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A non-expanding transport distance for some structured equations

Nicolas Fournier* Benoit Perthame'*

February 6, 2021

Abstract

Structured equations are a standard modeling tool in mathematical biology. They are integro-
differential equations where the unknown depends on one or several variables, representing the state
or phenotype of individuals. A large literature has been devoted to many aspects of these equations
and in particular to the study of measure solutions. Here we introduce a transport distance closely
related to the Monge-Kantorovich distance, which appears to be non-expanding for several (mainly
linear) examples of structured equations.

2010 Mathematics Subject Classification: 35A05; 35K55; 60J99; 28 A33
Keywords and phrases: Transport distances; Monge-Kantorovich distance; Coupling; Structured equa-
tions; Mathematical biology.

Introduction

The subject of structured equations arises in several areas of biology and extends ordinary differen-
tial equations by including parameters chosen because they bring some influence on the population
dynamics, see [11, 24, 30]. This leads to various integro-differential equations and partial differential
equation (P.D.E.) which also appear in many other areas as physics, communication science and in-
dustry. Besides the interesting modeling issues, the questions which have been considered are about
existence of solutions, entropy properties and, mostly, long term convergence to steady states, with
possibly exponential rate of convergence. Another question concerns measure solutions, possibly after
renormalization [2, 12]. Furthermore, in the context of a nonlinear neuroscience problem, convergence
of a particle system has recently been proved using transport costs with specific costs precisely adapted
to the coefficients [19].

The present papers aims at showing that a simple variant of the Monge-Kantorovich transport
distance appears to be non-expanding along several structured equations. These include the renewal
equation and a few other models listed below.

We work in a state space that we denote by J, which can be [0,00), [0,00) x T" with T" a discrete
torus, [0,00)% or [0,00) x R? and we always use a cost function ¢ : J x J > [0,00) which satisfies
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o(z,z) = 0 and o(z,y) = o(y,z) > 0 for = # y and will typically take the form p(y, z) = min(|z—y|, a)
for some a > 0 chosen according to the equation at hand. We recall that for two probability measures
uy,uz € P(J), the transport cost is defined as

T = _int ] ota.elaz.dy),

(1)
H(ui,ue) = {v € P(J x J) with marginals w; and us}.

When p is a distance on J, 7, is a distance on P(J) and, with a slight abuse of language, one refers
to the Monge-Kantorovich distance. Recent accounts about the theory can be found in the books
32, 1, 31].

Our approach relies on the coupling method, see the survey paper [20]. The first example of use of the
coupling method, to our knowledge, can be traced back to Dobrushin [14], where the nonlinear Vlasov
equation is derived as mean-field limit of a deterministic system of interacting particles, making use of
some transport cost. No P.D.E. is written for the coupling in [14], because everything may be expressed
in terms of characteristics. See [21, Section 3] for a P.D.E. analogue to Dobrushin’s argument. In
the same spirit, the Euler equation is derived from a deterministic system of interacting vortices in
Marchioro-Pulvirenti [23, Section 5.3], using also a coupling argument, see also [22] for a result with
the strong transport distance do..

The paper is organized as follows. We begin with the renewal equation in order to present in details
the results and method. Building on this, we extend the method to a system of renewal equations, some
space-age structured equation, the multi-time renewal equation, the growth-fragmentation equation,
and to an age-size coupled model. All these equations are linear. We complete our study with a
model with sexual reproduction, which is quadratic, and generates new difficulties. Our setting is
very general and does not use uniqueness of solutions, therefore we complete them with a technical
appendix devoted to a uniqueness result by the Hilbert duality method when further regularity on the
coefficients is assumed.

1 The renewal equation

Our first example, also the simpler, is the general renewal equation. It allows to introduce the method
and to explain the choice of cost within the setting of the equation

6u5§x) + 6[9(:2;“(96)] + d(2)u(z) = b(z)N (1), £>0,2>0,

00 2
u(z=0) =0, N(t) = /0 d(z)u(dz), t > 0. @

When b = §p, the Dirac mass at 0, and g = 1, we find the classical renewal equation [17]. The
more general version at hand is motivated by various models proposed in mathematical neuroscience,
[19, 26, 29]. We assume that

g,d € C([0,0)), beP(0,0)), gisnon-increasing, ¢(0) >0, d>0. (3)

We will further suppose that

o |r—y|lmax(d(r),d(y))
Jda >0 suchthat a < inf .
" Jz—y|<a |d(z) — d(y)|

(4)



Observe that this last condition holds true with a = min(ag, 1) as soon as ag > 0, where

ol lmax(d@).dw)
izt @) —dyl

For example, d(x) = o + [zP satisfies such a condition, provided o > 0, > 0 and p > 1, as well as
any Lipschitz and uniformly positive function.

Theorem 1 Assume (3)-(4). We consider the cost function on (0,00) x (0,00) defined by

o(z,y) = min(a, [z — yl).

For any u$,u3 € P([0,00)), there exists a pair of weak measure solutions (u})i>0, (u?)i>0 C P([0,0))
to (2) starting from u$ and u3, i.e., such that for i =1,2 and all t > 0,

// ' (dx)ds < oo (5)

and for all t >0, all ¢ € C([0,00)),

[etanitan = [“etonian + [ [ @@+ [Te - ewipan]uidnds. ©

Moreover, for allt > 0, we have
Toluy, uf) < To(ug, ug).-

Notice that, even if we did not mention it, it follows from (6) that u € Cy ([0, 00); P([0,00)). Also,

the generality of this statement relies on the price that the solutions u}, u? may depend on the choice

of the pair (u},u3). However, when g € C’g, the solutions are unique in distributional sense as proved
in the appendix, and then the result is more standard. The regularity of g can certainly be lowered

in view of the theory developed in [5, 6, 13].

Proof. We assume (3), fix uj,u3 € P([0,00)) and consider any vy € H(u},ud). There exists a family
(v¢)i>0 of probability measures on [0, 00)?, starting from v, such that for all ¢ > 0,

/// y)|vs(dz, dy)ds < oo, (7)

and which weakly solves

du, | dlg(z)ve] | Alg(y)ve] A
5 + pe + 9y + max(d(x),d(y))v; = b(x)d(x — / min(d (y)) vi(da’,dy’)

T b(x) / (d(') — d(y)),, velde’, ) + b(y) / (d(y)) — d(x)) , vilr,dy).




This means that for all ¢ > 0, all p € C1([0,00)?),

//Cp(a:,y)vt(dx,dy) ://‘P(x,y)vo(dx,dy)+/0t// [g( )890(96 y)

4 /Ot/// [o(2,2) — (2, y)] min(d(z), d(y))b(dz)vs(dz, dy)ds

[ I 1ot = et @) = dton) bazpustan, ands
i /0 /// [o(z, 2) — ol )] (dly) — d(x))+b(dz)vs(d, dy)ds. (8)

Using (7) and then (8) with a function ¢ depending only on x, observing that vy € H(u},u3) and that
min(d(z), d(y)) + (d(z) — d(y))+ = d(=),

we deduce that the first marginal u} (dz) = ny[O 00) ve(dax, dy) satisfies (5)-(6). Similarly, the second
marginal u?(dy) = fxE[O 00) v(dx, dy) satisfies (5)-(6). And it holds that v; € H(u},u?) for all ¢ > 0.

The existence for (7)-(8) follows from classical arguments, using e.g., an approximate problem where
g,d are replaced by smooth and bounded functions, and from the following a prior: tightness esti-
mate. By the de la Vallée Poussin theorem, there exists a function h : [0,00) — [0,00) such that
lim, 00 h(x) = 0o and such that

= // v (dz, dy) + / h(2)b(d2) < oo

One can moreover choose h smooth and satisfying 0 < k' < 1. Applying (8) with p(z,y) = h(z)+h(y),
one immediately concludes that for all ¢ > 0,

//[h( ) + h(y)|v(de, dy) // )+ h(y)]vo(de, dy) + /// g(y)N (y)]vs(da, dy)ds
4 /0 // d(z) / h()b(dz) — h()) +d)( / h()b(dz2) —h(y))}vs(dx,dy)ds
<C + 20t + /0 7/ [d(x)(c — h(z)) + d(y)(C — h(y))] vs(de, dy)ds,

where C' = sup,>( g(z)h'(z) is finite because g is continuous and non-increasing and because h' is
[0, 1]-valued. Since now d is continuous, non-negative and since h increases to infinity, there is L > 0
such that d(z)(C' — h(z)) < L — d(x)h(z)/2, whence finally

// [h(z) + h(y)Jvr(da, dy) + / // T d(y)h(y)]vs(de, dy)ds < C + 2Ct + 2Lt.

Since lim, o h(x) = 0o, this last a priori tightness estimate is sufficient to prove existence for (7)-(8).

We next fix a > 0, set p(r,y) = min(]z — y|,a) and we choose a coupling vg € H(u},u3) such that

] p(z, y)vo(dz, dy) = T,(ud,ud). We apply (8) with ¢ = p (or more precisely, firstly to some smooth
and compactly supported approximation p. of p and then let ¢ — 0). We notice that

o) 2 () P gyt — )loa) — ()] <0



because g is non-increasing. Since b is a probability measure, we obtain
] otevrataz.cn <ty [ [ oo mastat) dwyesan.anas
+ [ I] [eiate) - dwys + ot 21d00) ~ o) oy, s

Recalling that 7,(ut,u?) < [[ p(z,y)vi(dz, dy), in order to complete the proof, it is therefore sufficient
to verify the inequality, for all z, y > 0,

_ (d(x) —d(y) . (dy) —d(@))
o) = o / oleyblde) + / o, b(d2) < o(z,y).  (9)

Since o(x,y) = min(a, |z — y|) and since b is a probability measure, we have

(d(z) —d(y)),  (dy)—d@),  |d(z)-dy)|
Tw) < @ diy)* + max(d(@), dy)) "~ meax(d(@), d(y))

a < min(|jz — yl|,a).

Indeed, the last inequality is obvious if |x — y| > a and follows from (4) otherwise. O

2 A system of renewal equations

In mathematical biology, it is usual to describe the cell cycle, see [24, 30], using a system of renewal
equations coupled at there boundaries as follows

Ouilwd) | Olgiw)ueeil o g (@Y (2,d) =0, >0, 2>0,i=1,..,1,

00 (10)
ug(x = 0,1) :/ di—1(x)uy(da,i — 1), t>0,i=1,..,1,
0

with the convention u¢(x,0) = u¢(x,I). In terms of stochastic processes, a cell with age = in state i
ages chronologically (when, say, g; = 1) until, with rate d;(x), it changes state to i + 1 where it starts
with age x = 0. So the state space is

J =1[0,00) x T, with T'={1,..., I} the torus, i.e., states 0 and I + 1 are identified to states I and 1.
We assume that for all i € T,
gi, di € C([0,00)), gi 1s non-increasing, gi(0) >0, d; >0, (11)

and that

Ja>0  suchthat a< min inf |« — y| max(di(z), di(y))
1<i<I |a—y|<a |di(x) — di(y)]

This condition is satisfied if for all ¢ € T, there are ; > 0, §; > 0 and p; > 1 such that d;(x) =
a; + BixPi, or if all d;’s are Lipschitz and uniformly positive.

(12)

Theorem 2 Assume (11)-(12). We consider the cost on J x J defined by
o(z,i,y,j) = min(a, |v — y[) Ly —;y + alfzjy.

5



For any ul,u3 € P(J), there exists a pair of weak measure solutions (u})i>0, (u?)i>0 C P(J) to

starting from u(l) and u%, i.e., such that for j = 1,2 and allt >0

//d I(dz, di)ds < oo

and for j=1,2, allt >0 and all p € CX(J),

/Jcp(a;,i)u{(dx,dz’) /gp(m i)ud(dx di)
// (2.1) + di(a)[p(0,7 + 1) — ol )] (dr, s

Moreover, for all t > 0, we have
Tolug, uf) < Tolug, u)-

(10)

(14)

Note that if u;(x,4) is a strong solution to (10), then wuy(dx,di) := Y, cpus(z, k)dzdy(di) is a weak

measure solution to (10). Note also that the comments after Theorem 1 apply here too.

Proof. We assume (11)-(12) and consider any coupling vy € H(up, ud). There exists a family (v;)i>0

of probability measures on J? such that for all ¢ > 0,

¢
[ [ idst@) + dytwien(ar. diay. ajas < o
0
and which weakly solves

Ovy | dlgi(x)vr ]+0[g](y) U]

2 () V 5 )Ly + (i) 5 (0) Ly =
00,0y (7, y) Lz J}// i (@) ANdi_1(y) ve(da',i — 1,dy, 5 — 1)
+ b0 (@) Tgjmi—1y / di—1(a') — dj(y))+ ve(da’, i —1,y,5)

+boly )1{”1}/ ) — di@)) , vl dy,j —1)

+ 50(96)11{]'7&@—1}/ di—1(z")vy(da’ i — 1,9, 5) + 50(?4)1{1'7&]'—1}/ dj—1(y v (i, dy’, 5 —1).

This means that for all p € CL(J?), all t > 0,

// x,1,Y, j)ve(de, di,dy, dj) = // o(z,i,y, j)vo(dx, di,dy, dj)

/// adut y’]) +gj(y)%;y’)}vs(dx di, dy, dj)ds

(15)

/// (0,7 +1,0,5 +1) — x,z,yj]]l{l J}( )/\dj(y))
+ [(10(0 i+ 1y, ) (10(:17 1,Y,] )] ][{z ]}(dl T dj(y))+
+ [(ID(LE,Z,O J+ 1) cp(a:,z,y ])] ][{z ]}(d y d(‘r))+
+ [90(0,2 +1,9,7) —p(x,i,y, ] )] Ljizjydi()
+ [o(2,4,0,5 + 1) — (x4, y, )] Lz d; y))vs(daz,di,dy,dj)ds. (16)



Using (15) and (16) with a function ¢ depending only on (x,7) (or (y, 7)), we see that the first marginal
up (da, di) = f(y Nes v¢(dz,di,dy,dj) (or the second marginal u?(dy,dj) = f(x e ve(da, di, dy,dj))
satisfies (13) and (14).

As before, the existence for (15)-(16) follows from classical arguments, using an approximate problem
where g;,d; are replaced by smooth and bounded functions, and from the following a priori tightness
estimate. By the de la Vallée Poussin theorem, there exists a function h : [0,00) — [0, 00) such that
lim, 00 h(x) = 0o and such that

crlelyfh($)4—h<yn1@(dx,d¢,dy,dj)<:oo

One can moreover choose h smooth, satisfying h(0) = 0 and 0 < A/ < 1. Applying (16) with
o(x,i,y,j) = h(z) + h(y), one immediately concludes that for all ¢ > 0,

ﬂWymmmmmm@ ﬂ y)]vo(dz, i, dy, dj)
+ /0//[gi(x)h’(x) + g; ()R (y)]vs(dz, di, dy, dj)ds

- /0 // (di(@)h(x) + d; (9)h(y)os (da, di, dy, dj)ds.

Setting C' = sup;cp .0 gi(¢)h/ (), which is finite because g; is continuous, non-increasing and because
B is [0, 1]-valued, we end up with

//[h(:ﬂ) + h(y)]ve(dz, di, dy, dj) + /0// [dl(x)h(x) + dj(y)h(y)]vs(dzn, di,dy,dj)ds < C + 2Ct.

This last a priori tightness estimate is sufficient to prove existence for (15)-(16).

We now apply (16) with ¢ = p, after regularization as before, where we recall that o(x,i,y,j) =
min(a, |z — y|)Tyi—; + aly;x;. Since g; is non-increasing, we have

89 ‘T7 Z‘7 M ] 89 ‘T7 Z‘7 M ]
92‘(517)% + gj(y)% = Ly oy <aysen(z — y)[gi(z) — g;(y)] < 0.

Hence we find, choosing vy such that [[ o(z,i,y, j)vo(dx, di,dy,dj) = T,(uj, u),

// olx,i,y, j)vi(dz, di, dy, dj)

T, (ub, ud) /// 0(0,i+1,0,j +1) — o(z,i,y, )] Tz jy (di(z) A dj(y))
+ [000,i + 1,y,5) — o(x,i,y,§)] Ti—jy (di(x) — d;(y)) ,
+ [Q(‘Taiyo Jj+ 1) (‘Taz7y ])] ]I{z j}(d y d(‘r))_;_
+ [0(0,i + 1,y,5) — oz, 4,9, )| Ljzeidi(2)
+ [o@,3,0,5 + 1) = 0(@, iy, )] Tjiyds (y) ) vs (da, di, dy, dj)ds.



With our choice of o, the two last lines are non-positive. We thus arrive at

t
//Q(x,z,y,])vt(dx,dz,dy,dj) S%(u(lbu(z))_/// ][{,:]}AZ(:E,y)vs(dx,dz,dy,dj)ds,
0
where

Ai(z,y) =(di(x) v di(y))(lz — y| A a) = (di(x) — di(y))+a — (di(y) — di(2))1a
=(di(z) v di(y))(|z — yl A a) = |di(z) — di(y)|a.

Next, we check that A; is always non-negative. If |z — y| > a, this is obvious. If |z — y| < a, this
follows from (12). Since T,(uf,u?) < [[ p(z,i,y, j)ve(dz, di,dy, dj), the proof is complete. O

3 Space and age structure

Next, we consider an example similar to that in the previous section, when the discrete parameter
i is replaced by a continuous parameter z € R? which represents space or a physiological trait.
The formalism makes the link with the heat equation through a standard physical process used in
particular to describe diffusion or anomalous diffusion, see recent analyses in [28, 8, 3]. We depart
from the equation

0 0
g2 u (@, 2) + us (@, 2) + d(x)ug(x, z) =0, t>0,2>0, zeR%

ot 0(233 (17)
u(z=0,2) = / / d(z)us(dz, z 4+ en)k(dn), t>0, z€R%L
0 JRd

This equation models particles characterized by their age x and position z. When in state x, z, the
particle’s age x grows linearly until there is a jump, at rate d(z), resulting in the particle moving from
z to z —en (with 7 chosen according to the probability density k). At each jump, the age is reset to 0.
Hence the state space is here J = [0, 00) x R?. Under a few assumptions, it is known that, for u. the
solution to (17), U-(t, z) = fooo ue(t, z, z)dx converges, as € — 0, to the solution of the heat equation
in R,
We assume that
de C([0,00)), d>0, keP(RY, (18)

and, again, that

o |7 —y|max(d(r),d(y))
Jda >0 such that a < inf .
~ Jz—y/<a |d(z) — d(y)|

Theorem 3 Assume (18)-(19) and fix € > 0. We consider the cost on J x J defined by
o(x,z,y,7) = min(a, |z — y| + |z — 7).

For any u},u3 € P(J), there exists a pair of weak measure solutions (ui)i>o, (u?)i>0 C P(J) to (17)
starting from u$ and u3, i.e., such that for i =1,2 and all t > 0,

/Oxd(x)ui(da:, dz)ds < o0 (20)



and fori=1,2, allt >0 and all p € CH(J),
/J(p(x,z)uf;(da: dz) = /cp(a: 2)ul (dz, dz)
vet [ ][R0 aw) [ 00,5 - en) - oo itan] o, az)as. (21

Moreover, for all t > 0, we have
Tolug, up) < Tolug, u)-

Proof. We assume (18)-(19), consider ul,u? € P(J) and a coupling vy € H(up,u). There exists a
family (v¢)¢>0 of probability measures on J 2 such that for all ¢t > 0

/ // y)|ve(de, dz, dy,dr) < (22)

and which weakly solve

vy Ovy 0
2290 IO TU L (b() v b(y) v =

ot Odxr Oy
) [ T[] 0 Ao o2+ en v+ ek
+ () /J (0(") = b(y)) ,ve(da’, z + en, y, 7 + en)k(n)dn
+4(y) /J (b(y") = b(2)) | ve(z, 2 + en. Ay, 7 + en)k(n)dn.

This means that for all p € CL(J?), all t > 0,

// (@, 2,y o (de, dz, dy, dr) = // (@, 2, T)vo(dz, dz, dy, dr)

/// Pl 2y, 7 + a(’D(mézy’y’r)]fus(da;,dz,dy,dr)ds

+ 5_2 /0// [(d(x) A d(y)) /]Rd [(10(07 Z =&, 07 T 577) - ()0(‘7:7 Y, T)]k(d?’])

(d(z) — d(y))+ / [9(0, 2 — en,y,7) — ol 2., ) ]k(dn)

Rd

T (d(y) - d@))s /

R4

[o(z,2,0,7 —en) — p(z, 2,9, T)]k‘(dn)) vg(dx,dz, dy, dr)ds. (23)

Using (22) and (23) with a function ¢ depending only on (z, z) (or (y,7)), we see that the first marginal
up (do,dz) = f(y e v¢(dz,dz,dy,dr) (and the second one u?(dy,dr) = f(x e vy (dz,dz,dy, dr))
satisfies (20) and (21).



The existence for (15)-(16) follows as usual from the following a priori tightness estimate. By the
de la Vallée Poussin theorem, there is a function h : [0,00) — [0, 00) such that lim,_,~ h(x) = co and

C = //[h(a;)+h(y)+h(\zy)+h(!r\)]vo(da:,dz,dy,dr)+/h(€\n!)k(dn) < 0.

One can moreover choose h smooth, satisfying h(0) = 0 and 0 < A’ < 1. Applying (23) with
o(x, z,y,7m) = h(x) + h(y) + h(|z]) + h(|]r]), one immediately concludes that for all ¢ > 0,

//[h( )+ B(y) + (=) + Al D]v(dz, dz, dy, dr) < C + e /// 2) + B (y)]vs(dz, dz, dy, dr)ds

/// / ) + h(lz —enl) — h(z) — h(|z])]k(dn)
+d

(5) [ 14(0) + Al = enf) = h(y) ~ b(lrIb(dn)]| v (dr.dz, dy, dr)ds.

Using that A’ is [0, 1]-valued and that h(0) = 0, we observe that

/ [1(0) + h(]z — enl) — h(z) — h(|2)] k(dn) < / h(lenl)(dn) — h(z) < C — h(z).

Using now that d(x)[C — h(z)] < L — d(x)h(x)/2 for some constant L > 0, we end up with

J] @)+ b+ el B, dz.dy.dr) + 55 /// 2) + d(y)h(y)]os Az, dz, dy, dr)ds
< C+2e%t+ 2 2Lt
This a priori tightness estimate is sufficient, as usual, to prove existence for (22)-(23).
We now apply (23) with ¢ = p, where we recall that o(z, z,y,7) = min(a, |z — y| + |z — r|). Since

8Q(x727y7r) + 8Q(x727y7r)
Oz oy

we find, choosing vg such that [[ o(z, z,y,7)vo(dz,dz,dy, dr) = T,(ud, ud),

// x, 2,9, r)v(de, dz, dy, dr) < T( uo,uo g2 /// x,z,y,1)vs(dx,dz, dy, dr)ds,

where

=0,

A(‘Tvzvyvr) :(d(x) A d(y)) /Rd[g(ovz — &1, 07T - ET,) - Q(xvzvyvr)]k(dn)
(o) = d)s [ o0, = en,.7) = ooz, r)b(dn)

()~ d@)s | low2.0.r = e) = ofo. 2 p.)k(dn)

Since T,(uf,u?) < [[ p(z,z,y,7)vi(dz,dz,dy,dr), it thus only remains to check that A is always
non-positive. But we have, assuming e.g. that d(z) > d(y),

Az, z,y,7) = —d(@)[(|lz =yl + |z = r]) Aa] + d(y)(|z = r[ A a)
+ (d(z) — d(y)) /Rd[(lyl + |z —en —r|) Aalk(dn)
< —d@)[(|lz —yl+ [z =) Na] + d(y)(|z — | Aa) + (d(z) — d(y))a.
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If | —y| + |z — r| > a, we have
Az, z,y,7) < —d(z)a+ d(y)a + (d(z) — d(y))a = 0.
If |z — y| + |z — r| < a, still assuming that d(z) > d(y), we have
—d(@)(lzr —yl+ |z = r|) +d(y)[z — [ + (d(z) — d(y))a
—d(z)|lz —y| + (d(z) — d(y))a <0

thanks to (19), since |z — y| 4+ |z — 7| < a implies that |z — y| < a. Therefore, we always have
A(z, z,y,7) < 0 and the proof is complete. O

4 The multiple time renewal equation

Several applications use multi-time renewal equations to describe a population density subjected to
aging or to time-evolution. Recently, for evaluating the efficiency of tracing softwares, it was used to
take into account secondary infections, see [18]. In neuroscience, the interpretation is that neurones
keep memory of their last spikes in the process of deciding when to fire again, see [10]. For two times
memory, the equation reads

Builanza) | 3%@1’””2) + 3“%;;””2) +d(z1, 29)ur(21,22) =0, w2 > 11 >0, >0, (24
u(xy = 0,22) = [ d(xg, 2)ur(22,d2), x>0, t>0.

An example of stochastic interpretation is that particles are individuals producing events at a rate
depending on the ages of its two last events. Here the variables x1 and w9 represent the ages of the
two last events, so these ages increase linearly until, at rate d(z1,x2), they are reset to the values
(0,1). Hence our state space is now J = {(z1,22) € [0,00)? : 9 > 21}. We assume that

deC(J), d>0 (25)
and that

da >0 suchthat a< inf (21 = 3| + |2 = Zo]) max(~d(:n~1,x2), d(:El’:Ez)).
2|21 71| +|z2—TF2|<a |d(z1,72) — d(T1,72)]

(26)

One can check that d(xq,z2) = a+ Bal' +y2h?, with a >0, 3> 0,7 > 0, p; > 1 and py > 1 satisfies
such an assumption, as well as Lipschitz and uniformly positive functions.

Theorem 4 We assume (25)-(26). We consider the cost on J x J defined by
Q(xl,xg,fl,%g) = [2‘%1 - 51’ + ‘xg - fg” N a.

For any u},ud € P(J), there exists a pair of weak measure solutions (u})i>o, (u?)i=0 C P(J) to (24)
starting from u(l) and u%, i.e., such that for i =1,2 and all t > 0

t
// d(zy, z2)ul(dzy, dze)ds < oo (27)
0T
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and fori=1,2, allt >0 and all p € CL(T),
/ o1, zo)ul(dzy, dzy) = / o1, z9)ub(dzy, dzy)
J J

+ / / [8“’(”“’;;”“’2) +a“0(;;;”52) —i—d(a:l,a:g)[cp(O,xl)—go(xl,xg)]]ui(dxl,dxg)ds. (28)

Moreover, for allt > 0, we have
Tolug, up) < Tolug, u).

Proof. We assume (25)-(26), consider u}, u2 € P(J) and a coupling vy € H(ul,u2). There exists a
family (v;);>0 of probability measures on J?2 such that for all ¢ > 0

/Ot//[d(l‘l, l‘2) + d(fl, 552)]%((13)1, d:l?g, d:fl, d:fg) < 00 (29)

and which weakly solves, with zero flux boudary conditions at 1 = 0 and z9 = 0,

(%t 8’[)t 8’[)t (%t (%t ~ o~
E + 8—1'1 8—1'2 + 8—‘%1 + 8—@ + (d(‘rlax2) \ d(xhx?))vt

= 0(x1)0(71) // d(xe,z)V d(%g,%))vt(azg,dz,fg, dz)
d(zq // (22,2 $1,$2))+’Ut(l‘2,d2,§51,§52)
+5(51)// d(w1,32) — d(F, 7)) , ve(21, 72, T2, dZ),
This means that for all p € CL(J?), all t > 0,
//cp(a:l,ajg,El,Eg)vt(dxl,dxg,dil,dfg) = //gp(xl,xg,51,Eg)vo(dajl,da:g,dfl,dfg)

Jyp &P Oy o
/// [83;1 0z axl + ax2]($1,$2,$1,$2)U3(d$7dz,dy’dr)ds

///< ZE1,$2 ($1,52))[g0(0,$1,0,51) —(,0(:171,:172,51,52)]
—l— d(a:l,xg) d(fl,fg))_,_[(p(o,xl,fl,fg) — @(ml,xg,fl,fg)] (30)

+ (d(z1,Z2) — d(x1, 22))+ (21, 22,0,271) — 90($1,332,51,52)])Us(d$1, dag, dzs, dTo)ds.

Using (29) and (30) with a function ¢ depending only on (x1, z2) (or (Z1,Z2)), we see that the marginals
of v satisfy (27) and (28).

The existence for (29)-(30) follows as usual from the following a priori tightness estimate. By the
de la Vallée Poussin theorem, there is a function h : [0,00) — [0, 00) such that lim,_,~ h(x) = co and

C:= //[h(xl) + h(x2) + h(z1) + h(Z2)]vo(dw1, dwe,dTr,dZ2) < 00
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Choosing moreover h smooth, satisfying h(0) = 0 and 0 < b’ < 1, applying (30) with p(z1, 29, T1, T2) =
h(z1) + h(z2) + h(Z1) + h(Z2), one easily concludes as usual that for all ¢ > 0,

//[h(m) + h(x2) + h(T1) + h(T2)] ve(dzy, dzg, dTy, dTy)
+ /Ot// (d(z1, 22)h(w2) + d(T1, T2)h(T2))vs(day, dao, dZy, dTo)ds < C + 4t.

Recalling that h increases to infinity and that h(zi) < h(zg) for all (x1,29) € J, this a priori
tightness estimate is enough to prove existence for (29)-(30).

We now apply (23) with ¢ = g, where o(x1, 22,71, T2) = min(a, 2|x; — 1| + |z2 — Z2|). Since

0 0 0 0
dp  Op  Dp Oy _

Or1  Ory | 074 a_i«'g_o’

we find, choosing vg such that [[ o(z1, 22, 71, Z2)vo(dz1, dze, dZ1, dZ2) = T,(ud, ud),

t
//9(3317xz,fl,fz)vt(dwl,dwmdfl,dfz) < To(ug, ud) +/// A(x1, 22,21, To)vs(dey, dag, dT, dzo)ds,
0

where

A(ZEl,IIJ‘Q,I}?l,I}?Q) =

Since %(u,},u?) < [ p(x1, 22, T1, T3)vi(dz1, dwa, dT1, dT), it only remains to check that A is always
non-positive.

When first 2|x; — Z1| + |z2 — 2| > a, this is obvious.

When 2|21 — Z1| + |z2 — Z2| < a, it suffices to verify that

(d(azl,xg) V d(fl,fg))[ﬂxl - 51’ + ‘1’2 - EQH
z(d(azl,xg) A d(fl,fg))’xl — 51’ + ]d(a:l,xg) — d(fl,fg)‘a.

This follows from the fact that
(d(azl,azg) V d(fl,fg))[’xl - 51’ + ‘1’2 - EQH > ]d(a:l,azg) - d(fl,fg)’a

by (26). O

5 Growth-fragmentation

The growth-fragmentation equation arises in several areas of biology. The variable represents for
instance the size of cells or the length of biopolymers. It also arises in communication science for TCP
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connections. A large literature is available on the subject and we refer for instance to [24, 12, 27, 4].
The model combines growth with a rate g and fragmentation with a rate d and it is written

oue) |, Olaw) w(@)

+d(z)u(z) = /OO d(z")k(z, ") uy(da'), t>0, x>0,

ot oz (31)
u(x =0) =0, t>0.
Usual conditions on the fragmentation kernel are expressed through the identities
k(z,2') =0 for x > 2/, / k(z, 2 )dr =1 (32)
0
which lead to the conservation law
/ ug(x)dx :/ uo(x)dz = 1.
0 0
To go further, we can specify
, 1 T
Kz, 7)) = = 5<—,) for some 3 € P([0,1]), (33)
x x
see the end of the section for a more general possible setting. We then assume that
g, d € C([0,00)), ¢ is non-increasing, ¢(0) >0, d >0, (34)
" ! 2 — | max(d(z), d(»))
. x — y|max(d(x),d(y
da >0 suchthat a< 1—/r6d7‘> inf . 35
(1= [ rotan) e, )

If 3 is non-trivial in that fol rB(dr) € [0,1), then this assumption is verified if e.g. d(z) = a + S2P,
provided a >0, 8 >0 and p > 1.

Theorem 5 We assume (33)-(34)-(35). We choose again, on [0,00) x [0,00) the cost
Q(‘Tay) - min(a7 "T - y‘)

For any u,u? € P([0,00)), there exists a pair of weak measure solutions (u})i>0, (u?)>0 C P([0,00))
to (31), starting from u} and u3, i.e., such that fori=1,2, for allt >0, all A > 1,

t oo Alz .
/ / d(az)/ B(dr)uy(de)ds < oo (36)
0 JA+1 0
and for all t >0, all p € CL([0,0)),

[Cetwritan= [~ o + [ [ o)+ aw [ 6a) - ponsan]uanas. @

Moreover, for allt > 0, we have
Tolui, uf) < To(ug, up).

14



Observe that (37) makes sense thanks to (36): for ¢ € C1([0,00)) supported in [0, A],

1 Alx
‘d(@’)/o (p(rz) —@(x))B(dr)| < Lpcary2llelloo [OSXpl]dJr Tips a1y llellocd() ; B(dr),
At

where we used a rough upper bound by A + 1 to fit our assumption.

Proof. Consider u},u3 € P([0,00)) and a coupling vy € H(up,u3). There exists a family (v;);>o of
probability measures on [0, 00)? satisfying, for all ¢ > 0, all A > 1,

t Alz Aly
/0 // []I{szH}d(a:) )+ Mgz andy) | ﬂ(dr)]vs(dx,dy)ds<oo (38)

and solving weakly

ou , 0
ot Oz

JJ ) nawn—s(2)6(E - 2)8(5) wiar'a)

x y oy
+ @) = ) 58(S)ue'sg) + [ @) - d@)s6(5) ol a)
This means that for all £ > 0, all ¢ € CL([0,00)?),

//xyvtdxdy //azyvodxdy ///
/ // /0 [p(rz,ry) — p(a,y)] B(dr)vs(dz, dy)ds

+/0 //(d(x) —d(y))+ /01 [p(re,y) — o(z,y)] B(dr)vs(de, dy)ds

t 1
" /0 // (d(y) — d(x)). /0 (ol ry) — (. y)] Bldr)v(dz, dy)ds. (39)

One checks as usual that the two marginals of v; solve (36)-(37). Next, as in the previous sections,
one finds that there is a function h : [0,00) — [0, 00), strictly increasing to infinity, which taken as a
test function gives

// [h(x) + h(y)]or(dz, dy) + /0 t // [d(z)H(x) + d(@) H (3)] vs(dz, dy)ds < C + 2Ct,

where H (z fo ra))B(dr) and C = sup,>q g(z) (z). This a priori estimate is sufficient
to prove tlghtness and construct a solution to (36)-(37), because for any A > 1, any x > A+ 1, one

has
Al Alz p(z) — h(rz) H(zx)
dr) < dr) < .
, P —/0 RA+ D) —h(A) Y = AT —h(A)
Applying now the above equation to ¢ = g, where o(x,y) = min(a, |x — y|), one finds as usual, if
choosing vy correctly and using that ¢ is non-increasing, that

] etwvintas.an < iy + [ [] Swpestananas,
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where

1
A(z,y) = — (d(z) Vd(y))o(z,y) + (d(z) A d(y))/o o(rx, ry)B(dr)

1 1
(o) = dw)s [ olre9)5(@n) + (@) = de))s [ olermpan.  (0)
We finally show that A is alway non-positive. If first |z — y| > a, it is enough to check that

a(d(x) Vv d(y)) = a(d(x) A d(y)) + a(d(x) — d(y))+ + a(d(y) — d(x))+,
which is obvious. If next |x — y| < a, it suffices to check that
1
(d(@) v )|z — 9] > (d(x) A d(y))] /0 rB(ar) |z y| + a(d(x) — d(y))+ + ald(y) - d(x))+,

which follows from the fact that

1
(1= [ rtan] o) v dw))le - ) = ald) - diw)
0

thanks to (35). 0

A little study shows that the result still holds true if assuming, instead of (33), that the family of
fragmentation kernels (k(-,2))zer, C P(R4) satisfies x([0,z], ) = 1 for all z > 0 and

dm € 0,1), forall z,y € Ry, Wi(k(-,2),k(-,y)) < m|z—yl,

where W7 is the usual Monge-Kantorovich distance on P(R. ), and replacing (35) by
o o —ylmax(d(z),d(y))
da >0 suchthat a<(1—m) inf .
0 e ™ @) - dw)

Indeed, it suffices to apply the usual strategy, starting from the coupling equation :

//w(sg’y)%(d‘r’dy) ://¢($7y)vo(d$,dy)+/t// g(x)a(’p(m ) dp(z,y)

+g(y) oy vs(dz, dy)ds

ox
/ // JAdly / / (=',y) = p(z, y)|R(d’, dy', , y)vs (d, dy)ds
/// /0 [e(2',y) — p(x,y)] k(da’, z)vs(dz, dy)ds
+/0 //(d(y)—d(:n))+ /Oy [o(z,y') — oz, y)| k(dy', y)vs(da, dy)ds,

where for each z,y € Ry, R(-,-,x,y) € H(k(-,x),k(-,y)) satisfies

// 2! — y[R(de’, Ay, x,y) = Wi((,z), 5 (-, 1)),
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6 Age and size structure

Models have been proposed which use several stucture variables. For instance, age or size only are
not enough to predict cell division. But a combination of both (or other physiological variables as size
increment) have been used, see [15, 16], leading to write

ot ox 0z -
u(x,z=0)=0 t>0, x>0, (41)
u(x=0,2) = / / d(z', 2" k(z, 2" Ju(da’, dz2"), t>0,2>0
=0 Jz'=2

The state space is J = [0,00)2. We assume that the coagulation kernel has the specific form (33),
that
g € C([0,00)), g is non-increasing, ¢(0) >0, deC(J), d>0. (42)

and that

. |z — 2| + |z — Z
lo—z|+a—2|<a |d(z, 2) — d(Z,Z)|

1
Ja >0 suchthat a< (1 —/0 rﬁ(dr)) max(d(z, z),d(z,z)). (43)

Theorem 6 Assume (33)-(42)-(43) and consider the cost
o(z,2,7,2) = min(a, |r — Z| + |z — Z|).

For any u},u? € P(J), there exists a pair of weak measure solutions (u})i>0, (u)i>0 C P(J) to (41),
starting from u(l) and u%, i.e., such that fori=1,2 and all t >0, all A>1,

t Alz )
| a o B + Tpcnissa [ a(an)]uifan as)as < (44)
and for allt >0, all p € CH(T),

/go(:n,z)ui(d:n,dz) = [ oz, 2)ul(dz,dz)
J J

! 8()0(‘T72) &p(m,z) ! i
+/()/7|: o +9(2) 9% +d(a;,z)/0 (p(0,72) —cp(a:,z))ﬁ(dr)]us(dx,dz)ds. (45)

Moreover, for all t > 0, we have
To(u,ui) < Tolug, ug)-

Here again, (45) makes sense thanks to (44): if ¢ € C.(J) is supported in [0, A]?, then
1
d($’z)‘/o (0(0,72) — p(x,2))B(dr)| <Tz<atiz<a+1)2/lel [OSXPPdJr Lio> a1y llellocd(z, 2)
A+

Alz
+ Lpcat > aryl@llod(z, 2) ; B(dr).
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Proof. As before, we consider ul,u? € P(J) and a coupling vy € H(uj,ud). There exists a family
(v¢)1>0 of probability measures on J?2 such that, for all ¢ > 0,

Alz

Bdr)|

A)z

/ / (z,2) ]I{x>A+1} + Lpcagi > a41) ;

+d(z,z) |:][{§2A+1} + ]I{§§A+1,22A+1} ; 5(d7‘)} ) vs(da, dz,dz,d2)ds < oo (46)

and that weakly solves

8’[)15 8’[)15 8 8

[g(z) ve] + 8~[ ( Z)ve| + b(z,2) Vd(Z,2) vy
// N G 5(2/)5(3— %)vt(d:z:’,dz’,df’,d?)
+8(a) / (e, 2') - d(F, %))~

?5(?) ve(da’,d2’, 7, 2)
+ o) / (AF,2) ~ d(w,2)) 5 B(5) wlar, 2,47, 47)

9 e,z 53 +
R

1 .,z

This equation means that for all ¢ > 0, for all p € C}(J?),

// o, 2,5, F)or(da, dz, dF, d7) = // o, 2, 7, v (da, dz, dF, d)
/// a~ 2 gz )2—90 +g(“)g~} (2, 2,7, ) vs(de, dz, dF, d7)ds
-/ | @2 naz. ) /0 (0(0,72,0,1%) — ol 2,&,3)] B(dr)
F(002) ~ . ) [ 1o0,02,7.2) — ol 2.5 D] 3(a) (47)
#052) . 2)+ [ (o, .0.72) = ol 207 2)] 80| e bz, ).

The two marginals of v; solve (44)-(45). Next, one finds as usual that there is a function & : [0, 00) —
[0, 00), strictly increasing to infinity, such that

// (h(z) + h(2) + h(F) + h(Z)]ui(dz, dz, dF, d3)
4 /0 // (@, 2)H (, 2) + d(F, 2 H (7, 7)|vs(dz, dz, 7, d)ds < C + 2(1 + O,

where H(z,z) = h(z) + fo ra))B(dr) and C = sup,>q g(z)h'(z). This a priori estimate is
sufficient to construct a solutlon to (46)—(47), because for any A > 1

Alz h(x) U h(x) — h(rz)
= e

H{(x)
]I{IZA-i‘l} + ][{SL‘SA-H,ZZA—H} 0 /B(dr) = h(A 1 (A + 1) — h(A)IB(dT) <

= h(A+1) — h(A)
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Following the usual procedure to prove the decay property, that we do not repeat again, it suffices,
to conclude the proof, to check that

(d(x,2) Vd(Z,z)) min(a, |z — Z| + |z — Z|)

1
> (d(z,2) Nd(Z, Z))/O min(a,r|z — z|)f(dr) + a|d(z, z) — d(z, 2)|.

When the min on the left hand side is achieved by a the inequality is obvious. Otherwise, we have to
check that

1
(d(z,2) Vd(®,2))[lx — 2| + |z — Z]] > /0 rB(dr) (d(x,z) Nd(z,2))|z — 2| + ald(x, z) — d(z, Z)|.

This again is satisfied if

1
(1- / rB(dr) ) (d(@, ) v d(@,2) [l - 7 + |2 — 2] = ald(z, 2) - d(F )],
0

which is the condition (43), recall that we are in the case where |z — Z| 4+ |z — Z| < a. O

7 Sexually structured populations
Here a female of type 2/ mates with a male of type x’,, chosen with the probability wu(-), the newborn
is distributed with type z according to the law K (x;a’,2.). As often in this theory, we assume

the distribution of males and females are identical, and rely on the formalism which can be found
in [7, 25, 9] for instance. The (homogeneous) model reads

Opur(x) + uy(x / K (z; 2!, 2l )uy (da)uy (), t>0, z€RY (48)
R2d
For keeping the total population constant, the kernel K > 0 satisfies

/ K(dz; 2/, 2) = 1.
R4

For instance, we can think of two extreme cases of either a Dirac concentration or a uniform distribu-
tion,

1
K(aia.al) = bopioape @), € (0.1), o Klzse'ial) = il (19)
These distributions can be generalized to the form
d:E ! l‘ / 590 'o+x) (1—0) )h(dO’), (50)

with h a probability distribution on [0, 1] such that fol oh(do) = 6 € (0,1), which is the form we use
in the sequel.
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Theorem 7 With the notations and assumptions above, we choose, for some p > 1,

o(z,y) = |z —yl”.

For any ul,ud € P,(RY), there exists a pair of weak measure solutions (u})i>0, (u?)i>0 C Pp(R?)
0 (48), starting from ul and v, i.e., such that for i =1,2, allt >0 and all ¢ € CL(R?),

| etapitan) = [ playup(aa

+ [ ] o) -0ty — (1~ Orptat)] Kyt ot . (5)

Moreover, for all t > 0, we have
Tolug, uf) < Tolug, u)-

Proof. We use a coupling K (x,y; 2,2, 1,v.), to be chosen later, with the property

y K(z,dy; 2,2,y ,y.) = K(x; 2/, 2,), y K(dz,y; 2", 20y, v)) = K(y; v/, v)).

Then, we introduce the coupling equation
ontey) +ueg) = [[f] Roysatsaly/ wtyutas’ aun(aet ).

This means that for all ¢ > 0, for all ¢ € C}(R?9),

[ etwvntaran = [ combaran [ [[[] ) - o0t - 1 - 0)ptet i) -

K(dl’, dy; x ’ LE*, y ’ y;)’l)s(dl'/, dy/)vs(dx;, dy;)dsv
where 6 € (0,1) is the same as in (50). For existence, we have to check the tightness in P,(R%). By

the de la Vallée Poussin theorem, there is a function h : R? — [0, 00) such that lim| ;|00 M(7) = 00
and

T = [[ta)iap + hy)lyPlun(z,ay) < oc

One can moreover choose h smooth, satisfying h(0) = 0 and such that = — h(z)|z|P convex. Choosing
h(z)|z[P + h(y)|y|P as a test function in (52), we conclude the bound, for all ¢ > 0,

[[ @it + h@)lyPnaz,ay) <,
because, by convexity, the second term in the right hand side of (52) is non-positive.

For the non-expansion property, we just have to show that the right hand side is non-positive for
o(x,y) = |z — y|P (arguing again after truncation, regularization), if choosing as coupling kernel

1
K(dl’, dy; xly Z’;, y/7 y;) = /0 h(da)éox’-l-(l—o)m; (x)(scry’-l-(l—o)y; (y)
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The duality formula raises the condition
1
[ loa' + (1= 0)al — o/ — (1= o)yl hldo) < 82"~ P + (1= )]~ P
0

which, by convexity, is immediate.

A Uniqueness of measure solutions

The coupling method is most powerful when the measure solutions are unique. This uniqueness
problem, in particular for coefficients with low regularity, can lead to several deep developments,
[2, 12]. Here, we consider regular coefficients so that the Hilbert Uniqueness Method can be applied
without difficulty both to the Structured Equations under consideration and to the coupled equations.
We treat in details the example of the renewal equation, i.e., (2) when b = §. We assume that

deC(0,0)),  g(x) € GHRT),  g(0) >0, (53)
We define the weak solutions (or distributional solutions), as follows.

Definition 8 A function (ut)i>0 C P(0,00) satisfies the renewal equation (2) in the distribution

sense, if for all T > 0 and all test function ¢ € Clp,, ([0, 7] X [0,00[) such that ¢(x,T) = 0, we have

/ / [alb z,t) g(@% —d(x)(z,t) + d(w)zp(o,t)} u(dr) dt = /Ooow(w,o)uo(dx),

Theorem 9 (Well posednesss) We assume (53). There is a unique weak solution of the renewal
equation (2).

For the existence part, we refer to [2, 12] where more elaborate equations are treated. For uniqueness,
need to study the inhomogeneous dual problem. We introduce a source term S(x,t) on a given time
interval [0, 7] and

{ — (1) — g(@) Zap(x,t) + d(z) p(x, t) = $(0,t)d(z) + S(z,1),
Yz, T) =0.

This problem is backward in ¢t and x, therefore it does not use a boundary condition at = = 0.

(54)

Lemma 10 (Existence for the dual problem) Assume (53), S € Clypp([0,7) x RT) and d €
C1(0,00), then there is a unique C* solution to the dual equation (54). Moreover 1(x,t) vanishes for
x> R >0 for some R depending on the data and T, and the bound holds

sup  [Y(z,t)| < C(T)||S]]co-
0<t<T, z€R+
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Proof. We use the method of characteristics based on the solution of the differential system
parametrized by the Cauchy data (z,t) which is fixed

%Xs :g(Xs)y 0<s<T,
Xt :$20

It is well-posed thanks to the Cauchy-Lipschitz theorem and Xy > 0 thanks to assumption g(0) > 0.
It might be useful to keep in mind that X, depends on (z,t) and thus the notation Xy = X(z,1t).

Then, we set

T,Z)(S;:E,t) _ ¢(S,Xs)efst d(O’,Xo)dU, J(s;x,t) _ d(s,Xs)efst d(U,XU)dO',

g(s; x, t) = 5(87 Xs)ef: d(U’X")dJ,

and ignore the parameter (z,t) when the statements are clear enough. We rewrite equation (54) as
o t

di(s) = [2+ g e — dy]els doXo)do

= —(0,5)d(s) — S(s),

(8, Xs)

Next, we integrate between s = ¢ and s = T, use the Cauchy data at ¢ = T" and the identity
P(t) = (z,t), and we obtain

T ~ ~
P(x,t) = /t W(O,s)d(s;x,t) + S(S;:E,t)]ds. (55)

This integral equation can be solved first for x = 0. Then, equation (55) is reduced to the Volterra
equation

T ~ ~
$(0,t) = /t [4(0,5)d(s;0,t) + S(s;0,t)]ds, 0<t<T

which, thanks to the (backward) Cauchy-Lipschitz theorem, has a unique solution that vanishes for
t =T. By the C! regularity of the data, we also have 1(0,t) € C*([0,T)).

Since ¢(0,t) is now known, formula (55) gives us the explicit form of the solution for all (z,t).
Notice that, in the compact support statement, 1)(z,t) vanishes for x > R where R denotes the size
of the support of S in x, plus T'||g||cc. The uniform bound on % also follows from formula (55),

U

Proof. [Uniqueness for the renewal equation.] With the help of the dual problem, we can use the
Hilbert Uniqueness Method. The idea is simple: when the coefficients d, g satisfy the assumptions of
Lemma 10, we can use the solution v of (54) as a test function in the weak formulation of Definition 8.
For the difference uv = u? — u' between two possible solutions u?, u! with the same initial data, we
arrive at

/T/OO [8¢(@3§,t) +g(x) o(x,t) —d(x)(z,t) + d(x)(0,t) | ug(dz)dt = 0.
o Jo t oz
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for (-,+) € C! which is the case when d € C. Then, taking into account (54), we arrive at

/OT/OOO S(z, tyug(dz)dt = 0,

for all T > 0 and all functions S € Ct

comp> and this implies u = 0.

When d is merely continuous, we consider a regularized family d, — d where the convergence holds

locally uniformly. Then, for a given function S € Cgomp, we solve (54) with d), in place of d and call

1y its solution (which is uniformly bounded with compact support). Inserting it in the definition of
weak solutions, we obtain

/OT/OOO S(z, t)u(dz)dt = Ry,

T poo
Ry = [l = d@)iy ) = (0. 0 (da)
and using that 1), is uniformly bounded, we deduce that

’Rp’ <T|[¢]loo ”dp —d|[oo = 0.

T poo
Therefore, we have recovered the identity / / S(z,t)us(dx)dt = 0, for all functions S € C} and
0Jo

comp’

this implies again u = 0.

This concludes the uniqueness result stated in Theorem 9. O

References

[1] L. AMBROSIO, N. GIGLI, AND G. SAVARE, Gradient flows in metric spaces and in the space of

probability measures, Lectures in Mathematics ETH Ziirich, Birkhauser Verlag, Basel, second ed.,
2008.

[2] V. BANSAYE, B. CLOEZ, AND P. GABRIEL, Ergodic behavior of non-conservative semigroups via
generalized Doeblin’s conditions, Acta Appl. Math., 166 (2020), pp. 29-72.

[3] H. BERRY, T. LEPOUTRE, AND A. M. GONZALEZ, Quantitative convergence towards a self-

similar profile in an age-structured renewal equation for subdiffusion, Acta Appl. Math., 145
(2016), pp. 15-45.

[4] J. BERTOIN AND A. R. WATSON, The strong Malthusian behavior of growth-fragmentation pro-
cesses, Ann. H. Lebesgue, 3 (2020), pp. 795-823.

[5] S. BIANCHINI AND M. GLOYER, An estimate on the flow generated by monotone operators,
Comm. Partial Differential Equations, 36 (2011), pp. 777-796.

6] F. BoucHurt, F. JAMES, AND S. MANCINI, Uniqueness and weak stability for multi-dimensional

transport equations with one-sided Lipschitz coefficient, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5),
4 (2005), pp. 1-25.

23



[7]

8]

[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

R. BURGER, The mathematical theory of selection, recombination, and mutation, Wiley Series in
Mathematical and Computational Biology, John Wiley & Sons, Ltd., Chichester, 2000.

V. CALVEZ, P. GABRIEL, AND A. MATEOS GONZALEZ, Limiting Hamilton-Jacobi equation for
the large scale asymptotics of a subdiffusion jump-renewal equation, Asymptot. Anal., 115 (2019),
pp. 63-94.

V. CALVEZ, J. GARNIER, AND F. PATOUT, Asymptotic analysis of a quantitative genetics model
with nonlinear integral operator, J. Ec. polytech. Math., 6 (2019), pp. 537-579.

J. CHEVALLIER, M. J. CACERES, M. DouMIC, AND P. REYNAUD-BOURET, Microscopic ap-
proach of a time elapsed neural model, Math. Models Methods Appl. Sci., 25 (2015), pp. 2669—
2719.

J. M. CUSHING, An introduction to structured population dynamics, vol. 71 of CBMS-NSF Re-
gional Conference Series in Applied Mathematics, Society for Industrial and Applied Mathematics

(SIAM), Philadelphia, PA, 1998.

T. DEBIEC, M. DouMic, P. GWIAZDA, AND E. WIEDEMANN, Relative entropy method for mea-
sure solutions of the growth-fragmentation equation, STAM J. Math. Anal., 50 (2018), pp. 5811—
5824.

R. J. DIPERNA AND P.-L. L1ONs, Ordinary differential equations, transport theory and Sobolev
spaces, Invent. Math., 98 (1989), pp. 511-547.

R. L. DOBRUSIN, Viasov equations, Funktsional. Anal. i Prilozhen., 13 (1979), pp. 48-58, 96.

M. Doumic, M. HOFFMANN, N. KRELL, AND L. ROBERT, Statistical estimation of a growth-
fragmentation model observed on a genealogical tree, Bernoulli, 21 (2015), pp. 1760-1799.

M. Doumic, A. OLIVIER, AND L. ROBERT, Estimating the division rate from indirect measure-
ments of single cells, Discrete Contin. Dyn. Syst. Ser. B, 25 (2020), pp. 3931-3961.

W. FELLER, On the integral equation of renewal theory, Ann. Math. Statistics, 12 (1941), pp. 243
267.

L. FERRETTI, C. WYMANT, M. KENDALL, L. ZHAO, A. NURTAY, L. ABELER-DORNER,
M. PARKER, D. BONSALL, AND C. FRASER, Quantifying sars-cov-2 transmission suggests epi-
demic control with digital contact tracing, Science, 368 (2020).

N. FOURNIER AND E. LOCHERBACH, On a toy model of interacting neurons, Ann. Inst. Henri
Poincaré Probab. Stat., 52 (2016), pp. 1844-1876.

N. FOURNIER AND B. PERTHAME, Transport distances for pdes: the coupling method, EMS Surv.
Math. Sci., 7 (2020), pp. 1-31.

F. GoLse, C. MouHoT, AND T. PAuL, On the mean field and classical limits of quantum
mechanics, Comm. Math. Phys., 343 (2016), pp. 165-205.

M. HAURAY, Wasserstein distances for vortices approximation of Fuler-type equations, Math.
Models Methods Appl. Sci., 19 (2009), pp. 1357-1384.

24



[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

C. MARCHIORO AND M. PULVIRENTI, Mathematical theory of incompressible nonviscous fluids,
vol. 96 of Applied Mathematical Sciences, Springer-Verlag, New York, 1994.

J. A. J. METZ AND O. DIEKMANN, The dynamics of physiologically structured populations,
vol. 68 of Lecture Notes in Biomath., Springer, Berlin, 1986.

S. MIRRAHIMI AND G. RAOUL, Dynamics of sexual populations structured by a space variable
and a phenotypical trait, Theoretical Population Biology, 84 (2013), pp. 87-103.

S. MISCHLER AND Q. WENG, Relazation in time elapsed neuron network models in the weak
connectivity regime, Acta Appl. Math., 157 (2018), pp. 45-74.

P. MONMARCHE, On H' and entropic convergence for contractive PDMP, Electron. J. Probab.,
20 (2015), pp. Paper No. 128, 30.

S. NORDMANN, B. PERTHAME, AND C. TAING, Dynamics of concentration in a population model
structured by age and a phenotypical trait, Acta Appl. Math., 155 (2018), pp. 197-225.

K. PAKDAMAN, B. PERTHAME, AND D. SALORT, Dynamics of a structured neuron population,
Nonlinearity, 23 (2010), pp. 55-75.

B. PERTHAME, Transport equations in biology, Frontiers in Mathematics, Birkhduser Verlag,
Basel, 2007.

F. SANTAMBROGIO, Optimal transport for applied mathematicians, vol. 87 of Progress in Nonlin-
ear Differential Equations and their Applications, Birkhduser/Springer, Cham, 2015.

C. VILLANI, Topics in optimal transportation, vol. 58 of Graduate Studies in Mathematics, Amer-
ican Mathematical Society, Providence, RI, 2003.

25



	The renewal equation
	A system of renewal equations
	Space and age structure
	The multiple time renewal equation
	Growth-fragmentation
	Age and size structure
	Sexually structured populations
	Uniqueness of measure solutions

