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THE NUMBER OF LIMIT CYCLES BIFURCATING
FROM THE PERIOD ANNULUS OF
QUASI-HOMOGENEOUS HAMILTONIAN SYSTEMS AT
ANY ORDER

JEAN-PIERRE FRANCOISE!, HONGJING HE? AND DONGMEI XIAQ?*f

ABSTRACT. A necessary and sufficient condition is given for quasi-
homogeneous polynomial Hamiltonian systems having a center.
Then it is shown that there exists a bound on the number of limit
cycles bifurcating from the period annulus of quasi-homogeneous
Hamiltonian systems at any order of Melnikov functions; and the
explicit expression of this bound is given in terms of (n,k, s1,s2),
where n is the degree of perturbation polynomials, k is the order
of the first nonzero higher order Melnikov function, and (si, s2)
is the weight exponent of quasi-homogeneous Hamiltonian with
center. This extends some known results and solves the Arnol’d-
Hilbert’s 16th problem for the perturbations of homogeneous or
quasi-homogeneous polynomial Hamiltonian systems.

1. INTRODUCTION

In this article, we study the bifurcation problem of limit cycles of a
polynomial Hamiltonian system with center under a small polynomial
perturbation:

de(t) _ _9H(z,y)
dy(t) _ 0H(z,y)
= gy Tealy),
where |¢| << 1, H(x,y) is a polynomial of degree m and the associated
Hamiltonian system has a center at the origin O(0, 0) (note that Euler’s
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2 J.-P. FRANGOISE, H. HE, D. XIAO
identity implies then that H(0,0) = 0), p(z,y) and ¢(z,y) are real
polynomials with degree at most n.

Suppose 7, is a closed orbit around the center O(0, 0) of the Hamil-
tonian system

de(t)  O0H(z,y)

dt oy
(2) Y
dy(t) _ OH(z,y)
dt oxr

Then v, is an oval of the level set
{(z,y): H(x,y) =h, for a real number h}.

Without loss of generality, we assume that H(z,y) > 0 on the closed
orbit 7,. Then there exists a positive number h; such that the set
{(z,y) : H(z,y) = h, 0 < h < hy} is the maximum period annulus
which contains closed orbits 7;, of system (2), where h; may be +o0.
Let

be a period annulus of system (2). To study the bifurcation problem
of limit cycles at any order k from the period annulus U for system (1)
as € # 0, a basic way is to discuss the Poincaré map defined on the
period annulus U (cf. [2-4,6]), which can be expressed on as

(3) P(h,€) = h+ "My (h) + ™ My 1 (h) + ...,

where My(h) #Z 0as0 < h < hy, and Mg(h) is called kth order Melnikov
function or also the bifurcation function (cf. [4]). Poincaré-Pontryagin-
Melnikov theorem shows the relationship between the number of limit
cycles of system (1) and the number of isolated zeros of My(h) on
the interval (0, hq); that is, a simple zero of Mj(h) corresponds to a
limit cycle. The weaken Hilbert 16th problem proposed by Arnol’d is to
give a bound on the number of isolated zeros of the first order Melnikov
function. The Arnol’d-Hilbert’s 16th problem is to give a bound on the
number of limit cycles bifurcating at any order £ Melnikov functions
from the period annulus U for system (1) as |¢| < 1 (cf. [4]).

A general perturbation theory and the computation of higher order
Melnikov functions were developed in [2-4,6,12,13,17] . However, it
is still challenging to give the explicit bound on the number of limit
cycles bifurcating from the period annulus U of polynomial Hamilton-
ian systems at any order k. To our knowledge, there are few results
on the explicit bound (cf. [6-8,16]). We list some of them. Iliev in [9]
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considered the case of the perturbations of the harmonic oscillator,
H = (2% + y?), and Buica et al. in [1] considered the perturbations
of H= (22 + y*)™ with m > 2, and they obtained the explicit bound
on the number of limit cycles bifurcating from the period annulus U
of the two classes of Hamiltonian systems at any order k. Note that
those Hamiltonian functions are homogeneous polynomials.

In this article, we first characterize the (si, s9)-quasi-homogeneous
polynomial Hamiltonian systems having a center. Then we build ex-
plicitly the Gelfand-Leray derivative and the algorithm of the succes-
sive derivatives for system (1) with homogeneous polynomial Hamilton-
ian. This helps us to extend the perturbation theory to (si, s2)-quasi-
homogeneous polynomial Hamiltonians; where the Euler’s identity for
homogeneous is replaced by a more general condition that there exists
a linear vector field C' = slx(% +82y8% with positive integers s, so such

that:

C.H= slxa—H + 52y8—H =mH.
ox oy

Further, we provide an explicit bound (depending on k, n, s; and s3)
on the number of limit cycles bifurcating at any order k from the period
annulus U of (s1, s3)-quasi-homogeneous polynomial Hamiltonian sys-
tems, which extends two theorems of Iliev and Buica et al. (cf. [9] [1]).
However, to our knowledge, this upper bounds are not the optimal ones,
see our example. Note that the existence of a bound for the maximal
order k of the bifurcation function My (h) (called Iliev number in [4]) im-
plies the existence of a bound for the number of limit cycles in the case
where the perturbation setting displays a Bautin ideal. The existence
of this bound was recently proved in the article [4]. Hence, our result
solves the Arnol’d-Hilbert’s 16th problem for these cases of perturba-
tions of homogeneous or quasi-homogeneous polynomial Hamiltonian
systems.

The rest of this article is organized as follows. In section 2, the
homogeneous or quasi-homogeneous polynomial Hamiltonian systems
having center are characterized. In section 3, we illustrate the con-
struction of higher-order Melnikov functions and give an upper bound
on the number of isolated zeros of My (h) in the interval (0, hy) for the
perturbation system (1) with homogeneous polynomial Hamiltonians.
In section 4, we improve the upper bound on the number of isolated
zeros of M (h) in the interval (0, +00) by using the Liapunov (s, s2)-
trigonometric functions for (s, s2)- quasi-homogeneous systems, and
we give an example to show the upper bounds obtained in this paper
are not the optimal ones. A general discussion on our methods are
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given in the last section. It shows the method can deal with the more
general case, that is, there exists a polynomial m(H) explicitly known
and polynomials (f,g) € K[z, y], so that m(H) = f22 + g%—lj, where
K[z, y] is polynomial ring on the number field K, K =R, C.

2. THE HOMOGENEOUS OR QUASI-HOMOGENEOUS POLYNOMIAL
HAMILTONIAN SYSTEMS WITH A CENTER

In this section we characterize homogeneous or quasi-Homogeneous
Hamiltonian systems having a center. If the system has a center, then
the center is at the origin O(0,0) and it is global, that is, R* \ {O} is
filled by periodic orbits. Note that Gavrilov, Giné and Grau (cf. [8])
constructed families of non-Hamiltonian quasi-homogeneous centers.
Let us first recall definitions of quasi-Homogeneous polynomial Hamil-
tonian H(z,y) (cf. [14]).

A function H(z,y) is called (s1, $2)-quasi-homogeneous with weight
degree m if there exist positive integers s1, s and m such that

(4) H(N 'z, \?y) = A" H (z,y), VA>0,

where (s1, s2) is called the weight exponent and m is called weight degree
of this quasi-homogeneous function H(z,y).

If s; = s3 = 1, then the function H(x,y) is called mth homogeneous
or homogeneous with degree m. If sy # s9, without loss of generality
we can assume that s; and s, are coprime and s; < $o. Indeed, if
sy = lsy and sy = Isy with coprime s}, j = 1,2, then taking \' = hy
and m' = Im in formula (4) above, one obtains formula (4") with prime
over the parameters. Removing the prime in this “new” formula we
have that either s; = s, = 1 (the homogeneous case) or s; < sy are
co-prime (the quasi-homogeneous case).

The following lemma shows an equivalent definition of the quasi-
homogeneous functions.

Lemma 1. Assume that H(z,y) is C* function. Then H(z,y) is a
(s1, $2)-quasi-homogeneous function of weight degree m if and only if
C.H =mH, where C = slxa% + San%.

In the next theorem we characterize all quasi-homogeneous polyno-
mial Hamiltonian systems having centers.
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Theorem 2. Assume that H(x,y) is an (s1, S2)-quasi-homogeneous
polynomial of weight degree m. Then Hamiltonian system (2) has a
center at the origin O(0,0) if and only if the following conditions hold:

(a) s182|m, that is, sis9 divides m;

(b) H*(z,y) = H(x%,yi) is a homogenous polynomial of degree

S1827

(c) the homogeneous polynomial H*(x,y) has no real linear factors,
that is, H* (x,y) = fifa... fs, where fi1, fa,..., fs are irreducible
homogenous polynomials of degree even (f;, f; can be the same
with different i,j ).

Moreover, the center is global if it exists. Hence, without loss of gen-
erality, we assume that the level set vy, = {(x,y) : H(z,y) = h} is an
oval around O(0,0) for any 0 < h < +o0.

When s; = s = 1, from Theorem 2 we directly obtain the nec-
essary and sufficient conditions for the mth homogeneous polynomial
Hamiltonian system having center as follows.

Corollary 3. Assume that H(x,y) is an mth homogeneous polyno-
mial. Then system (2) has a center at the origin O(0,0) if and only
if H(x,y) has no real linear factors. Moreover, the center is global if
it exists. Hence, without loss of generality, v, = {(x,y) : H(x,y) =
h, for a real h € (0,+00)} are ovals around the center.

To prove Theorem 2, we first show some basic properties of quasi-
homogenous polynomials.

Proposition 4. H(x,y) is an (s1, S2)-quasi-homogeneous polynomial
of weight degree m if and only if the power vector (my,ms) of every
monomial x™y™2 of H(x,y) satisfies symq + Samg = m.

Proof. 1f H(x,y) is an (s1, s2)-quasi-homogeneous polynomial of weight
degree m, then by definition, we know that the power vector (m,ms)
of every monomial 'y of H(x,y) satisfies

()\Slx)ml ()\Szy)mz — )\mxm1 ymz .
Thus, symq + semy = m. So the necessity is proved.

We now prove the sufficiency. Assume that the power vector (my, ms)
of every monomial 21y™2 of H(x,y) satisfies s;mq + somg = m. Then
we have (A%1x)™ (A\%2y)™2 = \™z™1y™2 for every monomial of H(x,y).
Therefore the polynomial H(x,y) satisfies (4). This completes the
proof. O
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A monomial z"y"? is called the monomial of the polynomial H(x,y)
with lowest degree if ny + ny < my + my for all monomial 2™y of
H(z,y), and

(5) Ny < My if ng+ Ng = M1 + M.

Proposition 5. If the polynomial H(z,y) is (s1, S2)-quasi-homogeneous
with weight degree m, then for the power vector (my, mso) of every mono-
mial £y of the polynomial H(x,y), there exists an integer k > 0
such that

mp =ny —k'Sg, m2:n2+k81,

where (ny,mng) is the power vector of the monomial of the polynomial
H(z,y) with lowest degree.

Proof. Consider a monomial ™ y™2 of the quasi-homogenous polyno-
mial H(z,y), and define A and B through

(6) my =ng + A, me = ny + B.

From Proposition 4 we have

(7) S1My + S9Mmo = M, SNy + SaNg = M.

From (6) and (7), we obtain that sy A + soB = 0. Since s; and s are
coprime, so there exists an integer k such that

(8) A= —]{782, B = k’Sl.

Since z"y"2 is the monomial of the polynomial H (z,y) with the lowest
degree, we have

my + me =ny +ng + k(s; — s3) > ny + no.

So k > 0 when s; > so. If s = s9, by the definition of z"y"2,
mo = Ny + ks > na. It also shows k > 0. Substituting (8) into (6) the
proposition follows. O

Proposition 6. Assume that an (s1, s2)-quasi-homogeneous polyno-
mial of degree m has no real linear factors, then

(a) s182|m, that is sysy divides m;
1 1
(b) H*(xz,y) = H(z*2,y*1), which is a homogenous polynomial of

m_ .
degree 7=

Proof. Let ™™ be the monomial of the quasi-homogeneous polyno-
mial H(z,y) with lowest degree. Since H(x,y) has no linear factors,
ny = 0 by proposition 5.
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Thus, there exist a positive integer £* and a monomial x™ y™2 with
mq = 0 such that m; =n; — k*sy = 0 and my = k*s1. So ny = k*sq.

From (6) and (8), every monomial ™y of H(x,y) satisfies that
my = (k* — k)sy and my = ks; for some k& > 0. Therefore, we have
.CEmlme — (msz)k*—k(y51)k and

s1my + samo = s152(k* — k) + sas1k =m
by H(x,y) being a (s1, $2)-quasi-homogeneous polynomial of degree m.

Hence, sysok™ = m, which implies the conclusion (a) and H*(z,y) =

m
5182”7

1o
H(z=2,y*), which is a homogenous polynomial of degree k* =
that is the conclusion (b).

0
We are now in position to prove Theorem 2.

Proof of Theorem 2. Let H(x,y) be an (s1, $2)-quasi-homogeneous poly-
nomial of weight degree m. Assume that the Hamiltonian system (2)

with Hamiltonian H(x,y) has a center at O(0,0). Then from the page

136 of [14], the polynomial H = H(z,y) cannot have real linear factors

because

Therefore, conditions (a) and (b) follow from Proposition 6.
We now prove the conclusion (c) by contradiction.

Assume that the homogeneous polynomial H*(x,y) has a real linear
factor ax + by, where a? + b* # 0. Since H(x,y) = H*(x*2,y*') from
Proposition 6, H(x,y) has a real factor az® + by*'. If one of a and b
is zero, then H(x,y) has a real linear factor, which contradicts to the
fact H(z,y) has no real linear factors. Hence, the conclusion (c) holds.
Next we consider the case ab # 0. It can be checked that az®>+by® is a
Darboux polynomial of system (2). Hence, az®> + by** = 0 is invariant
for system (2). Note that s; and sy are coprime by Proposition ?7.
Thus, one of s; and sy is odd. Without losss of generality, we assume
that s; is odd. Then the curve y = (—%)%x% is an invariant curve of
system (2), which passes through the origin O(0,0). This contradicts
with the fact that O(0,0) is center.

Hence, the “if”part of the theorem is proved.

Now we prove the “only if” part. If the condition (c¢) holds, that is,
the homogeneous polynomial H*(x,y) has no real linear factors, then
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the degree "= of H*(x,y) must be even denoted by 2, H*(1,2) = 0
has no real roots and H*(0,1) # 0. Without loss of generality, we
assume that H*(0,1) > 0. Then H*(1,z) > 0, otherwise, H*(x,y) has
real linear factors.

Therefore, H*(0,y) = H*(0,1)y* > 0 for any y # 0, and H*(x,y) =
H*(1,2)z* > 0 for any z # 0. This implies that

H*(z,y) > H*(0,0) =0,
that is, O(0,0) is the extreme minimum point of H*(z,y) in R

Note that H*(z,y) = H(x%,y%) Hence, H(z,y) = H*(x*2,y*).
It can be easily checked that O(0,0) is the extreme minimum point of
H(z,y) in R?. Thus, system (2) has a first integral H(z,y) with an
isolated minimum at O(0,0), which implies that O(0,0) is a center of
system (2). We complete the proof of the “only if” part.

Finally we shall prove that the center is always global.

Following the method in [14], we consider the Liapunov (si,ss)-
trigometric functions introduced by [11].

(9) x=r1Csh, y=r*2Snb,

where Csfl and Snf are periodic functions with period 7, where 7 =
1

11
25, 25, ' B(5~, 5~) and B is the 3 function

2517 282

™

B(a, p) = 2/2 sin?*~1 0 cos?’ 1 9d6.
0

And

Sn*tg  y*

Css20 g2’

This transformation (9) is bi-analytic from (0, 4+o00) x S' to R?\ {0},
which transforms system (2) to

25189

2 = 512 4 sy,

(10)
Fo= et (O 1991 (O, Snf) — Sn? 17109 (C'sh, Sn)),
0 — rmesi=s2 (10098 (C's6, Snb) + szSnH%—Z(CSH, Snh)).

Note that H(x,y) is quasi-homogenous. Thus,

(11) 51059%—}](6’59, Snb) + SQSnHE;—H(CSG, Snh) = mH(Cs6, Snb),
T Y
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which is either positive, or negative, for all § because H(z,y) has no
real linear factors. Therefore, system (10) can be written as

dr 03252_19%—5(039, Snb) — Sn* =109 (C's6, Snb)

12) Yo
(12) =" 51Cs02L(C's6, 5nb) + s,5n0 2L (C'sh, Snf)

Let
Cs*2 7192 (Cs0, Snh) — Sn>17 1021 (C's0, Snh)
s1Cs0%L(C's0, Snb) + 828”0%_2[(050, Snb)

The system (12) has a solution with the initial condition (0, ) for any
ro as follows

r(6,0,79) = o€ Jo F(s)ds,
If O(0,0) is a center, then for any given real number 0 < h < 1, the
level set H(x,y) = h, that is, H(r**Csf,r*2Snf) = r"™H(Csf, Snf) =
1
h, is a closed orbit. Thus, ry = (W)m and 7(2m,0,79) = 7o.
This implies that the integral [ F(s)ds = 0. Thus, for any real number

1 1
h > 0, the orbit r (6’, 0, <m>m) — (m)m of system
(12) is closed. This leads that the center O(0,0) is global in R

g

3. A SMALL PERTURBATION OF HOMOGENEOUS HAMILTONIAN
SYSTEMS WITH CENTER

Consider system (1) with homogeneous polynomial Hamiltonian H (z,y)
with degree m, m € N. We calculate the higher-order Melnikov func-
tions My (h) of (1) and estimate an upper bound for the number of their
isolated zeros in the interval (0, h;). Let w be a polynomial differential
1-form

(13) w = p(z,y)dz + q(z,y)dy,

where p(z,y) and ¢(z,y) are real polynomials with degree at most n,
n € N. Then system (1) can be written as

(14) dH + ew = 0,

where € is a small parameter and H = H(x,y).
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Denote C' = 953% + ya% the Euler vector field. The fact that H is
homogeneous of degree m is equivalent to

OH oH

We follow the method introduced in [2] and improved in [6] which is
based on iterated path integral and the Gelfand-Leray derivative (see
also [3]).

Let furthermore introduce the polynomial D;(z,y) so that:
(16) dw = Dy (z,y)dx A dy,
and the Gelfand-Leray derivative of w:

1 dw
(17) wy = m—HDl(x,y)Lcdx/\dy =

where ¢ means the interior product by the Euler vector field C. This
displays the relation:

(18) dw = wiN\dH.

Conversely, if H has an isolated critical point at the origin O(0,0),
then the above relation characterizes the Gelfand-Leray 1-form up to
a multiple of dH. Assume that H defines a regular fibration H :
U — (0,hy), where U is an annular-shaped open set on the plane
R? and (0, k) is an open interval of the real line R. For h € (0, hy),
v = H71(h)NU is an oval. Let o be a transverse section of the flow of
(14), for example, taking an open interval (0, k1) in the z-axis. Given a
1-form w, define the multivalued function f on the complement of the
section o along the flow of Hamiltonian system (2), f: U\ ¢ C R* —
R, MeU\ow— f(M):

(19) f(M) = w,
TsoM

where Vsotyis 18 an orbit of (2) between the point Sy(h) and the point

M, So(h) = v, No. The integral of 1-form w is taken along Vst A

shorter notation for (19) can be conveniently used as:

(z,y)
(20) ;= / o,
So(h)

where (x,y) denotes the coordinates of the point M in U\ ¢ C R2
The following lemma was proved in [3]:
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Lemma 7. Any analytic 1-form w can be written in the form:
(21) w = g1dH + dfy,

with multi-valued analytic functions fi and g1 defined outside of the
cross-section o as follows:

(z,y) (z,y)
(22) ﬁa/ wm:/ o+ Ry(H),
S S

o(h) o(h)
where Ry(H) is a function of H alone.

Proof. By the definition of the Gelfand-Leray form w;, we obtain that:

(z,y)
(23) dw = d(/ wy )AdH.
So(h)

Hence there exists a function f; such that:

(z.y)
(24) w— (/ wn)dH + dfs.
So(h)

Integrating from Sy(h) to the point (x,y) along the level set v, =
{(z,y) : H(z,y) = h} of H yields:

(z,y)
) | = Ay - f(su(m).
So(h)
The function f;(Sp(h)) is constant along the level sets of H and
therefore is a function of H alone. Then we can choose f; = [ s(f(z; w
and write

(z,y)

(z.y)
(26) w= [/S wy + Ry (H)|dH + d(/ w).

o(h) So(h)

U

In [2], the algorithm of the successive derivatives was introduced to
obtain the first non-zero Melnikov function if the Hamiltonian satisfies
the x-property relatively to a fixed period annulus U. The x-property
is as follow.
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Definition 8. For any polynomial 1-form w such that

(27) ]{ w=0

for all h € HWU), H(U) is an interval in R, then there exist analytic
functions g and R on U, such that

(28) w = gdH + dR.

In [2], it was shown that H = $(2?+y?) satisfies the *-property, with
polynomials ¢ and R. An example of Hamiltonian system is given in
[13] to show that the x-property does not always hold with polynomials,
where Hamiltonian function is

o (2*—1)?

(29) Hy) =2+

There is a 1-form n = zydxr such that f%n = 0 for h > %, but
féi(h) n # 0, where d.(h) is one 7,’s component around singularity
(z,y) = (£1,0) for 0 < h < %, respectively (for details refer to [12,13]).
In some sense, the lemma 8 tells that the x-property is always satisfied
for analytic functions on the complement of the cross-section (instead
of polynomials). It is remarkable that this is sufficient in general to
bound the number of zeroes of the first non-zero Melnikov function
(also called the bifurcation function in [4]).

3.1. The first Melnikov function. It is well known that the first
Melnikov function of (14) is Mi(h) = ¢, w, where

(30) w = 20§i+j§n)\ijxiyjdx + 20§i+j§nﬂijxiyjdy7
where \;; and p;; are the functions of coefficients of polynomial per-
turbations p(z,y) and ¢(z,y).

Let consider the change of variables ¢ : (z,y) — (h%x,h%y) and
denote by ¢* the corresponding image. Then, we obtain

¢ (w) = Tg_o{ Divj=k[Nijr'y dx + pigx'y’ dylh m

B e =
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This yields

My(h) = f{h‘*’: 74 ()

(32) = f ZZZO{ZZ‘_H':k[)\Z'jZEiyjde + NZJl’Zy]dy}h%}
!

k+1

= Zgzoak(/\ :u)h m
where

ag(A, p) = % Sirjmk[ Mg’y de + pya'y’ dy),
Y1

which are linear functions of the parameters \;;, p;; of the perturbation.
It is then easy to deduce:

Lemma 9. The number of isolated real zeros of the first Melnikov
function Mi(h) is less or equal than n + 1.

Remark 10. This is actually not optimal in general because in our
context, we are only concerned with the number of isolated and positive
zeros of My(h).

3.2. The higher-order Melnikov functions. In this part, we show
inductively on the higher-order Melnikov functions My, for the integer k,
k > 2if My(h) = 0. It shows that the bifurcation function h*~!M,(h)

is a polynomial function in hw. We begin with some lemmas.

An analytical 1-form w is called homogeneous 1-form of degree n if
w = P(x,y)dz + Q(z,y)dy and P(z,y),Q(z,y) are homogenous func-
tions of degree n. And an analytical 1-form w is called I-form of degree
n (at most n) if the highest homogenous degree of homogenous com-
ponent of w is n (at most n).

Lemma 11. If w is a homogeneous 1-form of degree n and H(z,y)
1s homogeneous of degree m, then the integral of w along vy, of Hamil-
tonian system (2) from Sy(h) to point (z,y), F(z,y) = fs(j(%w, is a
homogenous function of degree n + 1.

Proof. Choosing a transverse section o on a line passing by the origin,
we consider the level set v, of system (2) and let Sy(h) = v, N o.
Then So(A™h) = ASp(h) and H(Ax, \y) = N"H (x,y) since H(z,y) is
homogeneous of degree m. Hence,

(Az,\y)

(33) F(A\z, \y) = / w.

So(A™h)
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Note that w = P(z,y)dr + Q(z,y)dy, and P(z,y) and Q(x,y) are
homogenous functions of degree n. Let x = AX and y = AY. Then
this yields

(Az,\y)

F(Az, \y) = / P(z,y)dz + Q(x, y)dy
ASo(h)

(z,y)
= / )\(P(/\X, /\Y)dX + Q(/\X, /\Y)dY)
So(h)

(z,y)
=\t / (P(X,Y)dX +Q(X,Y)dY)
So(h)
= \""F(2,y).
That means F(z,y) is a homogenous function of degree n + 1. The
proof is finished. Il

Lemma 12. If the first Melnikov function M;(h) is identically zero,
then the number of zeroes of Ms(h) is at most 2(n+1). More precisely,
hMs(h) is polynomial in hiw of degree at most 2(n + 1).

Proof. 1f M;(h) = 0, the higher order Melnikov function M;(h) should
be considered. To compute Ms(h), we have first to consider w; =
—-Di(z,y)tcdzNdy. Denote Wy = LD (z,y)icdzAdy. The function

Ms(h) is given by:
1 (zy)
My(h) = ﬁ% [/ .
Y/ So(h)

We proceed with the change of variables ¢ : (z,y) (hix, h%y) in
the integral:

1 . (@y) .
Mz(h) = E %ﬂ ¢ [/SO(h) wl]gb Ww.

The equation (31) shows that the 1-form ¢*w is polynomial in A of
degree at most n+ 1. Note that w; is a 1-form of degree at most n. The

lemma 11 shows that the 1-form ¢*| 5(*:(% wy] is then also polynomial

in hm of degree at most n 4+ 1. It is then clear that the product of
o US(:(Z)) w1] and ¢*w is polynomial in hin of degree at most 2(n+1).
This yields that the function hM;(h) is polynomial in hm of degree at
most 2(n + 1) and has at most 2(n + 1) zeroes.
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It is now ready to prove the following theorem.

Theorem 13. The bifurcation function My (h) of (14) displays at most
k(n + 1) isolated zeros for any natural number k.

Proof. The conclusion is true if £ = 1 and k¥ = 2 by Lemma 11 and
Lemma 12. Using the induction, we assume that up to order k,

1 _
(3) M) = it T
T
where G,_,(z,y) = [, é:(Z; Wi—1 and Wy is 1-form of degree at most
(n+1)(k—1) — 1. Then by lemma 11, §,_, is a function of degree at
most (n+ 1)(k —1).

Ik—1

Let gr—1 = #=r and w1 = gr—1w. Then assume that My(h) = 0,
the algorithm of the successive derivatives implies that there exist g
and Ry, such that

Gr—1w = gpdH + dRy,.
The function gy is given by

(z.y)
gk(x7y) = / Wk,
S

o(h)
where
1 1 Jr—1
1 _ k—1 _ dH
YL Lod(gy_yw) — WLC(QIC—IW Aw).

This yields

(z,y) 1 1
ngé L d@ ) — (k= D ]

omy HE m
1 (xyy)_
= T W,
HY So(h)

where Wy, = L10d(g),_,w) — (k — 1)g)_,w, which is a 1-form of degree
at most (n 4+ 1)k — 1. Hence,

1 _
(36) mmmzﬁfww

It is then obvious that h¥M;, (k) is a polynomial in hm of degree
at most (n + 1)(k + 1), and the theorem is proved.
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4. A SMALL PERTURBATION OF QUASI-HOMOGENEOUS
HAMILTONIAN SYSTEMS WITH (GLOBAL) CENTER

In this section, we consider the number of limit cycles bifurcating
from the finite plane R? for system (1) in which Hamiltonian function
H(z,y) is an (s, s2)-quasi-homogeneous polynomial of weight degree
m, and p(z,y) and ¢(z,y) are real polynomials of degree at most n.
Theorem 2 tells when this quasi-homogeneous polynomial Hamilton-
ian system (2) has a center. When system (2) has a center which is
global, we study the first nonzero kth order Melnikov functions My (h)
of system (1). Without loss of generality, let s; > so > 0 for quasi-
homogeneous polynomial H(z,y). For any given s; and ss, the per-
turbation polynomials p(z,y) and ¢(x,y) of (1) can be decomposed
into the sum of the (si, s3)-quasi-homogeneous polynomials of weight
degree 17, that is,

nsi

p()\SI'Ta )‘S2y) = Zpl(xa y))\l7
=0

nsi

g\, X2y) = g, y) X,
=0

(37)

where p;(x,y) and ¢;(x,y) are (s1, $2)-quasi-homogeneous polynomials
of weight degree 1.

And this decomposition is obviously unique with respective to s; and
So. Especially, when s; = s5 = 1, (37) is a homogeneous decomposition.
Therefore, the polynomial differential 1-form (13) becomes

nsi

(38) w = Z wi, w; = pi(z, y)dz + g;(z,y)dy.

i=0
The main result in this section is as follows:

Theorem 14. Assume that H(x,y) is an (s1, S2)-quasi-homogeneous
polynomial of weight degree m, and p(x,y) and q(x,y) are polynomials
of degree at most n. If Hamiltonian system (2) has a global center at

0(0,0), then
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(I) the first nonzero kth order Melnikov functions My(h) of system

(1) can be expressed as
((n+1)s1—m)(k—1)+(n+1)s1 .
M, (h) = > aihm, 0<h < +oo,
i=(s2—m)(k—1)+s2
where a; is constant and a; = 0 if both i is even and (s1 + s3)
18 odd; or all i, s1 and sy are odd.
(IT) My(h) have at most K zeros on (0,+00), where

(

n is even, and all k, s1, Sy are odd;
k((n + 12)81 — 52) — 1, ks even, and s; + sy is odd;
So 1S even, and all k, s1,n is odd.
K =
k 1)s; —
((n + 2)81 52), k is even, and both s, and sy are odd;
k 1)s1 — -1
((n + )821 52) , others.
\

When s; = s = 1, the quasi-homogeneous polynomial H(z,y) be-
comes homogeneous polynomial of degree m. Then Theorem 14 im-
proves Theorem 13 in section 2. Hence, we directly obtain the following
conclusion by Corollary 3 and Theorem 14.

Theorem 15. Assume that H(z,y) is a homogeneous polynomial of
degree m and H(x,y) has no real linear factors. Then

(A) the bifurcation function My(h) of system (1) can be expressed
as
(

ey
RS ) ks odd
Mk<h) _ i=0

(1—m)(k—1)+1
m

ofE

di(h%)i, k is even,

\ 1=0
where a; 18 constant.

(B) Mj(h) has at most [E2L] zeros on (0,+00) if k is odd, and
Mj.(h) has at most & zeros on (0,+00) if k is even, where [x]
means the mazimum integer not more than x.

Theorem 15 extends the results of Iliev in [9] and Buica et al. in [1].

To prove Theorem 14, we first state some propositions and lemmas.
The following proposition is easily checked.
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Proposition 16. Assume that F(x,y) is an (s1, S2)-quasi-homogeneous
function of weight degree m. Then

(i) & (%—Z ) is an (s1, S2)-quasi-homogeneous function of weight
degree m — s1 (m — sy, Tesp.);
(ii) «F (yF) is an (s1, $2)-quasi-homogeneous function of weight
degree m + s1 (m + sa, resp.);
(iii) fs(j(z; Fdx (fs(f(% Fdy) is an (s1, $2)-quasi-homogeneous func-
tion of weight degree m + s1 (m + sq, resp.).

Lemma 17. If My(h) = §. Q, then

((n+1)s1—m)(k—1)4ns1

(39) Q= Z Qi

1=(s2—m)(k—1)

where Q. ; is the (s1, s2)-quasi-homogeneous items with weight degree i
Of Qk .

Proof. Using the induction, we consider k =1,

nsi

O =w= ZQM,
i=0

where €y ; = w;, w; is the (s1, $2)-quasi-homogenous item with weight
degree 7 of w by (38).

Assume that (39) holds when k£ = [. We claim that (39) holds for
k=1+1.
Indeed, let AQ; be the divergence of €); and let
AQy(seydr — syxdy)

1
= —AQ = .
n e iwedrAdy e

Then

dy = AQdx ANdy =n ANdH.
By proposition 16, the lowest weight degree of quasi-homogenous item
of AQy is (sg —m)(l — 1) — s; and the highest weight degree is ((n +
1)s;y —m)(l — 1) + ns; — so. Thus,

((n+1)s1—m)(—1)+nsi—s2 ((n+1)s1—m)(I—1)+ns1—s2
n= Z ,idx + Z 12,14y,
i=(s2—m)(I—-1)—s1 i=(s2—m)(I—-1)—s1
where 7;,; = ”(ﬁl—ﬂlj)iy is the quasi-homogenous with weight degree ¢ +

_ s1(AQ)ix
mH

Sg —Mm, Mg = is the quasi-homogenous with weight degree
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i+ s —m, and (A)); is the quasi-homogenous items with weight
degree 7 of A€);. So we have

((n4+1)s1—m)(I=1)+ns1—s2 ns; (z,y)

(z,y)
W= w/ n= E E wj/ midr + n2,:dy,
S

o(h) i=(s2—m)(I-1)—s1  j=0 So(h)

By proposition 16, [ S(:(Z; midx +n2,dy is an (s1, s2)-quasi-homogenous
function of weight degree i + s; + s9 — m.

So the items of (2,1 with lowest weight degree are

(z,y)
W / M, (s2—m) (1= 1)1 AT + M2, (s9—m)(1—1)—s, Y,
So(h)

and its weight degree is (so —m)(l — 1) — $1 + 51 + 52 — m = (s9 — m)L.
The items of €;,; with the highest weight degree are

(z,y)
Wnsy / nl,((n—l—l)sl—m)(l—l)+ns1—52d$ + n?,((n+1)51—m)(l—1)+n31—szdya
So(h)

whose weight degree is
nsi+((n+1)s;—m)(I—1)+ns; —so+s1+s2—m = ((n+1)s;—m)l+ns;.
This leads that (39) holds for k =1 + 1. O

Now we are in the position to prove Theorem 14.

Proof of Theorem 14. By Lemma 17, using the transformation of vari-
ables '
(z,y) = (W7, hivy),
we have
((n+1)s1—m)(k—1)+(n+1)s1 .
My (h) = > ashm, 0 < h < 4o0.
i=(sa—m)(k—1)+s2

where

4
j{ Do pims,dy, 1< Ly,
Y1

(40)  a; = 7{ N ks, da +]{ Qo ri-sdy, L1 <1< Lo,
7 71

7{ O pimsidr, @ > Lo,

\ I
here Ly = (ss —m)(k—1)+s1, Ly = ((n+1)s; —m)(k — 1) + ns; + o,
and Qp; = Qg dx + Qo ;dy. Thus, a; is constant for any <.
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Furthermore, we claim that a; = 0 as both 7 is even and (s; + s2) is
odd; or as all 7, s; and sy are odd.

Indeed, by theorem 2, m must be even and there are two cases:

(1) s1 + s9 is odd;
(2) s1 is odd and s3 is odd.

If the case (1) holds, that is, s; + s2 is odd, then let
z i (1), y = (1),

and
]{ D kisndy = (—1)1+i?{ O kisp dy,
st 71
%‘ Q27k7i,51dx = (—1)1+Z% Qg,kﬂ‘,sld.’ﬂ.
7 M
So we have a; = —a; if ¢ is even. Hence, a; = 0. This implies that

a; = 0if 7 is even and s; + s is odd. Similar arguments to the case (2)
shows that a; = 0 if 7 is odd, and both s; and s, are odd.

By expression My (h) in conclusion (I), it follows that My (h) have at
most K zeros on (0, 4+00), where

( n is even, and all k, sy, s9 are odd;

E((n+1)s; — s9)
2

— 1, kiseven, and s; + sy is odd;
So is even, and all k, s;,n is odd.
K =19 k((n+1)s; — so)
9 )
E((n+1)s; —s9) —1
( 2 ’

k is even, s1, so are odd,

others.

O

Remark The upper bound K for isolated zeros of the k-order Mel-
nikov function M (h) in Theorem 14 usually is not the optimal one.
Let us see the following examples.

Example: consider system

dxz(t o
(41) . (t) 0<i+5<2
Z— =4z + Z bijl’iyj,
t 0<i+5<2

where || << 1, a;; and b;; are real parameters. Then
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(i) Mi(h) has no zeros on (0,+00);
(ii) Ma(h) has at most 3 zeros on (0,+o00) if My(h) = 0. And the
three is the optimal upper bound of My(h);
(iii) M3(h) has at most 2 zeros on (0,+00) if My(h) = My(h) = 0.
And the two zeros of Ms(h) can be reached.

It is clear that the actual upper bounds of zeros of M;(h), My(h)
and Mjs(h) in this example are strictly less than the corresponding
upper bounds K in Theorem 14. In the following we give proof of the
conclusion.

Proof. From Theorem 2, we can check that system (41) is a Hamilton-
ian system with a global center if |¢| = 0. And H(z,y) = 22*+y*, which
is (2, 1)-quasi-homogeneous with weight degree 4 and w = p(z,y)dx +

q(z,y)dy, where
Z aiz'y’, q(z,y) Z biyz'y’

0<i45<2 0<i45<2

Let © = r2Csf,y = rSnf, system (41) is transformed to
6

d(r*) — € > _(r'' P(0)dr + r'Q;(0)d0) = 0,

i=1
where

Py = bpSnb, Q1 = byC'sb,
Py = 2a00C's0 + bg1Sn*0, Qg = by C's0SnO — agySn>,
Py = (2a0,+b19)C505m0+bg2Sn>0, Qs = —agy Sn*0+b10Cs*0+byCs0.Sn?0,
Py = (byy + 2a02)Cs0Sn20 + 2a,0Cs0,
Q4 = b;1C5%05n0 — a10Cs05n>0 — g Sn°6,
Ps = (2a11 + byo)0s*0Sn0, Qs = byyC's*0 — a;,Cs0.Sn*0),
Py = 2a90Cs%0, Qg = —ayCs*05n>0.

It is easily calculated

6 T
hy =Y hi / Qi(0)df = my3hi,
i=1 0

where m 3 = —bmg“mT.

Thus, M;(h) has no zeros on (0, +oc). However, the upper bound
K of zeros of M;(h) in Theorem 14 is 2.
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We now calculate Melnikov functions My (h)(k > 2) by the algorithm
in [2]. Let
ai(r,0) = ayo(0) + a1 1(0)r,
where
. 2a02 ary — 2bg

_ 0
a1,0(9) = Tbll/ Snt dt, CLLI(G) = TSTLG
0

It is easily checked dw = da; \ dH when M;(h) = 0, so

7 r
My(h) =" bt Y /0 110 (0) Q0 (0)df = Moy T+ 5h T +myshi+mogrhi,
=1 i=m+n

where
My = — (2ap2 —4611)1900 /T Sn20d0,
0

3ago(a11 — 2bag) + bo2(2ag2 — biy)

Mmo3 = — 36 ™
Mo s = 5(a11 — 2bg9)(b11 — 3aoz) + (2a02 — b11)(3a11 — 11by) /T Sn?0df
2,5 100 0 ’
- (a11 - 28)20)(120
Ma7 = — T.

84

Therefore, My(h) has at most 3 zeros on (0, +o00) and there exist
parameters values such that My (h) has exactly 3 zeros, which is strictly
less than the upper bound K = 4 of zeros of My(h) in Theorem 14.

If My(h) = My(h) = 0, then we can obtain the four irreducible
algebraic components of parameters space R!? as follows.

o _ 1 .
(C1): bio = ao1, bir = 2a02, bay = 5a11;

(C3): bio = ao1, agy = ago = agz = b1 = 0;

(03)3 bio = ao1, aiy = bog = by = bo2 = 0;

(Cy): bio = agy, az = by = 0, 3ago(ar1 — 2b20) + bo2(2ap2 — b11) = 0,
5((111 - 2b20)(b11 - 3@02) + (2&02 - bn)(?)an - 11b20) =0.

If parameters are in the irreducible algebraic component C7, then
system (41) is a Hamiltonian system with Hamiltonian

a b a a b
H(x,y) = 2:172—|—y4—6(a00:1:+b00y+%x%—amazy—i—%gf%—%x3+%x2y+aogxy2+%y3).

It follows that M (h) =0 on (0, +oo) for any k& > 3.

If parameters are in the irreducible algebraic component C, then we
consider
(IQ(T', 8) = CL270<9) + a271(0)r + CLQQ(@)T’Q,
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where

— 2b 0
Qoo = (a1 20)a01/ Snt dt,
0

16
(@11 — 2byg)aqg
= Snb
a2, 16 "
Qoo = (a1 = 2b2(1)6(a11 — bo) Sn?f.

It is easily checked d(a;w) = day A\ dH. Then

9
:Z i Z / a,2m Qn( )d@-m31h4+m33h4+m35h4
i=1

i=m-+n

where

Mgy = (an — 2520 CLOlboo/ Sn20d0),

(Cln - 2b20)a01b02 -
144 ’

(@11 — 2bgo)(Tarr + bao)ap /T 9
Sn*6do
400 , e

mgas3 = —

mgzs = —

That shows Mj(h) in Cy has at most 2 zeros on (0, +00), which is
strictly less than the upper bound K = 7 of zeros of M3(h) in Theorem
14.

Using the similar arguments, we can calculate M;(h) in the compo-
nent Cjs .

Mg(h) = 77’L371hi + mg’gh% + m3,5h%,

where

gy — — (2ap2 — b11)agoao: /T Sn20do.
0

16
e — (2ap2 — b11)(ao2 + bn)amT
33 144 :
g s = — 202~ bu1) Az / " Sn20do.
’ 80 0

And M;3(h) in the component Cy,

Mg(h) = m371hi + m373h% + m375h%,
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where
s — (2ap2 — b11)(3agoaor + bo1bo2) /T Sn20do.
’ 48 0
ms3 ZT%((GH — 2b90)(—9ap1bog + 2bg1b11)+
(2ap2 — b11)(—9agiags + 9a1oboa — Yag1br1 + 4bo1ba)) T,
mgs = — (@11 — 2by)(7ay1 + bag)ao /T Sn?0do.
’ 400 0

So Mj3(h) has at most 2 zeros on (0, +o0) if parameters are in the
irreducible algebraic components C5 and Cy. We complete the proof.
O

5. GENERAL DISCUSSION AND THE BOGDANOV-TAKENS
HAMILTONIAN

We explain how our method can be used in principle for any polyno-
mial Hamiltonian which displays an isolated singularity of center type.
We can assume that this center is O = (0,0). Let recall an impor-
tant theorem of singularity theory due to K. Saito (cf. [15]). Let H
be a germ of analytic function in (K¥,0), K = R,C which displays
an isolated singularity at the origin (0,0). Let J be its Jacobian ideal
(generated by the partial derivatives of H). Assume that H belongs
to its Jacobian ideal. Then there exists an analytic coordinate system
(1,...,zn),2(0) = 0 so that H is quasi-homogeneous in the coordi-
nates x in the sense there exist rational positive numbers (my, ..., my)
so that the linear vector field C' = Efilmixia%i, satisfies C.H = H.

In this article we restrict to dimension N = 2 and write coordinates
(z,y).

In case H has an isolated singularity at (0,0), one can show (cf.
[3,6]) that it always exists a polynomial m(H) which belongs to the
Jacobian ideal generated by (%, g—]yc). More precisely, the quotient of the
ring K(x,y)/J is a finite dimensional vector space of dimension equal
to the Milnor number p. The multiplication by H induces a linear
endomorphism of K(x,y)/J — K(z,y)/J. The polynomial m(H) can
be choosen as the minimal polynomial of this endomorphism.

This means that there exists a polynomial vector field C' so that
for any polynomial 1-form w with dw = D(x,y)dxAdy, the 1-form
Wy = ﬁD(m, y)tcdrAdy defines a Gelfand-Leray form for w (meaning

dw = wiAdH). Then we can, in principle, proceed with the algorithm
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of the successive derivatives of [2,3,6] as we have explicit representation
of the Gelfand-Leray derivative. In particular, this covers the case of
the elliptic Bogdanov-Takens Hamiltonian:

Ly 1, 13
(42) H = Y + 5% ~ 3%
which was considered by Iliev ( [10]). This Hamiltonian displays a
center at (0, 0) contained in a periodic annulus bounded by a homoclinic
loop passing by the saddle (0,1). We consider a perturbation of this

Hamiltonian by a polynomial form of degree n > 3.

For instance, in the case of the elliptic Bogdanov-Takens Hamilton-
ian, there are two distinct critical values 0 and %; we can check that
m(H) = H(H — ¢). The Jacobian ideal is generated by (y,z — 2?). It
can be checked that there exists a polynomial vector field

0 0

czf@5;+mea,

of degree equal to 4 such that C.H = m(H). Indeed, this displays:

1 1 1 1 1 1 1 1
HH——:—2 T2 T3\ (2,2 2 -3
( 6) (59" + 52 3x)(2y +50° — g 6)

1 1 1 1 1

—ZL‘2 _ _$3)(_$2 _ —ZES _ _)

2 3 2 3 6
OH 1 1 1 1 1

m(H) = g(ﬂf,y)—y + (527 — 5953)(5902 - §x3 — &)

1 45,1, 145 1 oH
(32* - 359520 - 35 - ) = F@) 5
with f(z) = (3 — 32)(32® — tz+ ). So if we use this vector field C to
compute the Gelfand-Leray derivative wy, we see that if w is polynomial
of degree less or equal than n, then w, is of the form ﬁwl, with Wy
polynomial of degree less or equal than n + 3.
Remark 18. Another ezample where the Gelfand-Leray derivative can

be explicited after a global linearization is given in [5].

Finally, we observe that if we can obtain a bound on the number
of isolated zeros of the bifurcation function My(h) at any order k and
if there is a Bautin ideal associated to the perturbation scheme, the
theorem 5 of the article [4] implies that the order k is bounded. This
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solves the Arnol’d-Hilbert’s 16th problem to any order for this class of
perturbations.
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