7.5],
mP(K) = Viy — Lk|p € €°(Y,End(E)),

(1.47) TY Ty _ oTY Y o

m (K) = VKY £K|TY = V K € Cg (Y, End(TY)),

where the last equation holds since the Levi-Civita connection V?Y is torsion free.
Let RE and R%Y be the equivariant curvatures of E and TY defined in [9] §7.1]:

(1.48) RE = RF — 2irm®(K), RE =R™ —2irm™ (K).

Observe that m*Y (K)|ys commutes with the circle action for any g € S*. Then it preserves
the decompositions (LI6) and (L23). Let m™Y*(K), m" (K) and m™*(K) be the restrictions
of mTY (K)|ys to TY9, N® and NE. Similarly, m®(K)|ys preserves the decomposition (LIS).
We define the corresponding equivariant curvatures RLY* and RY " as in (I48). The following
definition is an analogue of Definition and (L20).

Definition 1.7. For g = ¢*™ € S| K € Lie(S'), |K| small enough, set

N TY 1/2 4i legyg
A, x(TY,V :=det o
0.1 (TY, ) ¢ sinh (—4; Rﬂyg)

. -1
(1.49) X (i%dimNRdetl/2 (1 — g-exp (%R%R))) € Q' (Y?,0),
T

chy k(E) : =Tr {gexp (%RIE()] € Q* (Y9, C).

Let RL be the corresponding equivariant curvature of L. For g € S'\ A, as in (L20), we
define

(1.50) chy x(LY?) - = exp (ﬁRf{\yg + iﬁlt) :

For g € A, as we discussed after (L23), we replace inlt by 10’ in (L50). As in (L2I)), we
denote by

(1.51) Td, x (V™Y VE) = A, x(TY, V™) chy x (L/?).
Certainly for K =0, K%K(-) = Kg(-) and chy g (-) = chy(+).

For K € Lie(S?) set
(1.52) di = d — 2imigy.

Then by [9, Theorem 7.7], K%K(TY, VTY), ch, x(E) and chy g (L'/?) are dg-closed.
For K € Lie(S?) let 9 € T*Y be the 1-form which is dual to K¥ by the metric g*¥, i.e.,

(1.53) V(X)) =(KY,X) for X € TY.
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For g € S', K € Lie(S'), | K| small enough, set (cf. [16, Definition 1.7])
> 19[( UdK’&K

1.54 TY L, F) = — —

50 Moy L) == [ [ e (U

Note that if g € S'\ A we have Y9 = Y5 from (L), thus
(1.55) Ug =0o0onYYand My (TY,L,E) =0 for g € ST\ A.

By the argument of [38, Proposition 2.2], M, x (LY, L, E) is well-defined for |K| small
enough. Moreover, for K, € Lie(S'), ¢ € R and |¢| small enough, M, x,(TY,L,E) is
smooth at ¢ # 0 for g € A and there exist ¢;(K,) € C (j € N*) such that as ¢ — 0, we have

(dimY9+1)/2
(1.56) My LY, LE) = Y (Kot 7 +O().

j=1

) Td, (VY V5) cth((E)} dv.

In the following definition of the equivariant infinitesimal n-invariant, the operator vtDY ®
E+ c(f/;) was introduced by Bismut [12] in his heat kernel proof of the Kirillov formula for the
equivariant index. As observed by Bismut [13] §1d)] (see also [9], §10.7]), its square plus Lgv
is the square of the Bismut superconnection for a fibration with compact structure group, by
replacing K by the curvature of the fibration, thus 7, r in (L57) should be understood as

certain universal n-forms of Bismut-Cheeger [17, Definition 4.33].

Definition 1.8. [45, Definition 2.3] For ¢ € S', K € Lie(S') and |K| small enough, the
equivariant infinitesimal (reduced) n-invariant is defined by

Tr [g (DY®E—C<4L;))

+o0 1
1.57) 7, x(TY, L, E) =
(5T) @Y.LE) = [ =

KY)\°
- exp (—t (DY®E+C(4t )) —ﬁKy>

From (LI5), (I54) and (L5T), we know that 7,0(-) = 7,(-), Myo(-) = 0.

The following two theorems are special cases of [45, Theorems 0.1, 0.2], which extend

1
dt + 5 Tr |Ker(DY®E) [geK] eC.

Goette’s result [37, Theorem 0.5] as an equality of formal Laurent series in ¢ at t = 0 when
g = 1 and K} does not vanish on Y. Here the equivariant n-forms are just equivariant
n-invariants and the compact Lie group is S*.

Theorem 1.9. Fiz K, € Lie(S'), g € S'. There exists B > 0 such that for t € R and
[t| < B, the equivariant infinitesimal n-invariant Ny, (LY, L, E) is well-defined and is an
analytic function of t. Furthermore, as a function of t near 0, t ™Y *V2 A (TY L, E)

1s real analytic.

Theorem 1.10. Fiz 0 # K, € Lie(S'). For any g € S*, there exists 3 > 0 such that for
[t| < B,t # 0, we have

(158) ﬁg,tKo (ﬂ) L) E) - ﬁgetKO (ﬂ) L) E) + Mg,tKo (ﬂ) L) E)

Since 7,11, (LY, L, E) is an analytic function of ¢, when ¢ — 0, the singularity of 7,.tx, ('Y, L, E)
is the same as that of —M .k, (TY, L, E) in (L56). Thus from Theorem [[.I0, we know
,(LY, L, E) as a function of g € S', is analytic on ST\ A, moreover, at g € A, Ngetico (LY, L, E)+
Mk, (TY, L, E) on 0 <t < |B| can be extended as an analytic function on |¢| < |3].
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2. DIFFERENTIAL K-THEORY

K-theory and the A-ring structure were first introduced by Grothendieck in 1957. The
arithmetic K-theory in Arakelov geometry was introduced by Gillet-Soulé in [35]. It extends
Grothendieck’s K-theory by adding Hermitian metrics on holomorphic vector bundles and
differential forms of type (p,p) modulo Imd + Imd. In the same way as the topological
K-theory of Atiyah and Hirzebruch is the ¥*°-version of Grothendieck’s K-theory, also the
differential K-theory introduced by Freed-Hopkins [31] and developed further by Hopkins-
Singer, Simons-Sullivan, Bunke-Schick, Freed-Lott, is a % *°-version of the arithmetic K-
theory. It extends the topological K-theory by adding Hermitian metrics and connections on
vector bundles and differential forms modulo exact forms.

Note that the A-ring structure on the arithmetic K-theory was introduced by Gillet-Soulé
[35, Theorem 7.3.4] and exploited in detail by Roessler [53], 54], who studied also the associ-
ated ~-filtration.

In this section, we start to exploit the A-ring structure on the vector space of even degree
real closed forms on Y and on its direct sum with the space of odd degree real forms modulo
exact forms. Then we study its compatibility with the Chern forms and Chern-Simons
classes of geometric triples. With this preparation, we can equip the differential K-theory
with a pre-A-ring structure. An important result is that the associated ~-filtration is locally
nilpotent.

We consider the circle action on Y now. Recall that N is the normal bundle of YSI,
the fixed point set of the circle action, in Y. When we apply the above results to our g-
equivariant differential K-theory I?S(Ysl), it implies that A_1(N*) = 3 . (=1)'A"(N*),
the exterior algebra bundle of N* with corresponding metric and connection, is invertible in
I?§<Ys1)l(g)7 the localization of I?g(YSI) at the prime ideal I(g) of R(S'). This result allows
us to define the counterpart of the n-invariant on the fixed point set.

This section is organized as follows. In Section 2.1l we define the pre-A-ring structure and
study some examples. In Section 2.2] we construct the pre-A-ring structure in differential K-
theory. In Section [2.3] we study the locally nilpotent property of the y-filtration in differential
K-theory. In Section 2.4 we define the g-equivariant differential K-theory and explicitly
construct the inverse of A_;(N*) at differential K-theory level.

2.1. Pre-)-ring structure.

Definition 2.1. [10, (1.1)-(1.3)] For a commutative ring R with identity, a pre-\-ring struc-
ture is defined by a countable set of maps A" : R — R with n € N such that for all =,y € R,
a) N(x) = 1;
b) \(z) = z;
Q) X'(x ) = S N ()N ().
If R has a pre-A-ring structure, we call it a pre-A-ring.

Remark that in [8, §1] the pre-A-ring here is called the A-ring.
If ¢t is an indeterminate, we define for x € R,

(2.1) M) =D N ()"

n>0
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Then the relations a), ¢) show that ); is a homomorphism from the additive group of R into
the multiplicative group 1+ R][t]]T, of formal power series in ¢ with constant term 1, i.e.,

(2.2) M(z+y) = N(z)\(y) forany z,y € R.

Now we study some pre-A-rings which we will use later.
Let Y be a manifold. Let Z¢*(Y,R) be the vector space of even degree real closed forms
on Y. We define the Adams operation ¥ : Z¢ven (Y, R) — Z*%(Y,R) for k € N by

(2.3) UH(x) = Ko for x € Z%(Y,R).
For z € Z**"(Y,R), we define

(2.4) M) =AM (@)t" = exp (Z (=1) lk‘l’ (@)t ) :

n>0 k=1

From the Taylor expansion of the exponential function, we have \°(x) = 1 and \!(z) = .

Since
2 (_1)E-1gk (g k
(2.5) M(z+y) =exp (; (=1) \Ilk( ~y)t )
00 =1k (o ¢k Yh=1yk
= exp <Z( DA GOl +Z \I[ ()t ) = A(2)Ae(y),
we have i
(2.6) z+y) = ZAJ YA

Thus ([24) gives a pre-A-ring structure on Z**" (Y, R).
Consider the vector space (comparing with [35, §7.3.1])

(2.7) L(Y):=Z""(Y,R) ® (°(Y,R)/Imd) .

We give degree | > 0 to Z%(Y,R) @ (Q*1(Y,R)/Imd) with Q7'(-) = {0}. We define a
pairing on I'(Y') by the formula

(2.8) (Wi, @1) * (W2, P2) = (w1 Awa, w1 A @2 + 01 Aws — doy A @a).

It is easy to verify that this pairing is commutative and associative. Since * is clearly bilinear
and (1,0) is a unit, the pairing * defines a graded associative, commutative and unitary
R-algebra structure on I'(Y") (comparing with [35, Theorem 7.3.2]). We define the Adams
operation W* : T'(Y) — T'(Y) for k € N (cf. [35 §7.3.1], [54]) by
(2.9) U (a, B) = (Ko, K'B) for (a, 8) € Z%(Y,R) @ (Q* (Y, R)/Imd).
By using the pairing * to replace the multiplicity in (2.4]), similarly as Z¢"** (Y, R), we obtain
a pre-A-ring structure on I'(Y').

Let p be the projection from I'(Y') to its component ZV*"(Y,R) and 7 be the following
injection:

p:I(Y)—= Z"(Y,R), (w,p)—w

(2.10) 1:Z7Y,R) > T(Y), w (w,0).
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By (2.8)), p, 7 are homomorphisms of pre-A rings, in particular,
(2.11) Mo(w,0) = (Mw, 0).
Let G be a Lie group and g its Lie algebra. A polynomial ¢ : g — C is called a G-invariant
polynomial if
(2.12) o(Ad(g 1 A) = p(A), forany g€ G, Acg.
The set of all G-invariant polynomials is denoted by C[g]®.

Let U(r) be the unitary group with Lie algebra u(r). For A € u(r), the characteristic
polynomial of —A is

(2.13) det( A+ A) = X"+ (AN + -+ c.(A).

So ¢; € Clu(r)]V™ for 1 < j < r. It is well-known that Clu(r)]Y(") is generated by ¢y, , ¢,
as a polynomial ring:

(2.14) Clu(m)]V™ =Cley, - - -, ]

Let T7 = {(e1,--- ,e') : ty,--- ,t, € R} be a maximal torus of U(r) with Lie algebra t".
Then

(2.15) Cl)" = Cluy, -+, u,],

where w;(z) = z;, for any z = Y%, x; 2 eT.(T") =1t Let
ilt=0

(2.16) 0:T" = U(r), (e, -- e') s diag(e™, .- ')

be the diagonal injection, here diag(-- ) is the diagonal matrix. It is well-known that
(2.17) 0 : Clu(r)]V™ — C[¢']™"

is an injective homomorphism and

(2.18) 0°(c;) = oj(ur, -+ ,u.), 0" (Clu(r)]"")) =Cloy, -+, 0],

where o; is the j-th elementary symmetric polynomial. We define the Adams operations for

any k € N
210 Uk Clu(r)]"® = Clu(r)]V0),  WH(e) = Ke;;
' vk Cle)t - et Uk (uy) = kuy.

By constructing A" as in (2.4), C[u(r)]Y™) and C[t"]"" are equipped now pre-\-ring structures.
Let E be a complex vector bundle over Y of rank . Let h* be a Hermitian metric on E. Let
VE be a Hermitian connection on (E, h¥). We also denote by E = (E, h¥  V¥) the geometric

triple for this non-equivariant setting. For ¢ € C[u(r)]Y("), we define the characteristic form
p(E) by

(2.20) o(E) = ¢yp (—R") € Q™(Y, C),

where ¢y : QV(Y,C) — Q*(Y, C) is defined by

(2.21) Yyw = (2i7) Jw for w € Q¥ (Y,C).

Then by the Chern-Weil theory (cf. [48, Appendix D)), ¢(E) is closed. Moreover, p(E) €
Qeven (Y, R) if ¢ € Ru(r)]Y0.
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The triple £ induces a homomorphism of rings
(2.22) fe: Clu(r)”? — Z¥(Y.C), ¢ o(E).

Let ' E = (7*E,h™ ¥ V™ F) be the triple defined in Section [L2 without the group action.
As in (I29), the Chern-Simons class @(Ey, Ei) € Q°%(Y,C)/Imd is defined by (cf. [48]
Definition B.5.3])

(2.23) BB ) = [ (e B ds € 0°4(Y,C)/lmd.

Then by [48, Theorem B.5.4],
(2.24) dg(Ey, B1) = o(E1) — ¢(E),
and the Chern-Simons class depends only on V0 and V1.
Lemma 2.2. Let E; = (E,hf,V7) for j =0,1,2. Let p,¢' € Clu(r)]Y™. Then we have
(a) $(Eo, Es) = ¢(Eo, 1) + P(En, Es);
(b) @+ (En. B) = 3(Eo, 1) + ¢/ (Ho. By);
(c) ¢¢'(Eo, E1) = 3(Ey, E1)¢'(Ex) + 9(Eo)¢ (o, Br);
(4) (p(Er), §(Bo, B1)) * (¢'(Br), ¢ (Bo, B1)) = (9 (Br), ¢! (Eo, Ev)).

Proof. By ([2.23), (a) and (b) are obvious. Let 7*E; be the pull-back of the triple £y on
Y x R. Then ¢'(7*E}) = 7*¢'(E1). Thus by (2.23),

225) ¢ (B By) = BB B)R () = [ {oe'D) (/@B - ¢(w ) } s

= /01 {dYXR [‘P(H_E)QZKW*&,W*_E)] }ds "

1

1 ~ ds ~
— - [ {ewBF BB} ds+ oa E)H (B r'E)
0

From (2.27)), we get (c).
We establish (d) now. From (2.8), (2.24) and (c), we have

Yx{t} |,

(2.26) (p(Er), p(Eo, £1)) * (¢'(EL), ¢'(Eo, Er))
= (P(B)¢ (), o(B)F (Bo Ey) + 3(Bo, B (By) — (9(Br) — 9(Eo))? (Eo, By) )
= (¢ (Br), o¢ (Eo, E)).
The proof of Lemma is completed. O
As in (2.22)), the triple 7* £ induces a map
(2.27) fo: Clu()]”" = T(Y), ¢ (p(B), 3(Eo, Ev).
It is a ring homomorphism by Lemma

Lemma 2.3. The ring homomorphisms p, 0%, fr and fﬂ in the following diagram are all
homomorphisms of pre-\-rings,
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fe 0"

DY) e——— Clu(n)]"") —— C[t']"

p
l [

Zeven (K R) .

Moreover, we have
(2.28) fe,=po fo.
Proof. From (Z3), (29), @I0), (ZI7), (ZI9), 222) and (2.27), we see that all homomor-

phisms here commute with the corresponding Adams operations. So by (24]), they are all
homomorphisms of pre-A-rings.

The relation ([2.28)) follows directly from (2.22)) and (2.27).

The proof of Lemma is completed. O

By 2I8), (0*)"'(H) € Clu(r)]V™ is well-defined for any homogeneous symmetric polyno-
mial H in uq,---,u,.. We define the Chern character to be the formal power series

(2.29) ch = i(e*)—l(% Zuf)

It is easy to see that

(2.30) fulch) =3 fro (9*)_1(%2@

is the same as the canonical Chern character ch(£) in Definition [[3] for g = 1.

Since the manifold is finite dimensional, the right-hand side of (Z:30)) is a finite sum. In
this paper, we only care about the characteristic forms. We could apply #* and A on ch
formally and obtain the rigorous equality of the characteristic forms after taking the map fg.

From this point of view we write

(2.31) ch = (9*)1<iexp(uj)).

From Lemma 23] (24)), (219) and (231]), we have

(2.32) 6% o \(ch) = )\t(zr:exp(uj)> = exp ( 3 %(—1)k1tkﬁlk(§:exp(u]~)>>

J=1

<

o0

= o (3050 L1 explin)) = exp (3 log1 + rexpfa)

j=1 k=1 j=1

| =

= [0+ texp(uy)).

j=1
From (232)), we get the following equality (comparing with [35, Lemma 7.3.3]),
(2.33) MN(ch)(E) = ch(A*(E)) € Z**(Y, R).
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Lemma 2.4. The following identity holds,
(2.34) N-((eh(By), ch(Ey, B)) = ((h(A(Ey)), ch(A*(Ey), A*(EY))) € T(Y),

Proof. From (2.23) and (2.33]), we have modulo exact forms,

—_—

(235) W) (B B) = [ ()@ m)as

B / {ch(A¥(x E))}ds = ch(A¥(Ey), A¥(Ey)).

So from Lemma 2.3 (2.27), (2.33) and (2.35]), we get
(2:36) \*(ch(En), ch(Eo, 1)) = A (fu(ch)) = fe(\(ch)
— (V(eh) (B, N (ch) (B, Er) ) = (e (A" (), ch(A*(En), A(E)).
The proof of Lemma 2.4] is completed. O

2.2. Pre-A-ring structure in differential K-theory. We introduce now a pre-\-ring
structure for differential K-ring. It can be understood as the differential K-theory version of
the pre-A-ring structure for arithmetic K-theory in [35, Theorem 7.3.4].

Let Y be a compact manifold.

Definition 2.5. [32) Definition 2.16] A cycle for differential K-theory of Y is a pair (E, ¢)
where E is a geometric triple and ¢ is an element in Q°(Y,R)/Imd. Two cycles (Ey, ¢1) and
(Es, ¢2) are equivalent if there exist a geometric triple £5 and a vector bundle isomorphism

(2.37) O:E®FE;— Ey® Es

such that

(2.38) ch (B, @ B3, @ (Ey ® B3)) = ¢ — o1
We define the sum in the obvious way by

(2.39) (E,¢) + (£.¢) = (ESF, ¢+ ).

The differential K-group K %(Y) is defined as the Grothendieck group of equivalence classes
of cycles.

We denote by [E, ¢] the equivalence class of a cycle (E, ¢). Then
(2.40) K(Y) = {[E—E\, ¢ —¢1]: (E, ), (B, ¢1) are cycles as above}
and K°(Y) is an abelian group. For [E, ¢, [F, 4] € K°(Y), set

(241) B, 6] UIE. ] = [E® F.[(c(E), 6) * (ch(E),)]oaa],

where []oqq is the component of I'(Y) in Q°¥(Y,R)/Imd. It is easy to check that this
product (2.41)) is well-defined, commutative and associative (cf. also Lemma 2.15). Let C
be the trivial complex line bundle over Y with the trivial metric and connection. Then the
element

(2.42) 1:=[C,0]
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is a unit for the product U. Thus (K°(Y), +,U) is a commutative ring with unit 1.
From (L30), (Z37) and (238), we see that if [E,0] = [F,0] € K°(Y), we have

(2.43) ch(£) = ch(F) € Q*(Y,R).
Theorem 2.6. There exists a pre-\-ring structure on I?O(Y).

Proof. Let (E, ¢) be a cycle. Observe that (ch(E), ¢) € I'(Y). Since I'(Y) is a pre-A-ring, we
define

(2.44) N (E, ¢) = (A*(E), [N (ch(E), §)]oaa)-
It is clear that

(2.45) N(E ¢) =1, N(E,¢)=(E,¢)

By ([233), (2.39), 241) and ([2.44]), we have for any cycles (E, ¢) and (F, ),

odd>

(5 (B © 19 (). [ (eh (N (), [V (ch (). 0]

J=0

(2.46) N((E,¢) + (F,¢) = \(E@F, ¢ +)
= (\ME@F), W(eh(E ®F), ¢+ ¥)]oaa)

:(i/\( E)® NI(F

7=0

Z)\’ (ch(E), ¢) * N7 (ch(F), )

= |l

o (e (W @) Y () )], )] L)
i (A(E). IV (eh(£), ))oaa ) U (A (E), N (h(E), ¥)]oaa)

= N(E,¢) UNTI(E 1),

J=0

where the second equality is implied by (244), the third equality follows from Definition
21k) and the pre-A-ring structure on I'(Y"), the fourth equality is a consequence of the fact
that p in (ZI0) is a homomorphism of pre-A rings,

(2.47) N (ch(E), ¢) = (V (ch (E)), [N (ch(E), ¢)de>

and (Z33), the last two equalities follows from (2.41]) and (Z44]). So we only need to prove
that \¥ is well-defined on K°(Y).
If (B, ¢1) ~ (E2, ¢2), there exist F3 and isomorphism ® : £y @ E3 — E, @ E3 such that

(2.48) ch (271)"(Ey @ Es), By ® Bs) = ch (B, @ Es, @ (B, ® Es)) = ¢ — ¢1.
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From (2.34), (2.44) and (2.48), we have
(249) N(Ey @ By, ch (B, @ Ey, ©*(Ey @ Ej)))

= (A (2o ), ¥ (ch(Bro B). A (07 (Bro By oo 1)) )

= (A% (By® Ey) b (1) NH(By @ By), A(E, & By)) ).

By Definition 2.5, (2.11]) and (2.44]), we get
(2.50) A*(Ey @ E3,0) = (A" (B, @ By) , [\ (ch(E ® E ) 0)]oaa)

= (A (Br e By) 0) ~ (A" (Be® By) b (07 N (B © By) A (B @ ) ).
From (249) and (Z50), we get
(2.51) N(Ey & By, 0) ~ N ( By & By, ch (By @ By, @' (By © By)) ).
Since for j = 1,2,
(252)  M(B;® By ;) = M(E; © Ey,0) +(0,6,)) = M(E; ® By, 0)U (0, 6,),
by ([Z48) and (Z51), we have

k
(2.53) A(E @ Es, ¢1) = > N(Ey @ E3,0) UNT(0,61)

i=0
k
~ Y N(Ey ® B, 0 — d1) UNTH(0,61) = N (5, © E, 60).
i=0
By (2:46), for any k£ > 1, j = 1,2, we have

k
(2.54) N(E; @ By, 05) = Y N(Bj, ¢5) UM (E3,0).

0
Note that M(Ey, ¢1) = (Ei,¢1) ~ (Ea, ¢2) = A(Es, ¢2). We assume that N'(Ey, ¢y) ~
N(E3, ¢) holds for all 1 <4 <k — 1. Then

k—1 k—1
(2.55) D N(EL 1) UNT (B, 0) ~ Y N (Ez, ¢2) UN (B3, 0).
=0 =0

From ([2353)-(2355), since \°(z) = 1, \*(Ey, ¢1) ~ A¥(Es, ¢2). So by induction, for any k > 1,
we have A¥(Ey, ¢1) ~ N (Ey, ¢2).
The proof of Theorem is completed. O
Lemma 2.7. Ifo: X — Y is a € map of compact manifolds, then its pull-back maps
o T(Y) = I'(X), o (w, ¢) = (c"w, 0% p);
2.56 ~ ~
(256) 6*: K'Y) = K°(X), 6*[E, ¢]=[0"E,0"¢],

are morphisms of pre-A-rings.
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Proof. From (2.8) and (2.9), o* commutes with the operators * and U*, thus o* : ['(Y) —
I'(X) is a morphism of pre-A-rings. Now from (2.22) and (2.23)), we have ¢*fg = f,«go*,
po* = o*@. From ([Z44) and o*A*(E) = A*(c*E), we get that the second map of (Z.58) is

well-defined and a morphism of pre-A-rings. O

Remark 2.8. In [10, Chapter V], the A-ring is well studied, and needs two additional condi-
tions compared to Definition 21 It is well-known that the topological K-group K°(Y) is a
A-ring (cf. [8 Theorem 1.5]). In [54], the author proves that the arithmetic K-group is also
a A-ring. It is natural to ask whether the differential K-group K O(Y) is also a A-ring, and
we will come back to this question later. However, for our application here, the pre-A-ring
structure for differential K-theory is enough.

2.3. ~v-filtration.

Definition 2.9. [10] (1.25)] Let R be any pre-A-ring with an augmentation homomorphism
rk : R — 7Z. The y-operations are defined by

(2.57) (@) = S (@) = AL (a).

Jj=20
By Definition 2.1l we have
(2.58) W=1, A2) ==z, y(r+y) =) n(y), foranyz,yc R.
Definition 2.10. Set F"R := R forn < 0 and F'R the kernel of tk : R — Z. Let F™R be the
additive subgroup generated by 4" (z1) - - - y"*(x), where xq, - - - , 2, € F'R and Zle rj > Mn.
The filtration
(2.59) F'RDOF’*RDF*RD---

is called the v-filtration of R. The y-filtration is said to be locally nilpotent at z € F''R,
if there exists M (z) € N, such that 4" (z)---v™(z) = 0 for any Ele r; > M(x).

Let Y be a compact connected manifold.

It is well-known that the classical y-filtration of K°(Y") is locally nilpotent for any = €
F'K°(Y) [1, Proposition 3.1.5] with the augmentation homomorphism rk : F — rk E, the
rank of the complex vector bundle F. Since K 9(Y) is a pre-A-ring, the augmentation homo-
morphism rk(E, ¢) := rk E defines a 7-filtration of [?O(Y).

==

We identify a geometric triple E to the cycle (£,0). By 21)), (211) and (2.44), we have
(2.60) ME) =) N(E)W.

J=0

So v'(E), defined as in (Z57), is a finite dimensional virtual Hermitian vector bundle with
induced metric and connection. We also denote it by ~*(E).

Let k be the k-dimensional trivial complex vector bundle with trivial metric and connection.
Then F'K°(Y) is generalized by cycles (E — 1k E, ¢) for ¢ € Q°4(Y,R)/Imd. By ([Z42),
([Z57) and (250,

t 1

2.61 =1 -1+ 1=
(2.61) MO =1+t %(C) =14+ 1= 17—
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From (2.57)), (2.58), (2.60) and (2.61)), letting » = rk E/, we have

(2.62) W(E—1kE) = %(E)%(C)" = A (E)1-1) ZAZ (1 —t)
— Z Z < ) N(EH =3 (Z(—m'ﬂ' ( ;:z ) Ai(g)) t*.
So

k—1
0 itk >r.

Since A\i(x) = v¢/(14) (), from ([2.63)), we have

(2.64) M(E) = M(E ~ kE) - MrkE) =51 (E~1kE) - (1 1)

k v [T— 0\ vy ] B .
(2.63) V(E — 1k E) = > io(—1) < ,)A(E) if0<k<r=rkE;

(1+1)" <+27 E—1tk E)ti(1+1t)" )

Formally, we have

(2.65) M(E)"' = (14 1) (HZV B~k E)i(1 4+ 1) )1

= (147" <1+Z <27 E—1kE)t(141t)" )]>

T

. R -

T § taant S (-1 i (i ™)' ”f) [1((E - rkE)™
(nlv"'vnT)eer - ’ i=

Yimitni=k

To simplify the notations, we denote by

(2.66) ME) T =(1+1) <1 + Zt’“ 1+ ) (P (E) — ka_(ﬁ))> ,

by using (2.63) in (2.65). Remark that Py () here are finite dimensional Hermitian vector
bundles with induced metrics and connections obtained from E. We denote by Py (E) =
P, (E)=0fork<0and Py (E)=C, Fy_(£) =0. From (2:64) and (2.66)), we know that
for any [ € N*,

(2.67) Zv 1k E) (P4 (B) - Py (B)) =0,

as geometric triples.

The following theorem is the differential K-theory version of the locally nilpotent property
in topological K-theory [, Propositions 3.1.5, 3.1.10]. The corresponding arithmetic K-
theory version was proved by Roessler [53, Proposition 4.5].
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Theorem 2.11. The ~v-filtration of [?O(Y) is locally nilpotent at [E — rk E,0]. FEzplicitly,
there exists Ny, > 0 (depending only on r,m) such that for any geometric triple E on'Y
with r =1k E, m = dimY’, and (nq,--- ,n,) € N" such that

(2.68) > iini> N,

i=1
we have

T

(2.69) [T (e -k B, )" =

=1

T

[] (& -kE)™ ,0] —0e RY).

=1

Proof. For any complex vector bundle F' over Y, we get from (Z63) the y*-operation on
K°(Y) by forgetting the metric and connection,

Y1) (rkf_} Z) AN(F) if 0 <k <1k F;

0 it k> rkF.

(2.70) VH(F -1k F) =

From the classical property of the y-operation in K-theory [Il, Propositions 3.1.5, 3.1.10], we
know that there exists ay > 0 (depending only on Y') such that

k
(2.71) A" (z1)y? (22) -y () =0 € KO(Y)  if 2; € FYK(Y),i; €N, Zij > ay.

j=1

Let E be a geometric triple on Y with r = rk £, m = dimY. Let U(E) be the U(r)-
principal bundle of unitary frames of the Hermitian vector bundle (£, h*). Then U(E) Xy
C" ~ E and h¥ coincides with the Hermitian metric induced by the canonical Hermitian
inner product on C". The Hermitian connection V¥ corresponds uniquely to a connection w
on U(E).

Let Gr(r,C?) be the Grassmannian, which is the space parameterizing all complex linear
subspaces of CP of given dimension 7. Let V(p,r) be the canonical U(r)-principal bundle over
Gr(r, CP) with the canonical connection wy, which is induced by the Maurer-Cartan form on
U(p) on the U(r)-principal bundle V(p,r) = U(p)/(I, x U(p—7)) — U(p)/(U(r) xU(p—r)) =
Gr(r, CP) via the canonical matrix decomposition of u(p). Let H = V(p,r) Xy C". Let h
be the Hermitian metric on H induced by the canonical inner product on C". Let V¥ be
the Hermitian connection on H induced by wg. Let rk H be the r-dimensional trivial vector
bundle over Gr(r, CP) with trivial metric and connection.

By a theorem of Narasimhan and Ramanan [50, Theorem 1], for

(2.72) p=(m+1)(2m+ 1)r?

there exists a map f : Y — Gr(r,CP) such that f*V(p,r) = U(F) and f*wy = w. Thus
fA(H,p VT = (E, b VE). Let f*: K°(Gr(r,C?)) — K°(Y) be the pull-back map. From
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[244), 257) and (2.63)), we have

T

(2.73) H (V([E -1k E,0))" = [H (V'(E -1k E))" ,0]

T

= f { [H (v'(H — 1tk H))™ ,0] } e K°(v).

i=1
By 211 and (272), there exists a,,, > 0 (depending only on r, m) such that

T

(2.74) H (v/(H —tk H))" = 0€ K°(Gr(r,CP)) if Zz N > Ay

i=1

From Definition 2.5 and @74), if >0, i n; > a, ., there exists a € Q°%(Gr(r, CP), R) such
that

T

(2.75) (T (e =)™ 0] = [0,0] € B*(Ga(r, ©))

i=1
and

T T

276 —do= et ([ (/2 —sean))" ) =TT (en (2 —seir) )

i=1 i=1

e Q% (Gr(r,CP),R).
From ([2.22), (2.33) and (2.62)), we have

(2.77)  ch(y(H — rtk H)) ZchAZ NE(1— 1)~

T

= NI 17 = 3 fu (Ve

1=0

where fg is the map (222) with respect to H. From (232]), we have

(2.78) Ze*x ch)ti(1 —t)" Zcrl et (L= )
1=0
-TI ((1 1) —i—te“j) -1 (1 + (e — 1)) =S i — 1, et — 1)E
j=1 j=1 i=0
Since 0* is injective and o;(e** — 1, -+ , €% — 1) is symmetric with respect to u;’s, from (2.77)

and (Z78), we have
(2.79)  ch(v'(H — 1k H)) = fuo (0*) " (oi(e™ —1,--- e — 1)) € Z%*(Gx(r,C),R).
From Lemma 23, we see that the Adams operation U* commutes with fg o (§*)~!. Since

(2.80) UF(oy(e — 1, e — 1)) = oy("™ — 1, ko — 1)
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is a power series with respect to k such that the coefficients of 1,k,---, k! vanish, so is
U*(ch(v(H — 1k H))), too. Since ¥*3 = k'8 for B € Z*(Gr(r,CP),R), we have
(2.81) ch(v'(H — 1tk H)) € Q=% (Gr(r,CP),R).

Since dimg Gr(r, C?) = 2r(p —r) = 2r*((m + 1)(2m + 1)r? — 1), for any (ny,--- ,n,) € N
such that >/, 7-n; > r*((m+1)(2m + 1)r* — 1), we have

(2.82) ch (ﬁ(y’(ﬂ - ﬂ{_H))m) =0 e QV"(Gr(r,CP),R).

By [270) and (2Z82), we have da =01if > . i -n; > N, with
(2.83) Nom = sup{r?((m + 1)(2m + 1)r* — 1), ayn}-
Since the cohomology of the Grassmannian vanishes in odd degrees, the differential form «

is exact. From Z70), [[],_,(v"(H —tk H))",0] =0 € K°(Gr(r,CP)). By (ZZ3), for any
(n1,---,n,) € N"such that Y ,i-n; > N, we have

(2.84) [fW@ R E))™, o] —0e K(Y),

=1

The proof of Theorem 2.11]is completed. O

Remark 2.12. a). Comparing with (2.69) and (2.71]), a natural question about the ~-
filtration of K 0(Y) is whether we can replace N, ,, in (2.68) by a constant depending only
on Y such that (2.69) still holds. More generally, whether the analogue of (2.71]) holds in
KO(Y).

b). Let {U;} be an open covering of Gr(r, CP) such that U;’s are diffeomorphic to open balls,
and the covers can be divided into dimg Gr(r, C?)+1 = 2r(p—r)+1 classes Uy, - - -, Uap(p—r)+1
such that no two U;’s of the same class intersect, from a result of Nash (cf. Ann. of Math.
63 (1956), p.61). Let V; = UUieuj U, j=1,---,2r(p—r) + 1. Then the union is a disjoint
union with the trivialization h; : H|y, — V; x C". Let {¢;} be a partition of unity of {V;}.
Let m : H — Gr(r,C?) and 7y : V; x C" — C” be the canonical projections. Then the map

veH o (m©),er(m(©)  mai(©), - @apn (1)) - Talharga ()

induces a bundle map H — Gr(r, C?) x C"?7(°=")+1 guch that it is injective at each fiber. Then
we obtain a complex vector bundle F' over Gr(r, C?) with rank 2r?(p —r) as the complement
of H in Gr(r, CP) x C@r®=")+1  Thus we have

Y(tkH — H) =% ((tkH+ F)— (H+ F)) =vw(F —rk F).

From (2.70) and the above equation, v;(rk H — H) is a polynomial in ¢ with degree < rk F'. By
applying the remark before [I], Proposition 3.1.5] to the polynomials v, (H —rk H), v;(tk H —
H), we can take

A =1k H -1k F = 2r%(p —r) = 2r%((m + 1)(2m + 1)r* — 1).
Thus we can take N, = 2rt((m + 1)(2m + 1)r? — 1).
From Theorem 2.17], (2.65]) and (2.66]), we have the following corollary.
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Corollary 2.13. If k > N, ,, with N, as in (283]), we have
(2.85) [P+ (E), 0] = [Py~ (E),0] € K°(Y).

2.4. The g-equivariant differential K-theory. Proof of Theorem [0.2. Let Y be a
compact manifold with S*-action. In the following, we adapt the notation in Section [II
The following definition is an extension of Definition

Definition 2.14. For g € S!, a cycle for the g-equivariant differential K-theory of Y is a
pair (E, ¢) where £ = (E,h¥ V) is an Sl-equivariant geometric triple on Y and ¢ is an
element in Q°44(Y9,C)/Imd. Two cycles (Ey,¢1) and (FEs, ¢2) are equivalent if there exist
an S'-equivariant geometric triple B3 = (F3, h®, V¥#) and an S'-equivariant vector bundle
isomorphism over Y

(286) o : E1 b Eg — E2 P Eg
such that
(2.87) chy (BEy ® Es, @ (Ey ® E3)) = ¢o — 1.

We define the sum in the same way as in (2.39). We define the g-equivariant differential
K-group KS(Y) to be the Grothendieck group of equivalence classes of cycles.

We denote by [E, ¢] € I?S(Y) the equivalence class of a cycle (E, ¢). For [E, ¢],[F,v¢] €
I?E(Y), set
(2.88) [E,¢]U[E,¢] = [E® F, chy(E) ANp + ¢ A chy(F) — dp A1)

From (2.88)), we deduce that the element 1 := [C, 0] is a unit: the circle action on the total
space Y x C is defined by g(y,c) = (gy,c) for any (y,c) € Y x C, the trivial metric and
connection are obviously S!-invariant.

Lemma 2.15. The product (2.88) on I/(\'g(Y) is well-defined, associative and commutative.
Proof. If two cycles (E1, ¢1) and (Es, ¢2) are equivalent, then by (L29) and (2.87), we have
chy ((Ex® Es) ® F, 9" (B, ® B3) © F) = (¢ — 1) A chy (F),

and
A2 — 1) = chy (By @ ) — chy (B, & By) = chy (By) — chy (By)

Thus (E1®F, chy (1) Ap+¢1Achy (F)— d(bl/\z/J) and (Ey®F, chy(E2) ANp+daAchy(F)—dpa A1)
are equivalent. The product (2.88)) on Kg(Y) is well-defined.
The commutativity of ([288) follows from the facts that ¢,¢ € Q°4(Y9 C)/Imd and

do Nip =dip N+ d(d N i)
We verify now the associativity of the product. From (Z88]), we have

(289) (Bl U (Bl VIEY]) = [BLe RO F,

(chy(Ey) — dr) A (chy(Fr) A+ by A chy(E) — diy A) + ¢1 A chy(Fy @ F)|,



LOCALIZATION FORMULA FOR 7-INVARIANTS 33
and
2:90) ([Buér] VIR, w]) UIE Y] = [ Ao F
chy(Ey @ F1) A — d(chy(Ey) Ay + ¢1 A chy(Fy) —dgr Athy) A
+ (chy(Ex) Athr + 61 A chy(F1) = déy Athr) Achy(E)|.
Since ch,(+) is a closed even form and ¢5, )y, are odd forms, from (2.89) and (2.90), we

have

(2.91) [Ey, ¢1] U ([Fy, 1] U [E, 9]) = ([Br, 6] U [Fr, ¢n]) UE, o).
The proof of Lemma is completed. O

Thus (I?S(Y), +,U) is a commutative ring with unit 1.

Remark 2.16. Certainly, we can replace S' by any compact Lie group in Definition 214l

Asin 243), if [E,0] = [F,0] € [?S(Y), from (L30) and ([287), we have
(2.92) chy(E) = ch,(F) € Q*(Y?,C).

Note that g € St defines a prime ideal I(g) in R(S"), the representation ring of S, namely
all characters of S* which vanish at g. For any R(S')-module M, we denote by M,
the module obtained from M by localizing at this prime ideal. An element of R(S")
is a “fraction” u/v with u,v € R(S') and x,(g9) # 0, and two fractions u/v and u'/v’
represent the same element of R(S')jq) if there exists w € R(S') with x,(g) # 0 and
wuv’ = wu'v € R(S'). Elements of M, are “fractions” u/v (u € M,v € R(S'), x,(g9) # 0)
with a similar equivalence relation. Thus M, is a module over the local ring R(S');(,).
Since we do not distinguish the finite dimensional virtual representations and the characters
of elements in R(S'), we usually write an element of M, by

(2.93) u/x with u € M,x € Z[h,h™'] for h € S*, x(g) # 0.

For a finite dimensional S!-representation M, we consider the S'-action on Y x M given
by

(2.94) 9(y,u) = (9y, gu).

Thus Y x M — Y is an equivariant vector bundle over Y. We denote this equivariant vector
bundle by E,;. By construction, the trivial metric A" and the trivial connection d on Ej;
are naturally S'-invariant. Let M = (Ey;,h™ d). Note that £ — FEy ® E endows the
S'-equivariant K-group K2, (Y) of Y with the structure of an R(S!)-module. From (2.87),
since ch,(M) = xwm(g), constant on Y9, (E,¢) — (M ® E,xm(g) - ¢) makes I?S(Y) an
R(S')-module.

In the following, we will denote by 'E the corresponding geometric triple when forgetting
the group action.

Recall that V5" = {ys l}aeg is the fixed point set of the circle action and N, is the normal
bundle of Yas1 in Y. We consider N, as a complex vector bundle. By [55, Proposition 2.2],

(2.95) K% (Y5 ~ R(SY) @ KO(YS).
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By (L3), we write in the sense of (2.95),

(2.96) A1 (N?) ~ é A po (’N_a) - é <1 + r%w(_h—v)k CAK (’NZZ,U)> .

v=1 k=1

Set
(2.97) Taw =Tk Nuy, e =dimY>".
By (Z65) and (Z66]), we have formally,

(2.98) A_p- <’N;7v> -

— (1= )T (1 + i(—h‘”)’“(l —h)" (ka+ (M) = Pe- (Na>>>
i (1 S e (e (0) - (0))).

By Corollary 213, we know that for any k > Nrgoimas

(2.99) [Pk,+ (’N;U> P (’N;;v> ,0} —0e RO(YS.
We define

-1 hvra v N k:
Ap ('N* ) __ (P N* )= P, _('N* ) ,
h av )\ (hv — 1 Tew 1+ Z _ 1 k +( a,v) k, ( a,v)

k=1

(2.100)

-1

MDE = R A (’N;U)N .

Vi a0 #0

It follows from (L8) that for g € S\ A we have Y9 = YS', thus g* — 1 # 0 if tk N,,, # 0.
By (283) and (2.99), we see that for any N',N" > sup,, , Ny, ma;

(2.101) [)\ (N o} [)\ L(ND) N,,o] e ROV ) 1.
Then from (2.67), [2.96)-(@I0T), for any N > sup, , Ny, ,.ma, We have
(2.102) [A_l(N;),O] U [)\ (NS o} — 1€ RO ) 1.

Summarizing, we obtain the following precise version of Theorem A version for arithmetic
K-group was obtained in [39, Lemma 4.5].

Theorem 2.17. For g € S'\ A, [)\ (N2, 0] is invertible in I?S(Yasl)l(g) and for any N' >

SUPy » Nro wime 1 (283), we have
-1 ~ 1
(2.103) V2.0 = AR 0] € ROV .

«

Remark that the lower bound sup, , Ny, ,.m, does not depend on g € S I\ A.
From (Z43) and (Z99), for any k& > N, m.

(2.104) ch (P,g,+ (’N;v)) — ch (Ph, (’N;v)) c O (Y5 R).
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From (2.100), we have

(2.105) ch, (A,l(N;)/‘\})

- I 5 (e (e () e () )

v Ta,u 70

The following corollary follows directly from (2.92)), (2.102), (2.104]) and (2.105]).

Corollary 2.18. For any N > sup, , Ny, ,ma, 9 € S'\A,

(2.106) ch, (A_l(N§)> - ch, (A_l(N;;);;) —1e0(YS Q).

3. LOCALIZATION FORMULA FOR EQUIVARIANT N-INVARIANTS

In this section, we establish Theorems [0.4] and by combining the analytic results on the
n-invariant in Section [l and the algebraic framework of g-equivariant differential K-theory in
Section 24l We fix g € S'\ A now. It is relatively easy to verify, by using the exact sequence
on g-equivariant differential K-theory and equivariant K-theory, that the localization at
g € SY\ A of the restriction of g-equivariant differential K-theory from the total manifold Y
to the fixed point set Y5 is an isomorphism. We can describe the inverse of this map by
using the direct image for the embedding Y5' < Y constructed in Section [ 4 and the inverse
of A_1(IN*) constructed in Section [Z4l This result, combined with the embedding formula
of n-invariants Theorem [L3] implies that the difference of the equivariant n-invariant and its
contribution on the fixed point set is the value at this element of a rational function with
integral coefficients. Note that the coefficients of these rational functions depend a priori on
the element g € S'\ A, but thanks to Theorems [[L9, [LT0, we can finally conclude that these
rational functions are the same for any g € S*\ A. This ends the proof of our main result,
Theorem

This section is organized as follows. In Section 3.1, we establish the localization formula
in g-equivariant differential K-theory. In Section B.2] we define a direct image map in g-
equivariant differential K-theory. In Section B.3] we state Theorem B.7, which is a precise
formulation of our main result, Theorem LAl In Section [3.4] we establish first Theorem [0.4]
by applying the embedding formula of n-invariants, Theorem [[L3] the localization and direct
image map in g-equivariant differential K-theory. By using Theorems [0.4], and [LT0, we
get finally Theorem B771 In Section B3, we study the case when YS' = () and compute
explicitly the equivariant reduced n-invariant when the manifold Y is the circle.

3.1. Localization in g-equivariant differential K-theory. Let Y be a compact manifold
with S'-action. We explain first the S'-equivariant K'-theory on Y, and the equivariant odd
Chern character for an element in the S'-equivariant K!-group.

Let K&, (Y') be the S'-equivariant K'-group of Y. By [58, Definitions 2.7 and 2.8], we have
the exact sequence

(3.1) 0— KL(Y) = K% (Y x §1) 5 KO (V) — 0,
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where S1 is a copy of St with trivial S'-action and there exists b € ST such that the map ¢
isgiven by i : Y 5y — (y,b) €Y x S1. NotethathﬁzYxR/Z. Wewilltakeb:%
thus i(Y) =Y x {3}.

By @), an element y of K{,(Y) can be represented as an element = = ¢(y) € Ko, (Y x ET)
such that i*(z) = 0 € Ko, (Y). We write = W —U, where W and U are equivariant complex

—

vector bundles over Y x S1. By [55, Proposition 2.4], we may and we will assume that U
is a trivial vector bundle associated with a finite dimensional S'-representation as in (2.94).
Since *(x) = Wlyxqis2y — Ulyxqiey = 0 € K§.(Y), by adding on U a trivial vector bundle
associated with a finite dimensional S'-representation, we may and we will assume that
Wlyx{i/2y is a trivial vector bundle over Y x {1/2} associated with a finite dimensional
Sl-representation M as in (2.94) and

(3.2) U= <Yx§> x M.

Since [0,1] is contractible, there exists an S'-equivariant morphism F € €°°(Y, Aut(M))
such that

(3.3) W= (Y x [0,1]) x M/ ~p,

where ~p is the gluing map: (y,1,m) ~g (y,0, F(y)m) for y € Y, m € M. Then it induces
an equivariant vector bundle isomorphism F' : Ey; — Ejr, where the S'-equivariant vector
bundle Ey; on Y is defined as in (2.94) by

(3.4) Ey =Y x M.
When we restrict the above construction on Y* 1, as S! acts trivially on Y 1, we have

gy Ubes = (V5 % ST) x M, Wiya, = (Y5 x[0,1]) x M/ ~r,

1

Enlyst =Y® x M,
where S! acts only on the factor M.
Let V be an Sl-invariant connection on Ej;. Then F*V.- = F~!V (F) is also an S'-
invariant connection on Fy;. From (3.3)),

(3.6) VW:dt/\%Jr(l—t)V+tF*V:dt/\%+V+tF1VF

is a well-defined S'-invariant connection on W over Y x S1.

Recall that the equivariant Chern character form chy(£) and the equivariant Chern-Simons
class &19(&, ) defined in (II9) and (I29) depend only on the connections, not on the
metrics. We often denote the equivariant Chern character form by ch,(E, V¥) and the
equivariant Chern-Simons class by &g(E , VEo v E),

Let VY be the trivial connection on U. It is naturally S'-invariant. For g € S*\ A, the
odd equivariant Chern character for y € K¢,(Y') as above, is defined by

(3.7) chy(y) == US\ (Chg(VV,VW)—Chg(U,VU))}

— { /A chy (W, VW)} e HoM (Y C) c QoMY C)/Imd,
S1
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where the fiberwise integral fgﬁ is normalized such that |o; T*aAB = aA fgﬁ [ for the obvious
projection 7 : Y5' x ST 5 v anda € Q(VSY), B e Q(YS x S1). As [chy(W,VWV)] €
H*(Y5" x S',C) does not depend on the choice of V, thus ch,y(y) also does not depend on

V. From (L19), (L28), (3.6) and (3.1), we have

(3.8) chy(y) = — Mo 1] {chg ([0, 1] % By, dt A % F(1—DV 4 tF*V) }dt dt

— —chy(Ey, V, F*V) € Qv C)/Imd.

If we choose V as the trivial connection d on Eys, by ([3.6), the curvature RV of V" is
given by

(3.9) RV = (V") = dt A (F'dF) — t(1 — t)(F~'dF)?.
From (LI9), (L28), (B.8) and (3.9]), we calculate that
(3.10) chy(y) = Z (22,73)”“ (27;:'_ o [Tr [g(F‘ldF)ZnH” )

n>0

This is just the equivariant version of the odd Chern character in [33] and [60, (1.50)].
From (1), K% (Y) is an R(S")-module. Moreover, ¢ + xa(g) ¢ makes Q°4(YS" C)/Im d
an R(S')-module.
The following Proposition is the g-equivariant extension of the corresponding results in [25]
Proposition 2.20], [26], Proposition 2.24] and [32] (2.21)], which are analogues of Gillet-Soulé’s
result [35, Theorem 6.2] in arithmetic K-theory.

Proposition 3.1. If g € S\ A, we have the exact sequence of R(S*)-modules,

(3.11) KL(Y) 2% 0o(vS' C)/Imd — RO(Y) - K%(Y) — 0,
where
(3.12) a(¢) =[0,¢], 7([E,¢]) = [E].

Proof. 1t is obvious from Definition .14 that 7 is surjective and 7 o a = 0.

If z € Ker, it is easy to see from Definition 2.14] that « € Im(a).

Now we prove a och, = 0. For y € K él(Y), we can construct equivariant vector bundle
Eyover Y asin (B.4). Let hM be the metric on F; induced by an S'-invariant metric on M
via (3.4) and V be an Sl-invariant Hermitian connection on (Ejs, ). By ([B.3) and (B.8),
we have

(3.13) a(chy(y)) = [o, —chy (Ear, V\Ysl,F*V\Ysl)} = [0, —chy (Ey, V, F*V)]
= [(Bar, M, V),0] = [(Bar, M, V), ey ((Ear, B, V), (Ear, F*hM, F*V))].

By Definition 214} ((Ey, b, V), 0) and ((Eyy, M, V), chy((Ey, B, V), (Ear, F*hM | F*V)))
are equivalent under the equivariant vector bundle isomorphism F over Y. That is, a(ch,(y)) =
0e KO(Y).
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At last, we prove Kera C Imch,. For ¢' € Kera, i.c., [0,¢] =0 € I?S(Y). By Definition
214, there exists an equivariant geometric triple £/ = (E’,h¥',VF') and an equivariant
vector bundle isomorphism over Y:

(3.14) & :E' — E' such that ¢ = —ch, (E',®"E').

By [55, Proposition 2.4], there exists an S'-vector bundle F on Y such that £ ® E' = Ey
where M is a finite dimensional S!-representation. Set

(3.15) P:EQFE - EaFE, (uv)— (u,®(v)).

Let h¥ be an S'-invariant H(irmitian metric on £ and V~E be an Sl-invariant Hermitian
connection on (E, h*). Then ch, (E & E', ®* (E & E')) = ch, (E', ®*E’). As in (3.0),

0 , ,
(3.16) VW:dt/\a+(1—t)(VE@VE)+t(I>*(VE@VE)

is an S'-invariant connection on W =Y x [0,1] x M/ ~g. Therefore, by ([L29), (3:6) and
[B8), modulo exact forms, we have

(3.17) —chy (B 2,0 (E® E) = —ch, (E& B, (VF & V)]0, 0°(VF & V)| )
~ [ a9,
Sl
From (3.2), (37), 314), (315) and (BI7), ® defines an element y € K&, (Y) by s(y) = WU
and ¢’ = chy(y).

It is obvious that the R(S')-action commutes with chy, a and 7.
The proof of Proposition B.1] is completed. O

Let ¢ : Y5 — Y be the canonical embedding. Let

(3.18) KOV )i = KOY )1, [E,¢]/x — [Elys, 6)/x.

be the induced homomorphism by restriction.

The following localization theorem, which is the differential K-theory version of the Atiyah-
Segal localization theorem in topological K-theory [6, Theorem 1.1], is inspired by [26 The-
orem 3.27] and [57, Theorem 5.5].

Theorem 3.2 (Localization Theorem). For g € S'\ A, the restriction map i* : [A(S(Y)I(
I?S(YSI)I(Q) in (Z18) is an R(S)1(y)-module isomorphism.

9 —

Proof. Since localization preserves exact sequences [3, Proposition 3.3], from Proposition B.I]
we get an exact sequence of R(S");(,)-modules

Chg o 1 a =5 T
(319)  Kh(V)rg =2 (290, 0)/lmd) = RIYV)15) = K& (V1) — 0.

I(g)

Replacing Y by Y5 since (Y5")%" = V5", we get an exact sequence of R(S")(,)-modules

ch a = -
(3.20) K&(Y™ )1 =5 (Qodd(ysl, C)/Im d) 5 KO 1) — KW (Y )1 — 0.

I(g)
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Furthermore, we have the commutative diagram

(3.21)

Chl] a = T
Kéq (Y)I(g) v (Qodo‘l(}/sl7 (C)/Im d) 1) —_— Kg(Y)[(g) Kgq (Y)[(g) —0
g

L” Ju [ L

1 chg o 1 a 5 1 T 1
K (Y ) — (Q d(y” ,C)/Imd> —— KJ(Y® )11g) —= K& (Y ) 1) — 0.

I(g)

Here * : K5 (Y)1(q) — K;l(Ysl)I(g) is the R(S");(»-module map induced by ¢. From (B3I
for Y and YS', we have the commutative diagram

i*

00— KL (V)i ——= K3W(Y x Sy —— K& ()

(3.22) l l l

1 S 1 -3 * 1
0 —= KLY ) —= Ko (Y x S1) ) —= K3 (Y5 )1¢e) —= 0.

g —0

Using localization in topological K-theory [6, Theorem 1.1], ¢* is an isomorphism on K2, (+) 1)
By the five lemma on ([3:22)), ¢* is an isomorphism on K3, (+)r(g). Then by the five lemma on

B21), i* in ([B.21) is an isomorphism.

The proof of Theorem is completed. O

As the restriction map * in (B.I8) is an isomorphism, it is a natural question to find
explicitly its inverse. We solve this problem by combining the construction of the geometric
direct image for embeddings in Section [[L4] and the invertibility of the element [A_;(N*), 0]
in l?g(YS B 1(g) Obtained in Theorem 217

In the following definition we adopt the notation in Section L4l

Definition 3.3. For g € S'\ A4, the direct image map
(3.23) b KoY g — KoY )
is defined by

(3:20) i ([ 0] /x) = [ chy (A (V) A 6] fx = (& ey (A%9(N) A ] /.

Theorem 3.4. The direct image map iy is a well-defined isomorphism and

(3.25) ol = [A_l(N*), 0] U KOS 1) = ROV ).

- P -1
Thus the inverse map of i* : KJ(Y)1(g) — K2(Y® ) 1(g) in (318) is given by iro [)\,I(N*), 0] u.
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Proof. From the construction of &4 in (L4I)-(L44), we have

-3 (A ) & B, (1 00) 2]

acB

- [(% ® @) @ Fa, chy (A“‘d(N:;)) A ¢] /x

ac®B

(3:26) i { e, eby (A7) A 6] /x — [, ey (A4v)) o) /)

_ [&(N*)@g,chg (%) Mb] /X
— AN @ pchy (AN ) A 6]

Since A_;(N*) = Aver(N*) — A°d4(N*) by ([288) and ([B.26), we have

(3:27)  [Aa(V),0] U [u,¢)/x
= { [ee ey (A (V) A 6] /x = [ ehy (A%9N)) o] x}
Therefore, we have

(3.28) Mo = [A,l(N*),O} u.

By Theorem [3.2] i* : I?S(Y)[(g) -y I?O(YSI)[(Q) is an R(S');(y-module isomorphism.
From Theorem 217

(3.29) (i)t o [)\_1(]\[*), 0} U ROYS ) =2 ROV 1)

is a well-defined isomorphism. Equations ([3.28) and (3.29) imply that i in (3.24]) is a well-
defined isomorphism and (3.25]) holds. O

3.2. Direct image in g-equivariant differential K-theory. In the remainder of this
section, Y is an odd dimensional compact oriented manifold and has an S!-equivariant spin®
structure.

Note that for g € S*, Q, C C was defined in ([0.13) and chy(R(S") () = Q.

Definition and Theorem 3.5. Let g € S* be fized. For an equivariant geometric triple E,
¢ € QY9 C)/Imd, x € R(S) such that x(g) # 0, the map

(3.30) Fri((E,6)/x) = x(9)™ (— /Yg Tdy (V™ V) A 6 +1y(TY, L, E))

defines a direct image map f;, : IA(S(Y)I(Q) — C/Q,.

Note that for g = 1, the family version of (B.30) is [32, Definition 3.12]. In [39, Proposition
4.3] Kohler-Roessler defined an arithmetic K-theory version of (3:30).

Proof. For an S'-equivariant vector bundle isomorphism ® : £ — FE over Y, we have by

Definition [[.2]
(331) ﬁg(H7L7 ¢*E) = ﬁg(H7L7 E)
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For any finite dimensional S'-representation M and triples E, E, Ey, we have from Definition

L2

®E) XM( )ﬁg(ﬂaéaﬂ)a
1 EB E?) 77 (TY7L7 &) + ﬁg(TY7L7&)

(3.32)

For cycles (Ev, ¢1)/x1 and (Es, ¢2)/ X2 of I?S(Y)[(g) we have from ([B.30) and (B3.32),

(3.33) i((Bu é)/x1 + (Ba, 62)/x2) = i (Bi, 61)/x1) + Fri((Ea, d2)/x2).

If [By — By, ¢l/x =0 € [A(g(Y) I(g), there exists a finite dimensional S'-representation M

such that [M ® (E; — E1), xm(9)¢] = 0 € I?S(Y) and xa(g) # 0. Thus from Definition
[2.14] there exist F5 and an equivariant vector bundle isomorphism ® : (M ® E;) ® E3 —
(M ® Es) @ FE3 such that

(3.34) ¢ = xa(9) 'chy (M & Ey) @ Es, (M ® Ey) & Es)).

From the variation formula (L31), (3:31) and (3.32)), there exists o, € Z[g,¢97'] := {f(9) €
C: f € Z[x, 7]} such that

(3.35) 7,(TY,L, M ® Ep) —ij,(TY, L, M ® E)
=0y(TY,L,(M ® Ey) ® E3) — 7,(IY, L, (M ® Ey) ® Es)
= Ny(LY, L, ®*((M ® Ey) © E3)) — ny(TY, L, (M ® E,) © Ej)

= [ (9" V1) (M @ B) © Bu, (M B 0 ) +
From (8.30), (3.32), (3.34) and (3.35), we have
(3:36) fri((E2— Er,0)/x)

) (WL L ) - IV L) - [ Ta,(" . ¥4)0)

= x(9) xarl9) ™ (LY, L M ® By) = 7,(TY, L, M & Ey)
)

The proof of Theorem is completed. O

3.3. Main result: Theorem [0.5. Recall that the orientation of Y5 is given in Section
From (Z.I00), there exist equivariant geometric triples ji o+ and piq n— such that

(3.37) MR = T 0 =17 (s~ pa,).

Vi Ta, v 70
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In (3.37), we identify f(h)-F with M;®F for triple F, f € Z[z] and virtual S*'-representation
M associated with f. For g € ST\ A, we define

(3:38) 7, (T, Lo Aa(N2)3 @ El )

=TI @ 0= [, (795" Lo, poe © Elys )
v:Ng,v7#0

—Tly (TYaSIaﬁa Lo — ®E|Y(§1>] .

Remark 3.6. Note that from (2100) and (B3.37),

(3.39) Ha N+ = @ Sakt € Kgl(YaSI)

k>0

and ST acts on &, ;, with weight k. If S* acts on L by sending g € S* to g' (I, € Z) on Yasl,
then by [47, p139] and (297,

(3.40) D vraytla=0 mod(2).

Now by (LI8), (L37), (8:39) and (B.40), for g € S*, we have

(341) ﬁg (TYa51 9 ﬁ) :uoz,/\f,—l— ® E|Yasl> - ﬁg (TYaSIaﬁa /Loz,./\f,— ® E|yasl>

_ gfézvvra,lﬂr%la Z ngrU |:77 (Tin&, éa,k,Jr ® Ev)

k>0,v

_77 (TYaSIaﬁa ga,k,— ® Ev)] .

From (2Z83) and (2.103), set
(3.42) No = sup N,

v, Ma

Now we state our main result of this paper, which is a precise formulation of Theorem

Theorem 3.7. For any NN’ € N and N > N > Ny, for any equivariant geometric triple
E on'Y, the functions on ST\ A,

(3.43) Pyav(g) =14 (Tyaslaﬂa A1 (Vo) @ E|Yc§1>

- ﬁg (TYa517&7 A—l(N;).Xfl ® E|Yo§1>

and

(3'44> QN(Q) = 7_79 (Hv L7 E) - Z 7_79 (TYozSi&’ )‘*1<N;)./7\/1 ® E‘Y(F)

are restrictions of rational functions on S' with integral coefficients which do not have poles

on ST\ A.
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3.4. A proof of Theorems [( and B.7. Let E,; be the direct image map E/;
I?S(YSI) — C/Q, defined in Deﬁmt10n Explicitly, for any [E, ¢]/x € KO(Ysl) 1(9)>

(3.45) fys1,([E, 6]/x) = ()12[—/ Td, (VT Vi) A ¢

1
a ve

+ ﬁg(ﬁ,@@)} mod Q,.
Lemma 3.8. For any NN € N and N > N" > Ny, g € SN\ A, we have Py n(g) € Q,.
Proof. From (ZI01) and (B3.42), for any N, N’ > N, g € S*\ A,
(3.46) ANy ®E\y§170} = [A—l(NS)Xfl/ ® E|Yasl7o} € K)(Y)1(q)-
Thus Lemma B.8 follows directly from Definition and Theorem g
Observe that

(3.47) RE)Y ) = PRIV )y
ac’B
From Theorem 217, for g € S'\ 4, [ (N, 0] is invertible in I?g(Yasl)I(g). We denote by
-1

(3.48) (0.0 =@ . 0] e BRIy,

Proof of Theorem [0.4). The first part of Theorem [0.4] is Theorem From Theorem [3.2] for
g € S\ A, the restriction map * in ([BI8) is an R(S');(,-module isomorphism.

For g € S'\A, by Theorem [[H, (L38), ([3.24), (BI}III) and [B45), for any [u,¢]/x €
KS(YS )1(g), We have

(3.49) fy. o ii([i, ¢]/x)

{ ¢, ch, Aevenw*))W] Iy [ b, <Aodd N*

H/—/

{ /Ysleg (V. V") ch, (M)Mﬂ%( Y,LE,) —1,(TY )}

12(—/ Td, (VT V) A ¢ + 7y (TYS La,ﬂ)> mod Q,
yst

a

= fyst, (I, 61/).

It means that

(3.50) frioh = fyst,: KOOV — C/Qy.
From Theorems 217 B.4] and (3.50), we have
(3.51) fr1 = Fyst 0 A (N9), 00710 70 KO(Y) 1) — C/Qy

Thus the diagram in ([(.I5]) commutes.
By Definition [3.5, we have

(3.52) (B, 0) = 7,(TY, L, E) modQ,.
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By Theorems 217, B.5, (3.42), (B.45) and ([B.48)), for any N > Ny, g € ST\ A, we get

(3:53) Jyor, (A (N),017 U 2 ([E,0)) = fysr, (@[M(N:;)M U (E, on)

«

=3 (1Y, Lo As(N2)R @ Elys1 ) mod Q.
Thus by 344), B51)-BE53), for N > Ny and g € S\ A, we have Qu(g) € Qy, i.e., (0.106)
holds. The proof of Theorem [0.4] is completed. d
Let K € Lie(S?) be fixed.

Lemma 3.9. For g € S'\A, there exists 3 > 0 such that for anyt € R, |[t| < B, N' > N >
No, Py ar(ge™) and Qu(get™) are real analytic in t.

Proof. Recall that r,, =1k N,,. By (B.37), we have

(3.54)  Fan(h) - Aa(N2§' = pawvs — pawv— with Fon(h) = ] (b= 1)V,
V: Ta,u7#0

Set
(3.55) FEy(x)= J] (" —1)m=ereetNez[a).

vV MaXq Ta,v7#0

By Theorem [[LI0 and (L55), for g € S'\ A, there exists 8 > 0 such that for |t| < 3, we have
(356> ﬁgetK <H7 L7 E) = T_]g,tK <H7 L7 E) .

From (3.37), (8:43), (3.44) and ([B.56), for g € ST\ A, there exists 8 > 0 such that for |t| < 3,
N’ > N > N, we have

(3.57) Fav(ge™) - Pyar(ge'™)

B 1 FN’(getK)
= et TYaSaLaa a N+ — Han ) @ F )7
) F ,( 6tK)
. < v (g
- ; Ngetk (TYa 7&’ (Ma,N,—I— - MOé,Ny—) ® E|Yo§1> ’ Fa7N(getK)’
and
(3.58)  En(ge™) - Qur(ge™) = Fa(ge™ )ijgur (LY, L, E)
F ( etK)
_ Sl N g
S i (T L s o) © ) 20

Recall that for g € S'™\A, ¢ — 1 # 0 if r,, # 0. So there exists B > 0 such that for
It| < B, Far(ge™)~" is real analytic in ¢ for any N. By @A), fgex (TYS, ) in B57) and
([B58) are polynomials on ge'X and (ge™)~*. Thus by Theorem [ and BZAI), for g € S™\A,
there exists 8 > 0 such that for [t] < 8, N7 > N > N, Pyar(ge'™) and Qp(ge™) are real
analytic in . O

Proposition 3.10. For any N' > N > N, the functions Py v and Qn on S'\A are
restrictions on S™\ A of rational functions on S' with integral coefficients.
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Proof. We prove first this property for Q.
For g = e*™ € ST\ A and N > N, we have Qn(g) € Q, by (0.I6) and (3.44). By (0.13),

we can write

Zich axlo)g*

6 bilg)g*

where a(g),bx(9) € Z, N(g ) ( ) € N, the polynomials Zg:(g) ay(g)z* and ZQ/[:%’) br(g)z"

are relatively prime, and Zk v Vb(g)gk # 0.
Let Ty oy ={g € S"\A: M(g) < M,N(g) < N}. Then

(3.60) Ut v—1 Ty = ST\A.

(3.59) Qn(9) =

Fix go € S'\A. Let U be a connected open neighbourhood of gy in S'\ A such that Qs is real
analytic on U by Lemma 3.9 We have U3} y_,(Ty,ny NU) = U. Since U is an uncountable
set, there exist My, Ny € N such that T, n, N U is an uncountable set. We define the map
U Thgy g NU — ZMoTNoF2 guch that

(3.61) W(g) = (ao(9); -, an(g), bo(9), - -+ s bare(9))-

Since ZMotNo+2 ig a countable set, there exists I = (ag, - ,any,bo, "+, ba,) € Im(¥) such

that ¥~1(I) is a uncountable set. Set h(z) = % Then there is an open subset U’ C U
k=0 kT

such that A is real analytic on U’ and Qx = h on a uncountable subset of U’. Moreover,
since h is a meromorphic function on C, Q)nr can be extended as a holomorphic function on
an open connected neighborhood Uy C C of U, we have h = @ on Uy, in particular, h = Qs
on U. So for any gy € ST\ A, there is an open neighborhood U of gq in S*\ A such that Q is
a rational function on U with integral coefficients. It means that (), is a rational function
on each connected component of S\ A with integral coefficients.

For g € A and for small ¢ # 0 it follows from Theorem [[.T0, similarly to (8.58), that

(362) QN(getK) = ﬁg,tK(ﬂa L) E) - Mg,tK (ﬂ) L) E)

- FN(.qetK)il ' Z ﬁge”( (TYQSI7&7 (Ma,./\/',Jr - ,ua,N,*) ® E‘Y()?l) '

From Theorem [L9, (B.41), (3.55) and [B.62), Qa(ge®) is a meromorphic function in ¢ near
0. But from the argument before (8.62)), we know that for ¢ > 0 small
P (ge'™)

Q+(ge'™)
is a rational function in ge'®. As % is a meromorphic function in ¢ near 0, this implies
(3:63)) holds for ¢ near 0. In particular, ([3.63]) holds for ¢ < 0 small. So Qx as a function on
S™\ A is the restriction on S*\ A of a rational function on S with integral coefficients.

By the argument after (3.58)), in particular by ([3.38) and (3.41), we get that for N' > N >
No, Py v is the restriction on ST\ A of a rational function on S with coefficients in R. To

(3.63) Qn(ge™) =

show that that the coefficients are actually in Z we only need to apply the above argument
again.
The proof of Proposition [3.10]is completed. O
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By Lemma and Proposition B.10, the proof of Theorem [B.7is completed.

3.5. The case when Y5 = (). In the remainder of this paper, we discuss the case when
vt = .
As Y5 = (), from Proposition[LT, A = {g € S' : Y9 # ()} is a finite set. From the variation
formula (L3T), for g € S\ A, up to Qg, 7,(LY, L, E) does not depend on the geometric data
o (ht,VE), (R®, V). Thus similarly as in Definition 35 the map f : K5, (Y) ) — C/Qq
for g € S'\ A, defined by

(3.64) HE/X) = x(9)"'7,(TY, L, E) mod Q,

is well-defined. By [0, Proposition 1.5], K§,(Y ) = 0 for g € S"\A. So 7,(TY, L, E) € Q.
Since Theorems [L.4] and still hold for Y5" = 0, following the same process as in Lemma
and Proposition (note that for the last part of the proof of Proposition B.I0, we only
use Theorem [[.T0]), we obtain:

Theorem 3.11. If VS =0, A= {g € S': Y9 # 0}, then 7,(TY, L, E) as a function on
SN A is the restriction of a rational function on S' with integral coefficients that does not
have poles on S*\ A.

Example 3.12. For k£ € N*| we consider the circle action on Y = ST with
(365) g e 27r2kt+l¢9’ for g — 627rit c Sl.

Here ST is a copy of S'. For x = ¢¥ ¢ 3\1, if g.x = x, we have kt € Z, which means that
g" = 1. SoYSl—QandA—{geSl'gk—l} -

We identify [0,27) with St by sendmg 0 to €. Then the canonical metric on S! is
defined by |-%| = 1, the spinor of Stis 8 (Sl) = C, and the Clifford action is defined by
c(Z)=-ie End(S(Sl)). Thus the untwisted Dirac operator on S1 is

0
0
3.66 D=—i—
(3.66) iog°
From (B.65) and (B.60), we see that the circle action commutes with D. From (3.66]), the
eigenvalues of D are \, = n, n € Z, with eigenspaces E\, = C{e™’}. For g = > ¢ S

s € C and Re(s) > 1, we see that

Tr |E n [g] Tr |E>\7n [g] 627mnkt e ominkt
BT m)=) ) =) e T
n=1 n=1 n=1 1

is well-defined.
For x,y € R, s € C, let Si(z,y, s) be the Kronecker zeta function [58, p53],

(3.68) Sy (z,y, 5) = Z/(x )|z 4 n| e,
ne”Z

where Y, is a sum over n € Z, n # —z. The series in (3.68) converges absolutely
for Re(s) > 1, and defines a holomorphic function of s. Moreover, s — Si(z,y,s) has a
holomorphic continuation to C [58, p57]. By (B.67) and (3.68)), we have

(3.69) ny(s) = =5, (0, kt, > ; 1) .
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Thus 7,(s) has a holomorphic continuation to C. Also by [58, p57], we have the functional
equation for Si(z, vy, s),

(3.70) D(s)S1(x,y, 5) = —im 2e*mT <; - S) Sh (y, —, g - 3) .
From (B3.69) and (B.70), we have

)
(3.71) n(0) = L5 (kt.0,1).

By [58, p57], for x ¢ 7, we have

(3.72) Si(x,0,1) = mwcot(mz).

If g € SY\A, then kt ¢ Z. Thus by ([B.69), (B.71) and [B.72), for g € S*\ A, the equivairant
eta invariant 7,(S") of S* with the canonical metric, is given by

e k/2 —k/2
: g7 +g 2
(3.73) 1y(82) =y (0) = i cot(mht) = — =1 5~ L

Since Ker(D) is the space of the complex valued constant functions on ST, we have Tr lker(Dy[9] =
1. Thus from (B73)), for g € S*\ A, the equivairant reduced eta invariant

_ 779(5_1> + Tr ‘Ker(D) [g] _ 1
2 1— gk
It is a rational function on S* with integral coefficients and poles in A.
For g € A, then from ([B.67), we get 1,(s) = 0, for any s € C. Since Tr |[ker(py[g] = 1,

(3.74) 77,(S1)

— 1
(3.75) Ng(SY) = m(S1) = n(St) = > for g € A.

Remark that this reduced eta invariant could also be computed from the equivariant APS
index theorem (LI9). Let B be the unit disc in R? and B = S'. In polar coordinates, the
circle action on B is defined by

(3.76) g.re? = pe® k0 for g = ™ k€ N*,

It induces the circle action on 9B = S! in @B85). If g € SY\A, then ¢g* # 1 and the only
fixed point set of g on B is B9 = {0}. Let N be the normal bundle of {0} in B. Then the
g-action on N is as multiplication by g*.

We take the metric on B such that it has product structure near the boundary, induces
the canonical metric on ST and commutes with the circle action. We denote by D ., the
Fredholm operator with respect to the Dirac operator Df on B and the APS bou_ndary
condition. The equivariant APS index is defined by

From the equivariant APS index theorem [29], we have for g € S\ A,

— 1 1
3.78 g(S1) = | ————— — Indaps,4(D}) = — Indaps,4(DY).
678) ) = [ o~ Indasg (D) = 7 — Tndurs (D)

Note that the equivariant APS index is invariant when the metric varies near the boundary,
without changing the metrics on the boundary. We only need to compute Ind Ap&g(Df ) using
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the canonical metric on B, which is not of product structure near the boundary. In this case,
with the coordinate z = z + 14y in R? ~ C, the spinor of B is S(B) = C®C(dz/v2) ~CaC
and the Clifford action is given by

s @)1 ) (00)

Thus D? = ¢(55) &% + ¢(5) o has the form

ox/ Ox oy
DP 0 —Z2+iZ —22
In polar coordinates,
< o 10
3.81 DB — | - _ 2~ ).
(381) + c ( or r 89)
Note that —% here is the inward normal vector. Let Ps( be the orthogonal projection onto the
direct sum of the eigenspaces associated with the nonnegative eigenvalues of A := —%%| 98-

Recall that the eigenvalues of A are A, = n, n € Z, with eigenspaces C{e"}. Thus the APS
boundary condition reads in complex coordinates for f € €°(B, C),

(382) P20f|(93 =0 f|8B = Z anz".

n<0,n€Z

If DPf =0, f is holomorphic on B. Thus

(3.83) Ker(DP o) = {f € €(B,C) : DEf = 0, Poy(flop) = 0} = 0.
By (B.81)), the adjoint of ngo is D5<0, i.e., DP with boundary condition

(3.84) P_o(e™®f)|op = 0, with Psg+ Py =1d on €*(dB,C).

a,z".

By (8.80) and (3.84), if D3<Of =0, then f is holomorphic on B and flsp = Y.
Thus Coker(D¥ ;) = Ker(D? _;) = 0.

From (B77), (B378) and [B83), we have 7,(S1) = (1 — g¥)~! for g € S\ A, which is the
same as (3.74).

n>0,n€Z
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