N

N

Distributions of full and non-full words in
beta-expansions
Yao-Qiang Li, Bing Li

» To cite this version:

Yao-Qiang Li, Bing Li. Distributions of full and non-full words in beta-expansions. Journal of Number
Theory, 2018, 190, pp.311-332. 10.1016/j.jnt.2018.02.018 . hal-03113181

HAL Id: hal-03113181
https://hal.sorbonne-universite.fr /hal-03113181

Submitted on 18 Jan 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.sorbonne-universite.fr/hal-03113181
https://hal.archives-ouvertes.fr

DISTRIBUTIONS OF FULL AND NON-FULL WORDS IN
BETA-EXPANSIONS

YAO-QIANG LI AND BING LI*

ABSTRACT. The structures of full words and non-full for S-expansions are completely char-
acterized in this paper. We obtain the precise lengths of all the maximal runs of full and
non-full words among admissible words with same order.

1. INTRODUCTION

Let 5 > 1 be a real number. The [-expansion was introduced by Rényi [Ren57] in
1957, which generalized the usual decimal expansions (generally N-adic expansion with
integers N > 1) to that with any real base . There are some different behaviors for the
representations of real numbers and corresponding dynamics for the integer and noninteger
cases. For example, when 3 € N, every element in {0,1,---,38 — 1}V (except countablely
many ones) is the [-expansion of some z € [0,1) (called admissible sequence). However, if
B ¢ N, not any sequence in {0,1,---, |3} is the S-expansion of some z € [0, 1) where | 3]
denotes the integer part of 5. Parry [Pa60] managed to provide a criterion for admissability
of sequences (see Lemma 2.3 below). Any finite truncation of an admissible sequence is called
an admissible word. Denoted by 3 the set of all admissible words with length n € N. By
estimating the cardinality of X7 in [Ren57], it is known that the topological entropy of
p-transformation Tp is log 8. The projection of any word in ¥% is a cylinder of order n
(also say a fundamental interval), which is a left-closed and right-open interval in [0, 1).
The lengths of cylinders are irregular for § ¢ N, meanwhile, they are all regular for 5 € N,
namely, the length of any cylinder of order n equals f~". Li and Wu [LiWu08] introduced a
classification of 8 > 1 for characterising the regularity of the lengths of cylinders and then
the sizes of all corresponding classes were given by Li, Persson, Wang and Wu [LPWW14] in
the sense of measure and dimension. Another different classification of § > 1 was provided
by Blanchard [Bla89] from the viewpoint of dynamical system, and then the sizes of all
corresponding classes were given by Schmeling [Schme97] in the sense of topology, measure
and dimension (see [TaWall|, [TWWX13|, [BaLil4] for more research on beta-expansions
from the viewpoint of dynamical system).

A cylinder with order n is said to be full if it is mapped by the n-th iteration of (-
transformation 7} onto [0, 1) (see Definition 2.6 below, [Wal78] or [DK02]) or equivalently
its length is maximal, that is, equal to 87" (see Proposition 3.1 below, [FW12] or [BuWal4]).
An admissible word is said to be full if the corresponding cylinder is full. Full words and
cylinders have very good properties. For example, Walters [Wal78] proved that for any given
N >0, [0,1) is covered by the full cylinders of order at least N. Fan and Wang [FW12]
obtained some good properties of full cylinders (see Proposition 3.1 and Proposition 3.2
below). Bugeaud and Wang [BuWal4| studied the distribution of full cylinders, showed
that for n > 1, among every (n + 1) consecutive cylinders of order n, there exists at least
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one full cylinder, and used it to prove a modified mass distribution principle to estimate
the Hausdorff dimension of sets defined in terms of S-expansions. Zheng, Wu and Li proved
that the extremely irregular set is residual with the help of the full cylinders (for details see
[ZWL17]).

In this paper, we are interested in the distributions of full and non-full words in X3, i.e.,
the distributions of full and non-full cylinders in [0,1). More precisely, we consider the
lexicographically ordered sequence of all order n admissible words, and count the numbers
of successive full words and successive non-full words. Or, in what amounts to the same
thing, we look at all the fundamental intervals of order n, arranged in increasing order
along the unit interval, and ask about numbers of successive intervals where T} is onto (and
numbers of intervals where it is not onto). Our main results concern the maximal number
of successive full words, and the maximal number of successive non-full words as a function
of n and S. In particular, the dependence on f is expressed in terms of the expansion of 1
with base f3.

The main objective of this paper is to describe the structure of admissible words and the
precise lengths of the maximal runs of full words and non-full words (see Definition 4.3). The
concept of maximal runs is a new way to study the distribution of full words and cylinders.
Firstly Theorem 3.7 gives a unique and clear form of any admissible word, and Theorem 3.8
and Corollary 3.9 provide some convenient ways to check whether an admissible word is full
or not. Secondly Theorem 4.6 describes all the precise lengths of the maximal runs of full
words, which indicates that such lengths rely on the nonzero terms in the S-expansion of 1.
Consequently, the maximal and minimal lengths of the maximal runs of full words are given
in Corollary 4.11 and Corollary 4.12 respectively. Finally by introducing a function 74 in
Definition 5.1, a similar concept of numeration system and greedy algorithm, we obtain a
convenient way to count the consecutive non-full words in Lemma 5.5, which can easily give
the maximal length of the runs of non-full words in Corollary 5.7 and generalize the result
of Bugeaud and Wang mentioned above (see Remark 5.10). Furthermore, all the precise
lengths of the maximal runs of non-full words are stated in Theorem 5.11, which depends
on the positions of nonzero terms in the S-expansion of 1. Moreover, the minimal lengths
of the maximal runs of non-full words are obtained in Corollary 5.12.

This paper is organized as follows. In Section 2, we introduce some basic notation and
preliminary work needed. In Section 3, we study the structures of admissible words, full
words and non-full words as basic results of this paper. In Section 4 and Section 5, we obtain
all the precise lengths of the maximal runs of full words and non-full words respectively as
the main results.

2. NOTATION AND PRELIMINARIES

Let us introduce some basic notation and preliminary work needed. Let g > 1.
o Let 75 :[0,1) — [0,1) be the map:

Ts(x) == px — [Bz], x€]0,1).
Let Ag ={0,1,---,8—1} when € N, A3 ={0,1,---,|8]} when 8 ¢ N and
en(x,8) =[BT (x)], neNzel01)
Then ¢,(z, 5) € Az and

T = Z en(z, B)7".

n=1
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The sequence €(z, 3) := €1(x, B)ez(x, B) - - - €(x, B) - - - is called the [-expansion of x. The
system ([0, 1), ) is called a 8-dynamical system.
e Define

T5(1) := B — B8] and €,(1,58) :== | BT5 ' (1)], neN.
Then the number 1 can also be expanded into a series, denoted by

1=> e(1,B)8
n=1
The sequence €(1, ) := € (1,B)ea(1,5) - €,(1,5) - -+ is called the S-ezpansion of 1. For
simplicity, we write €(1,8) = €1€3+ €, - .

e If there are infinitely many n with €, # 0, we say that €(1,3) is infinite. Otherwise,
there exists M € N such that ey, # 0 with ¢; = 0 for all j > M, €(1, B) is said to be finite,
sometimes say that €(1, 3) is finite with length M. The modified -expansion of 1 is defined
as

e(1,8) = e(1,)

if €(1, ) is infinite, and

€' (1,8) == (€1 ep—1(epr — 1))
if (1, ) is finite with length M. Here for a finite word w € A%, the periodic sequence
w>® € Ag means that

w>® = WiWg * * * WpWiWsg * + - Wy, - * *
In this paper, we always denote

L) = i

no matter whether €(1, 3) is finite or not.

e Let < and < be the lexicographic order in Ag. More precisely, w < w’ means that there
exists k € N such that w; = w] for all 1 <i < k and wy, < wy},. Besides, w < w’ means that
w < w' or w = w'. Similarly, the definitions of < and =< are extended to the sequences by
identifying a finite word w with the sequence w0°°.

e For any w € A, we use wlx, to denote the prefix of w with length k, i.e., wyjws -« - wy
where k € N. For any w € A%, we use |w| := n to denote the length of w and w|; to denote
the prefix of w with length k where 1 <k < |w|.

e Let o: AIE — Ag be the shift

o(wiwy -+ ) = waws - - - foer.AI;I

and 7g : Ag — R be the projection map
w1 Wa W, N
ms(w)=—+—+-+—+--- forwe A;.
B R Bn B
Definition 2.1 (Admissability).

(1) A word w € Aj is called admissible, if there exists x € [0,1) such that ¢ (z, 8) = w;
fori=1,---,n. Denote

5= {w € A} : w is admissible} and ¥j := U 5.
n=1

(2) A sequence w € AY is called admissible, if there exists « € [0,1) such that ¢ (x, 8) =
w; for all ¢ € N. Denote

Y5 = {w € A} : wis admissible}.
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Obviously, if w € ¥, then w|, € Xj and w,1wpi2--+ € Xpg for any n € N. By the
algorithm of T}, it is easy to get the following lemma.

Lemma 2.2. For anyn € N, € (1, 8)],, € ¥} and is mazimal in ¥ with lexicographic order

The following criterion for admissible sequence is due to Parry.
Lemma 2.3 ([Pa60]). Let w € Aj. Then w is admissible (that is, w € ¥g) if and only if
o (w) < €(1,B8) for all k> 0.
As a corollary of Parry’s criterion, the following lemma can be found in [Pa60].

Lemma 2.4. Let w be a sequence of mon-negative integers. Then w is the [-expansion
of 1 for some B > 1 if and only if c*w < w for all k > 1. Moreover, such B3 satisfies
wy < 6 <wp + 1.

Definition 2.5 (cylinder). Let w € ¥%5. We call
[w] :={veXsg:v=w forall 1 <i<|w|}
the cylinder generated by w and
H(w) := mg([w])
the cylinder in [0,1) generated by w.

Definition 2.6 (full words and cylinders). Let w € X3. If T3 I(w) = [0, 1), we call the word
w and the cylinders [w], I(w) full. Otherwise, we call them non-full.

Lemma 2.7 ([LiWu08], [FW12], [BuWal4]). Suppose the word wy - - - w,, is admissible and
wy, # 0. Then wy - - - wy_qw), is full for any w, < w,.

3. THE STRUCTURES OF ADMISSIBLE WORDS, FULL WORDS AND NON-FULL WORDS

The following proposition is a criterion of full words. The equivalence of (1), (2) and (4)
can be found in [FW12]. We give some proofs for self-contained and more characterizations
(3), (5), (6) are given here.

Proposition 3.1. Let w € 3. Then the following are equivalent.
(1) w is full, i.e., Ty I(w) = [0,1);
(2) [[(w)| = B7";
(3) The sequence ww' is admissible for any w' € ¥g;
(4) The word ww' is admissible for any w'" € Xf;
(5) The word wey - - - €5, is admissible for any k > 1;

(6) o"[w] = X5.
Proof. (1) = (2) Since w is full, T3 I(w) = [0,1). Noting that
wy w, Tgz
r=—+--+—++ for any x € I(w),
5 ot )
we can get
Wy Wp, W1 1

[(w)—[?+---+@,?+---+%+ﬁ).
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Therefore |I(w)| = 57"
(2) = (3) Let 2,2’ € [0,1) such that e(x, 8) = w0 and €(2’, f) = w’. Then

wy Wy, w) w2

B pr CRE
Let
B "o w} w,
y—x—i-@—g—i— +E+5n+1+5n+2'”

We need to prove ww' € Y. It suffices to prove y € [0, 1) and €(y, ) = ww'. In fact,
since I(w) is a left-closed and right-open interval with “’1 +---+ 3 Yo as its left endpoint and

[I(w)| = 7™, we get
W1 Wy, Wi ]. 1
I(w)=[24opom Dy Oy T, T+
W=l t gy Tt g ) Tt )
Soy € I(w) C[0,1) and € (y,B) = w1, -+, €,(y, B) = w,. That is
e B
T8 B B

which implies Ty = z’. Then for any k > 1,

entk(y, B) =[BT y| = BTS2’ ] = en(2!, B) = w,.

Thus €(y, 5) = ww'. Therefore ww' € ¥p.

(3) = (4) is obvious.

(4) = (5) follows from €7 - --¢; € X for any k > 1.

(5) = (1) We need to prove TgI(w) = [0,1). It suffices to show T I(w) D [0,1) since the
reverse inclusion is obvious. Indeed, let z € [0,1) and u = wy - - - wper (x, f)ex(x, B) - -

At first, we prove u € ¥5. By Lemma 2.3, it suffices to prove o*(u) < €*(1, 3) for any k; >0
below.

D If k£ > n, we have

by Lemma 2.3

(1) = ernir (@, B)ernsa(@, B) - = FMe(@, B)) = (L, B):

@If0<k<n-—1, we have

Uk(“) = Wgy1 - wn€1(l’,ﬁ)€2($, 6) e
Since €(z, f) < €*(1, 8), there exists m € N such that € (x,5) =€, -+ ,em_1(x,5) =€,
and €,,(z, ) < €. Combining wej - - - €, € Xj and Lemma 2.3, we get

o (u) < Wpyr o wpel - €6,0° = aF(wel - €5,07) < (1, B).
Therefore u € Xg.
Let y € [0,1) such that €(y, 8) = u. Then y € I(w). Since
Ek(Tgyvﬂ) = LﬂTg+k_lyJ = €n+k(yaﬁ) = Ek('maﬂ) for any k € N,

we get v = Tgy € TF1(w).
(1) & (6) follows from the facts that the function €(-, 5) : [0,1) — X3 is bijective and the
commutativity e€(Tsx, 8) = o(e(x, 5)). O
Proposition 3.2. Let w,w' € ¥} be full and |w| =n € N. Then

(1) the word ww' is full;
(2) the word o*(w) := wyy1 -+~ w, is full for any 1 <k <n ;
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(3) the digit w,, < |B] if B ¢ N. In particular, w, =0 if 1 < 3 < 2.

Proof. (1) A proof has been given in [BuWal4]. We give another proof here to be self-
contained. Since w’ is full, by Proposition 3.1 (5) we get w'e} ¢, € ¥j for any
m > 1. Then ww'e} - - - €, € X5 by the fullness of w and Proposition 3.1 (4), which
implies that ww’ is full by Proposition 3.1 (5).

(2) Since w is full , by Proposition 3.1 (5) we get w - - - wp€] - - - €, € X5, alsO Wgy1 -+ W€} -+ - €
€ ¥} for any m > 1. Therefore wy, - - - wy, is full by Proposition 3.1 (5).

(3) Since w is full, by (2) we know that " 'w = w, is full. Then |I(w,)| = 1/8 by
Proposition 3.1 (2). Suppose w,, = |3], then I(w,) = I(|8]) = [|8]/F,1) and
|[I(w,)] = 1—[B]/B < 1/p which is a contradiction. Therefore w, # |f]. So
wy, < |B] noting that w, < |B].

*
m

0

Proposition 3.3. (1) Any truncation of €(1,3) is not full (if it is admissible). That is,
€(1,8)|k is not full for any k € N (if it is admissible).

(2) Let k € N. Then ¢*(1,0)|r is full if and only if (1, ) is finite with length M which
exactly divides k, i.e., M|k.

Proof. (1) We show the conclusion by the cases that ¢(1, 5) is finite or infinite.

Cases 1. €(1, ) is finite with length M.

D If k > M, then €(1,8)|x = €1 - - - €4,0F"M is not admissible.

@If1<k<M-—1, combining €1 ---€),0° = e(Tgl,ﬁ) € Xg, €1 €€y €y0F =
€(1,5) ¢ £ and Proposition 3.1 (1) (3), we know that €(1, 8)|, = €1 - - - € is not full.
Cases 2. €(1, ) is infinite. It follows from the similar proof with Case 1 ).

(2) Let p € N with & = pM. For any n > 1, we know that €] --€,€7---€, =
€*(1, B)|k+n is admissible by Lemma 2.2. Therefore €*(1, 3)|x = €} - - - €, is full by Proposi-
tion 3.1 (1) (5).

(By contradiction) Suppose that the conclusion is not true, that is, either (1, ) is
infinite or finite with length M, but M does not divide k exactly.

@D If €(1, 5) is infinite, then €*(1, 5)|x = €(1, B)|x is not full by (1), which contradicts our
condition.

@ If €(1,0) is finite with length M, but M {1 k, then there exists p > 0 such that
pM < k < pM + M. Since €*(1, 8)|, is full, combining

€k—pM+1° " €0 = G(TBkile,ﬁ) S Eﬁ,

and Proposition 3.1 (1) (3), we get €} - - - €5 €k—prr+1 - - - €n—1€p0%° € X, le, €] - - - €1 €a—1€30%
€ Y which is false since mg(e] - - - €5 €1+ - €pr—1€,0°) = 1. O

The following lemma is a convenient way to show that an admissible word is not full.

Lemma 3.4. Any admissible word ends with a prefiz of €(1, 5) is not full. That is, if there
exists 1 < s <mn such that w = wy -+ W,_4€1 -+ €4 € Eg, then w is not full.

Proof. 1t follows from Proposition 3.2 (2) and Proposition 3.3 (1). O
Notation 3.5. Denote the first position where w and (1, 3) are different by
m(w) :=min{k > 1:w, < ¢} forwe Xy

and
m(w) :=m(w0>) forw € Xj.
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Remark 3.6. (1) Let €(1, 5) be finite with the length M. Then m(w) < M for any w in g
or .

(2) Let w € ¥j and m(w) > n. Then w = €, - - €, 1w, with w, < e,.

Proof. (1) follows from w < €(1, §).

(2) follows from wy = €1, , w1 = €,_1 and w € 5. O

We give the complete characterizations of the structures of admissible words, full words
and non-full words by the following two theorems and a corollary as basic results of this

paper.

Theorem 3.7 (The structure of admissible words). Let w € Eg. Then w = wiwy -+ - W,
can be uniquely decomposed to the form

€1 "€k —1Wn €1 " " €y 1Wny " - €1+ €, 1Wn, €1+ €_1Wp, (3.1)
where p > 0, ky, -+ kp,l €N, n=Fky+ ..+ k,+1, ny = ki + -+ kj, wp, <eg; for all
1<j<p, w, < and the words €; - -+ €y _1Wy,, -+ , €1 €, _1Wy, are all full.

Moreover, if €(1, 8) is finite with length M, then ky,--- ,k,, I < M. For the case | = M,
we must have w,, < €.

Theorem 3.8 (The structural criterion of full words). Let w € i and w, =€ 6wy
be the suffix of w as in Theorem 3.7. Then

w 15 full <= w, s full <= w, < €,

Corollary 3.9. Let w € Xj. Then w s not full if and only if it ends with a prefiv of
€(1,8). That is, when €(1,5) is infinite (finite with length M ), there exists 1 < s < n (
1 <s <min{M — 1,n} respectively) such that w = wy - - - wy,_s€; - - - €.

Proof. follows from Theorem 3.7 and Theorem 3.8. follows from Lemma 3.4. [

Proof of Theorem 3.7. Firstly, we show the decomposition by the cases that €(1, ) is infi-
nite or finite.

Case 1. €(1, ) is infinite.

Compare w and €(1, 5). If m(w) > n, then w has the form (3.1) with w = € - - - €,_1w,, by
Remark 3.6 (2). If m(w) < n, let ny = k; = m(w) > 1. Then w|,, = € -+ €, 1wy, with
Wy, < €. Continue to compare the tail of w and €(1,5). If m(wy, 41+ w,) > n — ny,
then wy, 11w, = €1+ €p_pn,_1w, with w, < €,_,, by Remark 3.6 (2) and w has the
form (3.1) with w = €1+ €5, 1Wn €1 €npy1Wy. If M(wWyy 11+ wy) < n—ny, let ky =
m(wWy, 11 wy) > 1 and ng = ny + koo Then w|,, = €1+ €k, Wy, €1+ €py_1Wy,, With
Wy, < €r,. Continue to compare the tail of w and €(1, ) for finite times. Then we can get
that w must have the form (3.1).

Case 2. €(1, ) is finite with length M.

By Remark 3.6(1), we get m(w),m(wy, 41 wp), ==+, M(Wp, 41+ Wy), -+, M(Wp, 41 wWy) <
M in Case 1. That is, ki, ke, -+ ,ky,l < M in (3.1). For the case [ = M, combining
Wp,t1 = €1, , Wp_1 = €pr—1 and Wy 41+~ Wy, < €1+ - €37, We get wy, < €.

Secondly, €; -« €x,_1Wy,,*++ , €1+ €, _1W,, are obviously full by Lemma 2.7. O

Proof of Theorem 3.8. By Proposition 3.2 (1) (2), we know that w is full <= w, is full. So
it suffices to prove that w, is full <= w, < €,

By w, € X%, we get w, < ¢. Suppose w, = ¢, then w, = €;---¢ is not full by
Proposition 3.3 (1), which contradicts our condition. Therefore w,, < €.

Let w, < ¢. We show that w, is full by the cases that ¢(1, 8) is infinite or finite.
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Case 1. When €(1, ) is infinite. we know that w, is full by € ---€¢_1¢ € X5, w, < € and
Lemma 2.7.

Case 2. When €(1, ) is finite with length M, we know [ < M by Theorem 3.7.

Ifl < M, we get e1---€_1€ € Z;}. Then w, is full by w, < ¢ and Lemma 2.7.

If | = M, we know that ¢;---¢_1(e, — 1) = €1---ep—1(epr — 1) = € --- €3, is full by
Proposition 3.3 (2). Then w, is full by w, < ¢ — 1 and Lemma 2.7. O

From Theorem 3.7, Theorem 3.8 and Corollary 3.9 above, we can understand the struc-
tures of admissible words, full words and non-full words clearly, and judge whether an ad-
missible word is full or not conveniently. They will be used for many times in the following
sections.

4. THE LENGTHS OF THE RUNS OF FULL WORDS

Definition 4.1. Let 8 > 1. Define {n;()} to be those positions of €(1, 5) that are nonzero.
That is,

ni(B) :=min{k > 1: ¢ # 0} and n;41(F) := min{k > n; : ¢, # 0}

if there exists k > n; such that ¢, # 0 for ¢ > 1. We call {n;(8)} the nonzero sequence of j3,
also denote it by {n;} if there is no confusion.

Remark 4.2. Let 8 > 1, {n;} be the nonzero sequence of 5. Then the followings are obviously
true.

(1) ny =1,

(2) €(1, B) is finite if and only if {n;} is finite;

(3) €(1,8) = €,,0---0€,,0- - - 0€,,,0- - -

Definition 4.3. (1) Denote by [w®),---  w®] the [ consecutive words from small to large
in 3% with lexicographic order, which is called a run of words and [ is the length of the run
of words. If w,--. w® are all full, we call [w™), .- w®] a run of full words.

(2) A run of full words [w™,---  w"] is said to be mazimal, if it can not be elongated, i.c.,
“ the previous word of w( in 3% is not full or w® = 0" 7 and “ the next word of w® is
not full or w® = *(1, B)|, .

In a similar way, we can define a run of non-full words and a mazimal run of non-full words.

Definition 4.4. We use Fg to denote the set of all the maximal runs of full words in Eg
and Fg to denote the length set of Fy, ie.,

Fg :={l € N: there exists [w®, - w?] e F5}.

Similarly, we use N, 4 to denote the set of all the maximal runs of non-full words and Ng to
denote the length set of J\/’B”

In 73 UNG, we use S}, to denote the maximal run with €*(1, 8)|, as its last element.

Remark 4.5. For any w € Xj with w # 0" and w, = 0, the previous word of w in the
lexicographic order in 3 is wy - - wg—1(wy — 1)€] -+ - €5, where k = max{1 <i <n—1:

Notice that we will use the basic fact above for many times in the proofs of the following
results in this paper.
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Theorem 4.6 (The lengths of the maximal runs of full words). Let § > 1 with 5 ¢ N, {n;}
be the nonzero sequence of 3. Then

{€n, 1 n; <n} if (1, B) is infinite or finite with length M > n;
Fy =< {enfU{er +en} if €(1,B) is finite with length M < n amd M |n;
{€n, ;i # M} U{er +en} if €(1,8) is finite with length M < n and M { n.

Proof. 1t follows from Definition 4.3, Lemma 4.8, Lemma 4.9 and the fact that n; < M for
any i when €(1, ) is finite with length M. O

Remark 4.7. By Theorem 4.6, when 1 < 8 < 2, we have

o {1}  if €(1,B) is infinite or finite with length M > n;
B {1,2} if e(1, ) is finite with length M < n.

Lemma 4.8. Let § > 1 with f ¢ N, {n;} be the nonzero sequence of 5. Then the length
set of FIN{SL .}, i-e., {l € N+ there exists [wh),---  w®] € F\{Sn . }} is

{€n, 1 n; <n} if (1, B) is infinite or finite with length M > n;
{€n, :n; # M} if (1, B) is finite with length M = n;
{€n, :mi # M} U{er +en}t if €(1,5) is finite with length M < n.

Proof. Let [w®, w®D ... w® w®] e FP\{Sr 3} and w which is not full be the next
word of w®. By Corollary 3.9, there exist 1 < s < n, 0 <a<n-—1witha+s=n
(s < M — 1, when €(1, 8) is finite with length M), such that w = wy - - - wu€q - - - €.

(1) If s = 1, that is, w = wy - - - wy,_1€1, then w® = wy - w,_1(e1—1), w? = wy - - wy_1 (€,
2), -, w) =w; ---w,_,0 are full by Lemma 2.7.

DOIfn=1orw - w,;=0""1 it is obvious that | = ;.

@ Ifn>2and w - -w,_1 # 0", there exists 1 < k < n — 1 such that w;, # 0 and
Wpp1 = - = wy_q1 = 0. Then the previous word of w ) is

*

+1) __ *
W) =y - wp_y (W — D)€€,

i) If (1, B) is infinite or finite with length M > n, then w*) = w; - wy_1 (wp —
1)€; - - €, is not full by Lemma 3.4. Therefore [ = €;.

ii) If €(1, ) is finite with length M < n, we divide this case into two parts according
to M{n—Fkor Mn—k.
@ If M {n —k, then € --- ¢ _, is not full by Proposition 3.3 (2) and w(©*V is also
not full by Proposition 3.2 (2). Therefore [ = ¢.
® If M|n — k, then € ---€;_, is full by Proposition 3.3 (2) and w(©*Y is also
full by Lemma 2.7 and Proposition 3.2 (1). Let w}---w)_,; = wy - w1 (wy —
1)er---€ ., Then

1 — o/ !
w ) =l w6 e (en — 1).

The consecutive previous words

w(€1+2) :’LUll"'U);L,Mel"'eM—l(eM_2)
w(€1+3) :wi...w;‘_M€1~~~€M_1(€M_3>
,w(el—i-eM) — w/l .. wngel e EM—lo
are all full by Lemma 2.7. Since €; # 0 and M > 1, there exists 1 <t < M —1 such
that ¢, 20 and €;,1 = --- = €3y_1 = 0. Then, as the previous word of w(€1+€M),
w(€1+€M+1) — w/1 . wq/szel e et—l(et — 1)61 Ce €Nt
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is not full by Lemma 3.4. Therefore [ = €; + €.

(2) If 2 < s < n, we divide this case into two parts according to €, = 0 or not.

D If ¢, = 0, there exists 1 <t < s— 1 such that ¢, 20 and €41 = --- =€, = 0 by ¢ # 0.
Then w = wy - - waer - €057, and wV) = wy -+ waey -+ - €_1(6; — 1)€y - - - €5y is not full by
Lemma 3.4, which contradicts our assumption.

@) If e, # 0, then

w(l) = W1 " Wg€1 """ €Eg— 1( 1)
w(2) pmnd wl e wa€1 65 1( 2)
w(es) = W1 We€1 " 68710

are full by Lemma 2.7. By nearly the same way of (), we can prove that the previous word
of w®) is not full. Therefore [ = e,.
i) If €(1,8) is infinite or finite with length M > n, combining 2 < s < n and €, # 0,
we know that the set of all values of | = ¢ is {e,, : 2 <n; < n}.
ii) If (1, ) finite with length M < n, combining 2 < s < M — 1 and €4 # 0, we know
that the set of all values of [ = e is {¢,, : 2 < n; < M}.
By the discussion above, we can see that in every case, every value of [ can be achieved.
Combining n; < M for any ¢ when €(1, ) is finite with length M, €,, = €; and all the cases
discussed above, we get the conclusion of this lemma. O

Lemma 4.9. Let § > 1 with B ¢ N. If €(1,5) is finite with length M and M|n, then
Sthaz € F§ and the length of S}, is €. Otherwzse Shaw ENG.

max max max

Proof. Let w) = ¢} €.

If €(1, B) is finite with length M and M|n, then w) is full by Proposition 3.3 (2). We get

Sz € F- Let p =mn/m —1 > 0. As the consecutive previous words of wh, w? =

(€1--enr—1(ens — 1))Per - ep_i(enr —2), -+, w™) = (e1 -~ epr_1(ear — 1))Peq - - - 2710 are
full by Lemma 2.7. By nearly the same way in the proof of Lemma 4.8 (2) @D, we know
that the previous word of w(™) is not full. Therefore the number of S is €.

Otherwise, w" is not full by Proposition 3.3 (2). We get Sz, € N3 O

Remark 4.10. All the locations of all the lengths in Theorem 4.6 can be found in the proof
of Lemma 4.8 and Lemma 4.9.

Corollary 4.11 (The maximal length of the runs of full words). Let § > 1 with 5 ¢ N.

Then
e P 18] +en if €(1,8) is finite with length M < n;
axLp = | 3] if €(1, ) is infinite or finite with length M > n.
Proof. 1t follows from €,, <€, = ¢ = |3] for any i and Theorem 4.6. O

Corollary 4.12 (The minimal length of the maximal runs of full words). Let § > 1 with
B ¢ N, {n;} be the nonzero sequence of 5. Then
min €, if €(1,8) is finite with length M < n and M { n;
min Fg = <M

Uz
mine,, otherwise.

n; <n

Proof. 1t follows from n; < M for any ¢ when €(1, ) is finite with length M and Theorem
4.6. 0

Remark 4.13. Tt follows from Theorem 4.6 that the lengths of maximal runs of full words
rely on the nonzero terms in €(1, 8), i.e., {€,,}.
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5. THE LENGTHS OF RUNS OF NON-FULL WORDS

Let {n;} be the nonzero sequence of . We will use a similar concept of numeration
system and greedy algorithm in the sense of [AISh03, Section 3.1] to define the function 74
below. For any s € N, we can write s = ) ., a;,n; greedily and uniquely where a; € NU{0}
for any i and then define 75(s) = Zz‘>1 a;. Equivalently, we have the following.

Definition 5.1 (The function 75). Let 5 > 1, {n;} be the nonzero sequence of § and s € N.
Define 73(s) to be the number needed to add up to s greedily by {n;} with repetition. We
define it precisely below.
Let n;, = max{n; : n; < s}. (Notice n; = 1.)
If n;, = s, define 753(s) := 1.
If ng, <s,let t; =s—n; and n;, = max{n; : n; <t}

If n;, = t1, define 75(s) := 2.

If n;, < ty, let to = t; — ny, and ny;, = max{n; : n; < ts}.

Generally for j € N.  If n;, =t;_1(to := s), define 73(s) := j.
If n;, <tjq, let t; =1t;_1 —n;; and n;,,, = max{n; : n; <t;}.

Noting that n; = 1, it is obvious that there exist n;, > n;,, > -+ > n;, all in {n;} such that
s =mn;, +ni, + - +nyy, e, n, =t4_1. Define 73(s) := d.

In the following we give an example to show how to calculate 73.

Ezample 5.2. Let f > 1 such that €(1, ) = 302000010 (such /5 exists by Lemma 2.4).
Then the nonzero sequence of 3 is {1, 3,8}. The way to add up to 7 greedily with repetition
is 7=34 3+ 1. Therefore 73(7) = 3.

Proposition 5.3 (Properties of 75). Let § > 1, {n;} be the nonzero sequence of 5 and
n € N. Then

(1) t5(n;) =1 for any i;

(2) T5(s) = s for any 1 < s <ng—1, and 15(s) < s for any s € N;

(3) {1,2,--- k} C {13(s) : 1 < s <n} for any k € {r5(s) : 1 < s <n};

(4) {Tﬂ(s) 1<s< n} = {1727 e ’1@32%7—’6(8)}'

Proof. (1) and (2) follow from Definition 5.1 and n; = 1.
(3) Let k € {15(s) : 1 < s <n}. If k=1, the conclusion is obviously true. If k > 2, let
2 <ty < n such that k = 75(ty), n;, = max{n; : n; < o} and ¢; =ty — n;,. Then
1 <t <tp <n and it is obvious that k — 1 = 75(¢;) € {73(s) : 1 < s < n} by

Definition 5.1. By the same way, we can get k—2,k—3,--- ,1 € {m3(s) : 1 < s <n}.
Therefore {1,2,--- ,k} C {r5(s) : 1 < s <n}.
(4) The inclusion {75(s) : 1 <s <n} C{1,2,--- , max 75(s)} is obvious and the reverse

inclusion follows from ax 75(s) € {75(s) : 1 < s < n} and (3).
o O

For n € N, we use r,(/3) to denote the maximal length of the strings of 0’s in €} - - - € as
in [FWL16], [HTY16] and [TYZ16], i.c.,

r(B) =max{k>1:¢,,=---=¢, =0forsome0<i<n—k}

with the convention that max () = 0.
The following relation between 75(s) and 75(3) will be used in the proof of Corollary 5.9.
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Proposition 5.4. Let 5> 1. If e(1,3) is infinite, then 15(s) < rs(8) + 1 for any s > 1. If
€(1,B) is finite with length M, then 13(s) < r4(8) + 1 is true for any 1 < s < M.
Proof. Let {n;} be the nonzero sequence of f and n;, = max{n; : n; < s}. No matter ¢(1, )
is infinite with s > 1 or finite with length M > s > 1, we have

7—,3(3) —-1= Tﬁ(s - nil) <s—mn; < Ts(ﬁ)
since s —n;, = 0 or 621’1+162i1+2 €y = €y 41€p, o €5 = 077, O
Lemma 5.5. Letn € N, 8 > 1 with 3 ¢ N and w € ¥ end with a prefix of €(1,3), i.e.,

W= 1wy - Wy_s€1 - - €5 where 1 < s < n. Then the previous consecutive Tg(s) words starting
from w in X are not full, but the previous (13(s) + 1)-th word is full.

Remark 5.6. Notice that w = wy---w,_4€1 --- €, does not imply that w; ---w,_, is full.
For example, when g > 1 with €(1,5) = 1010010%°, let w = 001010 = wy - - - wy€r€5. But
wy -+~ wy = 0010 is not full by Lemma 3.4.

Proof of Lemma 5.5. Let {n;} be the nonzero sequence of § and

1. 1) 1 ._ _
)_wl ...wc(ll)el...es._wl...wn_sel...es_w7

where a; = n — s. It is not full by Lemma 3.4.

w(

Generally for any j > 1, suppose w(j),w(jfl), o w® w® to be j consecutive non-full
words in %} where wl) = wy) : --wg)el ey, b1 >0 (o :=s). Let wU ™) € 3% be the

previous word of w¥) and ng, = max{n; : n; < t;_1}.

If n;; = t;—1, then ¢, , > 0 and wl+) = ng) . ~w((zi)61 -+ €,_,—1(e,_, — 1) is full by Lemma

2.7. We get the conclusion of this lemma since 75(s) = j at this time.

Ifn;, <tj 1, lett; =1;_1 —mn;,. Then wl) = w%j) - -wg)el "t Eny 0% and the previous word

is
witD) — wga) .. ,w((ljj)gl e ijfl(%ij —1)eg -, = wgﬁl) e ((13;11)61 e,

where a; 1 = a;j+n;;. By Lemma 3.4, wUH) is also not full. At this time, wU*) w@ ... w® o

are j + 1 consecutive non-full words in 3.

Noting that n; = 1, it is obvious that there exist d € N such that w@, ... w® are

not full, and s = n;, + ng, + -+ + n,, ie, n, = ta-1. Then ¢, , > 0 and w@) =

w® . wDey - €, ,—1(€r, , —1) is full by Lemma 2.7. We get the conclusion since 75(s)

d. O
Corollary 5.7 (The maximal length of the runs of non-full words). Let 5 > 1 with ¢ N.
Then
max N7 — { max{73(s) : 1 < s <n} if (1, B) is infinite;
g max{7s(s) : 1 < s <min{M — 1,n}} ife(l,p) is finite with length M.

Proof. Let | € Nj and [w® w1 ... w® w®] € NJ. Then, by Corollary 3.9, there
exists

1<s5<n if €(1, ) is infinite

1 <so <min{M — 1,n} if (1, ) is finite with length M

such that wV) = w%l) - -wff_)soel -+ €5, and we have [ = 73(sg) by Lemma 5.5. Therefore

max{7s(s) : 1 < s <n} if (1, 8) is infinite

max Ny < { max{7s(s) : 1 <s <min{M —1,n}} if €(1, ) is finite with length M
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by the randomicity of the selection of [. On the other hand, the equality follows from the
fact that 0" "¢ - - - ¢, € ¥} included, the previous consecutive 73(to) words are not full by
Lemma 5.5 where

(o) — max{7s(s) : 1 < s <n} if €(1, ) is infinite;
TS = max{rs(s) : 1 < s <min{M —1,n}} if ¢(1, ) is finite with length M.
UJ

In the following we give an example to show how to calculate the maximal length of the
runs of non-full words in X%.

Ezxample 5.8. Let n = 8 and €(1,8) = €,,06,,000¢,,0 - - 0€,,0-- - 0¢,,0---, where n; =
1,ng = 3,n3 = 7,n4 > 8,€,, # 0 for any i. Then, by Corollary 5.7, the maximal length of
the runs of non-full words in ¥} is max{7(s) : 1 < s < 8}. Since

1=1 =()=1 2=1+1 =752 =2 3=3 =753 =1
4=3+1 =75(d)=2 5=3+1+1 =75(5)=3 6=3+3 = 14(6) =2
T=T7 =7(7) =1 8=T7T+1 = 73(8) = 2,

we get that max{7s(s) : 1 < s <8} = 3 is the maximal length.

Corollary 5.9. Let 3 > 1. We have max Ny < r,(8) + 1 for any n € N. Moreover, if
e(1, ) is finite with length M, then max Nj < ry1(8) + 1 for anyn € N.

Proof. 1f €(1, B) is infinite, then
max N = max{7s(s) : 1 <s <n} <max{r,(8) +1:1<s<n}=r,(8)+1.
If (1, ) is finite with length M, then
max Ng = max{7s(s) : 1 <s <min{M —1,n}} <max{ry(8)+1:1<s<min{M—1,n}}.
and we have max Ny < 7,(8) + 1 and max Nj < ry1(8) + 1. O

Remark 5.10. Combining Corollary 5.7 and 73(n) < n (or Corollary 5.9 and r,,(8) +1 < n),
we have max Ng < n for any n € N which contains the result about the distribution of full
cylinders given by Bugeaud and Wang [BuWal4, Theorem 1.2]. Moreover, if €(1, 3) is finite
with length M, then max Nj < M — 1 for any n € N. If 5 € Ay which is a class of § given
by Li and Wu [LiWu08], then max Nj has the upper bound max rs(5) + 1 which does not

rely on n.

Theorem 5.11 (The lengths of the maximal runs of non-full words). Let 5 > 1 with § ¢ N
and {n;} be the nonzero sequence of 3. Then Ny is given by the following table.

Condition Conclusion Case
B e(1,5) Ny =

B9 infinite D, (1)
finite with length M D, (2)

L n < ng {n} (3)

infinite S D, ")

n<M {n} (5)

| <f<2 ny =M n=M {M -1} ?65

. ‘ n>M D, 7

finite with length M — ! 3

No < M| |nya<nm< M D5 (9)
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Here D, -, max{7z(s) : 1 < s <n}};

- max{7z(s) : 1 <s <min{M — 1,n}}};

- max{7s(s) : 1 <s < M —1}};

- min{n — M, M —1}}U{M — 1};

;oo ,min{ng —L,n —ng + 1} U{7s(s) 1 na — 1 < s < n}.

)
w
I
A A A A

S
[

— = e
DO DN DN DN DN

$
I

Corollary 5.12 (The minimal length of the maximal runs of non-full words). Let 8 > 1
with B ¢ N and {n;} be the nonzero sequence of 5. Then

M—1 if1<pB<2ande(l,p) is finite with length M = ny = n;

min Ny = ¢ n if 1< B <2andn < ng;
1 otherwise.
Proof. 1t follows from Theorem 5.11. U

Proof of Theorem 5.11. We prove the conclusions for the cases (1)-(10) from simple ones to
complicate as below.

Cases (3), (5) and (8) can be proved together. When 1 < § < 2 and n < ng, no matter
€(1, B) is finite or not, noting that |8] = 1 and €(1, B)|,, = 10" 721, we get €; - - - €, = 10771,
Then all the elements in X7 from small to large are 0", 0"~'1, 010, ---, 10", where 0"
is full and the others are all not full by Lemma 3.4. Therefore Nj = {n}.

Case (6). When 1 < 8 < 2, €(1, ) is finite with length M and n = ny = M, noting that
|8] =1 and (1, 3) = 10"7210%, all the elements in ¥} from small to large are 0%, 0*~'1,
0M-210, ---, 010M=2, 10M -1 where 0 is full, 10~ is also full by Proposition 3.3 (2) and
the others are all not full by Lemma 3.4. Therefore Nj = {M — 1}.

Case (1). When 8 > 2 and €(1, () is infinite, it suffices to prove Nj D D; since the reverse
inclusion follows immediately from Corollary 5.7. By Proposition 5.3 (4), it suffices to show
Ny D {rs(s) : 1 < s <n}. In fact:

D Forany 1 < s <n—1,let u=0""*"110% It is full by ¢ = |] > 2 and Corollary
3.9. The previous word u(!) = 0"%¢; - - - ¢, is not full by Lemma 3.4. So 75(s) € Ny
by Lemma 5.5.

@ For s = n, combining the fact that €; - - - €, is maximal in 33 and Lemma 5.5, we get
75(s) € Nj.

Therefore N 5= D;.

Case (2) can be proved by similar way as Case (1).

Case (10). When 1 < 8 < 2, ¢(1,3) is finite with length M and ny < M < n, we have
€(1,8) = 10" *1epyq1 - - - €0, Tt suffices to prove Nj D Ds since the reverse inclusion
follows immediately from Corollary 5.7. By Proposition 5.3 (4), it suffices to show Ng D
{rs(s) : 1 <s <M —1}. In fact:

@D Forany ny—1 < s < M —1,let u=0""*"110% It is full by s > ny — 1 and Corollary
3.9. The previous word u(!) = 0" =3¢} .- - €f = 0" %¢; - - - €, is not full by Lemma 3.4.
So 75(s) € Nj by Lemma 5.5.

@) Forany 1 <s<mny—2,weget ng—1<nzg—mny by Lemma24. Sol<s<ny,—2<
nyg—ng—1<M-—-ng—1<n-—nyg—1and then n —ny —s>1. Let

u = Onfngfslonngsfl .
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It is full by ns +s—1 > ny — 1 and Corollary 3.9. Noting that ny < ns+s—1 < ngs,
the previous word of wu is

1 _ n—n2—s+1 *x  _*
U( ) - O 61 €n2+371
€1 €ngts—1
— Onfngferl 10n27210371
— Onfngferl 10n272€

= (2 —s+1

1 . .. ES
which is not full by Lemma 3.4. So 74(s) € Nj by Lemma 5.5.

Therefore N 5 = Ds.
Case (7). When 1 < 8 < 2, ¢(1, ) is finite with length M and n > ny = M, we have
e(1, 8) = 10M-210,
On the one hand, we prove Nj C Dy. Let | € Nj and [w®, w1 ... w® wM] ¢ Nj. By
Corollary 3.9, thereexist 1 <s< M —-1,2<n—M+1<a<n-—1suchthata+s=n
and wY = wy - wyep - €5, Then [ = 75(s) = s by Lemma 5.5 and s < ny — 1. Moreover,
w® = wy - w, 10571
@ If wy - - -w, = 0%, then the next word of w is w := 0°~'10° which is full by [w®,
w=V, o w® ) M) e Nj3. Combining s < M — 1 and Corollary 3.9, we get
s=M—1. Hencel=M — 1 € Dy,.
@ If wy -+ w, # 0% we get a > M by wiiq -+ w,10° < €(1,3) = 10M7210° for any
k>0. Hence s<n—M and l = s € D,.
On the other hand, we prove Ng D Dj.

D For M — 1, let u = 0""M10™~! which is full by Corollary 3.9. The consecutive
previous words are u() = Qr~M+11oM-=2 ... M-1) — gr=11 (M) = O where
u® -+ u™= are not full by Lemma 3.4, and ™) is full. Therefore M —1 € N3.

@ For any 1 < s <min{n — M, M — 1}, let

u(l) — On_M_SET . 6}(\44’_8 — On—M—SloM—llos—l — On_M_S].OM_1€1 . 65.

i) If s =n— M, then ul”) = €} - - - €}, is maximal in 2.
i) If s <n—M,ie,n—M-—s—12>0, then the next word of u(*) is Q"~M—s=110M+s
which is full by Corollary 3.9.
Hence we must have s = 75(s) € Nj by s <ny — 1 and Lemma 5.5.
Therefore N 5= Dy.
Cases (4) and (9) can be proved together. When 1 < 8 < 2, ¢(1, 3) is infinite with n > ng
or €(1, 3) is finite with length M and ny < n < M, we have €(1, 3) = 10" 1€, 16p, 19 - -
By Proposition 5.3 (2), we get

D5 ={ms(s) : 1 <s<min{ny —1,n—na+ 1} or ng — 1 < s < n}.

On the one hand, we prove Nj C Ds. Let | € Nj and [w®, w1 w® w®] e N,
By Corollary 3.9, there exist 1 < s < n, 0 < a < n — 1 such that a + s = n and
wh = wy - wyep -+ €,. Then | = 75(s) by Lemma 5.5.
D Ifa=0, then s =n and | = 73(n) € Ds.
@ If a > 1, we divide it into two cases.
i) If wy - - - w, = 0%, then the next word of w™ is 09~110° which is full by [w®, w1,
-, w®, wh] e Ng. Combining €(1, 8) = 10" ?1€p, 1 1€ny12 - -~ and Corollary 3.9,
we get s > ny — 1. Hence | = 753(s) € Ds.

i) Ifwy -+~ w, # 0% we get a > no—1by wpyq - w10%° < €(1, 8) = 10" 1€,y 16np10 - -

for any £ > 0. Hence s <n —ns + 1.
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@ If s > ny — 1, then I = 73(s) € {73(s) :na —1 < s <n} C Ds.
® If s <ny—1, then | = 73(s) € {73(s) : 1 <s <min{ng —1,n —ng + 1}} C Ds.

On the other hand, we prove Ng D Ds.

@ For any ny — 1 < s <n, let ul) = 0" ¢} - - - ¢-. No matter whether ¢(1, 3) is infinite
or finite with length M > n (which implies s < M), we get u(*) = 0"%¢, - - - ¢, which
is not full by Lemma 3.4.
i) If s = n, then u(!) = ¢} - - - € is maximal in X},
ii) If ng — 1 < s < n — 1, then the next word of u(!) is 0"~*~110° which is full by
s > ny — 1 and Corollary 3.9.
Hence we must have 73(s) € Nj by Lemma 5.5.

@ For any 1 < s <min{ng — 1,n —ny + 1}, let

wH) = grne—s+l

* DY *
61 6ng—}-s—l'

No matter €(1, ) is infinite or finite with length M > n (which implies ny +s—1 <

n < M), we get

U(l) = On_m_s—i_lel ©Epgts—1-
Since Lemma 2.4 implies nog — 1 < ng —ny, we get 1 < s < nyg —1 < ng —ny and
then ny < ny +s—1 < ns. Hence

u(l) — On_n2—8+1 10712—2105—1

— 0n—n2—s+1 10712—261 g

which is not full by Lemma 3.4.

i) If s =n —ny + 1, then u) = €} -- - ¢ is maximal in 3

i) If s <n—ng+1,ie,n—ny—s >0, then the next word of u(!) is Qn~m2=s1Qn2+s-1
which is full by Corollary 3.9.

Hence we must have 75(s) € Nj by Lemma 5.5.

Therefore N 5 = Ds. O

Remark 5.13. It follows from Theorem 5.11 that the lengths of the maximal runs of non-full

words rely on the positions of nonzero terms in €(1, §), i.e., {n;}.
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