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Abstract: Simulating the non-perturbative and non-Markovian dynamics of open quantum sys-
tems is a very challenging many body problem, due to the need to evolve both the system and
its environments on an equal footing. Tensor network and matrix product states (MPS) have
emerged as powerful tools for open system models, but the numerical resources required to treat
finite-temperature environments grow extremely rapidly and limit their applications. In this study
we use time-dependent variational evolution of MPS to explore the striking theory of Tamascelli
et al. (Phys. Rev. Lett. 2019, 123, 090402.) that shows how finite-temperature open dynamics can
be obtained from zero temperature, i.e., pure wave function, simulations. Using this approach, we
produce a benchmark dataset for the dynamics of the Ohmic spin-boson model across a wide range
of coupling strengths and temperatures, and also present a detailed analysis of the numerical costs of
simulating non-equilibrium steady states, such as those emerging from the non-perturbative coupling
of a qubit to baths at different temperatures. Despite ever-growing resource requirements, we find
that converged non-perturbative results can be obtained, and we discuss a number of recent ideas and
numerical techniques that should allow wide application of MPS to complex open quantum systems.

Keywords: open quantum systems; tensor networks; non-equilibrium dynamics

1. Introduction

The physics of open quantum systems (OQS) plays a critical role in almost all aspects
of quantum science [1,2], and the emergent phenomena of dephasing, decoherence and dis-
sipation particularly limit our ability to initialise and control multi-partite quantum states.
As a direct result of this, the development of scalable quantum technologies is greatly
constrained by open system phenomena, and understanding how irreversibility arises
from microscopic system-environment interactions has become essential for finding ways
to mitigate deleterious noise effects [3]. However, alongside this goal of suppressing dissi-
pative noise—normally by making the systems less ‘open’—the theory of OQS also plays a
vital role in the design of systems where the exploitation of strong energy and information
exchange between a system and its environment is desirable: this is the world of quantum
thermodynamics and nanoscale energy harvesting, storage and transduction [4–6].

Any ‘machine’ or device capable of converting ambient energy into work must nec-
essarily be an open system. As these machines shrink to lengths where such energetic
transformations can become few-quanta, ultra-fast events, it becomes necessary to describe
their functional dynamics on timescales over which system-environment correlations—in
both space and time—may be highly relevant [7,8]. Unlike the perturbative OQS found,
for example, in atomic systems where dissipation can be characterised by simple decay
rates, quantum energy harvesting naturally focuses on the highly non-Markovian and
non-perturbative regime of OQS where the border between the ‘system’ and ‘environment’
degrees of freedom is ill-defined. Moreover, as systems capable of converting thermal
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energy must also reject a certain amount of heat to a colder reservoir [6], the study of
quantum energy harvesting leads directly to a consideration of multi-environment OQS,
and the extended, inter-environmental quantum correlations that could be generated under
non-equilibrium operating conditions.

Molecular and biological light-harvesting systems provide a good example of such
nanoscale energy extraction, in which a non-thermal population of electronic excitations
(excitons, charge pairs, etc.) appears from the molecule-mediated connection of the ‘hot’
photon and ‘cold’ vibrational environments. In this context, much attention has been
placed on the complex physics due to the strong coupling and non-separable timescales
of electronic and environmental (vibrational) dynamics [9–11], which include potentially
exploitable effects such as transient breaking of detailed balance [12], noise-induced elec-
tronic coherence and cooperative multi-environment effects [13,14]. In such studies, the
effect of light is normally assumed to be weak, leading to the ‘additive’ approximation
that phenomenological terms describing excitation, emission and dephasing can be simply
added to the more complex equations of motion of the vibronic open system. However,
organic molecules often have very strong light-matter coupling and can show surprising
non-additive effects [15,16], including nonlinear polaritonic weakening of exciton-phonon
coupling in micro-cavity systems [17].

The example above highlights the theoretical challenges posed by some energy har-
vesting systems: non-perturbative and highly structured couplings, comparable dynamical
timescales and competing environmental processes. Under these conditions the dissipative
dynamics of the system’s reduced density matrix cannot be simply described by dephasing
and relaxation rates: the full real-time evolution of the system and its environments must
be accounted for on an essentially equal footing. This looks, a priori, like a hopeless task,
as each environment contains a continuum of quantum excitation modes, and the formal
number of quantum states in any computation will explode exponentially with the number
of such modes. However, things are not so desperate, and two broad responses to this
problem have emerged over recent years: one branch aims to efficiently simulate the propa-
gators of the system’s reduced density matrix [1,9,18,19], the other aims at representing and
evolving the entire system-environment wave function. Important contributions in this
latter domain are Density Matrix Renormalization Group (DMRG) techniques such as the
Time Evolving Density operator with Orthogonal Polynomials Approach (TEDOPA) [12,20],
Dissipation-Assisted Matrix Product Factorization [21], Time-Dependent Numerical Renor-
malisation Group techniques and the Multi-Layer Multi Configurational Time-Dependent
Hartree method (ML-MCTDH) developed in chemical physics [22,23].

The key to all of the wave function methods is the observation that, given a well-
defined initial condition, the quantum dynamics generated by typical system-environment
Hamiltonians leave the state inside a much smaller sub-space of the complete Hilbert space
of the problem. This suggests that the wave function can be parameterised by a potentially
tractable number of parameters, and—as we shall see—the effectively short-range, one-
dimensional structure of OQS Hamiltonians implies that Matrix Product States (MPS) will
provide an efficient and versatile format for many system-environment wave functions.
Viewed this way, the parameters (matrices) of an MPS can be considered as variational
degrees of freedom, leading to the powerful 1-site time-dependent variational principle
(1TDVP) algorithm for efficient propagation of large wave functions in real-time [24]. This
general technique can be used in any MPS and Tree-Tensor Network problem [14], but
its particular utility in open-system problems has only recently been appreciated. We
shall make use of this technique in this article, but a discussion of MPS, TDVP and other
computational aspects is left to the dedicated presentations in the literature [24–27].

Instead, the key issue that we wish to explore in this study is the remarkable recent
result of Tamascelli et al. [28] that allows wave function approaches to OQS to effec-
tively capture the effects of finite temperature environments through the simulation of
an equivalent zero-temperature proxy system. As already discussed above, in the non-
perturbative, non-Markovian regime of OQS, computing the evolution of the single wave



Journal Not Specified 2021, 23, 77 3 of 19

function from a sharp initial condition can already be very demanding: converging results
over the astronomically large space of initial conditions in a thermal ensemble rapidly
becomes impossible. If we also wish to explore the role of non-classical effects in heat
flows between finite-temperature environments, the problem becomes exponentially worse.
The access to finite temperature properties from a single zero-temperature (pure) wave
function simulation thus opens up an entire class of powerful non-perturbative methods
for the study of novel open quantum systems. This work aims to establish the extent to
which Tamascelli’s ‘T-TEDOPA’ theory translates into affordable non-perturbative TDVP
simulations of thermal and non-equilibrium OQS dynamics, as well as to explore some of
the non-classical and non-additive aspects of heat exchange in OQS.

This article is organised as follows. In Section 2.1 we present the spin-boson Hamil-
tonians that we will simulate. Sections 2.2 and 2.3 give a summary of the T-TEDOPA
theory that we will employ in our numerical investigations. Section 2.4 then presents
a careful study of the non-perturbative spin-boson model at finite temperatures which
reveals some of the practical numerical costs implicit in this approach. Thanks to this
testing, we are able to offer a freely accessible dataset that can be used as a benchmark
for other numerical approaches to this model, as well as code packages that allow users
to perform their own TDVP calculations on finite-temperature open systems. In antici-
pation of the need to explore non-equilibrium states in a wide range of future contexts,
we go on to test the non-perturbative physics of a two-level system (TLS) coupled to two
environments at different temperatures in Section 2.5. Exploiting the information in the
many-body system-environment(s) wave function, we examine the microscopic behaviour
of the heat flows between the system and the environments as a function of environmental
coupling strength and temperature differences, and highlight a number of non-additive
effects arising from non-perturbative quantum polaron effects. Finally, we summarise and
discuss our findings in Section 3.

2. Results
2.1. Model, Parameters and Initial Conditions

We shall base our exploration of finite temperature open dynamics on numerical
simulations and analysis of a quantum two-level system that is strongly coupled to either
one or two baths of bosonic harmonic oscillators, as illustrated in Figure 1a. The two
baths are labelled a and b and are at different inverse temperatures βa and βb, respectively
(β = 1/(kbT)). The system-bath Hamiltonian is given by

Ĥ =
ω0

2
σz + Ĥa

I + Ĥb
I + Ĥa

B + Ĥb
B, (1)

where

Ĥa
I = σx ⊗∑

k
(g∗k âk + gk â†

k) (2)

Ĥb
I = σx ⊗∑

k
(g∗k b̂k + gk b̂†

k ) (3)

Ĥa
B = ∑

k
ωk â†

k âk (4)

Ĥb
B = ∑

k
ωk b̂†

k b̂k. (5)

The TLS is described by the standard Pauli operators σ, while the âk(b̂k) are bosonic
anihilation operators for harmonic modes of frequency ωk in bath a(b). The corresponding
creation operators are denoted â†

k(b̂
†
k ). The k harmonic of each bath couples to the TLS with

a coupling strength denoted gk, which we take to depend on the index k but not on a or b.
The spectral density of the environment is defined as J(ω) ≡ π ∑k |gk|2δ(ω − ωk),

where δ(x) is the Heaviside Theta function. As a smooth, continuous function of frequency,
the spectral density can take various forms in specific physical realisations such as electron-
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phonon interactions, emitter-photon or exciton-vibration coupling in molecular systems. It
is well known that the qualitative behaviour of the TLS depends sensitively on the form of
J(ω), especially at low temperatures [1]. For simplicity, we assume identical system-bath
couplings for both environments and use the common linear frequency dependence that
defines an Ohmic environment

J(ω) = 2παωθ(ωc −ω), (6)

where α is a dimensionless coupling constant and we have introduced a hard frequency
cut-off ωc.

The initial condition ρ̂(0) for our numerical simulations is taken to be an uncorrelated
(product) state of the spin and baths, which—because of the baths’ finite temperatures—must
be described by a mixed state, i.e., a density matrix

ρ̂(0) = ρs ⊗
e−Ĥa

B βa

Tr{e−Ĥa
B βa}

⊗ e−Ĥb
B βb

Tr{e−Ĥb
B βb}

, (7)

where ρs is some arbitrary initial density matrix for the TLS.
Remarkably, despite the initial condition containing two statistically mixed thermal

density matrices, it has recently been shown by Tamascelli et al. that the reduced dynamics
of the spin can still be obtained from a single simulation of an equivalent pure, i.e., zero
temperature, system-environment wave function [28,29]. As this result is central for
generating our numerical results and our later discussion, we shall now give a brief
summary of the protocol first presented in Ref. [28].

2.2. Finite-Temperature Reduced Dynamics from Pure Wave Function Evolution

In this section we shall closely follow the original notation and presentation of
Tamascelli et al. [28] and, to simplify the presentation, we shall only consider the cou-
pling to a single environment denoted E. The procedure can be easily generalised to
multiple environments. Our starting point is the generic Hamiltonian for a system coupled
to a bosonic environment consisting of a continuum of harmonic oscillators

HSE = HS + HE + HI , (8)

where
HI = AS ⊗

∫ ∞

0
dωÔω, HE =

∫ ∞

0
dωωa†

ωaω. (9)

The Hamiltonian HS is the free system Hamiltonian and AS is a generic system operator
which couples to the bath. The environment’s free Hamiltonian is given by HE. For the
bosonic bath operators we take the displacements

Oω =
√

J(ω)(aω + a†
ω), (10)

thus defining the spectral density J(ω). This has been written here as an arbitrary continu-
ous function, but we note that the formulas can also be applied to the case of coupling to a
discrete set of vibrational modes by adding suitable structure to the spectral density, i.e.,
sets of lorentzian peaks or Dirac functions [30–32].

The state of the system+environment at time t is a mixed state described by a density
matrix ρSE(t). The initial condition is assumed to be a product of system and environ-
ment states ρSE(0) = ρS(0) ⊗ ρE(0) where ρS(0) is an arbitrary density matrix for the
system and ρE(0) = exp(−HEβ)/Z , with the environment partition function given by
Z = Tr{exp(−HEβ)}. Such a product state is commonly realised in non-equilibrium prob-
lems where the system is suddenly prepared or projected into an excited state from a
ground state in which the system and environment states are separable. This type of prepa-
ration is exemplified by the Franck-Condon principle in molecular photophysics, where
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the optical transition occurs without any change in the nuclear degrees of freedom, leaving
the subsequent relaxation dynamics to evolve from a product ‘initial’ condition [33,34]. The
environment thus begins in a thermal equilibrium state with inverse temperature β, and the
energy levels of each harmonic mode are statistically populated. For a very large number
(continuum) of modes, the number of possible thermal configurations grows extremely
rapidly with temperature, essentially making it impossible to obtain a converged sampling
of these configurations when each instance involves demanding wave function simulations.
We briefly note that some more efficient sampling methods involving sparse grids and/or
stochastic mean-field approaches have recently been proposed and demonstrated [35,36], as
well as some effective MPS techniques for capturing finite temperature effects in frequency
domain simulations [37].

The initial thermal condition of the environmental oscillators is also a Gaussian state,
for which it is further known that the influence functional [1]—which is a full description
of the influence of the bath on the system—will depend only on the two-time correlation
function of the bath operators

S(t) =
∫ ∞

0
dω〈Oω(t)Oω(0)〉. (11)

Any two environments with the same S(t) will have the same influence functional and thus
give rise to the same reduced system dynamics, i.e., the same ρS(t) = Tr{ρSE(t)}. That the
reduced density matrix’s dynamics are completely specified by the spectral density and
temperature of a Gaussian environment has been known for a long time [1], but the key idea
of the equivalence—and thus the possibility of the interchange—of environments with the
same correlation functions has only recently been demonstrated by Tamascelli et al. [29].

The time dependence in Equation (11) refers to the interaction picture so that the
bath operators evolve under the free bath Hamiltonian: Oω(t) = eiHEtOω(0)e−iHEt. Using
Equation (10) and 〈a†

ωaω〉 = nβ(ω) we have

S(t) =
∫ ∞

0
J(ω)[e−iωt(1 + nβ(ω)) + eiωtnβ(ω)]. (12)

Making use of the relation

1
2
(1 + coth(ωβ/2)) ≡

{
nω(β), ω ≥ 0
−(n|ω|(β) + 1), ω < 0

(13)

we can write Equation (12) as an integral over all positive and negative ω

S(t) =
∫ ∞

−∞
dωSign(ω)

J(|ω|)
2

(1 + coth(
ωβ

2
))e−iωt. (14)

However, Equation (14) is exactly the two-time correlation function one would get if the
system was coupled to a bath, now containing positive and negative frequencies, at zero
temperature! The effects of the finite, physical temperature now appear in a new effective
spectral density for the extended environment given by

Jβ(ω) = Sign(ω)
J(|ω|)

2
(1 + coth(

ωβ

2
)). (15)

Thus, we find that our open system problem is completely equivalent to the one governed
by the Hamiltonian

H = HS + Hext
E + Hext

I , (16)
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in which the system couples to an extended environment, where

Hext
I = AS ⊗

∫ ∞

−∞
dω
√

Jβ(ω)(aω + a†
ω),

Hext
E =

∫ ∞

−∞
dωωa†

ωaω,
(17)

and which has the initial condition ρSE(0) = ρS(0) ⊗ |0〉E 〈0|. This transformed initial
condition is now far more amenable to simulation as the environment is now described
by a pure, single-configuration wave function, rather than a statistical mixed state, and
so no statistical sampling is required to capture the effects of temperature on the reduced
dynamics!

Analysing the effective spectral density of Equation (15), it can be seen that the new
extended environment has thermal detailed balance between absorption and emission
processes encoded in the ratio of the coupling strengths to the positive and negative modes
in the extended Hamiltonian (see Figure 1c), as opposed to the operator statistics of a
thermally occupied state of the original, physical mode, i.e.

Jβ(ω)

Jβ(−ω)
=
〈aωa†

ω〉β
〈a†

ωaω〉β
= eβω (18)

Indeed, from the system’s point of view, there is no difference between the absorption
of a quantum from a thermally occupied, positive energy bath mode and the creation
(emission) of an excitation into an unoccupied, negative energy, bath mode. The extension
to negative frequencies essentially allows the process whereby the system would be heated
by the environment (absorbing pre-existing quanta in the thermal bath) to be mimicked by
spontaneous emission into a negative energy vacuum of states, as shown in Figure 1b.

T=0KT=0K

+E

-E

0
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Figure 1. (a) Two-level system (TLS) is coupled to two environments (a, b) with inverse temperatures
βa and βb. (b) The reduced state dynamics of the TLS can be obtained from a zero-temperature simu-
lation of an extended environment containing negative frequency excitation modes and temperature-
dependent couplings. (c) The effective spectral density Jβ(ω) encodes the principle of detailed
balance for absorption and emission of quanta between thermal transitions in the TLS. For the Ohmic
spectral density considered in this article, Jβ(ω) becomes flat over the entire range [−ωc, ωc] as the
temperature increases (β decreases). The plots shown are for ωcβ = 0.1 (Purple), ωcβ = 1 (Red),
ωcβ = 10 (Green), ωcβ = 50 (Yellow) and ωcβ = 100 (Blue).

In fact, the equivalence between these two environments goes beyond the reduced
system dynamics as there exists a unitary transformation which links the extended en-
vironment to the original thermal environment. This means that one is able to reverse
the transformation and calculate thermal expectations for the actual bosonic bath such as
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〈a†
ω(t)aω(t)〉β. This is particularly useful for molecular systems in which environmental

(vibrational) dynamics are also important observables that report on the mechanisms and
pathways of physio-chemical transformations [38–40]. In this article, we will use this capa-
bility later to look at the non-equilibrium heat flows between the TLS and its environments.
This is a major advantage of many-body wave function approaches, as full information
about the environment is available, cf. effective master equation descriptions which are
obtained after averaging over the environmental state.

2.3. Chain Mapping and Chain Coefficients

Following this transformation a further step is required to facilitate efficient simulation
of the many-body system+environment wave-function. This is to apply a unitary transfor-
mation to the bath modes which converts the star-like geometry of Hext

I into a chain-like
geometry, thus allowing the use of Matrix-Product-State (MPS) methods [10,41,42] (see
Figure 2). We thus define new modes c(†)n =

∫ ∞
−∞ Un(ω)a(†)ω , known as chain modes, via

the unitary transformation Un(ω) =
√

Jβ(ω)pn(ω) where pn(ω) are orthonormal polyno-

mials with respect to the measure dω Jβ(ω). Thanks to the three term recurrence relations
associated with all orthonormal polynomials pn(ω) [41], only one of these new modes,
n = 1, will be coupled to the system, while all other chain modes will be coupled only to
their nearest neighbours [41]. Our interaction and bath Hamiltonians thus become

Hchain
I = κAS(c1 + c†

1),

Hchain
E =

∞

∑
n=1

εnc†
ncn +

∞

∑
n=1

(tnc†
ncn+1 + h.c).

(19)

The chain coefficients appearing in Equation (19) are related to the three-term recurrence
parameters of the orthonormal polynomials and can be computed using standard numerical
techniques [41]. Since the initial state of the bath was the vacuum state, it is unaffected
by the chain transformation. We briefly note the evolution of the asymptotic values of
the chain parameters, as illustrated in Figure 3. For a smooth spectral density with a
hard cut-off, it is has been rigorously proven that εn → ωc/2, tn → ωc/4 as n → ∞ [41].
Figure 3 shows the dramatic changes in these asymptotic values as the temperature is
increased, which—from the numerical results—appear to be εn → 0, tn → ωc/2 as n→ ∞
and β→ 0. This can be naturally understood from the behaviour of the effective spectral
functions Jβ(ω) with increasing temperature, as illustrated in Figure 1c. The spectral
functions become symmetric and have finite values over the whole domain [−ωc, ωc]. The
asymptotic spectrum of the chain modes thus has a bandwidth of 2ωc centred on ω = 0,
which, for a uniform hopping chain, requires the numerically observed asymptotic chain
parameters. In the particular case of the Ohmic environment at high temperatures, it can
easily be seen that Jβ(ω) tends to a constant and so will have a chain representation derived
from the classical Legendre polynomials [41].

We have thus arrived at a formulation of the problem of finite-temperature open
systems in which the many-body environmental state is initialised as a pure product of
trivial ground states, whilst the effects of thermal fluctuations and populations are encoded
in the Hamiltonian chain parameters and system-chain coupling. These parameters must
be determined once for each temperature but—in principle—the actual simulation of the
many-body dynamics is now no more complex than a zero-temperature simulation!
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Figure 2. The positive and negative energy modes of each extended environment are mapped onto
1D chains with nearest-neighbour hopping, each coupled by their first site to the TLS with coupling
strength κ. The chain parameters εn and tn are determined such that the eigen-modes of the chains
are the original modes of the extended environments. The 1D geometry of the transformed system
and the fact that the chain modes all start in their vacuum states, means the system-environment
state can be described by a single (pure) matrix product states (MPS).

2.4. Spin-Boson Model Across the Complete α− β Space

In this section, we numerically verify that the finite-temperature approach set out
in Sections 2.2 and 2.3 captures the correct non-perturbative behaviour in the single-bath
spin-boson model. This will be illustrated with a few explicit examples, but the key result
of this section is the creation of a comprehensive dataset for the Ohmic spin-boson model
that allows arbitrary TLS initial conditions to be propagated in real-time and over a large
area of α− β space. This dataset has been made freely available online in citable form and
can be used to benchmark other methods and applications [43].

Figure 4a,b shows the temporal decay of an initially polarised spin 〈σz(0)〉 = +1
towards thermal equilibrium for varying coupling strengths α and inverse temperatures β.
The TLS energy splitting was ω0 = 0.2ωc. The key result in Figure 4b is the dependence
of the thermalized spin polarization at long times. In a simple, perturbative rate equation
treatment, this final polarization would be set by the energy gap ω0 and the temperature,
according to the Gibbs-Boltzmann distribution

〈σz〉β = − (1− e−βω0)

(1 + e−βω0)
. (20)

The coupling strength α would only alter the rate at which this thermal distribution
is reached. However, Figure 4a shows a growing dependence of the final polarization
on the coupling strength, suggesting a non-perturbative effect. This is indeed the case:
strong coupling leads to polaron formation and non-perturbative renormalisation of the
TLS energy gap ω0. According to the variational theory of Silbey and Harris [44], the
renormalized gap ωr is approximately given by

ωr = ω0

(
ω0

ωc

) α
1−α

, (21)
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in the so-called scaling limit in which ωc is much larger than all other energy scales in the
problem. This renormalisation is highly non-perturbative, and can completely close the
TLS energy gap at a critical coupling αc = 1 [1]. Replacing ω0 with the the renormalized
energy gaps in Equation (20), 〈σz〉β is given

〈σz〉β = −
(

ω0

ωc

) α
1−α (1− e−βωr )

(1 + e−βωr )
. (22)

where the prefactor in Equation (22) accounts for the suppressed expectation values of σz
in the polaronic eigenbasis.

Figure 5 shows this analytical prediction as a function of temperature, compared to
the results extracted from the real-time dynamics. As mentioned above, most analytical
predictions for the SBM are obtained deep in the scaling limit, while numerical results
necessarily involve only moderately large values of ωc. When comparing results, it is
common in the literature to evaluate analytical expressions with a re-scaled coupling
strength α̃ = cα to account for this [45–47], which we have applied in Figure 5. We found
that a constant factor c = 0.66 gave excellent agreement across the parameter space for
both one and two-bath SBMs, as shown in the inset of Figure 5.
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!c� = 20

Figure 3. Site energies en and hopping amplitudes tn as a function of chain distance n at different
environment temperatures.
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<latexit sha1_base64="s5lTG2RR52qJYoWciV5BmeH1Ack=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyURRZdFNy4r2Ac0IUymk3TozCTMTIQaunDjr7hxoYhbP8Kdf+O0zUJbD1w4nHMv994Tpowq7TjfVmlldW19o7xZ2dre2d2z9w86KskkJm2csET2QqQIo4K0NdWM9FJJEA8Z6Yaj66nfvSdS0UTc6XFKfI5iQSOKkTZSYFc9hkTMCPQUjTkKHmBdn3hypgV2zWk4M8Bl4hakBgq0AvvLGyQ440RozJBSfddJtZ8jqSlmZFLxMkVShEcoJn1DBeJE+fnsiQk8NsoARok0JTScqb8ncsSVGvPQdHKkh2rRm4r/ef1MR5d+TkWaaSLwfFGUMagTOE0EDqgkWLOxIQhLam6FeIgkwtrkVjEhuIsvL5POacM9bzi3Z7XmVRFHGVTBEagDF1yAJrgBLdAGGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gD90Zes</latexit>h�z(t)i

<latexit sha1_base64="s5lTG2RR52qJYoWciV5BmeH1Ack=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyURRZdFNy4r2Ac0IUymk3TozCTMTIQaunDjr7hxoYhbP8Kdf+O0zUJbD1w4nHMv994Tpowq7TjfVmlldW19o7xZ2dre2d2z9w86KskkJm2csET2QqQIo4K0NdWM9FJJEA8Z6Yaj66nfvSdS0UTc6XFKfI5iQSOKkTZSYFc9hkTMCPQUjTkKHmBdn3hypgV2zWk4M8Bl4hakBgq0AvvLGyQ440RozJBSfddJtZ8jqSlmZFLxMkVShEcoJn1DBeJE+fnsiQk8NsoARok0JTScqb8ncsSVGvPQdHKkh2rRm4r/ef1MR5d+TkWaaSLwfFGUMagTOE0EDqgkWLOxIQhLam6FeIgkwtrkVjEhuIsvL5POacM9bzi3Z7XmVRFHGVTBEagDF1yAJrgBLdAGGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gD90Zes</latexit>h�z(t)i

<latexit sha1_base64="CFx3BJRIhn2ZH9JSS3Yb7RQ4lm0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxGByhL3NXrJkd+/YnRNCyL+wsVDE1n9j579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x80bZIZxhsskYlpRdRyKTRvoEDJW6nhVEWSP0TDm6n/8MSNFYm+x1HKQ0X7WsSCUXTSYydRvE+7jGC3XPGr/gxkmQQ5qUCOerf81eklLFNcI5PU2nbgpxiOqUHBJJ+UOpnlKWVD2udtRzVV3Ibj2cUTcuKUHokT40ojmam/J8ZUWTtSketUFAd20ZuK/3ntDOOrcCx0miHXbL4oziTBhEzfJz1hOEM5coQyI9ythA2ooQxdSCUXQrD48jJpnlWDi6p/d16pXedxFOEIjuEUAriEGtxCHRrAQMMzvMKbZ70X7937mLcWvHzmEP7A+/wBN2OQnQ==</latexit>

!ct

<latexit sha1_base64="CFx3BJRIhn2ZH9JSS3Yb7RQ4lm0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxGByhL3NXrJkd+/YnRNCyL+wsVDE1n9j579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x80bZIZxhsskYlpRdRyKTRvoEDJW6nhVEWSP0TDm6n/8MSNFYm+x1HKQ0X7WsSCUXTSYydRvE+7jGC3XPGr/gxkmQQ5qUCOerf81eklLFNcI5PU2nbgpxiOqUHBJJ+UOpnlKWVD2udtRzVV3Ibj2cUTcuKUHokT40ojmam/J8ZUWTtSketUFAd20ZuK/3ntDOOrcCx0miHXbL4oziTBhEzfJz1hOEM5coQyI9ythA2ooQxdSCUXQrD48jJpnlWDi6p/d16pXedxFOEIjuEUAriEGtxCHRrAQMMzvMKbZ70X7937mLcWvHzmEP7A+/wBN2OQnQ==</latexit>

!ct

<latexit sha1_base64="MyRas30hrUd0wrYoBchf9KwwF58=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0YtQ9OKxgv3ANpTJdtsu3WzC7kYoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxPBtfG8b6ewsrq2vlHcLG1t7+zulfcPGjpOFWV1GotYtULUTHDJ6oYbwVqJYhiFgjXD0e3Ubz4xpXksH8w4YUGEA8n7nKKx0mMHRTLEa8/1u+WK53ozkGXi56QCOWrd8lenF9M0YtJQgVq3fS8xQYbKcCrYpNRJNUuQjnDA2pZKjJgOstnFE3JilR7px8qWNGSm/p7IMNJ6HIW2M0Iz1IveVPzPa6emfxVkXCapYZLOF/VTQUxMpu+THleMGjG2BKni9lZCh6iQGhtSyYbgL768TBpnrn/hevfnlepNHkcRjuAYTsGHS6jCHdSgDhQkPMMrvDnaeXHenY95a8HJZw7hD5zPH2CykBA=</latexit>

↵ = 0.1
<latexit sha1_base64="cn4f9Cjfq1pcrlbmHV9a2Ua8Dr8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CklR9CIUvXisYD+wDWWy3bRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbTzv21lZXVvf2CxsFbd3dvf2SweHDZ1kirI6TUSiWiFqJrhkdcONYK1UMYxDwZrh8HbqN5+Y0jyRD2aUsiDGvuQRp2is9NhBkQ7w2nMr3VLZc70ZyDLxc1KGHLVu6avTS2gWM2moQK3bvpeaYIzKcCrYpNjJNEuRDrHP2pZKjJkOxrOLJ+TUKj0SJcqWNGSm/p4YY6z1KA5tZ4xmoBe9qfif185MdBWMuUwzwySdL4oyQUxCpu+THleMGjGyBKni9lZCB6iQGhtS0YbgL768TBoV179wvfvzcvUmj6MAx3ACZ+DDJVThDmpQBwoSnuEV3hztvDjvzse8dcXJZ47gD5zPH2I2kBE=</latexit>

↵ = 0.2
<latexit sha1_base64="T8EhaGaBWLksvdBwENp0ev53N4M=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0jUoheh6MVjBfsBaSiT7aZdutkNuxuhhP4MLx4U8eqv8ea/cdvmoNUHA4/3ZpiZF6WcaeN5X05pZXVtfaO8Wdna3tndq+4ftLXMFKEtIrlU3Qg05UzQlmGG026qKCQRp51ofDvzO49UaSbFg5mkNExgKFjMCBgrBT3g6QiuPfe83q/WPNebA/8lfkFqqECzX/3sDSTJEioM4aB14HupCXNQhhFOp5VepmkKZAxDGlgqIKE6zOcnT/GJVQY4lsqWMHiu/pzIIdF6kkS2MwEz0sveTPzPCzITX4U5E2lmqCCLRXHGsZF49j8eMEWJ4RNLgChmb8VkBAqIsSlVbAj+8st/SfvM9euud39Ra9wUcZTRETpGp8hHl6iB7lATtRBBEj2hF/TqGOfZeXPeF60lp5g5RL/gfHwD3DSQUQ==</latexit>

↵ = 0.35
<latexit sha1_base64="O9JXK26JdblTCQ2OpdljNSpjpZ8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEoheh6MVjBfuBbSiT7aZdutmE3Y1QSv+FFw+KePXfePPfuG1z0OqDgcd7M8zMC1PBtfG8L6ewsrq2vlHcLG1t7+zulfcPmjrJFGUNmohEtUPUTHDJGoYbwdqpYhiHgrXC0c3Mbz0ypXki7804ZUGMA8kjTtFY6aGLIh3iledWe+WK53pzkL/Ez0kFctR75c9uP6FZzKShArXu+F5qggkqw6lg01I30yxFOsIB61gqMWY6mMwvnpITq/RJlChb0pC5+nNigrHW4zi0nTGaoV72ZuJ/Xicz0WUw4TLNDJN0sSjKBDEJmb1P+lwxasTYEqSK21sJHaJCamxIJRuCv/zyX9I8c/2q692dV2rXeRxFOIJjOAUfLqAGt1CHBlCQ8AQv8Opo59l5c94XrQUnnzmEX3A+vgFmwpAU</latexit>

↵ = 0.5

<latexit sha1_base64="kAvEoX1mz5dx1TIqwYKYfdIQ1Rg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2ANpTNdtIu3Wzi7kYooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5YMYJ+hEdSB5yRo2V2t0ADb0+d3vlilt1ZyDLxMtJBXLUe+Wvbj9maYTSMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYslTRC7WezeyfkxCp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDKz7hMUoOSzReFqSAmJtPnSZ8rZEaMLaFMcXsrYUOqKDM2opINwVt8eZk0z6reRdW9P6/UbvI4inAEx3AKHlxCDe6gDg1gIOAZXuHNeXRenHfnY95acPKZQ/gD5/MHLqqPZw==</latexit>

� = 40
<latexit sha1_base64="00wJALotDqxdI9xReeQgmI0fmMI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnpT65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdKqVb3LqvtwUanf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+7eo8r</latexit>

� = 2
<latexit sha1_base64="bcgYIA+F7KL06NN6kRO8jMfb+Os=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoheh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnpT65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n83PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzH4nA66QGTGxhDLF7a2EjaiizNiESjYEb/nlVdK6qHq1qvtwWanf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/ABo8u</latexit>

� = 5
<latexit sha1_base64="LfFUZcTNNnOwUUVcI6e1YKMt8+U=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2ANpTNdtIu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj26nfegJtRKwecJyAH7GBEqHgDK3U7gaA7Npze+WKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGV34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdV76Lq3p9Xajd5HEVyRI7JKfHIJamRO1InDcKJJM/klbw5j86L8+58zFsLTj5zSP7A+fwBKhuPZA==</latexit>

� = 10
<latexit sha1_base64="Tcb33/j2NyujV3PpIwCI3ypqQv0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KklR9CIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7W6Ahl5X3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibNasW7qLj35+XaTR5HAY7hBM7Ag0uowR3UoQEMBDzDK7w5j86L8+58zFtXnHzmCP7A+fwBK6CPZQ==</latexit>

� = 20

(a)

(b)

Figure 4. Relaxation of spin polarization as a function of time for (a) different temperatures and
α = 0.1 and (b) different coupling strengths with a fixed ωcβ = 100.
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<latexit sha1_base64="3tC0lnwd1rbr+sjUlZtoj9uIlks=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCeUB2CbOT3mTIPNaZ2UBY8h1ePCji1Y/x5t84SfagiQUNRVU33V1xypmxvv/tra1vbG5tl3bKu3v7B4eVo+OWUZmm0KSKK92JiQHOJDQtsxw6qQYiYg7teHQ389tj0IYp+WgnKUSCDCRLGCXWSVEYgyWhEjAgPdqrVP2aPwdeJUFBqqhAo1f5CvuKZgKkpZwY0w381EY50ZZRDtNymBlICR2RAXQdlUSAifL50VN87pQ+TpR2JS2eq78nciKMmYjYdQpih2bZm4n/ed3MJjdRzmSaWZB0sSjJOLYKzxLAfaaBWj5xhFDN3K2YDokm1Lqcyi6EYPnlVdK6rAV+LXi4qtZvizhK6BSdoQsUoGtUR/eogZqIoif0jF7Rmzf2Xrx372PRuuYVMyfoD7zPH83Nkhs=</latexit><latexit sha1_base64="3tC0lnwd1rbr+sjUlZtoj9uIlks=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCeUB2CbOT3mTIPNaZ2UBY8h1ePCji1Y/x5t84SfagiQUNRVU33V1xypmxvv/tra1vbG5tl3bKu3v7B4eVo+OWUZmm0KSKK92JiQHOJDQtsxw6qQYiYg7teHQ389tj0IYp+WgnKUSCDCRLGCXWSVEYgyWhEjAgPdqrVP2aPwdeJUFBqqhAo1f5CvuKZgKkpZwY0w381EY50ZZRDtNymBlICR2RAXQdlUSAifL50VN87pQ+TpR2JS2eq78nciKMmYjYdQpih2bZm4n/ed3MJjdRzmSaWZB0sSjJOLYKzxLAfaaBWj5xhFDN3K2YDokm1Lqcyi6EYPnlVdK6rAV+LXi4qtZvizhK6BSdoQsUoGtUR/eogZqIoif0jF7Rmzf2Xrx372PRuuYVMyfoD7zPH83Nkhs=</latexit><latexit sha1_base64="3tC0lnwd1rbr+sjUlZtoj9uIlks=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCeUB2CbOT3mTIPNaZ2UBY8h1ePCji1Y/x5t84SfagiQUNRVU33V1xypmxvv/tra1vbG5tl3bKu3v7B4eVo+OWUZmm0KSKK92JiQHOJDQtsxw6qQYiYg7teHQ389tj0IYp+WgnKUSCDCRLGCXWSVEYgyWhEjAgPdqrVP2aPwdeJUFBqqhAo1f5CvuKZgKkpZwY0w381EY50ZZRDtNymBlICR2RAXQdlUSAifL50VN87pQ+TpR2JS2eq78nciKMmYjYdQpih2bZm4n/ed3MJjdRzmSaWZB0sSjJOLYKzxLAfaaBWj5xhFDN3K2YDokm1Lqcyi6EYPnlVdK6rAV+LXi4qtZvizhK6BSdoQsUoGtUR/eogZqIoif0jF7Rmzf2Xrx372PRuuYVMyfoD7zPH83Nkhs=</latexit><latexit sha1_base64="3tC0lnwd1rbr+sjUlZtoj9uIlks=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jGCeUB2CbOT3mTIPNaZ2UBY8h1ePCji1Y/x5t84SfagiQUNRVU33V1xypmxvv/tra1vbG5tl3bKu3v7B4eVo+OWUZmm0KSKK92JiQHOJDQtsxw6qQYiYg7teHQ389tj0IYp+WgnKUSCDCRLGCXWSVEYgyWhEjAgPdqrVP2aPwdeJUFBqqhAo1f5CvuKZgKkpZwY0w381EY50ZZRDtNymBlICR2RAXQdlUSAifL50VN87pQ+TpR2JS2eq78nciKMmYjYdQpih2bZm4n/ed3MJjdRzmSaWZB0sSjJOLYKzxLAfaaBWj5xhFDN3K2YDokm1Lqcyi6EYPnlVdK6rAV+LXi4qtZvizhK6BSdoQsUoGtUR/eogZqIoif0jF7Rmzf2Xrx372PRuuYVMyfoD7zPH83Nkhs=</latexit>
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<latexit sha1_base64="pGO5ON3S2jV7fdy1m6wEcH9MoUM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoMuiG5cV7AOaECbTSTp0ZhJmJkIs3brxV9y4UMStf+DOv3GaZqGtBy4czrmXe+8JU0aVdpxvq7Kyura+Ud2sbW3v7O7Z+wddlWQSkw5OWCL7IVKEUUE6mmpG+qkkiIeM9MLx9czv3ROpaCLudJ4Sn6NY0IhipI0U2NBjSMSMQE/RmKPgATY8KiKdn3qyMAK77jSdAnCZuCWpgxLtwP7yhgnOOBEaM6TUwHVS7U+Q1BQzMq15mSIpwmMUk4GhAnGi/EnxyRSeGGUIo0SaEhoW6u+JCeJK5Tw0nRzpkVr0ZuJ/3iDT0aU/oSLNNBF4vijKGNQJnMUCh1QSrFluCMKSmlshHiGJsDbh1UwI7uLLy6R71nSdpnt7Xm9dlXFUwRE4Bg3gggvQAjegDToAg0fwDF7Bm/VkvVjv1se8tWKVM4fgD6zPHxE0mew=</latexit><latexit sha1_base64="pGO5ON3S2jV7fdy1m6wEcH9MoUM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoMuiG5cV7AOaECbTSTp0ZhJmJkIs3brxV9y4UMStf+DOv3GaZqGtBy4czrmXe+8JU0aVdpxvq7Kyura+Ud2sbW3v7O7Z+wddlWQSkw5OWCL7IVKEUUE6mmpG+qkkiIeM9MLx9czv3ROpaCLudJ4Sn6NY0IhipI0U2NBjSMSMQE/RmKPgATY8KiKdn3qyMAK77jSdAnCZuCWpgxLtwP7yhgnOOBEaM6TUwHVS7U+Q1BQzMq15mSIpwmMUk4GhAnGi/EnxyRSeGGUIo0SaEhoW6u+JCeJK5Tw0nRzpkVr0ZuJ/3iDT0aU/oSLNNBF4vijKGNQJnMUCh1QSrFluCMKSmlshHiGJsDbh1UwI7uLLy6R71nSdpnt7Xm9dlXFUwRE4Bg3gggvQAjegDToAg0fwDF7Bm/VkvVjv1se8tWKVM4fgD6zPHxE0mew=</latexit><latexit sha1_base64="pGO5ON3S2jV7fdy1m6wEcH9MoUM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoMuiG5cV7AOaECbTSTp0ZhJmJkIs3brxV9y4UMStf+DOv3GaZqGtBy4czrmXe+8JU0aVdpxvq7Kyura+Ud2sbW3v7O7Z+wddlWQSkw5OWCL7IVKEUUE6mmpG+qkkiIeM9MLx9czv3ROpaCLudJ4Sn6NY0IhipI0U2NBjSMSMQE/RmKPgATY8KiKdn3qyMAK77jSdAnCZuCWpgxLtwP7yhgnOOBEaM6TUwHVS7U+Q1BQzMq15mSIpwmMUk4GhAnGi/EnxyRSeGGUIo0SaEhoW6u+JCeJK5Tw0nRzpkVr0ZuJ/3iDT0aU/oSLNNBF4vijKGNQJnMUCh1QSrFluCMKSmlshHiGJsDbh1UwI7uLLy6R71nSdpnt7Xm9dlXFUwRE4Bg3gggvQAjegDToAg0fwDF7Bm/VkvVjv1se8tWKVM4fgD6zPHxE0mew=</latexit><latexit sha1_base64="pGO5ON3S2jV7fdy1m6wEcH9MoUM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIoMuiG5cV7AOaECbTSTp0ZhJmJkIs3brxV9y4UMStf+DOv3GaZqGtBy4czrmXe+8JU0aVdpxvq7Kyura+Ud2sbW3v7O7Z+wddlWQSkw5OWCL7IVKEUUE6mmpG+qkkiIeM9MLx9czv3ROpaCLudJ4Sn6NY0IhipI0U2NBjSMSMQE/RmKPgATY8KiKdn3qyMAK77jSdAnCZuCWpgxLtwP7yhgnOOBEaM6TUwHVS7U+Q1BQzMq15mSIpwmMUk4GhAnGi/EnxyRSeGGUIo0SaEhoW6u+JCeJK5Tw0nRzpkVr0ZuJ/3iDT0aU/oSLNNBF4vijKGNQJnMUCh1QSrFluCMKSmlshHiGJsDbh1UwI7uLLy6R71nSdpnt7Xm9dlXFUwRE4Bg3gggvQAjegDToAg0fwDF7Bm/VkvVjv1se8tWKVM4fgD6zPHxE0mew=</latexit>
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Figure 5. Analytical prediction of thermal steady state spin polarization as a function of inverse
temperature ωcβ. Inset compares these predictions with steady state values extracted from the
real-time dynamics shown in Figure 4. A re-scaled coupling strength α̃ = cα with c = 0.66 has been
applied when evaluating the anaytical formula (see main text).

As a final set of observations in this section, we now look at the behaviour of the
environment. In Figure 6 we present the occupations of the bath modes in the extended



Journal Not Specified 2021, 23, 77 11 of 19

spectral representation used to account for finite temperatures. As anticipated in our
discussion in Section 2.2, we find that at low temperatures, the energy released from the
decay of the spin is absorbed by modes with positive frequencies matching the TLS energy
gap ω0. As the temperature increases, peaks appear at negative frequencies, corresponding
to the excitation of these modes due to ‘heating’ of the TLS, i.e., the TLS is thermally excited
and removes energy from the environment. As a function of temperature, the ratio of
the positive and negative occupations is a very close fit to eβω0 , as expected from detailed
balance. However, due to the presence of negative frequency modes, we find that the
populations in both the positive and negative frequency modes grow indefinitely during
the simulation time, as shown in the inset of Figure 6. The difference of these growing
populations plateaus at a finite value, corresponding to the thermal occupation of the
physical positive-frequency mode, but care must be taken to get converged results for
long-time (steady state) quantities due to the expanding local Hilbert spaces needed for the
environment modes in the simulations.
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Figure 6. Long-time occupations of the modes of the extended environment, following the thermal-
ization of the TLS at various temperatures. Inset shows the total number of quanta in the environment
as a function of time (left) for different temperatures. This population grows indefinitely at finite
temperatures. The inset (right) shows the long-time ratio of the peak heights in each curve of the
main figure. These give a very good fit to the exponential dependence expected for absorption and
emission rates obeying detailed balance.

Figure 7 shows the behaviour of the von-Neumann entropy obtained by bi-partitioning
the total N-site system-environment chain into chains of size n and N − n and computing
the singular values of either of the subsystems’ reduced density matrices [48]. The entan-
glement entropy directly reports on the size of the bond-dimensions required to represent
the state accurately in the MPS format, and our results show that this entropy also grows
continuously during the simulation. There is also a clear asymmetry in the rate of spreading
and magnitudes of entanglement, with correlations between sites in the hot environment
growing much faster. Again, these growing numerical resources for finite temperature
simulations should be handled with care, and we shall take this up again in Section 3.
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Figure 7. The time evolution of the von Neumann entanglement entropy for each bi-partition of the
system-environment chain at site n. The TLS is located in this example at site n = 59, with the hot
bath corresponding to sites 1− 58 and remaining sites representing the cold bath.

2.5. Non-Equilibrium Heat Flows

In this section we simulate the non-equilibrium dynamics of the TLS connected to two
environments at different temperatures. For clarity we will designate environment a as
the ‘hot’ environment and b as the ‘cold’ one, using suffixes ‘h’ and ‘c’, respectively. We
note here that this elementary class of two-environment models has both wide-ranging
practical applications—such as studying heat and charge transfer in nano-devices and
molecules [6,49,50], as well as being of fundamental relevance for quantum thermodynam-
ics, decoherence, and non-equilibrium steady states [47,51–54].

Figure 8 shows the real-time excitation of a TLS initially prepared in its ground state
when connected at t = 0 to the cold environment with fixed ω0βc = 100 and the ‘hot’
environment at different temperatures. Figure 9 shows the steady-state spin polarization as
a function of the temperature difference between the hot and cold baths. To understand the
basic features of the steady state, let’s consider a perturbative set of rate equations for the
population of the spin-up level P↑(t). Assuming that the rates of absorption and emission
from each bath of TLS obey detailed balance, the dynamics of P↑(t) can be obtained from
the equation

dP↑(t)
dt

= −ΓP↑(t)(nc + nh + 2) + Γ(1− P↑(t))(nc + nh), (23)

where ni = [exp(ω0βi) − 1]−1 By finding the steady state population P↑(∞), the non-
equilibrium value of the spin polarisation 〈σab

z (∞)〉 then takes the simple form

〈σab
z (∞)〉 = −1

2(nc + nh + 1)
. (24)

Once again, if renormalization effects are included, the agreement between the analytical
predictions is very good, as can be seen in Figure 9. Indeed, for the lowest temperatures,
the spin dynamics are entirely due to renormalization effects, as thermal occupation of the
excited level is negligible.
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Figure 8. Non-equilibrium relaxation of spin polarization as a function of time for fixed cold bath
temperature and varying hot bath temperatures.
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�

Figure 9. The change in 〈σz(∞)〉 as a function of the temperature difference between the baths (Tc is
kept constant). Analytical predictions are shown as dots, numerical data points as squares.

Interestingly, these two-bath results also reveal an intriguing non-additive effect due
to the coupling to two environments. The subject of non-additivity of environmental
interactions has recently attracted attention due to the role of multiple environments
in a wide range of ‘active’ quantum machines, such as the conversion of ambient solar
energy in room-temperature (phonon-coupled) devices [15,16,47], and also the highly co-
operative actions of different types of vibrational motion in molecular photo physics [14].
In the present case, the non-additive effects appear in the polaronic renormalisation,
which is mostly clearly seen in the case when the two baths have the same temperature.
This situation is indistinguishable from a coupling to a single bath with twice the coupling
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strength. The renormalisation can thus be obtained from Equation (21) with the replacement
α → 2α. However, the renormalisation arises from the overlap of the displaced mode
wave functions that are ‘fast’ enough to co-tunnel with the TLS as it transitions between
〈σx〉 = ±1 [44,45], and in an additive approximation the renormalization would be simply
be the product of the individual overlaps for each environment. However, as is clear form
Equation (21), this doubling of the coupling does not lead to a simple exponential doubling
of the renormalization, but instead leads to a nonlinear suppression of the energy gap
according to the exponent 2α/(1− 2α).

Exploiting the access to the environmental state, we now show the transient dynamics
of the heat flow in the two baths during the establishment of the TLS steady state. We
define the following operators

Ĵc = σ̂y ⊗ (Â†
0 + Â0), (25)

and
Ĵh = σ̂y ⊗ (B̂†

0 + B̂0), (26)

which measure the heat flux from the spin to baths a and b respectively. The operators
Â(†)

0 (B̂(†)
0 ) refer to the creation and anihilation operators of the first site of chain a(b), i.e.

the site coupled to the TLS. Representative heat flows are shown in Figure 10 for large
and zero differences in the bath temperatures. In both cases, the initial dynamics involve
heating from both hot and cold environments, as the spin is initially in a pure (T = 0K)
ground state. As the dynamical steady state of the spin is obtained, a net heat current
appears from the hot to cold environment. This heat current vanishes as the temperature
difference of the baths is reduced, as we would expect. From the long-time solution of the
Pauli master equation given in Equation (23), the steady-state heat flux from the hot to cold
environment can be shown to be

J = Γ
nh − nc

1 + nh + nc
, (27)

and this is plotted alongside our numerical data in Figure 11. The simulations correctly
capture the essentially non-linear behaviour of heat flow through the quantum ‘heat leak’
TLS, although a linear regime where Fourier’s law of heat flow appears to hold can be
clearly observed before the flows saturate for large temperature differences.
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Figure 10. Heat flows into the cold bath (Jc) and out of the hot bath (Jh) as a function of time for
varying hot bath temperatures and a fixed ωcβc = 100.
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Figure 11. Net steady-state heat flux through the two-level system as a function of temperature
difference for a fixed βc = 100. Data extracted from MPS simulations (yellow squares) is compared
with the analytical expression in the main text (blue dots).

3. Discussion

The results presented in Section 2 demonstrate that accurate reduced system behaviour
in the spin-boson model can be obtained in the presence of both a single or two finite-
temperature environments. Non-perturbative effects related to system-bath entanglement
(polaronic dressing) are captured in transient relaxation and non-equilibrium steady states,
and we have shown how the T-TEDOPA transformation provides direct information related
to the energy and entanglement entropy flows in the environment. All of these results were
obtained from pure wave function evolution of an initial zero-temperature (vacuum) state,
and the onerous numerical cost of having to sample over a thermal distribution of initial
states was entirely avoided.

However, we did note that the numerical resources required to obtain these results
grew in an unbounded way as a function of simulation time. In the case of the one-bath
SBM, Figure 6 shows that the total number of bosonic excitation grows approximately
linearly in time and the growth rate increases with the bath temperature. The main panel
showing the populations of the environment in frequency space shows that this growth
is the result of growing populations at frequencies ≈ ±ω0. In Section 2.2 we made the
observation that creating an excitation in a negative frequency mode allows the TLS to be
excited with overall conservation of energy, and this is the process that accounts for the
‘heating’ expected of a finite-temperature bath. The constant growth of excitations in the
environment can be seen to arise from the constant cycling of the heating process sketched
in Figure 12 (a similar cycle for cooling also generates a net population of excitations).
Here the creation of a negative frequency excitation (or hole) excites the TLS and then is
de-excited by the creation of an excitation in the positive frequency environment.
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Figure 12. Due to the unbounded bosonic nature of the negative-frequency environment, thermal
transitions within the TLS lead to a constant creation of correlated, particle-hole-like excitations in
both environments with the same absolute energy ω0.

Interestingly, this pair creation goes beyond populations: the dynamics of thermal-
ization entangles the positive and negative frequency environments. This is perhaps
unsurprising in the context of the thermofield theory of De Vega et al. where the thermal
entanglement properties of two-mode squeezed states are used to create an effective fi-
nite temperature environment from two zero-temperature baths [55]. However, for our
open-system problem, it should be kept in mind that the ’dynamics’ of the positive and—
especially—the negative modes really only provide insight into the internal workings of
the simulation. The modes and their populations are proxy (non-physical) degrees of
freedom used to provide vacuum fluctuations that mimic the physical interactions of the
system with a strictly positive-frequency harmonic bath at finite-temperature. However, a
hopefully fruitful and more physical connection between the behaviour of the artifically
extended environment inT-TEDOPA can be made to very recent developments in the the-
ory of MPS and tensor networks for fermionic quantum transport. Here, non-equilibrium
particle flows between reservoirs at different chemical potentials lead to the constant
creation of entangled particle-hole pairs, leading to the exponential-in-time growth of
MPS bond dimensions. However, Rams and Zwolak have recently demonstrated that a
change in basis used for certain fermionic transport simulations can greatly suppress the
rapid growth of numerical resources [56], and it would be very interesting to see how
this might translate—or might to some extent already be implemented—in our current
approach to bosonic heat flow problems. Finally, we also point out that rapid growth
of bond dimensions and entanglement in non-equilibrium systems is potentially a prob-
lem for 1TDVP simulations, as these proceed at fixed bond-dimensions. Choosing large
bond-dimensions may allow one to reach long times, but much of the simulation is likely
to run slowly, as it will be using far more resources than are necessary for most of the
time. In a recent development, Dunnett and Chin have proposed an adaptive version of
1TDVP that is able to change bond-dimensions during the course of a single simulation
run, allowing the necessary resources to be deployed as needed [57]. We thus conclude
that recent insights and computational development have opened a whole new domain
of finite and multiple-temperature open system problems for wave function techniques,
and that creating numerically efficient finite-temperature simulations will inspire further
progress in tensor network theory, as applied to open systems.
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4. Materials and Methods

All numerical results were obtained using software packages that are available at
https://github.com/angusdunnett/MPSDynamics. The benchmark data for the Ohmic
Spin-Boson Model can be found at [43].
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