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Introduction

Let us denote T = R/Z and A = T × R. Fix the standard Riemannian metric and the standard trivialization on A. This enables us to define the notion of oriented angle between two non-zero vectors in the tangent plane of a point of A.

Let R 2 (x, y) → π(x, y) = (x + Z, y) ∈ A be the covering projection on A. Let p 1 : A → T and p 2 : A → R denote the projections over the first and the second coordinate respectively. With an abuse of notation, we denote as p 1 , p 2 : R 2 → R also the projections over the first and the second coordinate on the plane.

Denote the area form ω = dx ∧ dy and let Leb be the associated Lebesgue measure on A. Let α = y dx be the Liouville 1-form on A. Let T 1 A be the bundle of half-lines, that is

T 1 A = {(z, w) ∈ T A : w = 0}/ ∼
where (z, w) ∼ (z , w ) if and only if z = z and w = λw for some λ ∈ R, λ > 0. For every z ∈ A, T 1 z A is the fiber of z and for a vector w ∈ T z A we will denote, with an abuse of notation, as w ∈ T 1 z A the equivalent class to which w belongs. For every X ⊂ A denote as T 1 X the restriction of the bundle to X, that is T 1 X = z∈X T 1 z A. For every z ∈ A denote as v the class of the vertical vector v = (0, 1). For every z ∈ A and every w, w ∈ T 1 z A let ≺ (w, w ) be the oriented angle between w and w divided by 2π. We consider angles in T = R/Z, after rescaling R/2πZ. Define the continuous function θ :

T 1 A -→ T (z, w) -→≺ (v, w).

(1) It induces a closed 1-form dθ on T 1 A, see [START_REF] Godbillon | Éléments de topologie algébrique[END_REF]. For any continuous path [0, 1] t → γ(t) ∈ T 1 A denote (2) γ dθ = Θ(1) -Θ(0), where Θ : [0, 1] → R is a lift of θ • γ (the definition in (2) does not depend on the chosen lift Θ). Let f : A → A be a C 1 diffeomorphism isotopic to the identity and I = (f t ) t∈[0,1] Date: September 15, 2020.

an isotopy in Diff 1 (A) joining the identity to f 1 = f . Denote as DI = (Df t ) t∈[0,1] the continuous isotopy such that for every t ∈ [0, 1] Df t :

T 1 A -→ T 1 A (z, w) → Df t (z, w) = (f t (z), Df t (z)w) .

Extend the isotopy for t ∈ R + so that Df 1+t = Df t • Df 1 .

We are interested in the notion of torsion of a point: roughly speaking it is the asymptotic rotational behavior of vectors in the tangent space of the point under the action of the linearized dynamics. See [START_REF] Ruelle | Rotation numbers for diffeomorphisms and flows[END_REF] and [START_REF] Béguin | Existence of orbits with non-zero torsion for certain types of surface diffeomorphisms[END_REF].

More precisely, let (z, w) ∈ T 1 A. For every n ∈ N * denote DI n (z, w) the continuous path [0, 1] t → Df nt (z, w). The torsion at finite time n ∈ N * at (z, w)

∈ T 1 A is (3) Torsion n (f, z, w) := 1 n DI n (z,w) dθ = 1 n n-1 i=0
Torsion 1 (f, Df i (z, w)).

It does not depend on the choice of the isotopy joining the identity to f and can be equivalently given by using the universal covering space of T 1 A and a continuous lift θ : T 1 A → R of the function θ in (1), see [START_REF] Béguin | Existence of orbits with non-zero torsion for certain types of surface diffeomorphisms[END_REF] and [START_REF] Florio | Torsion and linking number for a surface diffeomorphism[END_REF].

The asymptotic torsion at z ∈ A is, whenever the limit exists, (4)

Torsion(f, z) := lim n→+∞ Torsion n (f, z, w).
The definition of asymptotic torsion at z ∈ A coincides with Ruelle's definition of rotation number, see [START_REF] Ruelle | Rotation numbers for diffeomorphisms and flows[END_REF]. It does not depend on w ∈ T 1 z A. Indeed, let z ∈ A, n ∈ N * and w, w ∈ T 1 z A. Consider the quantity (5)

DI n (z,w) dθ - DI n (z,w )
dθ.

If ≺ (w, w ) ∈ (0, 1 2 ) + Z, then ≺ (Df n (z)w, Df n (z)w ) ∈ (0, 1 2 ) + Z because Df (z) preserves the orientation and so the quantity (5) cannot be equal to 1 2 + k, k ∈ Z. This is also true if ≺ (w, w ) ∈ (-1 2 , 0) + Z. Moreover (5) vanishes if ≺ (w, w ) ∈ {0, 1 2 } + Z, meaning w = w or w = -w . By connectedness, for any n ∈ N * and for every w, w ∈ T

1 z A it holds (6) - 1 2 < DI n (z,w) dθ - DI n (z,w ) dθ < 1 2 .
Observe that the function

T 1 A × Z (z, w, n) → DI n (z,w) dθ ∈ R is a cocycle over Df .
Assume that f admits an invariant Borel probability measure µ on A with compact support. There exists a Df -invariant probability measure ν on T 1 A whose projection on A is µ. Indeed, if ν 0 is a probability measure of T 1 A that projects onto µ, any limit point ν of the sequence 1 n n-1 i=0 Df i * (ν 0 ) n≥1 is Df -invariant and projects onto µ. Since the asymptotic torsion is the limit of the Birkhoff's sum in (3), by Birkhoff's Ergodic Theorem, the limit exists at ν-almost every (z, w) ∈ T 1 A. Since the asymptotic torsion does not depend on the chosen w ∈ T 1 z A and since ν projects onto µ, we deduce that the asymptotic torsion exists at µ-almost every z ∈ A, see [START_REF] Ruelle | Rotation numbers for diffeomorphisms and flows[END_REF].

Definition 1.1. A positive (respectively negative) twist map is a C 1 diffeomorphism f : A → A isotopic to the identity such that for any lift F : R 2 → R 2 of f and for any x ∈ R the function

R y → p 1 • F (x, y) ∈ R is an increasing (respectively decreasing) diffeomorphism of R.
It can be easily proved that f is a positive twist map if and only if f -1 is a negative twist map. Concerning the torsion for positive (respectively negative) twist map, for every z ∈ A and for every n ∈ N * it holds Torsion n (f, z, v) ∈ (-1 2 , 0) (respectively (0, 1 2 )), see [START_REF] Florio | Torsion and linking number for a surface diffeomorphism[END_REF]. It is an outcome of the fact that, for a positive twist map, Torsion 1 (f, z, v) ∈ (-1 2 , 0) and that for every isotopy (f t ) t∈[0,1] from Id to f and for every non colinear vectors w, w ∈ T z A, the vectors Df t (z)w, Df t (z)w ∈ T ft(z) A are non colinear and if ≺ (w, w ) ∈ 0, 1 2 + Z, then ≺ (Df t (z)w, Df t (z)w ) ∈ 0, 1 2 + Z. Definition 1.2. Let f : A → A be a positive twist map. A point z ∈ A has conjugate points if there exist n, k ∈ N * such that DI n (z,v) dθ = -k 2 , it has over-conjugate points if there exists n ∈ N * such that DI n (z,v) dθ < -1 2 . Observe that if a point z ∈ A has negative asymptotic torsion, then z has over-conjugate points. Actually, the existence of points with conjugate points and with over-conjugate points is equivalent, see Lemma 3.1.

Let us state now the main results of the article. The first result, that will be fundamental, asserts that for a twist map that preserves the Lebesgue measure, the existence of points having over-conjugate points in a f -periodic open domain U of finite measure is equivalent to the fact that the set of points in U of non-zero torsion has positive Lebesgue measure. More precisely: Proposition 1.1. Let f : A → A be a positive twist map that preserves the Lebesgue measure. Let U ⊂ A be a f -periodic open set of finite Lebesgue measure. Then the following conditions are equivalent.

(i) The asymptotic torsion is defined and equal to zero at every point z ∈ U .

(ii) The asymptotic torsion is defined and equal to zero at Leb-almost every point z ∈ U .

(iii) No point z ∈ U has over-conjugate points.

Recall that an essential curve γ : T → A is a topological embedding that is not homotopic to a point, and that an open subset U of A is essential if it contains an essential curve. We show that any f -periodic open subset U of finite measure which is not essential must contain points with over-conjugate points. Actually, we prove the following Theorem 1.1. Let f be a positive twist map that preserves the Lebesgue measure. Let U be a f -periodic non essential open set of finite measure. Then the set of points of U of negative asymptotic torsion is dense and has positive measure.

Question 1.1. Let U be a f -periodic non essential open set of finite Lebesgue measure. Is the measure of the set of points of non zero torsion in U equal to the measure of U ?

Definition 1.3. Let U ⊂ A be an f -invariant essential subannulus. The dynamics f |U is C 0 -integrable if f |U admits a partition into essential f -invariant curves.
Observe that the definition of C 0 -integrability is more restrictive than the usual notion of integrability. In higher dimensions, for Tonelli Hamiltonian flows on the cotangent bundle T * T n of the n-dimensional torus, the analogous definition appears in [START_REF] Arnaud | Tonelli hamiltonians without conjugate points and C 0 integrability[END_REF].

Recall that a C 1 diffeomorphism f : A → A that preserves the Lebesgue measure is exact symplectic if f * α -α is exact, or equivalently if for every essential curve γ : T → A, the algebraic area contained between γ(T) and f • γ(T) is zero (zero flux condition).

We provide a simple proof of a result by Cheng and Sun, see Theorem 1 in [START_REF] Cheng | A necessary and sufficient condition for a twist map being integrable[END_REF].

Theorem 1.2. An exact symplectic twist map f : A → A is C 0 -integrable if and only if f does not have points with conjugate points.

In the continuous case, the same result holds for Tonelli Hamiltonian flows on the cotangent bundle of the n-dimensional torus, see Theorem 1 in [START_REF] Arnaud | Tonelli hamiltonians without conjugate points and C 0 integrability[END_REF]. Cheng and Sun's proof uses Aubry-Mather theory as presented by Bangert in [START_REF] Bangert | Mather sets for twist maps and geodesics on tori[END_REF], that is considering minimizing configurations. Their ideas can be easily adapted to any bounded invariant subannulus, see [START_REF] Florio | Asymptotic Maslov indices[END_REF]. Our proof is a geometrical one and it works both for exact symplectic twist maps on the unbounded annulus and for conservative twist maps on bounded essential subannuli, see Remark 4.5. Thus, thanks to Proposition 1.1, we deduce the following Corollary 1.1. Let f : A → A be a twist map that preserves the Lebesgue measure. Let U be an f -invariant bounded essential subannulus. Then, f |U is C 0 -integrable if and only if Leb-almost every point of U has zero torsion. [START_REF] Arnaud | Hyperbolicity for conservative twist maps of the 2-dimensional annulus[END_REF]. Thus, from Proposition 1.1 and Theorems 1.2 and 1.1, we deduce the following outcome.

Denote as

I (f ) the union of all f -invariant essential curves in A. A bounded connected component of A \ I (f ) is either an f -invariant essential subannulus or a f -periodic disk, see
Corollary 1.2. Let f : A → A be a positive twist map that preserves the Lebesgue measure. Then every bounded connected component U of A \ I (f ) contains a set of positive measure of points with non-zero torsion. In particular, it holds

i∈Z f i (U ) Torsion(f, z) dLeb(z) < 0.

Torsion and over-conjugate points: proof of Proposition 1.1

The implications (iii) ⇒ (i) and (i) ⇒ (ii) of Proposition 1.1 are obvious. The implication (ii) ⇒ (iii) is an immediate consequence of the following result.

Proposition 2.1. Let f : A → A be a positive twist map that preserves the Lebesgue measure. Let z 0 ∈ A be such that (i) z 0 has over-conjugate points;

(ii) z 0 has a neighborhood U such that Leb( n∈Z f n (U )) < +∞.

Then there exists an open neighborhood W ⊂ U of z 0 such that for Leb-almost every z ∈ W it holds that Torsion(f, z) < 0.

Proof. By the definition of points having over-conjugate points, there exists m ∈ N * such that DI m (z 0 ,v) dθ < -1 2 . By the continuity of finite-time torsion, there exists a neighborhood W ⊂ U of z 0 such that for every z ∈ W it holds that DI m (z,v) dθ < -1 2 . For every z ∈ W and for every n > m, we have that DI n (z,v) dθ < -1 2 . This fact can be shown by induction. Indeed, for n = m + 1, since Df (z) preserves the orientation and since DI(f m (z),v) dθ < 0, we deduce that, if DI m (z,v) dθ < -1 2 , then

DI m+1 (z,v) dθ ≤ - 1 2 + DI(f m (z),v) dθ < - 1 2 .
We argue similarly for n > m + 1. Actually, it holds that

DI n (z,v) dθ = DI m (z,v) dθ + DI n-m (Df m (z,v)) dθ ≤ - k 2 + DI n-m (f m (z),v) dθ < - 1 2 ,
where k ∈ N, k > 0 is the integer part of -2 DI m (z,v) dθ.

Thus, by (6), for every (z, w) ∈ T 1 W and for every n ≥ m it holds that (7)

DI n (z,w) dθ < 0.
There exists a finite measure Leb defined on T 1 (∪ n∈Z f n (U )) that projects onto the restriction of Leb to n∈Z f n (U ). Indeed, the argument given in the introduction can be extended to the case of an open set of finite measure: we can either consider the Alexandroff compactification of T 1 ( n∈Z f n (U )), or we can use Prohorov's Theorem (see Proposition 2.4.1 in [START_REF] Viana | Foundations of ergodic theory[END_REF]). Since f is a positive twist map, one has

-1 < Torsion 1 (f, z, w) < 1 2 for every (z, w) ∈ T 1 A. By Birkhoff's Ergodic Theorem, lim n→+∞ Torsion n (f, z, w) is defined Leb-almost everywhere on T 1 ( n∈Z f n (U )
) and so Torsion(f, z) is defined Lebalmost everywhere on n∈Z f n (U ).

We want to prove that Torsion(f, z) < 0 for Leb-almost every point in W . Set g = f m and J = I m . We will prove that Torsion(g, z) is well-defined and negative for Leb-almost every z ∈ W , which will imply the proposition because Torsion(f, z) = Torsion(g, z)/m.

Let ψ : z → g τ (z) (z) be the first return map of g on W , where τ : W → N * is the first return time map. These maps are defined Leb-almost everywhere on W . The map

Dψ : (z, w) → (g τ (z) (z), Dg τ (z) (z)w) is defined Leb-almost everywhere on T 1 W . We know that (8) -mτ (z) < DJ τ (z) (z,w) dθ = τ (z)-1 i=0 DJ(Dg i (z,w))
dθ < 0, the right inequality occuring because DI n (z,w) dθ < 0 if n ≥ m and DJ τ (z) (z, w) = DI mτ (z) (z, w) (see ( 7)) and the left inequality occuring because Torsion 1 (f, z, w) > -1 for every (z, w) ∈ T 1 A. By Kac's Lemma we know that τ is Leb-integrable and so that φ : (z, w) → DJ τ (z) (z,w) dθ is integrable and negative. By Birkhoff's Ergodic Theorem, we deduce that for Leb-almost every (z, w) ∈ T 1 W , one has

(9) lim n→+∞ 1 n n-1 i=0 φ(Dψ i (z, w)) = φ(z, w) ∈ (-∞, 0)
and ( 10)

lim n→+∞ 1 n n-1 i=0 τ (ψ i (z)) = τ (z) ∈ [1, ∞).
Recall that the fact that φ(z, w) < 0 in (9) is a classical application of Birkhoff's Ergodic Theorem. Consequently, from (8), ( 9) and (10), for Leb-almost every (z, w) ∈ T 1 W , it holds that φ(z, w)/τ (z) ∈ (-∞, 0). Note now that

n-1 i=0 φ(Dψ i (z, w))/ n-1 i=0 τ (ψ i (z)) = Torsion Nn (g, z, w)
where N n = n-1 i=0 τ (ψ i (z)). So Torsion(g, z) = lim n→+∞ Torsion Nn (g, z, w) < 0 for Lebalmost every point in W .

Density of over-conjugate points in non-essential periodic bounded

open sets: proof of Theorem 1.1

In the introduction, we give the definition of conjugate and over-conjugate points. Let us show that the existence of the first ones is equivalent to the existence of the second ones.

Lemma 3.1. Let f be a positive twist map. There exists a point with conjugate points if and only if there exists a point with over-conjugate points.

Proof. On one hand, the first implication is an outcome of the twist property. Indeed, if there exists z ∈ A such that DI n (z,v) dθ = -k 2 for some n, k ∈ N * , then Df n (z)v = ±v and so DI(f n (z),Df n (z)v) dθ ∈ (-1 2 , 0). Consequently, one has

DI n+1 (z,v) dθ = DI n (z,v) dθ + DI(f n (z),Df n (z)v) dθ < - k 2 ≤ - 1 2 .
On the other hand, it can be proved that, for every n ∈ N * , there exists z ∈ A such that [Flo]. More precisely, selecting a lift F of f , the linking number at any finite time n ∈ N * of the couple of points (x, r 0 ), (x + 1, r 0 ), for some x ∈ R, r 0 ∈ R, is zero. Thanks to the relation between torsion and linking number shown in [START_REF] Florio | Torsion and linking number for a surface diffeomorphism[END_REF], we deduce that, for any n ∈ N * there exists z = z(n) ∈ T × {r 0 } such that DI n (z,u) dθ = 0, where u is the class of the horizontal vector u = (1, 0). By (6) and since f is a positive twist map, we so have that DI n (z,v) dθ ∈ (-1 2 , 0). By this fact and by the Intermediate Value Theorem, we conclude that the existence of a point with over-conjugate points implies the existence of a point with conjugate points.

DI n (z,v) dθ ∈ (-1 2 , 0), see
The equivalence between the existence of points with conjugate points and with overconjugate points still holds for composition of positive twist maps and even to the restriction of the dynamics to a f -invariant essential subannulus.

This section is devoted to the proof of Theorem 1.1.

Lemma 3.2. Let f be a positive twist map, F a lift of f to R 2 and K ⊂ A a compact set that does not contain any point with over-conjugate points. Then there exists β ∈ (0, 1 2 ) so that for every z, z ∈ π -1 (K) satisfying (i) the angle ≺ (v, z -z) belongs to [0, β] + Z, (ii) the segment joining z to z is contained in π -1 (K), we have that for every n ≥ 1

p 1 • F n (z ) -p 1 • F n (z) > 0.
Proof. The map f being a positive twist map, we have ≺ (v, Df (z)v) ∈ -1 2 , 0 + Z, for every z ∈ A. By compactness of K, there exists β ∈ 0, 1 2 such that for every (z, w) ∈

T 1 K such that ≺ (v, w) ∈ [0, β] + Z it holds that ≺ (v, Df (z)w) ∈ -1 2 , 0 + Z. Moreover we know that ≺ (Df (z)v, Df (z)w) ∈ 0, 1 2 + Z.
We deduce that for every n ≥ 0 we have ≺ (Df n (z)v, Df n+1 (z)w) ∈ -1 2 , 0 + Z and ≺ (Df n+1 (z)v, Df n+1 (z)w) ∈ 0, 1 2 + Z. Since there are no points with over-conjugate points in K, we have ≺ (v, Df n+1 (z)v) ∈ -1 2 , 0 + Z for every n ≥ 0. Consequently we have ≺ (v, Df n+1 (z)w) ∈ -1 2 , 0 + Z for every n ≥ 0.

Let z, z ∈ π -1 (K) be such that ≺ (v, z -z) ∈ [0, β] + Z and the segment γ : [0, 1] t → (1 -t)z + tz is contained in π -1 (K). Consequently, for every t and for every n ≥ 1

≺ (v, (F n • γ) (t)) ∈ (-1 2 , 0) + Z. So for every n ≥ 1 it holds that p 1 • F n (γ(1)) -p 1 • F n (γ(0)) = p 1 • F n (z ) -p 1 • F n (z) > 0.
Proof of Theorem 1.1. Let U be a f -periodic non essential open set of period M ∈ N * . Let F : R 2 → R 2 be a lift of f . Let U = π -1 (U ). By Proposition 2.1, to get Theorem 1.1, it is sufficient to prove that the set of points with over-conjugate points is dense in U .

Argue by contradiction and assume there is a closed ball B ⊂ U which does not have any point with over-conjugate points.

Let β ∈ (0, 1 2 ) be given by Lemma 3.2 applied at the closed ball B. We can find two balls B 1 , B 2 ⊂ B such that for every z ∈ B 1 , z ∈ B 2 the oriented angle ≺ (v, z -z) belongs to [0, β] + Z and so that the segment joining z to z is contained in B. On one hand, by Lemma 3.2, for every n ≥ 1 we have that

p 1 • F n (z ) -p 1 • F n (z) > 0.
On the other hand, on the annulus, we apply Poincaré's Recurrence Theorem to the map f × f and the set π(B 1 ) × π(B 2 ). We find

n ∈ N * , z ∈ B 1 , z ∈ B 2 such that f M n (π(z)) ∈ π(B 1 ) and f M n (π(z )) ∈ π(B 2 ). Thus, there exists k 1 , k 2 ∈ Z such that F M n (z) + (k 1 , 0) ∈ B 1 , F M n (z ) + (k 2 , 0) ∈ B 2 . Since B ⊂ U and since U is non essential, we deduce that k 1 = k 2 and, by the choice of B 1 , B 2 it holds that p 1 • F M n (z ) < p 1 • F M n (z), obtaining the required contradiction. B z z F F F(z ) F(z ) F (z ) F (z ) 1 2 1 2 1 2 2 2 B (z) B (z') ) ) , , ) , B B 1 2 ) )
Figure 1. Each vector DF n (γ(t))γ (t) lies in the right half-plane.

Remark 3.1. The idea of the proof of Theorem 1.1 can be pushed further. Actually, for a bounded invariant topological open disk the absence of points with over-conjugate points allows to build a partition into partial graphs of Lipschitz functions which are periodic. See [START_REF] Florio | Asymptotic Maslov indices[END_REF] for such a construction.

We remark also that an alternative proof of Theorem 1.1 can be given by using the notion of linking number (see [START_REF] Béguin | Existence of orbits with non-zero torsion for certain types of surface diffeomorphisms[END_REF] and [START_REF] Florio | Torsion and linking number for a surface diffeomorphism[END_REF]) and thanks to the relation between torsion and linking number proved in [START_REF] Florio | Torsion and linking number for a surface diffeomorphism[END_REF]. Indeed, since U is non essential, denoting as n ∈ N the period of U , we can select a lift F of f such that F n fixes the lifts of U . In the lifted framework, we can consider the linking number at finite-time of a couple of points, calculated with respect to an isotopy obtained by lifting an isotopy on A.

Apply then Poincare's Recurrence Theorem at any small ball contained in U with respect to the dynamics of f |U × f |U . Thanks to the twist property, we find a couple of points whose linking number at finite-time is almost -1. Consequently, by the result in [START_REF] Florio | Torsion and linking number for a surface diffeomorphism[END_REF], there exists a point belonging to the starting small ball whose torsion at finitetime is almost -1. That is, any arbitrary small ball contains points with over-conjugate points.

4.

A geometric criterion for C 0 -integrability: proof of Theorem 1.2

The aim of this section is giving a simple, geometrical proof of the result due to Cheng and Sun, see [START_REF] Cheng | A necessary and sufficient condition for a twist map being integrable[END_REF] and here Theorem 1.2. We prove here the non trivial implication, i.e. if there are no points having conjugate points, then f |U is C 0 -integrable.

Remark 4.1. The definition given in [START_REF] Cheng | A necessary and sufficient condition for a twist map being integrable[END_REF] of points with conjugate points is equivalent to our definition of conjugate points (here Definition 1.2).

Let F be a lift of the exact symplectic twist map f and let h : R 2 → R be a generating function for [START_REF] Aubry | The discrete Frenkel-Kontorova model and its extensions. I. Exact results for the ground-states[END_REF] or [START_REF] Mackay | Lectures on orbits of minimal action for area-preserving maps[END_REF]. Consequently, when looking at the linearized dynamics, a sequence (x n , y n ; ξ n , η n ) n∈N ⊂ (T R 2 ) N is a trajectory of the linearized map DF if and only if the sequence (ξ n ) n∈N is a Jacobi vector field over (x n ) n∈N , i.e.

F . A sequence (x n , y n ) n∈N ⊂ (R 2 ) N is a trajectory for F if and only if the sequence (x n ) n∈N satisfies ∂ 1 h(x n , x n+1 ) + ∂ 2 h(x n-1 , x n ) = 0 ∀n ∈ N, see [Ban88],
∂ 1 ∂ 2 h(x n-1 , x n )ξ n-1 + [∂ 2 1 h(x n , x n+1 ) + ∂ 2 2 h(x n.1 , x n )]ξ n + ∂ 1 ∂ 2 h(x n , x n+1 )ξ n+1 = 0.
In [START_REF] Cheng | A necessary and sufficient condition for a twist map being integrable[END_REF], a point (x 0 , y 0 ) has conjugate points if there exists a non-zero Jacobi vector field (ξ n ) n∈N over (x n ) n∈N = (p 1 • F n (x 0 , y 0 )) n∈N such that ξ 0 = ξ N = 0. Equivalently, DF N (x 0 , y 0 )v = ±v. Since f is a positive twist map, it means that DI N ((x 0 ,y 0 ),v) dθ = -k 2 for some k ∈ N * , i.e. (x 0 , y 0 ) has conjugate points according to Definition 1.2.

We recall the definition of rotation number for a homeomorphism of the annulus. Definition 4.1. Let F : R 2 → R 2 be the lift of a homeomorphism f of A isotopic to the identity. Let z ∈ R 2 . The rotation number for F of z is, whenever it exists, the limit

ρ F (z) = lim n→+∞ p 1 • F n (z) -p 1 (z) n .
Remark 4.2. Let ψ : T → R be a continuous map whose graph is f -invariant and let Ψ = ψ • π , where R x → π (x) = x + Z ∈ T is the covering projection on T. Then, we can define the rotation number ρ F (Ψ) for F of Ψ as the rotation number ρ F (x, Ψ(x)) for any x ∈ R. Indeed, for every x ∈ R the rotation number ρ F (x, Ψ(x)) exists and moreover it is independent from x ∈ R.

Lemma 4.1. Let F : R 2 → R be the lift of a positive twist map f . The set

(11) CF := {z ∈ R 2 : p 1 • F (z) = p 1 (z)}
is the lift of the graph of a function

ψ 1 : T → R of class C 1 .
Proof. For every given x ∈ R, by the twist property, the function R y → p 1 •F (x, y) ∈ R is an increasing diffeomorphism and so there exists a unique y ∈ R such that p 1 •F (x, y) = x. Let us denote such y ∈ R as Ψ 1 (x). The set CF is the graph of the function Ψ 1 : R → R.

To prove that Ψ 1 is of class C 1 , it is sufficient to apply the Implicit Function Theorem because ∂ ∂y (p 1 • F (x, y) -x) > 0. As Ψ 1 is clearly periodic of period 1, it lifts a function

ψ 1 : T → R of class C 1 .
Remark 4.3. Lemma 4.1 holds true for negative twist maps too. In particular, we denote the set

CF -1 = {z ∈ R 2 : p 1 • F -1 (z) = p 1 (z)} as the graph of the function Ψ -1 : R → R of class C 1 that lifts ψ -1 : T → R. Note that CF -1 is nothing but the image of CF by F .
Remark that if a point z ∈ R 2 lies below (respectively above) CF , then F (z) lies on the left (respectively on the right) of the vertical passing through z. Similarly, if z lies below (respectively above) CF -1 , then F -1 (z) lies on the right (respectively on the left) of the vertical passing through z.

Lemma 4.2. Let f : A → A be a positive twist map with no point with conjugate points. Then for every n > 0 the function f n (respectively f -n ) is a positive (respectively negative) twist map.

Proof. Let us prove this fact by induction. Suppose that f n is a positive twist map and fix a lift F of f . Consider x, x ∈ R. The map y → p 1 • F n (x, y) is an increasing diffeomorphism of the real line, while the map y → p 1 • F -1 (x , y) is a decreasing one. Moreover, lim y→±∞ p 2 •F n (x, y) = lim y→±∞ p 2 •F -1 (x , y) = ±∞. This implies that there exist y, y ∈ R such that F n (x, y) = F -1 (x , y ). Equivalently, it holds that F n+1 (x, y) = (x , y ). Thus, the map y → p 1 • F n+1 (x, y) is surjective. Since there are no points with conjugate points, by Lemma 3.1, there are no points with over-conjugate points. In particular for any y ∈ R it holds that ≺ (v, DF n+1 (x, y)v) ∈ (-1 2 , 0) + Z. Thus d dy p 1 • F n+1 (x, y) > 0 and consequently the map y → p 1 • F n+1 (x, y) is an increasing diffeomorphism onto its image. So f n+1 is a positive twist map.

Lemma 4.3. Let f : A → A be a positive twist map with no point with conjugate points and F : R 2 → R 2 be a lift of f . Let x ∈ R.

(i) If Ψ 1 (x) < Ψ -1 (x), then for every y ∈ (Ψ 1 (x), Ψ -1 (x)] the sequence (p 1 •F n (x, y)) n≥0 is strictly increasing and for every y ∈ [Ψ 1 (x), Ψ -1 (x)) the sequence (p 1 •F n (x, y)) n≤0 is strictly decreasing. Moreover, (p 1 • F n (x, Ψ 1 (x))) n≥1 is strictly increasing and

(p 1 • F n (x, Ψ -1 (x))) n≤-1 strictly decreasing. (ii) If Ψ -1 (x) < Ψ 1 (x), then for every y ∈ [Ψ -1 (x), Ψ 1 (x)) the sequence (p 1 •F n (x, y)) n≥0
is strictly decreasing and for every y ∈ (Ψ -1 (x), Ψ 1 (x)] the sequence (p 1 •F n (x, y)) n≤0 is strictly increasing. Moreover, (p 1 • F n (x, Ψ 1 (x))) n≥1 is strictly decreasing and (p 1 • F n (x, Ψ -1 (x))) n≤-1 strictly increasing.

Proof. Let us consider x ∈ R such that Ψ 1 (x) < Ψ -1 (x), the case (ii) can be treated similarly. Recall that f n is a positive twist map for every n ∈ N * . So, for every n ≥ 1, the image by F n of the oriented vertical segment {x} × [Ψ 1 (x), Ψ -1 (x)] is a path that projects injectively on the horizontal axis, with the first coordinate increasing, and that joins F n (x, Ψ 1 (x)) to F n (x, Ψ -1 (x)) = F n+1 (x, Ψ 1 (x)). We deduce that for every y ∈ (Ψ 1 (x), Ψ -1 (x)], the sequence (p 1 • F n (x, y)) n≥0 is strictly increasing and that (p 1 • F n (x, Ψ 1 (x))) n≥1 is strictly increasing. See Figure 2. Since f n is a negative twist map if n < 0, we prove similarly that (p 1 • F n (x, y)) n≤0 is strictly decreasing if

y ∈ [Ψ 1 (x), Ψ -1 (x)), as is (p 1 • F n (x, Ψ -1 (x))) n≤-1 . C F F(C ) ~F ={x} [ (x), (x)] x 1 -1 F( ) F ( ) 2 F ( ) -1 Figure 2. If Ψ 1 (x) < Ψ -1 (x)
, then, for every n ≥ 1, the image by F n of {x} × [Ψ 1 (x), Ψ -1 (x)] projects injectively on the horizontal axis.

Notation 4.1. Denote (12)

X -:= (x, y) ∈ R 2 : Ψ 1 (x) < y < Ψ -1 (x) , (13) 
X + := (x, y) ∈ R 2 : Ψ -1 (x) < y < Ψ 1 (x) .
Remark 4.4. Thanks to Lemma 4.3, if z is not fixed by f , then:

(1) either the sequence (p 1 • F n (z)) n∈Z is strictly monotone;

(2) or there exists n 0 ∈ Z such that the sequences (p 1 • F n (z)) n≤n 0 and (p 1 • F n (z)) n≥n 0 are strictly monotone, with different monotonicity;

(3) or there exists n 0 ∈ Z such that the sequences (p 1 •F n (z)) n≤n 0 and (p 1 •F n (z)) n≥n 0 +1 are strictly monotone, with different monotonicity, while p 1 • F n 0 (z) = p 1 • F n 0 +1 (z). Note that the set of points satisfying the second item is nothing but the union of n∈Z F n (X -) and n∈Z F n (X + ) and that these two sets are disjoint because they correspond to complementary monotonicity. Note also that the sets X -and X + are wandering open sets: the sets F n (X -), n ∈ Z, are pairwise disjoint, as are the sets F n (X + ), n ∈ Z.

Let us write CF = C+

F C- F Fix(f ), where (x, Φ 1 (x)) ∈ C+ F if Ψ -1 (x) > Ψ 1 (x) and (x, Ψ 1 (x)) ∈ C- F if Ψ -1 (x) < Ψ 1 (x).
The set of points satisfying the third item is the (disjoint) union of n∈Z F n ( C+ F ) and n∈Z F n ( C-F ). Note also that the last two sets are disjoint from n∈Z F n (X + ) and n∈Z F n (X -).

Lemma 4.4. Let f : A → A be a positive twist map with no point with conjugate points and F : R 2 → R 2 be a lift of f . Let x 1 < x 2 and suppose that Ψ 1 (x 1 ) < Ψ -1 (x 1 ) and Ψ -1 (x 2 ) < Ψ 1 (x 2 ). Then (a) for every y ∈ [Ψ 1 (x 1 ), Ψ -1 (x 1 )] and for every n ∈ N it holds that p 1 • F n (x 1 , y) < x 2 or (b) for every y ∈ [Ψ -1 (x 2 ), Ψ 1 (x 2 )] and for every n ∈ N it holds that p 1 •F -n (x 2 , y) > x 1 .

Proof. As explained in the proof of Lemma 4.3, the union of the images by F n , n ≥ 1, of the vertical segment {x 1 } × [Ψ 1 (x 1 ), Ψ -1 (x 1 )] is the graph of a continuous function χ 1 defined on an interval [x 1 , x 1 ), where x 1 ∈ (x 1 , +∞]. This graph is strictly above Suppose now that f has no point with conjugate points. For every ρ ∈ Q, define G ρ = F q -(p, 0), where ρ = p q , p ∈ Z, q ∈ N * is written in an irreducible way. Applying Proposition 4.1 to G ρ , one deduces that Fix(G ρ ) is the graph of a continuous map ψ ρ : T → R. This graph is invariant by f and it is the set of periodic points of f of rotation number ρ. A periodic point is above this graph if its rotation number is larger that ρ and below if it is smaller. In particular one has ρ < ρ ⇔ ψ ρ < ψ ρ .

Fix n ≥ 0. The maps ψ ρ , |ρ| ≤ n, are uniformly bounded, but they are also uniformly Lipschitz by (vi). So, by Ascoli-Arzelà's theorem the set F n := {ψ ρ : ρ ∈ Q ∩ [-n, n]} is relatively compact in C 0 (T, R). Moreover, it holds that F n ⊂ G(f ) and that the image of F n by ρ, being compact, is equal to [-n, n]. One knows by (iii) and (iv) that ρ is injective on F n and consequently induces a homeomorphism from F n to [-n, n]. We note ρ → ψ ρ its inverse. The set F := {ψ ρ : ρ ∈ Q} can be written as F = n≥1 F n . This implies that our original family (ψ ρ ) ρ∈Q can be extended to a continuous and injective family (ψ ρ ) ρ∈R . The function z → ρ(z) is locally constant on Fix(f ) and so bounded on every compact set of A ∩ Fix(f ). This implies that lim n→+∞ ψ n (x) = +∞ and more generally that lim ρ→+∞ min ψ ρ (x) = +∞ because ψ ρ < ψ ρ . Similarly, it holds that lim ρ→-∞ max ψ ρ (x) = -∞. This means that the map ρ → ψ ρ is proper and so defines a homeomorphism from R to F = n≥1 F n . Let us fix x ∈ T. The map ρ → ψ ρ (x) is continuous, increasing and proper. So it defines a homeomorphism from R to R. More precisely, the map A (x, ρ) → (x, ψ ρ (x)) ∈ A is a homeomorphism, which means that f is C 0 -integrable.

Remark 4.5. The proof of Theorem 1.2 can be adapted to any f -invariant bounded essential subannulus. Let ψ : T → R be an f -invariant essential curve and let U be the essential subannulus that is the connected component of A \ ψ(T) lying above the curve. Let ρ be the rotation number of ψ. We can consider the set F of functions ψ ρ only for ρ ∈ Q, ρ > ρ. Then the exact symplectic twist map restricted to U f |U : U → U is C 0 -integrable if and only if f |U does not have points with conjugate points. The adapted argument holds for the connected component lying under the f -invariant curve. Thus, the result holds for any f -invariant bounded essential subannulus by considering it as intersection of a lower and an upper f -invariant unbounded essential subannulus.

In the end, we want to present an alternative proof for the result in [START_REF] Cheng | A necessary and sufficient condition for a twist map being integrable[END_REF] that is due to an anonymous referee. His/her proof uses the results in [START_REF] Bangert | Mather sets for twist maps and geodesics on tori[END_REF] and so a different approach from our one. In Proposition 1 in [START_REF] Cheng | A necessary and sufficient condition for a twist map being integrable[END_REF], Cheng and Sun prove that if an area preserving twist map has no points with conjugate points, then the Hessian matrix of the second partial derivatives of the associated action functional is positively definite. Using Bangert's notations (see [START_REF] Bangert | Mather sets for twist maps and geodesics on tori[END_REF]), the referee observes that for each rational p q , it holds that p 0 (M per p/q ) = R1 . Otherwise, there exist neighbouring elements x -< x + in M per p/q and, by the Mountain Pass Lemma, we find a minmax (p, q)-periodic x * between x -and x + : this would contradict Proposition 1 in [START_REF] Cheng | A necessary and sufficient condition for a twist map being integrable[END_REF]. Repeating then the same arguments used in the proof of Theorem 1.2, one can conclude.

Here M per p/q corresponds to the set of periodic orbits that minimize the action functional and have rotation number equal to p/q.
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the graph of Ψ 0 = max(Ψ 1 , Ψ -1 ) except at its left end. Similarly, the union of the images by F -n , n ≥ 1, of the vertical segment {x 2 } × [Ψ -1 (x 2 ), Ψ 1 (x 2 )] is the graph of a continuous function χ 2 defined on an interval (x 2 , x 2 ], where x 2 ∈ [-∞, x 2 ), and this graph is strictly above the graph of Ψ 0 except at its right end. These graphs are contained in n∈Z F n (X -∪ C-F ) and n∈Z F n (X + ∪ C+ F ) respectively and so are disjoint. By the Intermediate Value Theorem applied at χ 1 -χ 2 , one deduces that x 1 ≤ x 2 or x 1 ≤ x 2 . Proposition 4.1. Let f : A → A be an exact symplectic positive twist map with no point having conjugate points and F : R 2 → R 2 be a lift of f . Then it holds that CF = {z ∈ R 2 : F (z) = z}.

We want to prove that Ψ 1 = Ψ -1 to get the proposition. We will argue by contradiction supposing that

is on the left of the vertical {x 2 }×R (oriented as y increasing) or n≥0 F -n (X + 2 ) is on the right of {x 1 }×R. We will suppose that we are in the first case, the other case can be treated similarly. We also know that n≥0 F n (X - 1 ) is on the right of {x 1 }×R and so n≥1 F n (X - 1 ) is below the graph F ({x 1 }×R) because F is a positive twist map. But we have seen in the proof of Lemma 4.4 that n≥1 F n (X - 1 ) is above the graph of Ψ 0 = max(Ψ 1 , Ψ -1 ). We conclude that n≥1 F n (X - 1 ) is bounded. We have seen in Remark 4.4 that the F n (X - 1 ), n ≥ 1, are pairwise disjoint. The conclusion comes from the fact that F preserves the Lebesgue measure.

Proof of Theorem 1.2. Theorem 1.2 can be deduced easily from Proposition 4.1 and from classical results about twist maps that we will recall and that can be found, for example, in [START_REF] Michael | Sur les courbes invariantes par les difféomorphismes de l'anneau[END_REF]. Let f : A → A be an exact symplectic positive twist map. We fix a lift F : R 2 → R 2 of f and will refer to this lift, while talking about rotation numbers. We endow the space C 0 (T, R) of continuous maps ψ : T → R with the uniform topology. We denote G(f ) the set of functions ψ ∈ C 0 (T, R) such that the graph of ψ is invariant and define ρ(ψ) as being the rotation number of the graph of ψ.

(i) For every ψ, ψ ∈ G(f ), we have

(iv) If there exists ψ ∈ G(f ) such that ρ(ψ) = ρ ∈ Q and such that its graph contains only periodic points, there is no map ψ = ψ in G(f ) such that ρ(ψ ) = ρ. (v) The map ψ → ρ(ψ) is continuous in G(f ). (vi) By Birkhoff's theory, for every compact set K ⊂ A, there exists M K > 0 such that ψ is M K -Lipschitz if ψ belongs to G(f ) and if its graph is included in K.
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