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INFINITE PRODUCTS RELATED TO GENERALIZED THUE-MORSE
SEQUENCES

YAO-QIANG LI

ABSTRACT. Given an integer ¢ > 2 and 6,---,0,—1 € {0,1}, let (6,,),>0 be the general-
ized Thue-Morse sequence, defined to be the unique fixed point of the morphism

0+ 091"'9q_1

1 151 . ~§q_1
beginning with 6, := 0, where 0 := 1 and 1 := 0. For ad hoc rational functions R, we
evaluate infinite products of the forms

[T () ™" ana [T (R0m)™.

n=1
This generalizes relevant results given by Allouche, Riasat and Shallit in 2019 on infinite
products related to the famous Thue-Morse sequence (t,,),,>¢ of the forms

ﬁ (R(n))(il)tn and ﬁ (R(n))tn.
n=1

n=1

1. INTRODUCTION

For any integer ¢ > 2 and 0y,--- ,6,-1 € {0,1}, define the (0,6, - ,8,_1)-Thue-Morse
sequence (0,,),>o to be the unique fixed point of the morphism

0'—>091"'6q,1

11— 151 .- 'gq—l

beginning with 6 := 0, where 0 := 1 and 1 := 0. Note that the classical Thue-Morse se-
quence (t,,),>0 (see [4, 5]) is exactly the (0, 1)-Thue-Morse sequence in our terms. Recently
Allouche, Riasat and Shallit [2] studied infinite products of the general form [[>, (R(n))(~1"
for rational functions R, and obtained a class of equalities involving variables in [2, The-
orem 2.2 and Corollary 2.3] together with many concrete equalities in [2, Corollary2.4].
Besides, they began to study infinite products of the form [[~  (R(n))"» and obtained
three concrete equalities in [2, Theorem 4.2]. In this paper, we generalize these results by
studying infinite products of the forms

oo (—1)9" o0 971
I1 <R(n)) and ] (R(n)) .
n=1 n=1

Let N, Ny and C be the sets of positive integers 1, 2, 3, - - -, non-negative integers 0, 1, 2, - - -
and complex numbers respectively. Moreover, for simplification we define 6,, := (—1)" €

{+1, —1} for all n € N, throughout this paper.

2010 Mathematics Subject Classification. Primary 11B83; Secondary 11B85, 68R15.
Key words and phrases. Thue-Morse sequence, morphic sequence, closed formulas for infinite products,
Woods and Robbins product.
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First we have the following convergence theorem, which is a generalization of [2,
Lemma 2.1 and 4.1] (see also [13, Lemma 1]) and guarantees the convergence of all the
infinite products given in the results in this paper.

Theorem 1.1. Let q > 2 be an integer, 0y = 0, (01, -+ ,0,-1) € {0,1}77 1\ {097}, (6,,)n>0 be
the (0,64, - - ,0,-1)-Thue-Morse sequence and R € C(X) be a rational function such that the
values R(n) are defined and non-zero for all n € N. Then:

(1) the infinite product T2, (R(n))*" converges if and only if the numerator and the denom-
inator of R have the same degree and the same leading coefficient;

(2) the infinite product []°_,(R(n))’ converges if and only if the numerator and the denom-
inator of R have the same degree, the same leading coefficient and the same sum of roots
(in C).

Although Theorem 1.1 is a natural generalization of [2, Lemma 2.1 and 4.1], the proof
is more intricate and relies on Proposition 3.1 as we will see.

In the following Subsection 1.1 and 1.2, we introduce our results concerning products
of the forms [](R(n))’ and [[(R(n))’" respectively. Then we give some preliminaries in
Section 2 and prove all the results in Section 3.

1.1. Products of the form [[(R(n))’". Inorder to study the infinite product [[7,(R(n))%",
by Theorem 1.1 (1), it suffices to study products of the form

"~ /n 4+ ayon
oty =TI(G=5)
where a,b € C\ {—1,—2,-3,---}. For the (0, 1)-Thue-Morse sequence (t,),>o, the spe-
cial form f(%, %) = H:f:l(%)(*l)t" is used to define new functions and is further
studied in [2, Theorem 2.2] and [13, Definition 1] (see also [10, Remark 6.5]). For infinite
products involving the first 2™ terms of (t,),>o, see the equalities (23) and (24) in [10,
Section 6].

As the first main result in this paper, the following theorem generalizes [2, Theorem 2.2
and Corollary 2.3 (i)] (see also [13, Lemma 2] and the equalities (6) and (7) in [13, Section
4]).

Theorem 1.2. Let g > 2 be an integer, 6y = 0, (61, -+ ,0,-1) € {0,137\ {097} and (0,,)n>0
be the (0,0, -- ,0,_1)-Thue-Morse sequence. Then forall a,b € C\ {—1, -2, -3, - - }, we have

_(a+1 51_” a+q—1\%-1 gé a+1 b+1 51”_ a+q—1 b+q—1\d—1
which is equivalent to

[e.9]

H<n+a.qn+b(qn+b+1)51'”(qn+b+q—1)5q_1>6n_ <a+1>61'”<a+q—1>6q—1
n+bagn+a‘qnt+a-+1 gn+a+q—1 S \b+1 b+q—1 '

n=1
This theorem implies many neat equalities.
Corollary 1.3. Let g > 2 be an integer, 0y = 0, (01, -+ ,0,-1) € {0,1}4 2\ {09} and (6,,)n>0
be the (0,64, - - - ,8,_1)-Thue-Morse sequence.
(1) Forall a,b € C\ {0,—1,-2,---}, we have

o

H<n+a_qn—l—b(qn—l—b—i-l)(sl.“(qn—i-b—l—q—1)5q1)6n_1
n+b qgnt+a‘qgnt+a+1 gn+a+qg—1 '

n=0
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(2) Foralla € C\ {0,—1,—2,---}, we have

ﬁ( n—+a 'qn+a+1(qn+a+2>51(qn+a+3)52.“( qn +a +q )Jq_l)an_l
n+a-+1 gn+a ‘qgn+a+1 gn +a + 2 gn+a+q—1 B

and

¥ gn+qa, qn+1 s qn+2 s gn+q—1 N\ %n
H( ( ) ( )7 ( )6“) = q.

g +a ‘qgn+a+1 gn+a+2 gn+a+q—1
(3) We have
[l (2@ @y
gn+1'gn+27 ‘qn+3 qn +q '

Remark 1.4. It may seem that the conditions on the domains of a and b in Corollary 1.3
are more restrictive than Theorem 1.2. In fact they are equivalent, since Corollary 1.3 (1)
is the case that a # 0 and b # 0 in Theorem 1.2, the second equality in (2) of Corollary
1.3 is the case that a # 0 and b = 0 (the same as a = 0 and b # 0) in Theorem 1.2, and
obviously the case that a = b = 0 in Theorem 1.2 is trivial.

Let ¢ > 2 be an integer. For k = 1,2,--- ,q — 1, define Ny ,(n) to be the number of
occurrences of the digit k in the base ¢ expansion of the non-negative integer n, and let

qg—1
= kNpy(n)
k=1
be the sum of digits. It is obtained in [6, Example 11 and Corollary 5] (see also [16, 17])
respectively that
ﬁ ( an + k )(—I)Nkyq“l) B L 1)
o Nqn+ k+1 Va
fork=1,2,---,¢q—1,and
H H ( qn +k )(1)3‘1‘”’ L (1.2)
n=00<k<gq qn+k+1 \/a
k odd

For more infinite products related to (s,(n)).>0, see for example [12, Proposition 6 and
7]. Equalities (1.1) and (1.2) are two ways to represent \/ia in the form of infinite products

and generalize the well known Woods-Robbins product [14, 21]

o /20 4 1\ (-D)™ 1
EO <2n+2) NG (13)

where (t,,),>0 is the (0, 1)-Thue-Morse sequence. We give one more such way in the first
equality in the following corollary.

Corollary 1.5. Let ¢ > 2 be an integer, k € {1,2,--- ,q—1}, 60y =6, = --- = 01 = 0,
Op = Opi1 =+ =0,_1 = Land (6,,)n>0 be the (0,6, - - ,0,_1)-Thue-Morse sequence. Then

fiey -
2o Nantq q
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and

o0

(n+a)(qgn+a+k)? on
H <(n+a+1)(qn+a)(qn+a—l—q)> =1

foralla € C\{0,—-1,-2,---}.

For more generalizations of the Woods-Robbins product (1.3), we refer the reader to
[1, 3, 15].

q
Note that for any integer ¢ > 2, the (0, -- ,0)-Thue-Morse sequence is the trivial 0.
For ¢ = 2, the only nontrivial case, related to the (0, 1)-Thue-Morse sequence, is already
studied in [13] and [2, Section 2]. In the following three examples, we study nontrivial
cases for ¢ = 3 in detail, related to the (0,0, 1), (0,1, 1) and (0, 1, 0)-Thue-Morse sequences.

Example 1.6. Let (6,,),>0 be the (0,0, 1)-Thue-Morse sequence.
(1) Forall a,b € C\ {0,—1,—2,--- } we have

o0

(n+a)Bn+b)Bn+b+1)(B3n+a+2)\o
H((n+b)(3n+a)(3n+a+1)(3n+b+2)) = 1.

n=0

(2) Foralla € C\ {0,—1,—2,---} we have

©
’,:18

(n+a)(3n+a+2)? )dn_l
(n+a+1)( 3n—|—a)(3n+a—i—3) -

3
I
o

(3n+1)( 3n+3a)(3n—|—a—|—2)>5n_3
Bn+2)Bn+a)Bn+a+1)/ 7

®
::18

i
o

©)
,’:18

Bn+3)Bn+a)(3n+a+1)

3
I
o

(
(
< (3n+ 1)( 3n—|—3a)(3n+a+2))6” — V3,
(

(6n + 1)( 3n+3a)(3n+a—|—2)>5n_
6n+5)(Bn+a)3n+a+1)/

®
::]8

I
o

n
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(3) The following concrete equalities hold.

o M) -5 o (G nes) =

O (e T I | (= R

o MGt =1 o (o) -

o (s ssm) = §<gg+3;ggg¢;;ggg¢;;>
o [y -1 o [{EHamae-2
N EJ (@ S;;ﬁfﬁ;;ﬁ 4))5" 5 © ﬁ) (@7 1)((?;’;12)(371%))5” = 3\1/37
© f[O ((n 457;;23273(%;;:31 5))6n - © ﬁ) <(n 152;23272(437;;3121 5)>6n N 13
o H(emgeam) -¢ © L(Gise o) -*

Example 1.7. Let (6,,)n>0 be the (0,1, 1)-Thue-Morse sequence.
(1) Forall a,b € C\ {0,—1,—2,--- } we have

[e.9]

(n+a)Bn+b)Bn+a+1)Bn+a+2)\»
H< +b)(3n+a)(3n+b+1)(3n+b—|—2)> =1

n=0 (

(2)Foralla € C\ {0,—1,-2,---} we have

. (n+a)(3n+a+ 1) o
© 71_[0<n+a+ (3n+a)(3n+a+3)> =1

1 (Bn+a+1)(3n+a+2)(3n+3a)\n
® H( BGnt B +2)Bn+a) ) =3

n=0

5 ﬁ( (3n+a+1) (3n+a+2)(3?%+3a)>5":¢§.

st (3n+2)(3n+3)(3n +a)
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(3) The following concrete equalities hold.

3n+1>5n .
3n+3/ V3

C)
:jg

i
=)

(6n + 5)? )6717
6n+3)(6n+15)/

@)
8

i
=)

)
9n +5)(9n + 8) )
9+ 2)(9n + 3)

@
3

- ?

3
Il
o

2dn+ 7

Q
3

24n 4+ 5)(24n + 23)

S
Il
o

©
8

n+3)3n+2)3n+5

S
Il
o

®
8

)(3n+1)(3n + 2

3
Il
o

(
(
(
(
(
(n+2)(3n+1)(3n+3
(
(
(n+
(

®
8

(3n+1)2(3n +2)

i
[e=)

(2n +2)(6n + 1)(6n +4)
(2n +1)(6n + 3)(6n + 5)

(
(
(
(
(
(s
(
(

&
:jg

0

3
I

Note that the (0, 1, 0)-Thue-Morse sequence is exactly 01010101 - - -,
)" for all n € Ny. In the next example, using Corollary 1.3 or Theorem 2.2

()" = (-1

9

24n—|—13)) _1
)

n+3)(3n+4) 3n+5)>5n
1)( )

9

3n + 4)( 3n+5(3n+ N\

) 6n

(3n+4)(3n + 6)\ %
(3n + 2)2 ) = V3,

:jg

i
o

In +4)( 9n+7)> B
In+1)9n+6), 7
)

N s

8

i
o

(9n + 8

(
(
On+5
(9n+2

3

)
)(9n +9)

S
I
o

n+33n+23n+® -

=

:jg

on 1
n+33n+23n+@> EX

3
I
o

:jg

(n+3)(3n +4)( 3n+5)>5n_\/§
(n+1)Bn+2)Bn+3)/

3
Il
o

(2n —1)(6n + 1)? )6n_1
2n+16n—1wn+m -

:jg

i
o

=3.

(
(
(
(
( (n+2)(3n+ 1)
(
(
(

(2n+ 3)(6n +5) (6n—|—7))5n
(2n +1)(6n +2)(6n +4)

:jg

n=0

which implies §,, :=

and Proposition 2.3, we recover some classical results on the Gamma function.

Example 1.8. (1) For all odd ¢ > 3, we have

(gn+q—2)

r /(gn+1)(gn+3)---
H((qn+2)(qn+4)---

n=0

(2) Forallodd ¢ > 3and alla € C\ {0, —1,

)() L
(gn+q—1) VA

2,---} we have

n=0

= (gn+a)(gn+a+2)(gn+a+4)---
H<(qn+qa)(qn+a+1)(qn+a+3)...

(gn+a+q—1) )(1)”_ 1
(gn+a+q—2) B

NG
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(3) The following concrete equalities hold.

o DGR "% e §<§Zi§§8ﬁi§>“’”—\%v

o Ugigmrs) =& @ UlGioms)

o H(gons) v © LlGiises) -

o U(Giges) - I (G ers) =5

o Ulmmrm)  ~v (oo - f
o Moot ™ % e M) ™ -5
o (oo™ -5 o D) %
o H(Emeined)  ~w © HEmeaneas) -

In [11] Hu studied infinite sums of the form

S (e ST afm))

n>0 (lacl)ELw,B

where a,, 5(n) denote the number of occurrences of the word w in the base B expansion of
the non-negative integer n, f is any function that verifies certain convergence conditions,
and L,, p is a computable finite set of pairs ([, ¢;) where [ is a polynomial with integer
coefficients of degree 1 and ¢; is an integer. If f is taken to be an appropriate composi-
tion of a logarithmic function and a rational function, after exponentiating, some infinite

products of the form Hn(R(n))(_l)aw‘B(n) can be obtained, where R is a rational function
depending on the sequence (a,, 5(n)),>0. For instance the above Example 1.8 (3) (@ is
also obtained in [11, Section 5] (see also [6, Section 4.4]).

1.2. Products of the form [[(R(n))’. Inorder to study the infinite product [T~ (R(n))’",
by Theorem 1.1 (2), it suffices to study products of the form

00
n+ay) - (n+aqg)\o
f(a’h”'?ad;bl?”'a H( : d))

n+b1 (n—l—bd)

where d € Nand ay,--- ,a4,b1,--- ,bg € C\ {—1,—-2,-3,---} satisfy a; + --- + aqg =
by + -+ + bg. As the second main result in this paper, the following theorem (which
implies Corollary 1.11) generalizes [2, Theorem 4.2].

Theorem 1.9. Let ¢ > 2 be an integer, g = 0, (61, -+ ,0,-1) € {0,1}77 1\ {07} and (6,,)n>0
be the (0,6, -- ,0,_1)-Thue-Morse sequence. Then for all d € Nand ay,--- ,a4,b1,--+ ,bg €
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C\{-1,-2,-3,--- } satisfying a; + - - - + aqg = by + - - - + by, we have
g—1 d F(bi“rk)

o (-1)°
f(al’m’ad;bl’m’bd):H(HF(aiik))ek'H (f(al—Fk”,..’ad+k;b1+k7,..7bd+k)> 1 k’
q k=0

k=1 =1 9 9 g q

which is equivalent to

=t S g btk con\ e o D) e
H<H(”+bi’k0(qn+ai+k) )) :H<HF(“—%’“)) .

n=1 k=1 =1

This theorem implies a large number of equalities for products of the form [[(R(n))%"
as we will see in the following corollaries, which can also be viewed as special examples.

Corollary 1.10. Let g > 2 be an integer, 0y = 0, (01, --- ,0,_1) € {0,197\ {0771} and (6,,)n>0
be the (0,64, - - - ,8,_1)-Thue-Morse sequence.
(1) For all a,b,c € C such that a,b,a + c,b+c ¢ {—1,—-2,-3,- - } we have

q

1"—"[ <(n+a)(n+b+c)_ﬁ ((qn+b+k)(qn+a+c+k))(—1)9k)9n ‘ﬁ (F(M)F(‘”?k))@k.

(n+b)(n+a+c) S \Nan+a+k)(gn+b+c+k)

(2) Foralld € Nand ay, - - - ,adGC\{—l,—Q,—3,---}suchthata1+---—|—ad:Owehave
q—1 k))d

 d gl " 1y (& .
IO TG ) = I (e res)
(3) Forall a € C\ Z we have

ﬁ ((qn + qa)(gn — qa) ‘ql—[l ( (gn + k)? >(—1)9k>9n _ ﬁ ( (F(g))2 >9k
22\ (gn+a)(gn—a) 2 \(gn+a+k)(gn—a+k) D(Eer(te)/

k=1 q

In particular for the well known (0, 1)-Thue-Morse sequence, we have the following
corollary, in which (5) @, ® and (® recover [2, Theorem 4.2].

Corollary 1.11. Let (t,,),>0 be the (0, 1)-Thue-Morse sequence.
(1) Foralld € Nand ay,--- ,aq,by,--- ,bg € C\ {—1,—-2,-3,--- } such that a; + --- + aqg =
by + - - - + bg we have

ﬁ <1i[ (n+ai)(2n+b)(2n—l—al+1)> _ f[ INEES
DALG ) @n v ag@n o+ 1) e NE )
(2) Forall a,b,c € C such that a,b,a+ c,b+c ¢ {—1,—2, -3, - } we have

ﬁ <(n+a)(n+b+c)(2n+b)(2n+a+ D@2n+a+c)2n+b+c+ )) n T(HLD(E)
(n+b)(n+a+c)2n+a)2n+b+1)2n+b+c)2n+a+c+1)/  T(&)D(btetly’

(B) @ Forall a,b € C such that a,b,a+b ¢ {—1,—2, -3, -} we have

ﬁ (2(n+a)(n—|—b)(2n+a+ D(2n+b+ 1)(2n+a+b)>tn _/rr(e
2n+1)(n+a+b)(2n+a)2n+b)(2n+a+b+1)) INCINEDE

2
(@ Forall a,b € Csuch that a,b,2a+1,a+b ¢ {—1,—2,-3,- -} we have

ﬁ ((n+a+b)(2n+a+2)(2n+2a+ 1)<2n—|—b)(2n—|—a+b+ 1))% B 2ar(a+1)1-\<b%)
U\ 2+ n@n+a+Dn+b+ DEn+20)2n+a+b) /| —  Jar(e)

N
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(4) © Foralla e C\{-1,-3,-2,-5 ... } we have

o0

H ((n+a)(2n+a+2)(2n+2a+ 1)>tn

(n+2a+1)2n+1)(2n + a) =2

n=1

@ Foralla € C\ {-1,-%,-2,—2, .-} we have

fi(m+¢xn+a+m@n+a+$@n+2w+Uyn 20
(n+2)(n+2a+1)2n+3)2n+a+1) B '

(@ Forall a € C\ Z we have

7 /Cnta+1)2n—a+1)(2n+2a)(2n —2a)\t  7a
H < (2n+1)2(2n+a)(2n — a) ) IR
@ Foralla e C\ (ZzU{3,5,1,---}) we have
7 /(2n+a+1)(2n—a+1)(2n+2a)(2n —da+ 2\t ., 7a
H< Cn+1)(2n+a)(2n —a+2)(2n —2a + 1) ) =2 SN

(® Foralla € C\ {£3,45,+7,--- } we have

T /2n+ta+1)(2n—a+1)(4n+a+3)(4n —a+3)\ it VT
H( ) I

ovter (2n+2)2(4n+a+1)(4n—a+1) Ha)p (32
(®) Forall d € N we have
ﬁ( (n+1)(2n + d)(2n + 2)%4-1 )tn_ %F(d—i—l)
m+d)2n+d+1)2nr1p1) 7 2
(5) The following concrete equalities hold.
(2n+1)(4n —1) o (2n41)(dn+3)\t T()
@ g((in)(4n+3>) =2 @ g((2n+2)(4n+1)) C Vord
o /(04 1)(An +5)\ = (8n+1)(8n +T)\tn
¥ ,E(( (4n+1)) @ }:[0<(8n+3)(8n+5) 22 -
T ((n+ 1D (20 +3)2\te = (3n+2)2(6n+5)\t  V3T(H)IY
© ,HO(W?O(W) =2 © nU()((?,nJrs 6n+1) - §
T (n+2°2n+5) N i 2n+1)2@n—1) \tn
@ g((n+1)(n+5)(2n+1)> =4 ”1;[0(271—1 2n + 2) 4n—|—1)) -
- (2n + 3)%(4n — 1) . 20(3) > (2n — 1)(4n + 3)? tn
© ,E)<(2n—1)(2n+6)(4n+1)> = 0 g(2n+2 4n+1) 4n—1)) B
- (3n—1)%(6n+3) N\ _ 2 = (4n+2)%Bn—1) i
& 7[[0((371+2)(3n )(67171)) =2 @ 7[[0((4111 dn+1) 8n+7))
Cr /(R4 1)(2n+T)(dn+9)\tn 42 > /(n+1)(3n+7)(6n + 5)
o I(ipemars) ~ 5 @ L aeoes)
o1 ((3n+1)(6n —1)(6n+3)\t» 1 ~r /(51 +4)(10n + 1)(10n + 5)\ t»
© H((s —“1)(6n+1) ) =2 © H(( )( )

(6n+1)(6n+5) 5n + 2)(10n + 3)(10n + 7)

3
I
<
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2. PRELIMINARIES
First we need the following concept.

Definition 2.1 ([6, 18]). Let ¢ > 2 be an integer. A sequence u = (uy,),>o € C'° is called
strongly q-multiplicative if ug = 1 and

Ung+k = UpUf
forallk € {0,1,--- ,¢— 1} and n € N,.

The following theorem is a classical result on the Gamma function I' (see for examples
[10, Theorem 1.1] and [20, Section 12.13]).

Theorem 2.2. Let d € Nand ay,as,--- ,a4,01,b00,--- ;04 € C\ {0, -1, —=2,---}. Ifa; + as +

ﬁ (n+ar)(n+a)---(n+aq)  Tb1)L(by)---T'(ba)

S (A b)(n4ba) - (ntba)  D(a)T(az) - T(ag)

Besides, we need the properties on the Gamma function gathered in the following
proposition.
Proposition 2.3 ([7,9, 19]). (1) Foralln € Nand z € C\ {0, -+, -2, -3 —2 ...} we have

—_— 1 n—1 1
D0y = 2n)*F nt T (n2).

['(2)T(z+ %)F(z + %) Tz +
(2) Forall z € C\ {0,—1,—2,--- } we have
['(z+1) =2I'(2)

n

and
Pt =2 VaT().
(3) Forall z € C\ Z we have
T(:)(1 - z) = Sinﬂm.
(4) We have
r(1) = T(2) = 1, r(%) _ 5 and r(g) _ g

3. PROOFS OF THE RESULTS

Let ¢ > 2 be an integer, 8y = 0, 61,--- ,6,1 € {0,1} and (6,,),>0 be the (0,6,,--- ,8,-1)-
Thue-Morse sequence. Recall that (,,),>¢ is defined by §,, = (—1)% for all n € Ny. At the
same time (0,,),>0 can be view as the unique fixed point of the morphism

+1 = (F1)(+01) - -+ (+64-1)
L= (=1)(=01) - (=0g-1)
beginning with ¢, = +1. Define the sequence of partial sums of (d,,),>0 by
Ag:=0 and A, =0+ +---+09,_1 foralln>1.

Note that (A,),>0 depends on the choice of (01, -+ ,d,-1) € {+1,—1}7"1. Before proving
Theorem 1.1, we need the following proposition on (A,,),>o, which is itself valuable.

(3.1)

Proposition 3.1. Let ¢ > 2 be an integer.
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(1) Forall k,s € Ngand t € {0,1,--- ,¢* — 1} we have
5qu+t = 636t ﬂ?’ld Asq’“-ﬁ-t = AsAqk + 55At.
(2) With the convention 0° := 1, for all k € Ny we have
Ay = AL,

max {|Agi] : (01, ,851) € LHL, =11\ {(+1)7 1} = (- 2)F,

max {|An] 10 <0 <" (81,00 0,0) € 41, 1} N {(+1)17 ) = 1H(g=2)+ -+ (g-2)"
(3) If (01, ,84—1) # (+1)771, then for all n large enough we have
|An| < nlogq(a—1)
Proof. (1) @ Prove 0,,x 4y = 656, forall k,s € Nyand t € {0,1,--- ,¢* — 1}.
i) Prove that (4,,),>0 is strongly ¢-multiplicative, i.e.,
dsq+t = 050 foralls € Npand t € {0,1,--- ,q — 1}.

Let ¢ denote the morphism (3.1). Then by ¢ ((do, 91,2, --)) = (0o, 01,02, -+ ) we
get ¥(ds) = (0sq,0sq1, -+ ,0(s41)g-1) for all s € Ny. It follows from ¢(+1) =

(+1, 401, -+ ,+d4-1) and ¥(—=1) = (=1,—0y,---,—0,-1) that d5y1; = 050, for all
te{0,---,q—1}.
ii) Letk € N,s € Npand t € {0,--- ,¢* — 1}. Then there exist | € Ny and s;, - - , 51, So,

ti—1, -+ ,t1,t0 € {0,1,--- ¢ — 1} such that
s=sg +-+sig+s and t=t,1¢"" + -+ g+t
By i) and [6, Proposition 1] we get
Osqit = O+ 05,0590y _y = Oty Ot
ds = 05, -+ 05,05, and 3§y =0, -+ 0¢, 0t
Thus ;644 = 040,
@ Prove A ey = AN+ 6,A forallk, s € Npand ¢ € {0,1,- -+, ¢" —1}. In fact, we have
Aggeys = (Go + 01+ + 5q’“*1> + ((Sq’C + 01+ + 5q’“+(q’“*1))
Ho (Os-1)gh T Os-nghar + o T Oam g (gh-1)
+(Osgh + Osgrqr + o+ dggrr)
= 0G0+ 01+ -+ 1) +01(d0 + 1+ + )
o 0s—1(0o + 01 4 -+ grq)
+05(0g + 01 + -+ + 04—1)
= AJAp A+ 040
where the second equality follows from (.

(2) ® We have A x = A’; for all £ € Ny since (1) @ implies A, = A;A, forall [ € Np.
(@) For all k € Ny, the fact

max {[Ae] £ (61, 8,00) € (L 17\ {(+)7) } = (g 2)F
follows from (1) and

max {|Aq] (1,00, 0g1) € {41, =131\ {(—i—l)q_l}} =q—2.
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® In order to prove the last equality in statement (2), since the case k = 0 is trivial and
@ implies [Ay| < 14 (¢ —2) + (¢ —2)* + -+ + (¢ — 2)%, it suffices to verify that for all
k € N, we have

max {|A,] 10 < n < gt =1, (01,0, dp-0) € L =1\ (1)1

=1+(q=2)+(@—=2°+ -+ (g 2"

(By induction on k) For k = 1, obviously we have |Ag|, |A], -+, |A;1] < ¢— 1.
Suppose that for some k € Nand all/ € {0,1,--- , k}, we have already had
Aol [A], s [Ag ] €14+ (g=2) + (¢ =2+ + (¢ - 2)"
Letn € {0,1,---,¢*"! — 1}. It suffices to prove
Anl <1+ (@=2)+(g—2)° +---+ (¢ —2). (3.2)
If n < ¢* — 1, this follows immediately from the inductive hypothesis. We only
need to consider ¢* < n < ¢**! — 1 in the following. Let s € {1,--- ,¢ — 1} and

t€{0,1,--,¢* — 1} be such that n = s¢* + t. By (1) @) we get
Ap = AA g+ 0:A,.
If s < q— 2, then
[An| < [A] - [Age] + A
s=2+(1+0=2+ =2+ +0-2"
L+ (g=2)+(@=2°+ -+ (¢ — 2"

where the second inequality follows from (2) and the inductive hypothesis. In the
following we only need to consider s = ¢ — 1. It means that

An == Aq_lAqk + 5q—lAt'
If there exists p € {0,1,--- , ¢ — 2} such that §, = —1, then |A,_;| < ¢ — 3 and
[Anl < (g = 3)[Agp] + A

<
<

< (¢=3)(g=2 "+ 1+ (=2 +(@=2++(q—2)")

< 14(q=2)+ (=2 + -+ (¢ 2"
where the second inequality follows from (2 and the inductive hypothesis. Thus it
suffices to consider §y = d; = - -+ = 04— = +1 in the following. By (01, -+ ,04-1) #
(+1)97" we get 6,1 = —1. It follows from A,_; = ¢ —1and Ay = A} = (¢ — 2)F
that

An=(g—1)(¢—2" - A
Thus proving (3.2) is equivalent to verifying
“1-(g=2) == (=" <A <T+(g=2)+--+ (=2 + (¢ - D(g - 2)",

Since the second inequality follows immediately from the inductive hypothe-
sis, we only need to prove the first inequality. Let v € {0,1,---,¢ — 1} and
v € {0,1,--+,¢"* — 1} be such that t = ug"*~* + v. By (1) @ we get

Ay = AyAgir + 8,0,

Sincedp =91 = =042=+4+1,0,.1=—-land 0 <u < g—1imply A, =u >0,
Ag=q—2and Ap = Al = (¢ =21 >0,by d, € {+1, -1} we get

Az —[A]>—1—(g—2) == (¢ —2)*"
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where the last inequality follows from the inductive hypothesis.
Leté; =9y = =04-2 = +1and 6,1 = —1. It suffices to prove that for all k € N
we have

Apgptg1 =@ =2+ +(q—2%+(q—2)+ 1. (3.3)

(By induction) For £ = 1 we have A,_; = ¢ — 1. Suppose that (3.3) is true for some
k € N. Then for k + 1, we have

Ageti_ghogi-1mq-1 =  D(go2)ght(gb—gt-1—mq—1)

= Aq_gAqk + 5q_2Aqk_qkfl_.A._q_1
k k
(@=2A;+ (g =2+ +(¢=2°+(¢—2) +1
= (=2 +@-2"++@-27+(@-2) +1

where the second equality follows from (1) (@ and the third equality follows from
(® and the inductive hypothesis.

(3) For n € N large enough, there exists k € N large enough such that ¢* + 1 < n < ¢F*1,
By (2) 3 we get

(A ST+ (g=2) 4+ (g = 2" < (g - 1)F = (¢")=l7) < plosals=D)
where the second inequality can be verified straightforwardly for £ large enough. O

Proof of Theorem 1.1. Since (2) follows in the same way as in the proof of [2, Lemma 4.1]
by applying (1), we only need to prove (1) in the following.

Suppose that [[°7,(R(n))* converges. Then (R(n))’ — 1asn — oo. Since §,, €
{+1,—1} foralln € N, we get R(n) — 1 as n — oco. Thus the numerator and the denomi-
nator of R have the same degree and the same leading coefficient.

Suppose that the numerator and the denominator of R have the same leading co-
efficient and the same degree. Decompose them into factors of degree 1. To prove that
[1,-,(R(n))’" converges, it suffices to show that [T, (2+¢)* converges for all a,b € C
satisfying n+a # 0 and n+b # 0 for all n € N (thatis, a,b € C\ {—1,—-2,-3,-- - }). Since

(244)% — 1asn — oo, we only need to prove that

T (oo (ot s (@0 L)
qgn+b gn+1+0 gn+q—1+b

n=1

converges. Since Proposition 3.1 (1) implies 0,4, = 6,00, Ogn+1 = 0001, - =+, Ogntq—1 = Onq—1,
it suffices to show that

0 .

[1 (r(w)

n=1

converges, where

r(n) = (

This is equivalent to showing that

qn+a)50(qn+1+a)51.“(qn+q—1—i—a)5q,l
gn+b’ ‘gn+1+0 gn+q—1+0 '

Z onInr(n) (3.4)
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converges. Since there exist ¢y, c1,- -+ ,¢4-1,do, dy, - - ,dy—1 € Csuch that
r(n) = qind + cni™ 1+ en + ¢ g (cg—1—dg—1)n?t + -+ (c1 — d1)n + (co — do)
qind +dg_ndt + - +din+dy qind 4+ dg_1ni=1 + -+ din + dy ’
we get
Cqg—1 — d -1 1
Inr(n) - F——— = O(=),
() - = ()
which implies that

Z 6, (Inr(n) — a1~ Qg1 dqfl)
n=1

qn

converges absolutely. In order to prove that (3.4) converges, we only need to show that
3o
n=1 n

converges. Enlightened by partial summation (see for example the equality (6.5) in [8] re-

lated to the Thue-Morse sequence), we consider the following (1) and (2), which complete
the proof.

(O Prove that

i 0+ + 0,

—~ n(n+1)

converges. In fact, since Proposition 3.1 (3) implies
|An] 1

n2 — n2—logq(q—1)

for all n large enough,

where 2 — log,(q — 1) > 1, it follows that >_° | 22 converges absolutely. So does

Yo ﬁ. Thus we only need to check that E;’ozl(&l;(rnﬁ‘; — n(ﬁj—l)) converges.

This follows immediately from [0y + - - - + 6, — A, | = |0, — do| < 2.
(@ Prove that

0y S+,
Z(E_ n(n+1) )

n=1

converges to 0. In fact, for all N € N we have

N N
01+ -+ 0y, 1 1
AT T Sid e 5N (Z —
N N N
1 1 1 1 1 1
=5 - 5 - o
lg(n n—|—1)+ 2;(71 n—i—l)+ +5N;V(n n+1>
1 1 1 1 1
- 5l — S ST -
i N+1)+52(2 N+1)Jr +on(y N+1)
_ ié_n_51+62+~-+5]v
—n N+1 ’
which implies
i(é_n_m---wn)_51+52+~--+5N_ANH—l
n nin+1) 7 N+1 - ON+1
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Since Proposition 3.1 (3) implies
[Annl| _ 1
N+1 -~ (N+ 1)t-logg(a—1)

for all N large enough,

where 1 —log (¢ — 1) > 0, as N — oo we get SNl 5 () and then Zi\f:l(% —

where Nil
Lty
L) — 0.

O

Proof of Theorem 1.2. Since Proposition 3.1 (1) implies 64, = 0,00, Ognt+1 = 001, Ognig—1 =
0ndq—1 for all n € Ny, we get f(a,b)

H <qn+a)5qn H (qn+1+a)5qn+1 ﬁ (qn—i—q— 1+a)5qn+q71
qn+b ontr gn+1+5b o gn+q—1+b

H (qn+a)5n5o ﬁ (qn+a+1>5n51 ﬁ <qn+a—|—q— 1)5n5q71
gn+b o gn+b+1 gn+b+qg—1

)677.60 ﬁ (n + Ond1 o n + a+gil 6n6q71
b—H) H( b+q—1>
et + q el N+ q

R e R | (L

+ n=1
_ (Z—_:__1>61(Z__::Z:i) f(g Z)(f(a—l—l’b—l—l)) m(f(a+q—1’b~l—q—1)>6q_1
]

q q q q
Proof of Corollary 1.3. (1) follows from Theorem 1.2 after multiplying by the factor corre-
sponding to n = 0. The first equality in (2) follows from taking b = a + 1 in (1). The
second equality in (2) follows from taking b = 0 in Theorem 1.2 and then multiplying the
factor corresponding to n = 0. We should note that it does not follow from taking b = 0
in (1). Finally (3) follows immediately from taking a = 1 in the second equality in (2). [

Proof of Corollary 1.5. These two equalities follow from Corollary 1.3 (3) and the first equal-
ity in (2) of Corollary 1.3 respectively. O

Proof of Example 1.6. (1) follows from Corollary 1.3 (1).

(2) @ and @ follow from Corollary 1.3 (2).
@ follows from (2) and the fact that the first equality in Corollary 1.5 implies

= 730+ 2\ 1
=, (3.5)
}_[O<3n+3> V3

@® follows from taking b =  in (1).

(38) @ is the above equality (3.5).
@, ®, ® and @ follow from taking a = —
®), ®, ® and @ follow from taking a =
® follows from multiplying 3 and (.
@ follows from taking a = 2 in (2) (®.

@), @, @2 and @ follow respectively from (9), 19, @ and @ by applying .
@ follows from taking a = 2 and b = 3 in (1).

, 1 and 2 respectively in (2) @.
and — 1 respectively in (2) @.

wws“"“

1
27
12
2737

Proof of Example 1.7. (1) follows from Corollary 1.3 (1).
(2) @ and (@ follow from Corollary 1.3 (2).
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® follows from (2) and the fact that the first equality in Corollary 1.5 implies

ﬁ <3n + 1>5n _ 1
st 3n+3 V3
(3) @ is the above equality.

@ follows from taking a = 2 in (2) (3®.

® and (® follow from taking a = % and 2 respectively in (2) @.

®, 6, @ and (@9 follow from taking a = %, %, 3 and % respectively in (2) @.
©®, @ and (@) follow respectively from (3, (® and (9) by applying .

@ follows from taking a = g and b = % in (1).

@ and @ follow respectively from multiplying and dividing @) by @.
follows from combining the results of taking a = % and —% in (2) .

@ follows from taking a = 1,b = % in (1) and then multiplying by (.

O
Proof of Example 1.8. Forodd g > 3,1letf; =03 =--- =0, s =land b, =6, =---=6,1 =
0. Then the (0,64, - - - , 0,_1)-Thue-Morse sequence (6,,),>0 is exactly (01)*. It follows that

6p = (—=1)% = (—=1)" for alln > 0.
(1) By the second equality in Corollary 1.3 (2) we get

H ((qn+qa)(qn+a+1)(qn+2)(qn+a+3)(qn+4)---(qn+a+q—2)(qn+q—1)
(gn+a)(gn+ 1)(gn+a+2)(gn+3)(gn+a+4)---(gn+q—2)(gn+a+qg—1)

foralla € C\ {0,—1,—2,---}. Then we conclude (1) by taking a = 1 in (3.6).
(2) follows from (3.6) and (1).
(3) Note that forall¢ €« Nand a € C\ {0,—1,—2,-- -} we have

7/ (n+a)gn+a+q) D" 1
1 <(qn +qa)(gn + qa + q)) g G.7)

) =4 o)

since the left hand side is
im 2 atq (a+q . a—|—2q> at+2q a+3q <a+kq . a+(/’<:+1)q>(—1)’c
R qa qa+q \qa+q qa+2¢) qa+2q qa+3q \qa+kq qa+ (k+1)q
o (a+(k:+1)q)(— *o1
k—oo qa \qa + (k+1)
We prove the concrete equalities in the following.
@ and @ follow from taking ¢ = 3 and 5 respectively in (1).
®, ®, ® and @ follow from taking ¢ = 3, and then a = 3,2, 2 and £ respectively in (2).
, ©, @ and @ are deduced by applying (D) noting that (3.7) with ¢ = 3 and then
a=2,2, +and —3 give respectively

(Bn+2)Bn+5)\-V" 1 7 /On+2)(9n+11)\D" 1
H((3n+6)(3n+9)> H<(9n+6)(9n—|—15)>

ﬁ((9n+1)(9n+10)>(—1)":1 . H( (9n — 1)( 9n+8))(—1)”:

_q_

|_|

=3

37

1
(9n + 3)(9n + 12) 3 9n — 3)(9n + 6) 3
®, (®, @ and @9 follow respectively from dividing & by O, multiplying @ by @), divid-

ing (9 by (¢) and dividing @ by @.
and @ follow from taking ¢ = 5, and then a = % and 3 respectively in (2). OJ
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Before proving Theorem 1.9, we need the following proposition.

Proposition 3.2. Let g > 2 be an integer, 6y = 0, (01, -+ ,0,-1) € {0, 1} \{09" } and (6,,)n>0
be the (0,0, - ,0,-1)-Thue-Morse sequence. Then for all n € Ny and k € {0,1,--- ,q — 1} we
have

Ongsr = On(—1)% + 0.
Proof. Let h denote the morphism
00010,
1—=10,-+-0, 4
where 0 := 1 and 1 := 0. By h(6p6165---) = 09010 - - - we get
B(0n) = Ongbgss - O
for all n € Ny. It follows from h(0) = 6y, - - - 0,1 and h(1) = 0,0, - - @q,l that

Ong+k = { g: i Z: i(l) = 0,(-1)% +6, forallke {01, ---,q—1}.
0
Proof of Theorem 1.9. We have f(aq,--- ,aq; b1, ,bq)
_ ﬁ(ﬁnJraZ)@n
ot Vimr MO
B ql(ﬁkJrai)@k_ﬁql( nq+k+az>nq+k
k=1 el ne1 k0 qu+k+b
®) ql(ﬁaiJrk)@k ﬁﬁ( qn+az+k>9n(19k+9k
k=1 i=1 bi +k P ke gn+b; + k
_ q1(ﬁai+k>9k.ﬁﬁ(ﬁqn+az+k>9k ﬁql( qn+az+k> 1)%
kot Vi Ot R n=1k=0 qn +bi + k n=1 k=0 qn+b+k
e TT(TT %A% TTTT /Tyt at+k\% 71 qn + a; + k\on(=1)%
B k:1<gbi+k> Elk:l(:lqwrbﬁk) 'gg(ganrbiJrk)
_ ﬁq_l(an+ai+k>9k.ﬁ(ﬁ(ﬁanraﬂrk)Gn)(—l)ek
ookt Sim q btk oo Valy Vi an btk
_ ql(ﬁﬁn+ ﬁ) .‘ﬁ<ﬁ(ﬁn+“i;k>en>(—1)%
el ne0i=1 P T g e k=0 n=1 i:ln—i_%
o) S DO o T8 ik aq+k bibk byt kD%
ik kl(ﬂF(G—T’Lk)) H(f( PR e B )) ’

where (%), () and (x*x) follow from Proposition 3.2, §, = 0 and Theorem 2.2 respectively.
O
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Proof of Corollary 1.10. (1) follows from taking d = 2, a; = a, as = b+¢, by = band by = a+c
in Theorem 1.9.

(2) follows from taking b; = - - - = by = 0 in Theorem 1.9.

(3) follows from taking d = 2, a; = a and a; = —a in (2). O

Proof of Corollary 1.11. In the following proof, for calculations related to the Gamma func-
tion, we use Proposition 2.3 frequently without invoking it explicitly. (1) and (2) follow
from Theorem 1.9 and Corollary 1.10 (1) respectively.

(3) @ follows from taking b = 0 in (2) and then replacing all c by b.
@ follows from taking ¢ = a — 1 in (2) and then replacing all a by a + 1.
(4) @ follows from multiplying (3) @ and ).
@ follows from taking b = 2 in (3) @.
@ and (» follow from taking b = —a and 1 — 2a respectively in (3) .
® follows from taking d = 2,a; = %, a, = 5%,b; = 0 and by, = 1in (1).
(® follows from taking a; = --- =aq =1,y =dand by = --- = by = 0in (1).
(5) @ follows from taking a =  in (4) .
@ and (o) follow from taking a = 0 and % respectively in (4) (3.
®, ®, @, @ and @ follow from taking a = 1,1, 2, —2 and —7 respectively in (4)
@.
®, @ and @@ follow from taking a = 1, Z and 2 respectively in (4) @.
(®, @ and @ follow respectively from multiplying (0 by ), multiplying ® by
and dividing @ by (.
® and @ follow from taking a = 3 and 1 respectively in (4) @.
0
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