
HAL Id: hal-03124730
https://hal.sorbonne-universite.fr/hal-03124730

Preprint submitted on 29 Jan 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

ANISOTROPIC POROUS PLASTICITY MODELS
FOR DUCTILE FRACTURE

Ahmed Benallal, Ayrton Ferreira, Sergio Proença

To cite this version:
Ahmed Benallal, Ayrton Ferreira, Sergio Proença. ANISOTROPIC POROUS PLASTICITY MOD-
ELS FOR DUCTILE FRACTURE. 2021. �hal-03124730�

https://hal.sorbonne-universite.fr/hal-03124730
https://hal.archives-ouvertes.fr


XXV ICTAM, 23-28 August 2020, Milano, Italy

ANISOTROPIC POROUS PLASTICITY MODELS FOR DUCTILE FRACTURE

Ahmed Benallal ∗1, Ayrton Ferreira1,2, and Sergio Proença2

1LMT, ENS Paris Saclay/CNRS/Université Paris Saclay
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Summary General plastic models for ductile fracture are developed for voided materials with anisotropic matrix behaviour based on the
concept of Isotropic Plastic Equivalent (IPE) space proposed by Karafillis and Boyce [1] and the general isotropic formulation provided
in Benallal [2]. This allows all material symmetries to be included in a straightforward manner in the Gurson framework [3] to obtain
anisotropic effective yield surfaces for porous materials. A numerical simulation is provided for illustration.

MATRIX BEHVIOUR AND MICROSCOPIC DISSIPATION FUNCTION

The Gurson model [3] for porous materials is very effective and widely used in a lot of practical applications. Other
important applications, among which metal forming for instance, need the inclusion of the anisotropy of the matrix
stemming from its manufacturing process.

Matrix behaviour
The anisotropic yield criterion for the matrix considered herein is based on the concept of an Isotropic Plasticity

Equivalent (IPE) material as proposed by Karafillis and Boyce [1]. This concept consists in defining an auxiliary stress
tensor σ∗ in such a way that an actual anisotropic yield function φ∗(σ) can be equivalently obtained from an isotropic
yield function φ(σ∗) in terms of the auxiliary stress. Using a linear transformation of the stress state of the anisotropic
material σ∗ = L : σ yields therefore the general anisotropic yield function φ(L : σ) for any isotropic yield function φ.
We consider here φ(σ) = σeqg(ω) where σeq =

√
(2/3)s : s is the Von Mises effective stress , s the stress deviator and ω

its Lode angle. Function g is positive and chosen such that the yield function is convex. The yield domain is thus defined
by D∗ = {σ|φ(L : σ) ≤ σ0}, σ0 being the yield stress.The fourth order tensor L used in the IPE stress transformation
must exhibit the material internal symmetries and should also be traceless for isochoric plastic deformation. Note that
only the first plastic yield is considered and evolution in anisotropy with further plastic strain is currently neglected.

The maximum dissipation function
The maximum dissipation function that we denote π(ε̇εε) is important in the derivation of the effective behaviour. It is

the maximum of σσσ : ε̇εεover all stress states belonging to the closed yield domainD∗ or the support function of this domain.
Using the procedure given in [2], one can show that for incompressible strain rates (considered here) this function reads

π(ε̇εε) = σ0
ε̇∗eq√

g2(ω∗) + (g′(ω∗))2
(1)

where ε̇∗ = L
T+ : ε̇, ε̇∗eq its effective component. Further, ω∗ is the Lode angle of the auxiliary stress σ∗ related to ε̇∗ by

the flow rule and given by the implicite relation ζ∗ = ω∗ + arctan g′(ω∗)
g(ω∗) with ζ∗ the Lode angle of ε̇∗. Finally, LT+ : is

the Moore-Penrose inverse of the transpose of L.

EFFECTIVE YIELD SURFACE FOR ANISOTROPIC MATERIALS

The effective yield surface is obtained by exactly the same procedure as Gurson [3] coupling a homogenization scheme
to the kinematic theorem of limit analysis using a hollow spherical cell V with porosity f and external radius b, the
anisotropic rigid-plastic matrix behaviour depicted in the former section and the same incompressible kinematically ad-
missible velocity trial field v(x) = Ė′ ·x+ (b3/r2)Ėmx compatible with the prescribed macroscopic rate of deformation
Ė (with deviator Ė′ and volumetric part Ėm) at the boundary of the hollow sphere. This allows deriving upper bounds to
the macroscopic stresses required to sustain plastic flow and these upper bound macroscopic stresses for the considered
cell geometry and a for a range of macroscopic deformation rates allow to construct an upper bound yield locus for the
porous material. These stresses are defined by the parametric form (the parameters being the macroscopic strain rate
triaxaility and Lode angle plus the Euler angles defining the orientation of this strain rate with respect to material axes).

Σ =
∂Π

∂Ė
with Π(Ė) =

1

V

∫
V

π(ε̇(Ė))dV (2)

Π(Ė) being the upper bound (to the exact macroscopic dissipation) obtained by the trial kinematically admissible velocity
field and π(ε̇εε) is the microscopic dissipation defined in the former section. One can show the existence of three functions
P , Q and R, all dependent on the macroscopic stress Σ and the porosity f such that the following semi-explicit form can
represent the effective yield domain (the three functions are not obtained explicitely)

3

2
(
L : Σ− P

R
) : (

L : Σ− P
R

) + 2f cosh (
3(Σm −Q)

2R
) = 1 + f2 (3)
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ILLUSTRATION

The full procedure is illustrated here for the following data: the function g defining the underlying isotropic yield

function proposed in [1] is given by g(ω) =
2

3

{
1

2

[
(1− c)ϕ1(ω) + c

(
3m

2m−1+1

)
ϕ2(ω)

]}1/m

withϕ1(ω) =
[

cos (ω1)−

cos (ω2)
]m

+
[

cos (ω2)−cos (ω3)
]m

+
[

cos (ω3)−cos (ω1)
]m

andϕ2(ω) =
[

cos (ω1)
]m

+
[

cos (ω2)
]m

+
[

cos (ω3)
]m

while the linear transformations L representing material symmetries and used in the simulations are given in Table 1 with
ω1 = ω, ω2 = ω − 2π/3 and ω3 = ω + 2π/3.

Three examples are shown in Figure 1 for isotropic (I,left), transversaly isotropic (TI1,center) and orthotropic (O2,right)
symmetries. The associated porosities and constitutive parameters (m, c) are provided in each of these figures while the
anisotropy parameters are all gathered in Table 1. The figures show sections of the effective yield surfaces in the deviatoric
principal plane at different mean stresses Σm. While for isotropic symmetry, the full yield surface can be represented in
the principal stress space, one should emphasize that it is not the case for the two other symmetries. For the latter, only
portions of the full yield surface can be represented there. The sections shown in these cases correspond to all loadings
whose principal axes are aligned with the material axes and only to these loadings. All the simulations presented were
performed suing numerical integration of the parametric relations (2).

L = C


L11 L12 L13 0 0 0
L12 L22 L23 0 0 0
L13 L23 L33 0 0 0
0 0 0 2L44 0 0
0 0 0 0 2L55 0
0 0 0 0 0 2L66


Symm. L11 L22 L33 L44 L55 L66

I 1.0 1.0 1.0 0.75 0.75 0.75
TI1 1.0 1.0 1.2 0.875 0.875 0.7
O2 1.7 1.0 1.2 0.9 0.6 0.8

Table 1: The components Lij of the Voigt matricial representation of the linear transformationL and their values used in the simulation
for the three different symmetries: Isotropic (I), Transverse isotropy (TI1) and orthotropy (O2). Note that due to incompressibility, we
have L12 = (L33 − L11 − L22)/2, L13 = (L22 − L33 − L11)/2, L23 = (L11 − L22 − L33)/2
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Figure 1: Sections of the effective yield surfaces in the deviatoric principal plane at different mean stresses Σm for isotropy (left),
transverse isotropy (center) and orthotropy (right) at porosity f = .01 and different m and c parameters. The scalar parameter C is
chosen for each case in such a way that the euclidean norm ||L|| =

√
5.

CONCLUSIONS

A first step in developing anisotropic plastic porous models for ductile fracture has been achieved. These models need
first to be compared to 3D numerical cell simulations to see how they perform and what are their limitations. Some efforts
need to be put on the complete determination of the three functions P , Q and R in the same time as on the inclusion
of other physical aspects of anisotropy such as morphological anisotropy and evolution of the anisotropy with ongoing
plastic deformation.
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