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Fast Hybrid Schemes for Fractional Riccati Equations
(Rough is not so Tough)

Giorgia Callegaro * Martino Grasselli f Gilles Pages *

February 14, 2020

Abstract

We solve a family of fractional Riccati equations with constant (possibly complex)
coefficients. These equations arise, e.g., in fractional Heston stochastic volatility models,
that have received great attention in the recent financial literature thanks to their ability
to reproduce a rough volatility behavior. We first consider the case of a zero initial value
corresponding to the characteristic function of the log-price. Then we investigate the
case of a general starting value associated to a transform also involving the volatility
process. The solution to the fractional Riccati equation takes the form of power series,
whose convergence domain is typically finite. This naturally suggests a hybrid numerical
algorithm to explicitly obtain the solution also beyond the convergence domain of the
power series. Numerical tests show that the hybrid algorithm is extremely fast and
stable. When applied to option pricing, our method largely outperforms the only available
alternative, based on the Adams method.

2010 Mathematics Subject Classification. 60F10, 91G99, 91B25.
Keywords: fractional Brownian motion, fractional Riccati equation, rough Heston model,
power series representation.

1 Introduction and Motivation

Stochastic volatility models have received great attention in the last decades in the financial
community. The most celebrated model is probably the one introduced by Heston (1993),
where the asset price S has a diffusive dynamics with a stochastic volatility following a
square root process driven by a Brownian motion partially correlated with the one driving
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the underlying. This correlation is important in order to capture the leverage effect, a stylized
feature observed in the option market that translates into a skewed implied volatility surface.
The Heston model is also able to reproduce other stylized facts, as fat tails for the distribution
of the underlying and time-varying volatility. What is more, the characteristic function of the
asset price can be computed in closed form, so that the Heston model turns out to be highly
tractable insofar option pricing as well as calibration can be efficiently performed through
Fourier methods. This analytical tractability is probably the main reason behind the success
of the Heston model among practitioners.

Recently, there has been an increasing attention in the literature to some roughness
phenomena observed in the volatility behaviour of high frequency data, which suggest that
the log-volatility is very well modeled by a fractional Brownian motion with Hurst parameter
of order 0.1, see e.g. El Euch and Rosenbaum (2019), Jaisson and Rosenbaum (2016), Gatheral
et al. (2018). From a practitioner’s perspective, rough volatility models would in principle
allow for a good fit of the whole volatility surface, in a parsimonious way. Nevertheless,
being the fractional Brownian motion non-Markovian, mathematical tractability might be a
challenge. The idea of introducing a fractional Brownian motion in the volatility noise is not
new and it goes back, to the best of our knowledge, to Comte and Renault (1998), where
the authors extend the Hull and White (1987) stochastic volatility model to the case where
the volatility displays long-memory, in order to capture the empirical evidence of persistence
of the stochastic feature of the Black Scholes implied volatilities, when time to maturity
increases. Long-memory is associated to a Hurst index greater than 0.5, while the classic
Brownian motion case corresponds to a Hurst parameter equal to 0.5. As the debate on
the empirical value for the Hurst index is still controversial in the literature, in our paper

we will consider settings which include the complete range of the Hurst coefficient, namely
H e (0,1).

A fractional adaptation of the classical Heston model has come under the spotlight (see
e.g. the papers El Euch and Rosenbaum (2019), Gatheral et al. (2018) and Jaisson and
Rosenbaum (2016)), since, in this case, pricing of European options is still feasible and
hedging portfolios for vanilla options are explicit. In addition, the fractional version of the
Heston model is able to reproduce the slope of the skew for short term expiring options
without the need of introducing jumps as in the classical Heston model.

When extending the Heston model to the case where the volatility process is driven by a
fractional Brownian motion, one faces some challenges due to the fact that the model is no
longer Markovian, due to the presence of memory in the volatility process. On the one hand,
the model keeps the affine structure, so that the computation of the characteristic function
of the log-price is still associated to the solution of a quadratic ODE as in the classic Heston
case. On the other hand, such Riccati ODE involves fractional derivatives and their solution
is no longer available in closed form. The Adams discretization scheme (see e.g. Diethelm
et al. (2002), Diethelm et al. (2004)) is the standard numerical method to deal with fractional
ODEs. As an alternative, a rational approximation, based on Padé approximants, has been
recently proposed in Gatheral and Radoicic (2019), who started from the short time expansion
of the solution as developed in Alos et al. (2020). Unfortunately, they considered only a very
specific set of parameters (and only one value for the argument of the Fourier transform)
and they did not provide a detailed analysis of the error and the computational time, so
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that it seems difficult to benchmark to their results. From a numerical viewpoint, algorithms
based on the Adams method, which is basically an Euler scheme of the equation, are not well
performing due to the presence of a discrete time convolution induced by the fact that the
fractional derivative is not a local operator. In this respect, Runge-Kutta schemes do not
seem to be appropriate. On the contrary, the Richardson-Romberg extrapolation method
is easy to implement since it consists of a linear combination of solutions of Euler schemes
with coarse and refined steps, so that the same accuracy can be obtained with a dramatic
reduction of the computation time (see Talay and Tubaro (1990) and Pages (2007) who
developed and popularized the same paradigm in a stochastic environment). One can reach
and even outperform in the multi-step case the rate obtained by Euler schemes for regular
ODEs, which is known to be proportional to the inverse of the complexity.

In this paper we study the efficient computation of the solution of the fractional Riccati
ODEs arising from the (fractional) Heston model with constant coefficients for a general
Hurst index H ranging in (0,1). It is also worth mentioning paper Gerhold et al. (2019),
where the authors exploited the Volterra integral representation for the solution to the Riccati
ODE, with null initial condition, in order to find upper and lower bounds for its explosion
time. In the specific case of the rough Heston model, they tried a fractional power series
ansatz for the solution to the Riccati and, via the Cauchy-Hadamard formula they proposed
an approximation of the explosion time (see Theorems 7.5 and 7.6 therein).

We show that it is possible to represent the solution as a power series in a neighourhood
of 0 and we determine upper and lower bounds for its convergence domain. It is important to
notice that the existence domain of the solution does not always coincide with the convergence
domain of the power series (we will see that this typically happens when the coefficients of
the fractional Riccati ODE have different signs), in analogy with the fact that the function
z/(x + 1) is well defined on (—1,400), despite the convergence domain of its power series
expansion is only defined for |z| < 1. From a computational point of view, the expansion we
propose is extremely efficient compared with the Richardson-Romberg extrapolation method
on its domain of existence. If the solution is needed at a date which is beyond the convergence
interval, we propose a hybrid numerical scheme that combines our series expansion together
with the Richardson-Romberg machinery. The resulting algorithm turns out to be flexible
and still very fast, when compared with the benchmark available in the literature, based on
the Adams method.

The fractional Riccati ODE associated to the characteristic function of the log-asset price
is very special insofar it starts from zero. More general transforms (including the character-
istic function of the volatility process) lead to non zero initial conditions, see e.g. Abi Jaber
et al. (2019), where the authors extend the results of El Euch and Rosenbaum (2019) to
the case where the volatility is a Volterra process, which includes the (classic and) fractional
Heston model for some particular choice of the kernel. The extension of our results to the
case of a general (non-null) initial condition is not straightforward and requires additional
care. Nevertheless, we will show that it is still possible to provide bounds for the convergence
domain of the corresponding power series expansion, at the additional cost of extending the
implementation of the algorithm to a doubly indexed series, in the spirit of Guennon et al.
(2018).
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NOTATION.

e |z| denotes the modulus of the complex number z € C and Re(z) and Im(z) its real and
imaginary part respectively.

e r, = max(+x,0), x€ R.
e I'(a) = f0+oo ule~%du, a > 0 and B(a,b) = fol w1 (1 — u)Ydu, a, b > 0. We will use

extensively the classical identities I'(a + 1) = al'(a) and B(a,b) = Fp(?gig;).

e L,([a,b]) denotes the set of all Lebesgue measurable functions f such that f[a b |f(z)[Pdz <
400, for 1 < p < 0.

e AC([a,b]) for —oo < a < b < 400, denotes the space of absolutely continuous functions on
[a,b]. A function f is absolutely continuous if for any e > 0 there exists a 6 > 0 such that

for any finite set of pairwise nonintersecting intervals [ay, bx| C [a,b], K = 1,2..., such that
Y opeq (b —ag) < 8§ we have ") |f(bg) — flag)| <e.
e AC"([a,b]), for n = 1,2,... and for —oo < a < b < +00, denotes the space of continuous

functions f which have continuous derivatives up to order (n — 1) on [a,b], with f(»~1 ¢

AC(a,b)).

2 The Problem

We start by recalling the fractional version of the Heston model, where the pair (S, V') of the
stock (forward) price and its instantaneous variance has the dynamics

ds; = St\/thWt, So=sp € R+
Vi = Vot iy Jolt =) n(m = V)ds + gy Jo (8 = 9)° ¢/ Vad By, Vo € Ry,
(2.1)
where n, m, ( are positive real numbers and the correlation between the two Brownian motions
W and Bis p € (—1,1). The parameter a € (0, 2) plays a crucial role (see Remark 2.1 below).
Notice that the classical Heston (1993) model corresponds to the case o = 1.

Remark 2.1. The smoothness of the volatility trajectories is governed by a. Recall that the
fractional Brownian motion W, where H € (0,1) is the Hurst exponent, admits e.g. the
Manderlbrot-Van Ness representation

S "l -} L g
WtH_IM[m<(t_S) —(—s)H )dWS+F(H+%)/O(t—s) AW

where the Hurst parameter plays a crucial role in the path’s reqularity of the kernel (t — S)Hfé.
In particular, when H < % the Brownian integral has Holder reqularity and it allows for a
rough behavior (see El Euch and Rosenbaum (2019)). So, defining o = H + § and taking

a < 1 in the dynamics (2.1) leads to a rough behavior of the trajectories of V.

The starting point of our work is the key Theorem 4.1 in El Euch and Rosenbaum (2019),
which has been extended by Abi Jaber et al. (2019) (see Theorem 4.3 and Example 7.2



2 THE PROBLEM )

therein) to the class of affine Volterra processes. More precisely, El Euch and Rosenbaum
(2019) showed that the characteristic function of the log-price Xp := log(Sr/Sy), for T'> 0
and u; € R, reads

E(e"*7) = exp [¢1(T) + Vo ¢2(T)] (2:2)

where

T
61(T) = mn /0 B(s)ds,  6(T) = I_atb(T) (2.3)

and 1) solves the fractional Riccati equation for ¢ € [0, T]

2
Do(t) = 2w = ) + nlunpC — 1ye) + L

5 5 VA(t), I_a(0) =0, (2.4)

where D® and I;_, denote, respectively, the Riemann-Liouville fractional derivative of order
a and the Riemann-Liouville integral of order (1 — «).

Here we briefly recall both definitions, inspired by (Samko et al., 1993, Chapter 2). For
any o > 0 and f : (0,+00) — R in L;([0,T]), the Riemann-Liouville fractional integral of
order « is defined as follows

L f(t) = F(la) /0 (t — )2 f(s)ds. (2.5)

Note that we skip 0 in the above fractional integral, thus avoiding the classical notation

Ioc,O-‘r-
For a € (0,1), we now define the Riemann-Liouville fractional derivative of order a of f as
follows:

1 d

Dop() = (1 —a)dt

/0 (t — 5)=° f(s)ds. (2.6)

A sufficient condition for its existence is f € AC(]0,77]). In the case when a € [1,2) we
have

1 d?

beiw = [(2—a)dt?

/0 (1 — $)1= f(s)ds. (2.7)

A sufficient condition for its existence is f € AC([0, T7).

Remark 2.2. (a) When o =1, D® obviously coincides with the regular differentiation oper-
ator and the above Riccati equation reduces to the classic one.

(b) Notice that the fractional derivative is also defined for a general a > 1 as follows:

1 d"

Deft) = L(n—a)dtn

/0 (t—s)""1"f(s)ds where n=|al+1. (2.8)

A sufficient condition for its existence is f € AC([0,T7]).
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More generally, Abi Jaber et al. (2019) in their Example 7.2 proved that for Re(u;) €
0,1], Re(ug) <0,
E (emXTHulT) = oxp [61(T) + Vo ¢2(T)], (2.9)

where ¢1, ¢2 are defined as before and 1) solves the same fractional Riccati equation (2.4)
with a different initial condition:

L1-a1p(0) = ua. (2.10)

This transform can be useful in view of pricing volatility products, as it involves the joint
distribution of the asset price and the volatility. Obviously, once the characteristic function
is known, option pricing can be easily performed through standard Fourier techniques.

Our first aim in this paper is to solve the fractional Riccati ODE (2.4) with constant
coefficients when a € (0,2]. From now on, we relabel the coefficients as follows

u,v — o, 2 Il—oﬂ/](o) =u if a€ (0,
(Expw) = DY = 2"+ + v, { I_at(0) = w and ot (0) = v if a€ (1,

where A, u, v and u, v are complex numbers (when a € (0, 1] we use (gg,u,v))‘

We will propose an efficient numerical method to compute the solution, with a special
emphasis on the case where o€ (0, 1) and the initial condition u is equal to zero, corresponding
to the characteristic function of the log-asset price.

Remark 2.3. a) Being the Hurst coefficient H = o — 3, the case o € (0,1) contains the
rough volatility modeling whereas the case a€ (1,2) contains the long memory modeling and
corresponds to the framework of Comte and Renault (1998).

b) We refer, respectively, to El Euch and Rosenbaum (2019) and to Abi Jaber et al. (2019)
for existence and uniqueness of the solution to the Riccati equation (2.4), respectively with
null initial condition and with initial condition (2.10). Our approach will prove the existence
of a solution in a (right) neighbourhood of 0.

One checks that, under appropriate integrability conditions on the function f, (D%l,)f =
f, so that the Fractional Riccati equation (E}f WJ) can be rewritten equivalently in a fractional
integral form as follows

Y(t) = ﬁt‘ﬂ + I,(Mp? + up +v)  when ac (0,1], (2.12)
with ue C, and
_ ¥ a1 v a—2 2
P(t) = Tt TTa-p * I, (M + up +v)  when ac (1,2], (2.13)

with u, v€ C. The consistency of such initial conditions follows in both cases from the fact
that I5(t %) =T(1+ |B] — B), for 0 < B < 2.

The starting strategy of our approach is to establish the existence of formal solutions

to (E;Z ) as fractional power series expansions and then prove by a propagation method

of upper/lower bounds that the convergence radius of such series is non zero (and possibly
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finite). Indeed, this is strongly suggested by the elementary computation of the fractional
derivative of a power function t", r€ R:

Lir+1) ., . -1
DM = ————t"* if -1 D**™ " =0. 2.14
t I‘(r—i—l—a)t ifr>a and t 0 (2.14)
Similarly
L(r+1) .
It = ———— > if —1. 2.1
Mir+a+1) ifr # (2.15)

In particular, note that this last property justifies why a natural starting value for (€3 u )
is of the form ﬁto‘_l since its a-derivative is 0 and its (1 — «)-integral antiderivative is u
owing to the above formulas. On the other hand, the fractional derivative of a constant is
not zero and reads:
c
D% = ———t . 2.16
'l -« (2.16)
Remark 2.4. When o =1, D obviously coincides with the reqular differentiation operator
and the above Riccati equation is simply the reqular Riccati equation with quadratic right-hand
side, for which a closed form solution is available.

In the first part of this paper we will mostly distinguish two cases:

e the case u = 0 and a € (0, 1], which is closely connected with the pricing of options in
a rough stochastic volatility model (see Jaisson and Rosenbaum (2016); El Euch and
Rosenbaum (2019))

e the case u = v = 0 and « € (1,2], which can be seen as a special case of the more
general results presented in Abi Jaber et al. (2019),

and in a second part, we well investigate the more general case where u # 0, which requires
more care.

The property (2.14) shows that the a-fractional differentiation preserves the fractional
monomials "%, r € Z. This property strongly suggests to solve the above equation as frac-
tional power series, at least in the neighborhood of 0. Usually the fractional power series has
a finite convergence radius but this does not mean that the solution does not exist outside
the interval defined by this radius. This will lead us to design a hybrid numerical scheme to
solve this equation.

3 Solving (£} ) as a Power Series

As preliminary remarks before getting onto technicalities, note that:
e if v = 0, then the solution to the equation is clearly 0 by a uniqueness argument.

o If A =0, the Equation (52 u ,) becomes linear and, as we will see on the way, the unique
solution is expandable in a fractional power series with an infinite convergence radius.

As a consequence, henceforth we will work, except specific mention, under the following

Assumption 3.1. We assume that \v # 0.
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3.1 The Algorithm

The starting idea is to proceed by verification: we search for a solution as a fractional power
series:

D(t) = Yapup(t) =) art*® (3.17)

k>0

where the coefficients ay, k£ > 1, are complex numbers. We will show that the coefficients a;
are uniquely defined and we will establish that the convergence radius Ry of ¢ is non-zero.
Assume that Ry > 0. First note that, for 0 <t < Ry,

Wi =) ap £

k>0

with the Cauchy coefficients of the discrete time convolution given by

ay —Zaeak ¢, k=>0.

=0
It follows from (2.14) that
Dp(t) = Zak— Dy ot
= Iak+1—- ) P €+1) 1—a)
On the other hand, from the Riccati equation we have
Dp(t) =Y (Aap” + pap)t™® + v (3.18)

k>0

so that the sequence (a)r>0 satisfies (by identification of the two expansions for D) the
discrete time convolution equation:

I'(ak +1) > v

1 = — =0. (3.19
Tlak+ta+rl) "= T Tar1) ™ (3.19)

(Arpw) = a1 = (Na}® + pay)

Remark 3.2. As a consequence of ag = 0, note that the discrete convolution aZQ reads

k—1
a{Q =0 and a}z2 = Zagak_g, k> 2. (3.20)
/=1

3.2 The Convergence Radius

Let us recall that the convergence radius Ry, of the fractional power series (3.17) is given by
Hadamard’s formula: )
Ry = limkinf |ak| *F € [0, 400]. (3.21)

The fractional power series is absolutely converging for every ¢t € [0, Ry) and diverges outside
[0, Ry]. (We will not discuss the possible extension on the negative real line of the equation.)
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It may also be semi-convergent at R if the a; are real numbers with an alternate sign and
decreasing in absolute value.

The maximal solution of the equation may exist beyond this interval: we will see that
this occurs for example when the parameters A, u, v satisfy Av > 0 and p < 0. The typical
example being the function ¢ — %th solution to ¢/ = ¥? — 2¢p + 1, ¥(0) = 0 defined on
(—1,4+00) but only expandable (at 0) on (—1,1]. This has to do with the existence of poles
on the complex plane of the meromorphic extension of the expansion.

However, if the ag, kK > 1, are all non-negative, one at least being non zero, then the
domain of existence of the maximal solution is exactly [0, Ry). Its proof is postponed to

Section B.

The theorem below, which is the first key result of this paper, provides explicit bounds
for the convergence radius R, for the equation (5&)7 )

Theorem 3.3. Let a€ [0,2] and let A\, u, v€ C, A # 0. We denote by 1y, the function
defined by (3.17) where the coefficients ay, satisfy (Ax . )-

(a) [General lower bound of the radius | We have

25_(5_2)+a

(1 + = o)

where cq = 22172007 =2(@=DT o=l A1 a A1) > 0.

(b) [Upper-bound for the radius | If ;v >0 and >0 (resp. \,v <0 and p < 0), then

>

=7 > 0. (3.22)

ka,u,u

(3.56**1)% Va ifae (0,1],
MNa+1

1

N 2=
Ry = By 001 = Ca <)\1/ where  Co= V2a if ae (1,2
E(a) Y 9y

with B(a) = B(a,a) — 21722 > 0. Moreover, Yapup 08 increasing (resp. decreasing) and

. I%m V() = sign(A).oo so that the existence domain of ¥y . is [0, Ry, ., )-
-+ w)x,p,,u Hat)

& ,v >0 and p <0, then (with obvious notations) a,”"" = (=1)%a)” ™", k > 1, so
If A v >0 and u <0, then (with obvi tati (o) Dka> ) k> 1
that Ry, ,, = Ry, _, . Moreover if the sequence a,(;\’_“’y) decreases for k large enough, then

the expansion of 1V ., converges at Ry, e

(d) If w =0, then agr, = 0 for every k > 1 and the sequence by = agk—l’ k > 1, is solution to
the recursive equation

v I'(2ak +1)

bi=—" and bp=A
L e UL T A2k + Da + 1)

b2, k>1 2
F(Oé—i—l) k+1> = 14, (3 3)

where the squared convolution is still defined by (3.20) (the equation is consistent since b,’;il
only involves terms by, £ < k).



3 SOLVING (&) AS A POWER SERIES 10

7)“'711)

Remark 3.4. (a) The lower bound is not optimal since, if A =0 and p # 0, it is straight-
forward that

Api1 I'(ak +1)
ay F(ak +a+ 1)'u

—+0 as k— +oo sothat Ry, , , = +0o0.

(b) In particular the theorem shows that, if A\, v > 0, there exist real constants 0 < Kq(a) <
Ky (), only depending on «, such that

Bie) gy, < 220
()\l/)ﬁ H ()\1/)%

(c) When X\, v > 0 and p < 0, the mazimal solution of (EQ’WJ)
real line, even if its expansion only converges for t€ [0, R%,W]'
(d) In Table 2 in Section 5.1 we will provide the values of the convergence domain in some
realistic scenarios.

lives on the whole positive

As already mentioned in the introduction, the domain of existence of the solution to
(gf\]?mv) may be strictly wider than that of the fractional power series. Hence, it is not
possible to rely exclusively on this expansion of the solution to propose a fast numerical
method for solving the equation. The aim is to take optimally advantage of this expansion
to devise a hybrid numerical scheme which works to approximate the solution of the equation
everywhere on its domain of existence.

3.3 Controlling the “Remainder” Term

In order to control the error induced by truncating the fractional series expansion (3.17) at
any order ng, we need some errors bounds. In practice we do not know the exact value of the
radius Ry. However, we can rely on our theoretical lower bound 7, given by the right-hand
side of (3.22).

An alternative to this theoretical choice is to compute R := ]an]_ﬁ for n large enough
where (a,) satisfies (Ay ). The value turns out to be a good approximation of Ry, but
may of course overestimate it, which suggests to consider 7, = pR™ with pe [0,0.90].

In both cases, in what follows we assume that t€ (0, 7).

In the proof of Theorem 3.3(a), see Section B, we will show by induction that the sequence
(an)n>1 satisfies

lag| < Culpe) P B k> 1.

where p, = (7,)”¢ or, equivalently, 7, = (p*)_i and C, is given by C, = %-

Then

vte (0,7), < DY a0 R (pat)k

k>no+1 k>no+1

= C. > kNt

k>no+1

no
d})\,u,l/(t) - Z aktka
k=1
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owing to (B.49) (and its counterpart for 1 < a < 2 with p, given by (B.51)), where
0 = put® = (t/7)*€ (0,1).

Case a€ (0,1]: The function ¢ > £€2710¢ is decreasing on the positive real line.

—+00

Z ko—lok < / +Ooga—1ef d¢ = (log(1/6)) " / u* e %du. (3.24)

k>no+1 no no log(1/0)

Note that u®1 < zo1 for every u > x since 0 < a < 1 so that f;oo u ey <

a—1_,—ax
zo1 f;oo e “du = =—*—. Hence, we deduce that

R e S (708 ol

vite (O’T*)’ ~ alog(7i/t) n(l)_a

0
/(/])‘7/>L7V(t) - Z a’ktka
k=1

-1
Case a € [1,2]. Note that the function & + £€*16¢ is now only decreasing over [1(1(1%, +oo>
og
a—1

so that (3.24) only holds for ng > W(Which can be very large if 6 = (t/7,)“ is close to

1). In practice this means that, to compute ¢ one should at least consider ny terms!
To get an upper-bound we perform an integration by part which shows that

+00 +oo
/ u* e du = 2% e " 4 (a — 1) / u2e " du
xX

T

—1
< xa—le—x + (Od _ 1)$o¢—2€—x — :Ba_le_x (1 + (67 )
T

where in the second line we used that u® 2 < 2972 since u > x and 1 < a < 2. Plugging this
in (3.24) with x = nglog(1/0) and 6 = t/7 yields the following formula which holds true for
every a€ (0, 2],

Vte (0,7), < C*nig_l (/7)o" (1 4 (a—1)+> '

~ alog(Ty/t) anglog(T/t)

no
@Z)A,u,u(t) - Z ak‘tka
k=1

If 7, is estimated empirically, the propagation property can be no longer used. Similar
bounds, though less precise, can be obtained using that 7. < Ry, , .

In practice, we will favor this second approach over the use of p,, as p, provides a too
conservative lower estimate of Ry, , .

4 Hybrid Numerical Scheme for (£) ), 0<a <1

7/1'7V)
The idea now is to mix two approaches to solve the above fractional Riccati equations (2.11)
on an interval [0, 7], T > 0, supposed to be included in the domain D,, on which ¢ is defined.
We will focus on the first equation (with 0 as initial value) for convenience.

The aim here is to describe a hybrid algorithm to compute the triplet

(1) = ((6), L@)H), h-a()(D))
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at a given time ¢ = T where ¢ = 1) ,, is solution to (8/(\)7“,”) (see Equation (2.11)). By
hybrid we mean that we will mix (and merge) two methods, one based on the fractional
power series expansion of 1 and its two integrals and one based on a time discretization of
the equation satisfied by 1 and the integral operators.

On the top of that, we will introduce a Richardson-Romberg extrapolation method based
on a conjecture on the existence of an expansion of the time discretization error. We refer to
Talay and Tubaro (1990) and Pages (2007) for a full explanation of the Richardson-Romberg
extrapolation method and its multistep refinements.

As established in Section 3, the solution ¢ can be expanded as a (fractional) power series

n [—Ry, Ry|, Ry > 0. Namely, for every t€ (—Ry, Ry)

= a, . (4.25)

r>1
As a consequence, it is straightforward that
/tw( Jds =ty — o (4.26)
= s)ds = .
0 ar+1
r>1
and, using (2.15), that
I'(ar + 1) trati-a
I
1-a(¥ ; Flar—1)+1ar+1—a
Nt D(ar) tre
= il [ e (1-2) . 1.27
v +ZGT r/ T(a(r—1)ar+1—« (4.27)

r>2

We will now proceed in four steps.

4.1 Step 1: radius of the power series expansion

A preliminary step consists in computing enough coefficients a, of the fractional power ex-
tension of ¢, say rmax, and estimating its convergence radius by

1
Ry = hm inf |ap|"or &~ Ry p i= |G| @rmax.

The radius Ry, is also that of the two other components of W(T), so a more conservative
I'(ar+1) 1
= OrTa(r—1)+1) artl—a’

approach in practice is to estimate Ry, using the larger coefficients a;.

r > 2, coming out in (4.27), i.e. consider

R = RT/’ ’ Tmax| armax
This estimate of the radius is lower than what would be obtained with the sequence (a,),
which is in favor of a better accuracy of the scheme (see further on).

Then we decide the accuracy level we wish for the approximation of these series: let gg

denote this level, typically g = 0.01 or 0.001. If we consider some ¢ close to Ry (or at
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least its estimate), we will need to compute too many terms of the series to achieve the
prescribed accuracy, so we define a threshold 9 € (0,1) and we decide that the above triplet
will be computed by their series expansion only on [0,9Ry]. Then the prescribed accuracy is
satisfied if the above fractional power series expansions are truncated into sums from r = 1

up to rg with
log(ep(1 — ¥
o = ro(€0, V) = [g((l fo(g(ﬁ) ) _ 1-‘

provided rg < rmax. If 79 > Tmax, it suffices to invert the above formula where r( is replaced
by Tmax to determine the resulting accuracy of the computation.

4.2 Step 2: hybrid expansion-Euler discretization scheme
We assume in what follows that 19R$“a" < Ry to preserve the accuracy of the computations
of the values of 1 by the fractional power expansion.

« Case T < ﬁR;‘“‘"‘X. One computes the triplet ¥(7") by truncating the three fractional
power extensions as explained above.

« Case T > 19R;ma". This is the case where we need to introduce the hybrid feature of
the method.

Phase I: Power series computation. We will use the power series expansion until YR, and
then an Euler scheme with memory (of course) of the equation in its integral form

(Ey0) = ¥ =L (v + p+ 20?).

First we consider a time step of the form h = % where n > 1 is an integer (usually a power
of 2). We denote by 9™ the Euler discretization scheme with step h. Set

kT IR
ty, =t =—, k=0:n andlet kozln wJ
n T
so that tz, < ﬁﬁw < tgo+1. Note that t5, may be equal to 0.
Remark 4.1. The values ¢¥"(ty) k = 0,...,ky are not computed as an Euler scheme (in

spite of the notations) but using the fractional power expansion (4.25) truncated at rg.

Phase II: Plain Euler discretization. Then, given the definition (2.5) of the fractional integral
operator I, one has, for every t€ [0, T
vt

! t — s a—1 S
T(a+1) r(a)/o () (1 + Mp(s)) (t — 5)*'d

so that the values of " (t,) for k = ko+1,...,n are computed by induction for every k > ko+1
by

P(t) =

vty =

Lot
n _ n a1
v <tk>—r(a+1 1 5 +a) [ o s

=
- F(a +1) z: ('/ka + ch 0" (te) (A" (te) + M)) (4.28)
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where
V=1 and Y=+ 0=1:k-2.

To approximate the other two components I1(v)(tx) = fg’“ P(s)ds and I1_o(¢)(tx) of
U(tx), we proceed as follows:

e For the regular antiderivative I(¢): we first decompose the integral into two parts by
additivity of regular integral

L)) = h(W)(te) + [ w(s)ds

tko

The first integral is computed by integrating the fractional power series expansion (4.25)

i.e.
kg

Li(Y)(th,) = ) SNtZ _|_1 th s

while the second one is computed using a classical trapezmd method, namely

kg

() (tk) = s)ds + — Z P (te) + W(tk) P (try))-

0

e For the fractional antiderivative I1_(¢)): first note that we could take advantage of the
fact that I1_, o I, = I leading to

Lia(¥) = Li(v + ) + X%

so that, for every t,

Lo a(6)(t) = v+ /0 () (1 + M (s)) ds

This reduces the problem to the numerical computation of a standard integral, but with
an integrand containing the square of the function .

However, numerical experiments (not reproduced here) showed that a direct approach
is much faster, especially when the ratio v/\ is large. This led us to conclude that a
standard Euler discretization of the integral would be more satisfactory. Consequently,
we have

l—a k-1
Vhe 0 nh hoal)i) = Ha)0) = rper (£) o)

n
/=1

(4.29)
where c(()l_a) =1and cél_a) =+ r=1:n.

Remark 4.2. The rate of convergence of the Euler scheme of the fractional Riccati equation
with our quadratic right-hand side is not a consequence of standard theorems on ODFEs, even
in the reqular setting o = 1, since the standard Lipschitz condition is not satisfied by the
polynomial function u — Mu? + pu + v.
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4.3 Step 3: extrapolated Hybrid method

Let ‘I’(t> = (&(t%[l(w)v[l—a(w)(t)) and
U (te) = (" I (), I (%) (te), k= 0:n,
with an obvious (abuse of) notation. Numerical experiments — not yet confirmed by a the-

oretical analysis — strongly suggest (see the Example 4.5 below) that the first component of
the vector W, i.e. the solution to the Riccati equation itself, satisfies

() — (T = % +o(n7h). (4.30)

Taking advantage of this error expansion (4.30), one considers, for n even, the approxi-
mator — known as Richardson-Romberg (RR) extrapolation — defined by

g (1) = 247 (T) — §VA(T),

which satisfies
BT = () =2 ($(T) = (1)) = (B"/X(T) = $(T))
o (D ot ) — (2 oY) = o(n!
_2(n +o(n )) ( - + o(n )) =o(n ).
We analogously perform the same extrapolation with the two other components I7*_ (¥)(T)
and I7()(T) of ¥(T) and we may reasonably guess that
U" (T)—U(T)=o(n"') where WU" (T):=29"(T)—0V3(T).

RR,2 RR,2

Note that if o(n™!) = O(n~2), then ¥" (T) — ¥(T) = O(n~?), which dramatically

RR,2
reduces the complexity and makes the scheme rate of decay (inverse-)linear in the complexity.

4.4 Step 4: multistep extrapolated Hybrid method

Here we make the additional assumption that the following second-order expansion holds on
the triplet

() — U(T) = % + % +o(n™2).

We define the weights (w;)i=12,3 by (for a reference on this multistep extrapolation we may
cite Pages (2007))
8

, W2 = —2, w3 = —.

w1 = 3

W =

and taking n as a multiple of 4 and set
n
Za
So, we define the multistep extrapolation

n
ny = 712:5, ng =n.

" (T) = % TVATY — 20T + § (7). (4.31)

RR,3

An easy computation shows that W7 (7)) satisfies

O (T) —U(T) = o(n™?).

RR,3



4 HYBRID NUMERICAL SCHEME FOR (&)

V) 0<a<l 16

| [n:2n] & | [n:2n] & [n: 2n] ey
[8-16] 123.8478 [256-512] 103.8532 [8192-16 384] 101.1105
[16-32]  118.0696 | [512-1024] 102.9883 | [ 16384-32768]  100.9268
[32-64]  113.9827 | [1024-2048] 102.5672 | [32768-65536 ]  100.8097
[64-128] 108.7523 | [2048-4096] 101.8524 | [65536—131 072 ] 100.6396
[128-256] 104.8304 | [4096-8192] 101.3989 | [131072-262144 ] 100.5652
Table 1: Values of ¢t in Formula (4.30) for n ranging from 8 to 2'7 = 131072. The last
value, obtained for n = nmax = 131072, is taken as reference value.

4.5 Example

> Testing the convergence rate. Here we test on an example whether our guess on the rate of
convergence is true. We take the fractional Riccati equation (2.11) with av = 0.64 (i.e. Hurst
coefficient H = 0.14), with null initial condition I1_,%(0) = 0 and (real valued) parameters
(these parameters are in line with the one in Section 5, which were calibrated in El Euch and
Rosenbaum (2019) using a real data set; here we humped the parameter A in order to gain
convexity in the quadratic term of the Riccati, which is more challenging from the numerical
point of view. )
A=0.045, p=—64.938, v = 44850.

We focus on short maturities, supposed to be numerically more demanding, and we set
T = 1/252 (corresponding to one trading day). Numerically speaking, one may proceed as
follows (with the notations introduced for the Richardson-Romberg extrapolation): if the
rate (4.30) is true, it becomes clear that the sequence

n— ey = 2n(Y"(T) — ¢*"(T)) (4.32)

converges to ¢; as n — +00.

In Table 1 we display the values of the constant coefficient ¢; = ¢} appearing in (4.30)
for different values of n ranging in [8,131072]. We take ¢; ~ ¢y™> = 100.5652 = cgef
in Formula (4.30) as a reference value, obtained with an accuracy level g = 0.005 and
Nmax = 217 = 131072.

Figure 1 (left hand side) strongly supports the existence of a first order expansion, whereas
Figure 1 (right hand side) is quite consistent with the existence of a second order expansion.
Unfortunately, Figure 1 (right hand side) suggests that the higher order expansion does exist
but rather of the form

+o0(n’~?) with B (0,1)

where 3 seems to depend on the value of the parameters A\, 1 and v. When we consider the
regression coefficient in the log-log plot of éf—cqef versus n, we find a slope of —0.5999 ~ —0.6.
Hence, we do not find an expansion of the form can=2 + o(n=2), since log(e} — &™) =~
—0.6.logn + b which suggests a second term can =12 + o(n~1-52). The numerical test seems
to suggest that the exponent of this second term of the expansion varies as n increases. In
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log (& - 1) versus logn

105
QK\\\\ 1

L L a4k | 1 1 1 1 1 1 1
o 2 ¥ 5 s 0 12 7

Figure 1: Empirical illustration/confirmation of the first order expansion. Left: plot ¢} versus

!

n. Right: log-log plot of ¢} — ¢ versus n.

order to avoid the calibration of this additional parameter, we set 8 = 0, which numerically
yields by far the most stable and accurate results (see also Section 5). Hence, in all our
numerical tests we use the “regular” extrapolation formula of order three (4.31).

> Testing the efficiency of the Richardson-Romberg meta-schemes. Let us now turn our
attention to the convergence of the hybrid scheme. To evaluate its efficiency we proceed as
follows: we artificially introduce the hybrid scheme by setting

0.5 x m?ﬁwJ
T

which differs from the original kg by the 0.5 factor. As a consequence, the series expansion is
only used approximately between 0 and 0.5.19§¢ and the time discretization scheme is used
between tr, and 7. This artificial switch is applied to each of the three scales T'/n, T/(2n)
and T'/(4n) of the extrapolated meta-scheme implemented.

As a benchmark for the triplet we use the value obtained via the fractional power series
expansion with ro = 200, namely

W(T) = ($(T), L@)(T), [i-a()(T))
= (165.7590, 21.2394, 0.4409).

- |

In the numerical test reproduced in Figure 2 below, the convergence of both the RR2
and the “regular” (namely, associated to error expansion in the scale nk k= 0,1,2)
RR3 Richardson-Romberg meta-schemes (which were introduced, respectively, in Sections 4.3
and 4.4) is tested, by plotting @;R and @23,3 as functions of n and of the computational
time.

Although we could not exhibit through numerical experiments the existence of a third
order expansion of the error at rate con™2 — corresponding to 3 = 0 — as mentioned above,

,2
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it turns out that the weights resulting from this value of 3, i.e. the “regular” extrapolation
formula (4.31) in the third order Richardson-Romberg extrapolation (RR3) yields by far the
most stable and accurate results (see also Section 5).

165,77,

16577 T

—-RR2 ——RR2
- = Ref. value -~ Refvalue
—RR3 —+—RR3

165765 165765

el ) N
I’
165.755— al 165.755 //
/ /
165,75 [ 1 185.75 [

165,745~ / B 165745~

16574 / g 16574

| | | | | o, | | | | | |

165735 | | 1
R r 4 2
logn log(CPU time)

Figure 2: Function 1p: RR2 (-0—) and RR3 (—-) meta-schemes versus logn (left) and
log(CPU time) (right), n = 25,...,2%,

Remark 4.3. Whent < ﬁﬁw, the computation is performed exclusively via the series expan-
sion and is extremely faster than that involving the meta-schemes.

We end this subsection by highlighting that in all numerical experiments that follow we
will adopt, in our hybrid algorithm, the “regular” third order extrapolation meta-scheme
(4.31).

We provide in the short section that follows further technical specifications of the hybrid
scheme.

4.6 Practitioner’s Corner

> Complexity reduction. To significantly reduce the complexity of the computations, one
may note that if ¢ is solution to (&) i y/)\) then ¢ = % is solution to (5;)#7”). Solving
directly (Ef’ v /)\) allows to cancel all multiplications by A throughout the numerical

scheme, at the price of a unique division by A at the end.

> Calibration of 9. Numerical experiments carried out with 7" = 1/252 (one trading day)
suggest that, at least for small values of ¢, the optimal threshold ¢ = ¥(h) is a function
of the time discretization step h. The coarser h is, the lower ¢ should be to minimize
the execution time. It seems that for h = T/16, ¥(h) ~ 0.5 whereas for h = 7'/4096,
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Y(h) >~ 0.925. This leads us to set, when h = %,

0.25
9(h) = min <0.65 +0.3 < ) ,0.925) . 32 <n < 4096.

5 Numerical performance in the rough Heston model

In this section we test the performance of our results in solving the homogeneous fractional
Riccati equation (€9 ) i (2.11) that we recall for the reader’s convenience:

Dy(t) = Mp>2(t) + pp(t) + v, Ti_atp(0) =

We apply our methodology to the fractional Riccati equation arising in the Rough Heston
pricing model considered in El Euch and Rosenbaum (2019).

We test the series approximation and the hybrid procedure we introduced in two steps:
first we consider the power series approximation to the Riccati solution, which reveals to
be extremely fast. Then we consider the hybrid method, i.e., the series combined with the
Richardson-Romberg extrapolation method, in order to allow for horizons beyond the con-
vergence radius of the power series representation. Remarkably, we find that also the hybrid
method is very fast and stable when compared with the only competitor in the literature,
represented by the Adams method. All the test have been obtained in C++ using a standard
laptop endowed with a 3.4GHz processor.

5.1 Testing the Fractional Power Series Approximation

Let us consider the fractional power series expansion representation (3.17) ¥y, () =

Dm0 Akt
We would like to use the calibrated parameters in El Euch and Rosenbaum (2019), namely
we would like to work in the following setting (for clarity, we add a subscript R in the

parameters below)

sy = St\/thWt, So=sg € R+
Vi = Vo—i-F fot—sa Yr(Or — Vi) ds—i—F fo — 8)* Iyrupy/VedBs, Vo € Ry,
(5.33)
where g, Or, Vg are positive real numbers. We take the following values

a=062 =01 p=-0.681 V5=0.0392 vr=0.331 0Or=0.3156, (5.34)

where p denotes the correlation between the two Brownian motions W and B.
The fractional Riccati equation to be solved in the setting of El Euch and Rosenbaum
(2019) is

2
D%(t) = %(U% —u1) +yr(u1pvr — 1)(t) + (’YR;R)W@), Li—a9(0) =0, (5.35)

so that the correspondence for the fractional Riccati coefficients is as follows:
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Riccati (2.11) El Euch and Rosenbaum (2019) Our eq. (2.4) Value
2 2
A (vave)” (e)” 0.000547805
2 2
1 Yr(u1prr — 1) n(uip¢ —1) | 0.1(—uy 0.225411 — 1)
v 3(ui —w) 3(ui —w) 5(uf —u1)

Of course, the parameters for the fractional Riccati will depend on the frequency u; € C
of the Fourier-Laplace transform. To provide more insight into the convergence domain of the
series solution studied in Section 3.2, we show in Table 2 the value 7, introduced in Equation
(3.22) for the specified parameters and for different values of u; (recall that this bound is
conservative, in that it is not optimal).

Uy 0.5 5 10 50 100 500
T« | 21.0481 5.6586 2.3846 0.2201 0.0739 0.0056
Table 2: Values of the convergence radius 7, for different values of uy.

In order to give an idea of the computational time required by the fractional power
series solution, we set Re(ui) = 100 (in the pricing procedure we will consider several values
for Re(uy), as we shall integrate over this parameter in order to compute the inverse Fourier
transform) and we fix the dampening factor Sm(u;) = —2.1, in line with the Fourier approach
of Carr and Madan (1999). Finally, we focus on short term maturities (namely 7' < 1 month),
in order to test the pure series expansion.

In Figure 3 we plot the computational time required to obtain the solution 1y , . (T)
when T € {1 day, 2 days,3 days, 4 days,1 week,2 weeks,3 weeks,1 month}. We stress the
fact that this time is expressed in microseconds, i.e., in 107% seconds. The corresponding
convergence radius is equal to 0.198036, which is beyond 7. Namely, with the notation
of Section 4, T < ﬁR;"’a" and so 1y ., (T) is approximated via the fractional power series
(4.25) truncated into sums from r = 1 to r = 250. Figure 3 confirms that the power series
representation is extremely fast and the computational time is basically constant with respect
to small maturities T'.

5.2 The Hybrid Algorithm at Work

We now test the performance of our hybrid method presented in Section 4 when applied to the
option pricing problem. We consider a book of European Call options on S, in a Heston-like
stochastic volatility framework, where the volatility exhibits a rough behaviour (the so-called
fractional Heston model) as in El Euch and Rosenbaum (2019), with maturities ranging
from 1 day till 2 years and strikes in the interval [80%);120%)] in the moneyness. The model
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Computational time (microseconds, 107 s) versus maturity
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Figure 3: Computational time, in microseconds, required to obtain vy, ,(T) varying as a
function of T. Here A = 0.000547805; 1 = 0.1(—uq 0.225411 — 1);v = £(u} — uy) with
Re(u1) = 100, Sm(u;) = —2.1.

parameters are those specified in Section 5.1, i.e., the same parameters calibrated by El Euch
and Rosenbaum (2019). In order to obtain the prices we use the Carr-Madan inversion
technique, namely the one presented in (Carr and Madan, 1999, Section 3), with dampening
factor acpr = 1.1. In the numerical inversion of the Fourier transform in Equation (2.2), we
integrate with respect to the real part of the frequency parameter u;. Here, we consider u;
varying as follows (the choice of 250 turns out to be a good tradeoff between the stability of
the results and the computational time)

Re(uy) € {0.1,0.2,...,249.9,250} and Sm(uy) = —2.1.

That is, we compute 2500 times a Fourier transform. Notice that, in general, the maturi-
ties of the options can go beyond the convergence radius of the power series representation.
In other words, when computing the triplet

W(T) = ($(T), LW)T), [i-a()(T))

one can be forced to switch to the hybrid method in order to get the solution of the fractional
Riccati, since T' > ﬁR:/j“aX. In this case, we set n = 128 (recall Section 4, Step 2, Phase I),
which turns out to be a value leading to stable results, in the sense that for larger values of
n the prices do not change.

In Table 3 we display the prices together with the computational times (in milliseconds)
obtained by our hybrid method for the entire book of options. A quick look at the Table 3
shows that our method is extremely fast. In fact, all prices are computed in less than one
second. Moreover, one can easily verify that using a larger value for n (which here is set to
n = 128) does not change the prices. Therefore, our hybrid method is also very stable and
can be used as the benchmark.
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Now we compare the performance of our hybrid algorithm with the (only) other competi-
tor present in the literature, namely the fractional Adams method, a numerical discretization
procedure described e.g. in El Euch and Rosenbaum (2019) (see their Section 5.1). As for any
discretization algorithm, also for the Adams method one should select the discretization step,
and according to this choice the corresponding price can be different. Of course, the smaller
the time step in the discretization procedure, the longer will take the pricing procedure. As
we consider our hybrid method as the benchmark, now we look for the discretization step for
the Adams method that leads to prices that are close enough to ours, according to a given
tolerance. Here, the error is measured in terms of the difference of the corresponding implied
volatilities associated to the prices generated by the two methods. We fix for example a
maximal difference of 1%. Notice that this maximal error is very large, as for the calibration
of the classic Heston model one can typically reach an average for the RESNORM (sum of
the squares of the differences) around E-05= 107°.

First of all, let us focus our attention on the very short term maturities in Table 3, namely
1 day and 1 week. It turns out that, apart from a couple of situations for 1 week, the Adams
method is also very fast. However, we notice that Adams prices can lead to some arbitrage
opportunities. In fact, for example, for the maturity of 1 day and strike 80%, Adams method
leads to a price smaller than the intrinsic value of the Call (recall that the interest rate here
is set to be zero). We put (xx) in the table when this situation occurs. Also, one can check
that in many cases it is not possible to find the discretization step for the Adams method
in order to generate a price within the tolerance. We put (x) for the cases where the error
is greater than the tolerance, regardless the choice of the discretization step (we pushed
the discretization till 150 steps without observing any relevant change). The reason for this
phenomenon is quite intuitive: if the maturity is very short, adding discretization steps in the
procedure does not necessarily produce different prices because the process has not enough
time to move. On the other hand, our hybrid method takes benefit of the fractional power
series expansion that works extremely well mostly for very short maturities. In conclusion,
our method is very fast, stable and accurate in the short maturities when compared to the
Adams method.

Now let us consider the other maturities till 2 years. Here, in order to get prices close to
our benchmark, we are forced to choose an ad hoc discretization grid for the Adams method,
including a number of steps ranging from 10 to 150, depending on the particular maturity and
strike. As a consequence, the corresponding computational time turns out to be much higher
than ours, to the point that for 2 years the computation of prices for the Adams method
require about 4 minutes with 150 discretization steps, while our hybrid algorithm still takes
less than one second. In conclusion, we can state that our hybrid algorithm dominates the
Adams method for all maturities.

We end this subsection by reproducing the analogue of Figure 5.2 in El Euch and Rosen-
baum (2019), namely the term structure of the at-the-money skew, that is the derivative of
the implied volatility with respect to the log-strike for at-the-money Calls. Figure 4 confirms
the results in El Euch and Rosenbaum (2019): in particular, for the Rough Heston model
we see that the skew explodes for short maturities, while it remains quite flat for the clas-
sic Heston model, which is well known to be unable to reproduce the slope of the skew for
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Figure 4: At-the-money skew as a function of the maturity, ranging from 1 day till 1 year,
for o = 1 (corresponding to the classic Heston model with H = 0,5) and o = 0,62 (Rough
Heston model with H = 0,12). The other parameters of the model are as in El Euch and
Rosenbaum (2019).

short-maturity options.

6 The Non-Homogeneous Fractional Riccati Equation

In this section, we consider the more general case where the fractional Riccati equation has
a non zero starting point. The fractional Riccati ODE arising in finance and associated to
the characteristic function of the log-asset price is very special insofar it starts from zero.
Recently, Abi Jaber et al. (2019) extended the results of El Euch and Rosenbaum (2019) to
the case where the volatility is a Volterra process, which includes the (classic and) fractional
Heston model for some particular choice of the kernel. Such extension leads to a fractional
Riccati ODE but with a general (non-zero) initial condition. This case is mathematically
more challenging and requires additional care. Nevertheless, in this section we prove that
it is still possible to provide bounds for the convergence domain of the corresponding power
series expansion, at the additional cost of extending the implementation of the algorithm to
a doubly indexed series, in the spirit of Guennon et al. (2018).

For the reader’s convenience, first of all we recall the general Riccati equation (see (2.11))

I'~(0) = u if a€ (0,1]

(EXw) = D0 =X gty and { 1=04p(0) = u, 12-(0) = v if ae (1,2,

where A\, u, v and u, v are compler numbers. Our aim is to find a solution as a fractional
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power series as we did in Section 3 in the case a« € (0,1], v = 0 and o € (1,2], u = v = 0.
This leads us to deal with the integral form (2.13) of this equation. However, the solution
will be in this more general setting a doubly index series based on the fractional monomial
functions t**~¢. Of course, we will again take advantage of the fact that for every o > 0 and
every r > —q,

L(r+1)
F'r+a+1)

We now state the result of this section, which represents the main mathematical contri-
bution of the paper.

I,(t") = e > 0.

Theorem 6.1. Equation (E;f’: L) admits a solution expandable on a non-trivial interval
[0,Ry), Ry >0, as follows

() =D o) =D > apt™ Tt te (0,Ry), (6.36)

>0 >0 k>k(0)

where the coefficients apy € C and, for every £ > 0, k(¢) = min {k >1:ag, # 0} denotes
the valuation of (ay¢)k>1. Moreover, the above doubly indexed series is normally convergent
on any compact interval of (0, Ry).

(a) Case a€ (3,1): we have k(€) = (20 —1) V1 if v, u # 0, k(0) = +o00 if v = 0 and
k(f) = +oo for £ > 1 if u = 0. In particular, one always has k(£) > (20 —1) V 1.
The coefficients ay ¢ are recursively defined as follows: a9 = ﬁ, a1 = %, and,

for every £ >0 and every k > k(£) V 2,

D(ak—1)—(+1)

T(ak—(+1) (637)

Ao = (,uak,l,g + /\aﬁl,g)

where
a?fé = Z Qky,01 Ok, b2 (6.38)

ki+tka=k, k;>k(£;)

l1+2=C,0;>0,i=1,2
Note that a1 =0, £ > 2, and a*{?z =0,/¢>0.
(b) Case a € (1,2]: we have k({) > 1+ (£ — 1)1y4>3y with equality if v, u, v # 0. The
coefficients ay o still satisfy (6.37) and (6.38) with a1 = m, ai) = %, a2 = ﬁ
(and a1 =0, £ > 3).

The constructive proof of this result is divided into several steps and is provided in full
details in Appendix C. A full numerical illustration of the general case is beyond the scope
of our paper. Here, we just mention that the computation of the solution through the doubly
index fractional power series representation turns out to be still extremely fast as in the
previous single-index case. In practice very few (-layers are needed to compute v(t) for a
standard accuracy, say 1073 or 1074, Also, a hybrid algorithm based on Richardson-Romberg
extrapolation can also be devised in order to allow for maturities longer than the convergence
radius of the above double index series. We skip the details for sake of brevity.
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7 Conclusion

In this paper, motivated by recent advances in Mathematical Finance, we solved a family
of fractional Riccati differential equations, with constant (and possibly complex) coefficients,
whose solution is the main ingredient of the characteristic function of the log-spot price in
the fractional Heston stochastic volatility model. We first considered the case of a zero initial
condition and we then analyzed the case of a general starting value, which is closely related
to the theory of affine Volterra processes.

The solution to the fractional Riccati equation with null initial condition takes the form of
power series, whose coefficients satisfy a convolution equation. We showed that this solution
has a positive convergence domain, which is typically finite. In order to allow for maturities
that are longer than the convergence domain of the fractional power series representation,
we provide a hybrid algorithm based on a Richardson-Romberg extrapolation method that
reveals to be very powerful. Our theoretical results naturally suggest an efficient numerical
procedure to price vanilla options in the Rough Heston model that is quite encouraging in
terms of computational performance, when compared with the usual benchmark, represented
by the Adams method.

In the case of a non-null initial condition, the solution takes the form of a double in-
dexed series and, working with additional technical care, we provided error bounds for its
convergence domain.

In the last years, Deep Neural Networks(DNN)-based algorithms have been massively
adopted in finance in order to solve long-standing problems like robust calibration and hedging
of large portfolios, see e.g. Stone (2019), Horvath et al. (2019), Bayer and Stemper (2019)
and references therein. Thanks to their flexibility and extremely fast execution time, DNN
represent nowadays the standard in the banking industry. However, any deep neural network
requires a learning phase, which typically takes a lot of time and needs the pricing technology
to feed the network. Our methodology, in view of pricing, is useful in order to speed up the
learning phase. In this sense, our results should not be seen in competition with DNN since,
on the contrary, they are a useful and efficient ingredient to feed the DNN with. So our work
is a prerequisite for any DNN based algorithm.

A Toolbox: Riemann Sums, Convexity and Kershaw’s In-
equalities

A.1 Riemann sums, convexity

We will extensively need the following elementary lemma on Riemann sums.

Lemma A.1. Let f:(0,1) — Ry be a function, non increasing on (0,1/2] and symmetric,
i.e. such that f(1 —x) = f(z), x € (0,1), hence convex. Assume that fol flu)du < +o0.

Then, inf e 1) f(x) = f(3) and:

1 1 15y 1 1/241/k (k+1)/2k
(1 B k> f <2> < % Z;f (k) < /Of(u)du - 1{keven} ~/1/2 f(u)du - l{kodd} f(u)du

(k—1)/2k
(A.39)
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In particular, it follows that, for every k > 2,

Ly <1><;1 <> /f and nin]ik_lf<f;>= Olf(u)du

i3y (i) [on wa i3 a(5)=30(). v

/= - /=1

so that

Proof. The lower bound is a straightforward consequence of the convexity of the function f
since for every k > 2,

()= D e s ()
(1) () = (- 1)1 (3) 2 20 ()

with equality if and only if £ = 2. Let us consider now the upper bounds.

> Case k even. We consider separately the half sums from 1 to g and from % +1tok—1.

For¢ e {1,....5}, f(£) < f(u) foru € (S, £), whilefor £ € {1,..., 51}, f (£) > f(u)

for u € (f ”1)
1 / 1/2
7 2 f (k) < ) f(u)du

On the other hand, for the second half sum, if £ € {§ +1,...,k -1}, f (%) < f(u) for
ue (£, 51), while for £ € {& +1,.. —1},f(§)zf()forue(

Therefore
1
k Z f< > //2+1/kf(u)du'

Summing up both sums yields “even part” of (A.39).

Therefore

> Case k odd. One shows likewise that

(k-1)/2 1/2—1/2k
/ (,i) <[ s

;:kfjl f<f;>§/(1 f (u)du

k+1)/2k

1
K (=1

for the first half sum, while

for the second one. Summing up gives the“odd part” of (A.39). O
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A.2 Kershaw inequalities

We also rely on these inequalities (see Kershaw (1983)) controlling “ratios of close terms” of
the Gamma function. For x > 0, and every s€ (0, 1),

(w+;>1_s<m<(az—é—i—ﬂs—i—i)l_s. (A.41)

For s = 1 this double inequality becomes an equality.

B Proof of Theorem 3.3

B.1 Proof when a€ (0,1]

B.1.1 Lower Bound for the Radius by Upper-Bound Propagation (Claim (a))

We first want to prove by induction the following upper-bound of the coefficients ag, namely
Vik>1, |ag| <Ok 1pF (B.42)

for some C and p > 0 (note that a —1€ (—1,0]). We assume the |a1| < Cp (with a; = %:

this condition will be double-checked later) and we want to propagate this inequality by
induction. Assume that (B.42) holds for some k > 1. Plugging this bound in (3.19) yields

IN'ak+1
|Cllc+1|§F ( )

T (Naf? . B.43

As a;? = 252—11 agag—p (see (3.20)), we have

, k—1 k—1 / a—1 / a—1
|CL;’; | < C2pk Zga—l(k; o E)a—l _ C«kak;2a—2 Z (k> (1 _ k) )
=1 =1

Applying Inequality (A.40) from Lemma A.1 to the function f, defined by f.(z) =
2711 - 2)*7 Y a€ (0,1], yields for every k > 1,

1
ar? < 221 w1 — ) du = C%pFK2 1B Qa, B.44
|, p P
0

where B(a,b) denotes the Beta function (note that a}? = 0).

From the Kershaw inequality (B.45), we obtain in particular that, for every z > 0 and
every s€ (0,1),

I(x+s)
Iz +1)

Now set z = a(k+ 1) and s = 1 — a. We get

< (:c + %)H . (B.45)

I'(ak +1)
I'(ak+a+1)

< (a(k: )42 3 a>_a = (k+1)"®a® <1 + ml(k_fl)> (k1)
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-«
since (1 + % +1)) < 1. Plugging successively this inequality and (B.44) into (B.43)
yields for every k > 1,
F(Oék + 1) 2 _
< ———(|A||ag E+1) % (A
o] < gy (Vi lellnl) < (& +1)=0= (i + o]
< (b + 1) "0~ (A% Ba, a) + Clulpke )
o k+1 ‘)"CkQOéilB(O‘v a) + ’M’kail
p .

< Ca~(k+1)" ;

(B.46)

Keeping in mind that we want to get |agy1| < C(k + 1)*"1pF+1 we rearrange the terms
as follows

2a—1 _
B @
lagsa] < Ok +1)2 Lok <’“> o AICB(a,a) + |ulk

k+1 p
AICB(a, @) + |
p

< Ok 4 1) 1 pht1ali2e)s g e (B.47)

< 2(1=22)+ and we recall the notation z; = max{z,0}.

& 2a—1
where we used that <k—+1)

Finally, the propagation of Inequality (B.42) is satisfied for every k > 1 by any couple
(C, p) satisfying

1%

1| = 'F(OH‘D‘ <Cp and 2(1_2a)+a_a(|)\|CB(a,a) + |ul) < p.

It is clear that that, the lower p is, the higher our lower bound for the convergence radius
of the series will be. Consequently, we need to saturate both inequalities which leads to the
system

|

R Al
I'a+1)C

:2(1—2a)+ —«
and p o (I‘(a—i—l)p

Bla,a) + ||

or, equivalently, using both identities B(a, ) = ggggz) and I'(a+ 1) = oI'(a),

V| —(1-2 2 [Allv[C(e)
C = —_ d 2 ( O‘)+ (e _ S N1 Sl S
F(la+1)p o ap” = Julp al'(2a)

The positive solution p. = pi(a, |A|, 1, v) of the above quadratic equation in p is given by

a— 11"
u + yf o+ 2020 ST o]

Px = 21-(1— 2a)+aa (B.48)

Wl = W we finally find that

Consequently, setting C, = Ta+Dp: = al(a)p

Vi>1, |ag| < C.k 1ok (B.49)
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so that the convergence radius R, = liminfy, ]ak]_ﬁ of the function v satisfies

1 2%7(572)_‘—&

Ry, s 2 ps® = e
(1] + 2 4+ 2212y 25Tl )

Q=

Remarks. e Note that, when A # 0, one deduces from (B.48)

1
po > 20204 00 oy (mua"? R ) Mlvl) .

e A slight improvement of the theoretical lower bound is possible by imposing the constraints
la1] < Cp and |ag| < Cp?2°~! and using that k=% < 27* when k > 2 in (B.47).

B.1.2 Upper-Bound for the Radius via Lower Bound Propagation, A, u, v€ R,
(Claims (b), (c), (d))

In this subsection, we assume that the parameters A, u, v are real numbers. We will prove a
comparison result between the case > 0 and p = 0.

The case of ;1 < 0 can be reduced to the case p > 0 owing to the next Section B.1.2: we
will see that the triplets (A, p,v) (> 0) and (A, —p, v) lead to solutions as fractional power
series having the same convergence radius.

Proposition B.1. Let o > 0. Let (ax)i>0 and (al)g>o be solutions to (Ay ) and (Axp,)
respectively, where \, i, v are real numbers.

(a) For every k > 1, a3, = 0 and (a®)52_, = 0. Moreover, the sequence defined for every
k>1byb, = agk—l 18 solution of the recursive equation

v I'(2ak +1)

YT+ M ML T ATk + Da+ 1)

b2y, k> 1, (B.50)

where the squared convolution is still defined by (3.20) (the equation is consistent since b,ﬁ_l
only involves terms by, £ < k).

(b) Assume o € (0,2] and A, p, v > 0. Then for every k > 1, ar > a) > 0, so that
Rw)\,,u,,u < RwA,o,u'

(c) Assume v € (0,2]. If \,v > 0 and p < 0, then (with obvious notations) a,(:"”’”) =
(—1)’“@?’_”’”), k > 1 so that Ry, ,, = Ry, _,,. Moreover if the non-negative sequence

a,(j’_“’”) decreases for large enough k, then the expansion of 1y .. converges at Ry, _, .

Note that claim (c) is that of Theorem 3.3 and claim (a) is claim (d).

Proof. (a) We proceed again by induction on k. Ifk = 1, (a");?> = 0 and @) = F(Ql;’jrl) 13((20;111))
0. Assume agg =0,1</¢<k-—1, then

2k
0\k2 0.0
(a”)2kq1 = Za£a2k+1—€'
=1
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It is clear that either ¢ or 2k 41—/ is even. Consequently, agasr+1_¢ = 0 so that (aO)ZiH =0

and
MNak+1)+1)

0 0
@o(k+1) = W2k+1+1 = T2a(k+1)+ 1) (@”)3k41 = 0.

Let us look first at the convolution at an odd even index. As ag = 0 for even index ¢, one has

2k—1 k

0
(a®)5h = Z agagy_g = Zazr 105 py1)1 = D brbrga—p = U3

r=1 r=1

Plugging this in (Ayp,) at index 2k + 1 yields (B.50).

Notice that, by induction, a; > 0 for every k > 1 if A\, u, v > 0 (in particular ag >0 as
well).
(b) We proceed by induction on k. It holds as an equality for k = 1: a; = af = ﬁ
Assume ay > a) >0, 1 < ¢ < k. Then, using (3.20),

k—1 k—1
2 0.0 0\ *2
ai? = war > aja)_, = (a");
/=1 /=1

so that, using that p > 0,

Iak+1)
[(a(k+1)+1)

a F(Oék + 1) (GO)*Z _ QO
Tlak+1)+1) % = "D(a(k+1)+1)" /& = 7k

Apr1 = (Aap+pay) > A

(c) Let @ = (—1)*Lag. It is clear that

k—1
i =Y (-1 a(-1)" ey = (-1)Fa;?
(=1
(also obvious by setting p = —1 and replacing @ — 1 by 0 in former computations). Conse-
quently, a1 = a1 = ﬁ and
I(ak+1) I(ak+1)

Ut = Ttk + 1) + 1) (“)*(Aaff + par) = T(a(k+1)+1) (A& — pa).

so that (a@)k>1 is solution to (Ax ). In particular, if we set formally
k>1

then N _
w)\,u,u(t) = ¢)\,u,u(ta) and @Z)/\,—;m/(t) = _w)\,u,u(_ta)

so that both expansions of 1, ,, and 1) _,, have the same convergence radius R) ,, =
Ry .- See also the comments further on. o
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Remark B.2. Note that when A, p, v > 0 the coefficients ar > 0 so that limi—p, , , (t) =
+00. As a consequence, the definition domain of the solution vy, of the Riccati equation
on the positive real line is [0, Ry ;).

By contrast, the series with terms (—l)kR’; L@k 15 most likely alternate (i.e. the absolute
value of the generic term decreases toward 0 f077’7k: large enough). This implies that the series
will still converge at t = Ry, , , i.e.

lim () =Y (=1)FIRE e R
HRA’_W(”ZZ) —u(t) k;( ) S

This explains the highly unstable numerical behavior observed near the explosion time com-
pared to the case where all ap > 0, but also that the solution of the Riccati equation may be
defined beyond Ry, , ,, as already mentioned in the introduction.

Now, we are in position to prove claim (b) (lower bound of the radius). In the same
manner as we proceed for upper bound, we aim this time at propagating a lower bound for
the non-zero subsequence of (al)g>o i.e. the sequence (by)g>1, namely

by > cpkk‘a_l, k> 1.

a—1

Keeping in mind that the function fo(z) = (z(1 — z)) is convex since 0 < a < 1,

k
k+1 Zb[bk+1£>c2[)k+lz€a1k+1_€) 2k+1k+1 Zf<k+1>
(=1

(=1 (=1

> 2phH (g 4 1)2@- D £, Z 14

S k(k+1)
_ Cka-‘rl(k, + 1)2a—1 k f 1 — 62pk+1(k + 1)2(1—1 1+ l - 2—2(a—1)
k+1"%\2 k '

Using Kershaw’s Inequality with x = 2ak and s = «

I2ak+1) 1 I'(2ak +1) 1 a\1-
T(2k+ Da+1) a2k + ) T(2akta) — a(Zk+1) (20‘k + 5)

— (2ak)~® (1 + 21k> - <1 + 41k> o
— (20)(k + 1) <1 + ;)a <1 + ;k)_l (1 + Lﬁ)l_a.

Plugging the above two lower bounds for bﬁq and % into (B.50) yields

bk—i—l > A2 k+1(k5—|— 1)a—1(2a)—a2—2(a—1)gk

_ 1 a—1 1 —1 1 11—«
by <1+k> (H%) (1+4k> Ck>1

where
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Consequently the propagation holds if

]/ ~
b= — > d  (20)7272@ Ve > 1, k> 1.
1 F(a+1)_cp an (2a) ch, > 1, k>
If we saturate the left inequality by setting ¢ = ﬁmy then the right condition boils down
- = ~  ~  2/5\!™ 5l-a
< 92-3aa” 1+ > 1 . _7 _ (2 _ 93a—2
to p <2 () Av b, k> 1. One checks that II?ZI? b, = by 3|3 2 3
which yields
5l-a a @ v
P 3 T'(a+1)lv and e pral(a)

Now,

1
R;io,y = limksup |ak|ﬁ > limksup |a2|ﬁ = limksup @941/ @Da  since a9, =0, k >0,
, XL I\
= lim sup B3] 7 = (hmksupwkﬁ)“ > (nmksup (kM) R ) * = (o)

which finally leads to the announced upper-bound

3 \2 a%+if(a)i
Remark. From the upper-bound result, we know that
a3 T (20)2

NI e

wa,o,u 2

In particular we have established that, if A\, ¥ > 0, there exist real constants 0 < ¢;(«) <
co(a), only depending on «, such that

c1(a) <Ry < co(a)
(w)z T ()

1,1 1 1
with ¢ (a) = % and co(@) = (51%) 2a a%+if(a)%.

B.2 Proof when a€ (1,2]
B.2.1 Upper-Bound of the Radius by Lower Bound Propagation (Claim (a))

We start from the same the equation (E) , ) (see (3.19)). If a€ (1,2], then we may write

I(ak+1) I'(ak +1) 1

Tak+a+1) Tlak+1)alk+1)

By Kershaw’s Inequality we have, by setting z = a(k+1) — 1 and s =2 — a€ [0, 1),
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I(ak+1) (
[la(k+1)) —

so that

Llak+1) _ 1 & 2k \*! 1
Mak+a+1) = (ak)*k+1\2k+1

since (o — 1) > 0. Now, using the concavity of the function f(x) =z
since a > 1, we derive by Jensen’s Inequality that

k—1 : | =Y,
a—1 a—1 __ a 1 2 a—1
;z (k—0)°! = Zf( ><k (k — 1)fa<k_1 k)

_ g2t (1 _ a1 (1 _ L) g-26a-1)
= k? 1(1 k)fa(1/2)_k2 1(1 k)22 !

< k2a71272(a71) .

Consequently, assuming that a; < Cpt@~"! for every £ = 1,...,k, we derive that
k| < Cpfa® [cha—lg—?(a—l) + ’Z’] O aay i Sall ; {)\’02 )4 ]]511]

< C k+1(k+1)o¢ 1a |:’A|02 (a— 1)+|M|:|7

where we used that @ and o — 1 2 0. Hence, the propagation of the upper-bound holds if
and only if

F(|V—|F1) <Cp and |[AC272@7D 4] < a®p.
«
Following the lines of the case av€ (0, 1], we derive that propagation does hold when
2(2—a)aa—1|/\||,/‘
ol + /2 + ZEp A V]
=p, = d Cc=¢C,= , B.51
p=r 2a” o I(a+1)ps ( )

1

so that the convergence radius of v satisfies Ry, > (ps)” =.
Remark. It is the same formula as (B.48) except for the term 22(2-2) which replaces
4B(a, ) since 222-®) = 4.22(1=0) — 4£(1/2). This is due to the inversion of the convexity
of the function f, when «a switches from (0, 1] to [1,2).

B.2.2 Upper Bound of the Radius by Lower Bound Propagation (Claim (b))

As a preliminary task, we note that the function fq(z) = (z(1 — x))a_l defined on [0,1] is
strictly concave when o > 1, is symmetric with respect to % and attains its maximum at 1/2.

Hence, fo(z) = fa(1/2) — fo(x) satisfies the assumptions of Lemma A.1, so that

;Z /fa

=1
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which finally yields, after easy manipulations, that, for every k > 2,

N

-1

% fa(g) > Bla) = /01 Folu)du — %fa (%) — Bla,a) — 2172 > (), (B.52)
1

o~
I

Notice that the positivity of B (o) simply follows from the strict concavity of f.
We assume that A\, v > 0, ¢ > 0 and that, for £ = 1,....k, a; > cp*k® ! for some real

constant ¢ > 0.
As in the case a € (%, 1], we will focus on the sequence (by) since Lemma B.1 still applies.

2ak+1)

As for the factor —¢ , we may proceed as follows, still using Kershaw’s Inequality,

T(a(2k+1)+1)
this time with # = 2ak and s = a — 1€ [0,1]:
I'2ak +1) B 1 I'(2ak +1)
F(aRk+1)+1)  ak+1D(a(k+1) — 1) T(a(2k +1) — 1)

(
1 a—1\*"°
a2k + a2k +1) - 1) (mk * 2)

(2a)™™ 2k 20k a—1\?" B e
- ke 2k4+12ak+a—1 + (20)"%(k +1)"% bk

e (1) (10 2 (2= (1) ks
b k 2% 20k dak =

One checks that this sequence decreases toward 1, so that infz>; Ek > 1. Following the lines
of the case ac€ (0, 1] yields

with

i1 > AA20) " B(a)p" (k+1)*", k>0

v
whereas by = ———. Hence, the propagation of the lower bound is satisfied if

INa+1)

ﬁ >cp and  cA(2a) °B(a) > 1.
Finally, the lowest solution p to this system is p, = Au%, corresponding to C, =
(20)*

AB(a)’
C Proof of Theorem 6.1

We now focus on the two separate cases on the next two subsections.
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C.1 Proof of Theorem 6.1(a) (Case o€ (3,1))

Step 1 Induction formula and propagation principle. Let 1 be formally defined by (6.36)
and let k(¢) be the valuation of the sequences a .

The induction equation (6.37) is obvious by identification. Note that (ax)r>1 satisfies
the recursion (3.19) of the case u = 0, so that k£(0) = +oo if v = 0 and k(0) = 1 otherwise.
The main point is to determine the valuation k(¢) when v # 0.

We start with the fact that £(0) = 1 (corresponding to the expansion when u = 0) and

k(1) =1 due to the presence of the fractional monomial ﬁt"“l.

Let £ > 1. A term t**=% comes in (6.36) for the a-fractional integration of a term
tk=Da—t "which itself comes either directly, either from the expansion at the same level ¢ of
p or from a product toki—t . paka—ly with ¢4 + 0y = ¢ and ki + ks = k — 1 induced by the
convolution term. Hence, k(0) = 1 and, for every ¢ > 1,

k(¢) = min élrféi;lze [k(61) + k(62)], k(€ —1)| + 1.

It is clear that this minimum cannot be attained at #1 or £5 = 0, since it leads to a non-sense.
Then we can check that the formula

k(6)=20—-1, (>1,
is solution to the above minimization problem. Finally, k(¢) = (20 —1) Vv 1, £ > 0. This
justifies the definition of (6.36) and the double index discrete convolution (6.37).

To show the existence of a positive convergence radius R, shared by all the fractional
series at all the levels, we will prove that he coefficients ay, ¢ satisfy the following upper bound
for every level ¢ and every k > k({):

lagel < COPF(k—k(0) +1)2 (v D)5 k> k(0), £>0 (C.53)
(with k(¢) = (2¢ — 1) v 1). The method of proof consists in propagating this bound by a

nested induction on the index k and through the levels /.

Step 2 Propagation of the initial value across the levels £ > 0. Following (C.53), we want
to propagate by induction the bound

el < CpFOO (V)3T >0, (C.54)

keeping in mind that k(¢) = (20 —1) V1, a1 = m
yield direct conditions to be used later. Let £ > 2.
Applying the induction formula (6.37) with k = k(¢) = 2¢ — 1, we obtain
I'((2a—1)(¢—1))
*2
a2¢—1,0 = (,U ag(¢—1),0 + A%(@A),@) P((2a - —-1)+ a)'

First note that ag_1), = 0 since 2(£ — 1) < 2¢ — 1 and £ > 2. Moreover,

and a1, = ﬁ The levels £ = 0,1

-1
*2 _ ~%x2 o o
Ao(e—1),0 = D2(0-1),6 = Ay 0y Clog 0y = Q20 —1,0' Q2(4—')—1,4—1'
k1+k2:2(€—1) =1

l1+lo=F
ki>20,—1,£;>1
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so that we get the following induction formula for the starting values ag—1¢, £ > 1:

-1
T((2a —1)(£ — 1)) u
age—1,0 = A <Z aw—1,@/%(@-@/)-1,@-@/) ;o 022, an =
P T(20— 1) —1) +a) T(a)

Let £ > 2. Assume that (C.54) is satisfied by ae) ¢ for every lower level £’ € {0,1,...,—1}.
Then

lage—1,0] < A

/—1
gl a1 oty —1ge—t, _ gya—1| _L((2a—1)((—1))
;CZPQZ 10€ (Z) 1p2f ¢ leé f(g f) 1] F((Qa_l)(g_l)—i_a)

< )\02p2(€—1)0€

/-1
e, maoi|  D(a—1)(E-1))
E,ZI(E) (£=4) ] MNR2a-1)¢—-1)+ «)
10 NC oy o T((2a—1)(¢—1))
S 73(5’ §>€ 1I‘((2a ~ D)l —-1)+a)

It follows from Kershaw’s Inequality (B.45), applied with x = (2 — 1)(/ — 1) + a and
s =1 — «, and the elementary identity I'(z + 1) = 2I'(z) that
[(2a-1)(-1))  Ra-1){-1)+a T(Ra—-1)(¢-1)+1)
N((2a-1D((-1)+a)  (2a-1)Ff—-1) I'(2a—-1)(f—-1)+a+1)

(a7

< (1+W)((2a—1)(£—1)+a+1;a)_a

o114 O )(qy 30-a)
=0""2a—1) <1+ (2a_1)(g_1)><1+2(20z—1)f) '
Hence AC
age—1| < Cl)%ile%fil 7’%((11)B<§’ 5) (€59

where kM = (2a —1)7 SZIEIIQD [(1 + m) (1 + m> _aﬁg]

a _a _ 3(1—a)\ “
=11 2 20— 1) 14+ ——=
( +2a—1> * (20 -1) < +4(2a—1)>
since one easily checks (e.g. with the use of Mathematica) that the maximum is achieved at
¢ = 2. The condition on p and 6 for propagation hence reads

lv| lu| My p(o @
W cop Mo c0pp and 22 B(—,—)<1, C.56

Tlat1) =P T@="P7 209 a2 50 5)= (C.56)
where the first two inequalities come from the initial values at levels £ = 0,1 and the third
one ensures the propagation of the upper-bound in (C.55). These three inequalities are in
particular satisfied if

Alul gy pro @ Co
-2« = =
pQQF(a)KO‘ B(2,2> <1 and C p
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where
_ v |ul
Co = Cola, 6) {F(oz Y er(a)]’ (C.57)
so that
Au|B(g,2)r
p > p1 = pl(e) = \/ ‘U| (27 2)’{ and Cc > ‘014” . (C58>

0
Step 3 Propagation through a level £ > Let k& > k(¢) + 1. Assume that the above

bound holds for every couple (k’,¢") such that level ¢ < ¢ and k¥ > 2¢' — 1 or ¢ = ¢ and
2—-1<FK <k-1.

a2l < C* Y awallak el

ki+ko=k—1
l1+0o=F
ki >k (), ;>0
=C20%" Y (v (L v1))2 ! S (k= k() +1)2 (ke — k(ly) +1)2 7!
l1+0a=L k1+ko=k—1
£;>0 ki>k(¢;)
=Y (v (v )R k2 g
Ly+La=L k1+ko=k—(k(£1)+k(£2))+1
£;>0 Ei>1
<Y (6 V(e v1))%*1B(%,%) (k= (k(01) + k(£2)) + 1) 707
l1+0o=0
£;>0

owing (twice) to Lemma A.1(a) since /2 — 1 < 0. Now, as k(¢1) + k(¢2) > k(¢) by defintion
of the valuation, we deduce that

(k= (k(0r) + k(62)) +2)2 37D < (k= k(0) + 1)2F 0 < (k-1 k() + 1) 237

so that
a1l < CB( 5.5 ) (k=1 = k() + 13T (v v )i
l1+0o=¢
;>0
Now note that, if £ > 1,
g «@
VDSVt <5 S 2 T -0 s < 05+ B(S, D)t
b 279

l1+0o=¢ 1=1

£;>0

owing to Lemma A.1(a).
If¢ =0, Z (41 v 1)27 €y v 1)2 71 = 1 so that the above right inequality still holds

l1+bo=¢
;>0

by replacing ¢ by £V 1. Now, combining these inequalities yields



C PROOF OF THEOREM 5.1 38

21 < COPB(G,5) (k= kO + 1) (3714 (3.5 ) ).

As for the ratio of Gamma functions, one has, using I'(x + 1) = zI['(z) and Kershaw’s
inequality (B.45),

FMlak—1)—£+1) ak—0+1 T(ak—L+2—a)

D(ak—0+1)  ak—Ll+1—a T(ak—{+2)
ak —0+1 1—a\—a
— (k- (+1 :
—ak—£+1—a(0‘ Hl )

For every £ > 1 and k > k(¢) +1 > 2¢,

ak —¥0+1 « o

—_ =14 ———<1 <2
ak —0+1—« +0¢k—€+1—0¢_ +(2a—1)£+1—a‘

Now, we note that

1- 1-
ak—€+1+Ta:a(kz—2(€—1))+(2a—1)(€—1)+ 2“

Combining the above inequality with this identity and the elementary inequality between
non-negative real numbers

(a+b)"* < (2ab)"%, a, b >0, (C.59)
we obtain (once noted that 2(¢ — 1) = k(¢) — 1)

F(a(k—l)—€+1)< o'
MNak—-¢+1) ~3a-—1

[N]])

(k—k(O)+1)"F(e-1+ 21;0‘)7%.

(20(2cc — 1))~ 20 1)

)

Now, still using that ¢ > 1,
(e-1+ Lo ) f=rt (—Z )" < (72(204 mi) 1) s,
However, if £ = o = 1, this bound is infinite. Coming back to the original ratio yields, for

every k> k(1) +1 =2,

Plak—1)—f+1) _T(kh-1) _ 1 _ Vk 1 1
I'(ak—¢+1)  T(k) _k—l_k—lk < V2ETE

If ¢ = 0, Kershaw’s Inequality (B.45) yields

I(a(k—1)+1)
I'(ak+1)

< (ak—i—
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This implies,

oDl < (avi+152) <ok d —a (= ko) + 120V 12,

Finally, collecting the above ienqualities, we obtained that, for every ¢ > 0 and every
k>k(l)+1,
MNalk—1)—¢+1)
Iak—-0+1)

[N]1)

<K@ (k—k()+1)"20

. 2 a -3 [(22a-1 2
with £ = 525 (2020 = 1) F [ (2220 V1) 1oy + V21 .
Collecting all these partial results and plugging them in (6.38) yields

(2)

2_1,a_1KRa a a2 a o e
larel < CO'p (k= k(0) + 1)> 743 1p(rA|CB(2,2) +INCB(3.5) +2! 2|M|>

where we used £~2 <1 and (,:;(7]}()21 H
Consequently, propagation inside a level boils down to

71 o
<272,

D (wes(y ) By o) w1 2 0m) <o -
Ko |)‘|C 2' 79 979 + 2‘/1‘ S p (C 60)
We combine now this constraint on p with those on C' and p coming the propagation
across initial values, that is (C.58) i.e. C = %, where Cp(a, 0) is given by (C.57)
and (C.58). The constraint (C.60) reads

o — 215k ulp — 5 Co(e, 6) Bla/2)|A| > 0, (C.61)
where B o o o o
Bla/2) = B(E, 5) [B(E, 5) + 1}. (C.62)

Then all the constraints are fulfilled by parameters (p, C') satisfying
00(04, 0)

p = px(a,0) = p2(0) V pi(#) and C =

where p1(6) is given by (C.58) and

a 2a—2 MO 0 B 9
P2(9):2_5H&2) (‘MH‘\/MQ‘F Al 0(?;7) )B(a/ ))
K

(07

is the positive solution of the equation associated to Inequation (C.61). In what follows we
C()(Oéﬁ)
7 px(c,0)

consider the admissible pair (p, C) = (p«(a, ) ). We derive that the convergence radii

Ry, of the functions 1), all satisfy

{4

1
Ry, > pi(a,0) =
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Now we have to ensure the summability of the functions v,. It suffices to consider the levels

_1
¢ > 1, so that k(¢) = 20 — 1. Let t € I, = [0,p. ), where p, = pi(,6). Elementary
computations using the upper bound (C.53) for the coefficients aj ¢ and a change of index
k —2(¢—1) — k show that

[e(t)] < €05 pl D20y,

where ¢ (t) = D k>t pEk2 71 < 400 does not depend neither on £ nor on # and is uniformly
bounded on any compact interval of I,. )
To ensure the summability of the functions 1, for every t € [0, p_E), we note that

) - _(a-1e-1 g1 L, a
S 0tes T p2 e i 2§ grpg -1 2D T =%, “> (Bpe)er
>1 >1 €21

Since ps(a, 8) = 0(9_%) as § — 0, it is clear that gir% Op.(c,0) = 0 so there exists § > 0
—>
such that 0 < 0p, (e, 0) < 1. Hence
0. = min {0 1 0ps(a, 0) > 1} <400 and  Oipi(a,by) =1

owing to the continuity of 6 +— 0p.(a,0). As p.(a,0) is non-increasing in 60, 6, yields the
highest admissible value for p.(«, 6) so that

Ry > pule )%

in the sense that the doubly indexed series (6.36) that defines the function 1 is normally
converging on any compact interval of (0, Ry).

The following proposition establishes a semi-closed form for the starting values ay ), =
age—1, at each level £ > 1.

Proposition C.1 (Closed form for the starting values). For every £ > 1,

1
=N
a2¢—1.¢ <F a) Cy

-1
(20— 1)(¢
cp = I‘((2a—1£+1— ;c Co—j. (C.63)

with ¢1 =1 and for £ > 2,

Proof. We prove the identity by induction: for £ = 1 it is obvious. Assume now it holds for
¢ > 1. Then
_ r'¢(2a —1))
ag(e+1)—1,64+1 = a2€K+1F((€+1)(2a—1)+1—a)
since age11 = 0 (keep in mind that 2¢ < k(¢ + 1) = 20+ 1). Now, we rely on (6.38).
First note that k;(¢;) = 2¢; — 1, i = 1,2 if both ¢; > 1. Hence k; > k;(¢;) implies ki + ko >
2(01 +03) — 1 =20+ 1 and consequently k; = 2¢; — 1, i =1,2. If {4 =0, 5 = £+ 1 so that
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ky > ko(l3) = 2(¢ + 1) — 1 which implies k&; = 0. As agp is always 0 by construction, we
finally obtain

V4 41 £
*2 A L . .
A2004+1 = A2j—1,jA2(0+1—j)—1,+1—j = CiCe+1—j-
1 M) &
J= j=

Therefore

u O\
¢
Ag(41)-1,641 = A <F(a)> Co+1,

where c¢y11 is given by (C.63) (at level £ + 1). The conclusion follows by induction. O

C.2 Proof of Claim(b) of Theorem 6.1 (Case a € (1,2])
We still search for a function of the form (6.36), more precisely

= () = Y appt™t

>0 220 k>k(0)

where the valuation k(¢) is specified in the Lemma below. We set for convenience ay, = 0
for k < k().

Lemma C.2. (a) Valuation. When v,u,v # 0, then k(¢) := min{k > 1 : ai s # 0} satisfies
kE(¢)=1,¢=0,1,2 and k({)=¢ (>3.

If v, w or v =0, k(¢) as defined above is still admissible as a lower bound in the above sum.

(b) Induction formula. The coeﬁicz’ents aye still satisfy the doubly indexed recursion (6 37),
this time with a1 9 = m, a1 = F(a) a2 = ﬁ and arp =0, £ > 3. Note that al =
for every £ > 0.

(c) Closed form for the starting values. For every £ > 1,

l
L 2\ (25 —1)(a—1))
2626 = 2)\< T(a—1 > H1 2/ - D(a—1) +a) (C.64)

]:
U 2 v et I'2j(a— 1
a2041,2041 = T(a < ) H j ) (C.65)

Remark C.3 (Case u = v = 0). When v = v = 0, one checks that a1y = a12 = 0,
a2 = [lai 2 1}2(2&(34)) = 0 and, then, by induction, that agy = 0 for every £ > 1. As a second step,
one shows by induction that, actually, for every level £ > 1, apy = 0, k > 1 so that, like in

the former case, the solution appears in the much simpler form

t) = Z ak70tak.

k>1
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Proof. (a) The fact that k(¢) =1 for £ = 0, 1,2 is obvious. For ¢ > 3, it is clear by adapting
the analogous proof in Step 1 of the former case a € (0, 1] that k() is solution to the same
recursive optimization problem

k(¢) = min [ min [k() + k(l2)], k(¢ — 1)] +1 (C.66)
l1+bo=¢
with the former initial values (keeping in mind that as; = ag3 = 0). This time the only
admissible solution is k(¢) = £.
(b) This is straightforward.
(c) We proceed by induction. First of all, it follows from Equation (6.37) that
w 2\v IMNa—1)
== C.67
4227 93 <F(a - 1)) T(a) (C.67)

which agrees with the Formula (C.64). Assume now the formula valid for ¢ and let us check
for £ + 1. One checks by inspecting successively the cases £ = 2, { = 3 and ¢ > 4 that

*2
apop1 = 2a12a0-10-1, £>2,

whereas a}% = aj} = 0. Likewise

da e — a2 F2e—-1)) 2w u  T(2a-1)
B ra—1)+a) T(@-1)T(a)T(2(a—1)+a)’

which agrees with (C.65). Therefore we get

. g P(@+1)(a-1) L 5as a0 L((20+1)(a—1))
2641, 2(641) AL2EDT (20 4+ 1) (a0 — 1) + a) PRI (20 D(a—1) + )

o p 2w\ D(+D(@-1) 5 T(2-Da—1)
(F( )) r HF(

Dla—1)2x \I'(a —1 (@e+D(a—1)+a) 11 T2 - Die-1)+a)’

which also agrees with Formula (C.64). One proceeds likewise for as(s41)41,2(¢41)+1- o

Now we are in position to prove Theorem 6.1. Our aim in this proof is to propagate an
upper-bound of the form

lage| < COPF(k— k() +1)27 2 v 1)27Y k> k(l), £>0. (C.68)

Step 1 Propagation for the initial value across the levels £ > 1. On checks by inspecting
successively the cases £ =2, £ = 3 and ¢ > 4 that

*2
apop1 = 2a12a0-10-1, €= 2,

whereas a}% = ag} = 0. Consequently, it follows from (6.38) and the fact that agei1 = 0,

that, for every ¢ > 2,
" g2 F{(e—1)0) N oa M(a—1)+1) 1
LA T AT (0 = 1) + ) L2ULEIT (= 1)+ a) (a — 1)¢
FNla—-1D(l+1)+2—a) 1
F(a—1D(+1)+1) (a—1)

= 2)\a12a¢—1,0-1
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By Kershaw’s Inequality (B.45) used with z = (a —1)({+1) >0 and s =2 —a€ (0,1),
we deduce that

1 2 —a\l-«a
lags1,e41] < 2Xaz 2 aea,zfﬂm((a —1)(t+1)+ 5 )
1 a\ 11—«
— 2>\\a1,2||ae—1,z—1|m ((a — 1)+ 5)

—ay-a

< 2M|ai2

ar—1,0-1|(a—1)

since @ > 1. We assume now that (C.68) is satisfied at levels 1 < ¢/ < ¢, in particular for
¢ =¢—1,¢>2. Then

lagi1001] < 2Ma12|C(pO) U -1 —k(l—1)+1)27 0 - 1) (a —1)"

One checks that, for every £ > 2,/ =1 —-k({—-1)+1>1=¢+1—-k(/+1)+ 1 and

el % Consequently, if we set

I+1

P =35 (a— 1)

«
we obtain

(5)
laesen] < COTHE+T—k(C+1) + )70+ 1>21W

Consequently, keeping in mind that a2 = ﬁ, the propagation condition on the initial
values reads

v |ul (5) |v] 2
= < — < 2 — <K
or, equivalently,
v |ul )y vl
> — > = —_— 2 o _— . .
Cp> Mot 1) and pf > C;:= max ()’ K )\F(a—l) (C.69)

Step 2 Propagation across the levels £ > 0. We assume that the bound to be propagated holds
for every couple (K’ ¢') such that level / < £ and k' > k(¢') or ¢/ = ¢ and k(¢) < K <k — 1.



C PROOF OF THEOREM 5.1 44

We first focus on the discrete time convolution. Let k > k(¢) + 1

2
’ak 1,6l < C Z ’akl,leak2,52|
ki+ko=k—1
l1+lo=F
ki>k(£;),£;>0

IN

li+la=C ki+ko=k—1

£;>0 ki>k(€;)
= C%" > (vET (G vE! > (kp)2 " (ky)2 "
l1+0o=¢ k/1+k‘é=k‘7(k(€1)+k(£2))+l
£:>0 ki>1
0 f— a_q o _ a—1
= CP Y (VDT VDETB( S ) (k= (k(0) + k(1))
l1+02=¢
;>0
14 a—1 a a_
< O o~ 1B<5 5)(k KO+ S (v (v
l1+0o=¢
£;>0

where we used Lemma A.1 in the penultimate line and k(¢1) + k(¢1) > k(¢) — 1 (see (C.66)).
Now note that, if £ > 1,

-1
S (v v < e S T - )8 1<€2_1—|—B( Q)ea—l
l1+0=¢ l1=1

;>0

owing to Lemma A.1. If £ = 0, the above inequality still holds since Z (61 Vv 1)%*1(52 V

l1+lo=F
;>0

1)5_1 = 1. Now, combining these inequalities yields

*2 290 k—1p( & & a-1 a1 a « a
< Czafp’fflé(%) (k- k(0) + 1) (e v )21, (C.70)

where B(a/2) is defined in (C.62).
First note, by inspecting the four cases £ = 0,1,2 and ¢ > 3, that
Ve>0, ak—C0>ak(l)+1)—0>({V2)(a—1)>0.

Now, using I'(z + 1) = 2I'(z) and Kershaw’s Inequality (B.45) with z = ak — ¢ > a(k({) +
1)—¢>2(a—1)and s =2 —a€ [0,1), we obtain

Cla(k—1)—£+1) 1 F'(ok —0+2—a)
L(ak—(+1)  ak—f+1—a T(ak—(+1)
1 a\ 1—a
< - _ _ =
v i CLE L)
ak—L+1—-35 —o
= m(ak (41— 5) (C.71)

C T YT (k= k() + D)2 VD) E (ke — k(f) + 1)2 T (G v 1) e
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Asak—{l+1—a>ak(l)+1)—¢+1—a>a—1>0 for every £ > 0, we deduce that

F(Oli((ka; i)z_f;)r 2 < <2(aa— 1)) (ok — 01— %)ﬂ'

Now note that

ak:—€+1—%:a(k—k:(f))+ak(€)—€+1—%

and that

ak(l) —L+1——->(a—1)(V2)+1—=>(a—1)(¢ V1) for every £ > 0.

oo
oo

Hence, using (C.59), we deduce

ok —0+1-2) " < (20(a—1))"2 (k- k() (v 1)75.
2
Finally, one notes that (k;f(]f()z)r 1) 2 < 2% to deduce
F(Oé(k‘ — 1) —/ + 1) (6) 7% _a
< —
far—rrn S (k: k(€)+1) (¢v1)~3,
where o
6 — =~ 1 -5
K, o —1) (a(a )) :

Plugging Inequalities (C.70), (C.71) and the estimate for aj_ ¢ into (6.37) yields

lage| < CpF100V 1) (k—k(0) +1)2 27240

< [w (%) o (k"““)“> (ev)3B(2)

(6)
kol a1 §-1Ka Y
< Cptotev 1) (k- k() +1)2 ) [2|u|+C|A|B<2)},

where we used that supy> )41 k;ﬁgfgg; L — 2. We deduce that the propagation of the bound

holds as soon as

K(©® [QW + WCB(%)} < p. (C.72)

Step 3 Synthesis. If we saturate the left-hand side of inequality (C.69) and plug it in (C.72),
we obtain the inequality

2 (6) |Allv] 6)pf<
-9 S L B > 0.
P ke I‘(oc—i—l)’{ (2)_0

The minimal solution is given by

T . W2
Px = ,0*(04,9) = max [KJ (|/’L| + \/’:u’ + F(Oé + 1)5(6) "0
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where C; = C;(u,v) is given by the right-hand side of inequality (C.69) and

||

Oy = Ci(a,b) = I(a+1)ps(a,0)

Now, we focus on the convergence of the series () = > ,5q%(t) (keeping in mind
that the first three levels ¢ = 0,1,2 have no influence on the result) so that we may use
that k(¢) = ¢, £ > 3. Set Cr = Ci(a,0) and p. = pi(a,0). One checks that for every

1

te I, = (O,p* ‘)‘),

et <D lapt™ < CLo027Y (k — £+ 1)2 ! phteh !
k>0 k>0

_ 0*956%71piflt(afl)éfai(t)

where 1Zg<t) = Z kgflpfto‘k is normally convergent on every compact interval K of the open
E>1
interval I,.. Then, for every te K,

> " [e(t)] < Cusup [ta(t)] Y (0p.) 02 1O < L[t 4o (1)) Z(ep*)%%—lp;%l‘
>3 tekK >3 >3
= [ ha(0)] 3 (0p7) 05
>3

1
Hence, the series is absolutely convergent if pg (o, 0) < 1.
1

1 1
As o > 1, one shows that the function 6 — 0pg (a, 0) satisfies éiH{l} Opg (a,0) = 0 so that
—

we may set

1 1
0. =inf {0 > 0:0pg(a,0) > 1} < +oo which satisfies 0.p¢ (a, 6,) = 1.

Finally, one checks that the doubly indexed series v is normally convergent on K. O
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Table 3: Call option pricing with the Hybrid and Adams methods. The parameters are as in El Euch

and Rosenbaum (2019). Maturities range from 1 day till 2 years, strikes range between 80% — 120% of

the moneyness. The computational time (CT') is in milliseconds (i.e. 1073s). For the hybrid method

we fix n = 128, while for the Adams method the discretization step is chosen in order to satisfy

|orarp(hybrid) — oryp(Adams)| < 1072, When this is not possible for any discretization step, we

put (%) besides the values, while (xx) are associated to prices that lead to arbitrage opportunities.



