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Motivic integration on the Hitchin fibration

Francois Loeser and Dimitri Wyss

ABSTRACT

We prove that the moduli spaces of twisted SL,- and PGL,,-Higgs bundles on a smooth
projective curve have the same (stringy) class in the Grothendieck ring of rational Chow
motives. On the level of Hodge numbers, this was conjectured by Hausel and Thaddeus,
and recently proven by Groechenig, Ziegler and the second author. To adapt their
argument, which relies on p-adic integration, we use a version of motivic integration
with values in rational Chow motives and the geometry of Néron models to evaluate
such integrals on Hitchin fibres.

1. Introduction

The main goal of the present work is to provide a proof of a motivic version of the topological
mirror symmetry conjecture of Hausel and Thaddeus [HT03].

1.1 Background on the topological mirror symmetry conjecture

Let C' be a connected, smooth and projective complex curve, and let G be a Lie group.
A G-Higgs bundle on C' is a pair (E, ) with E a principal G-bundle on C and 6 an element of
H°(C,ad EQ K¢), with ad E = E®¢g the adjoint vector bundle of G and K¢ the canonical bun-
dle of C. By assigning to (E, 6) the characteristic polynomial of 8, one defines the Hitchin fibration
on the corresponding moduli space. Hausel and Thaddeus conjectured in [HT03] that the moduli
spaces of SL,- and PGL,-Higgs bundles are mirror partners in the sense of Strominger—Yau—
Zaslow. In this case, the two Hitchin fibrations have the same base, and Hausel and Thaddeus
proved that over a dense open set, their fibres are torsors under dual abelian varieties. They
also conjectured that the two moduli spaces have the same Hodge numbers when defined in an
appropriate way.

More precisely, fix a line bundle L of degree d on C with d prime to n. We consider the moduli
space MZ of semi-stable L-twisted SL,,-Higgs bundles on C, which is a smooth quasi-projective
variety. One can also consider the moduli space be of semi-stable PGL,-Higgs bundles of degree d
on C. Tt is an orbifold which can be identified with the geometric quotient of MZ by the natural
action of I' = Pic(C)[n] given by twisting the underlying vector bundle of a Higgs field.

The topological mirror symmetry conjecture of Hausel and Thaddeus [HT03], now proven by
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Groechenig, Ziegler and the second author in [GWZ20], is the following statement (see Theo-
rem 5.3.1 for a slightly more general statement).

THEOREM 1.1.1. Let d be an integer prime to n and L a line bundle on C' of degree d. Then
there is an equality of Hodge numbers

hPT(ME) = RE (M, of ) (1.1.1)

A few words are in order to explain the meaning of the right-hand side of this equality. Stringy
Hodge numbers are invariants introduced by Batyrev [Bat98, Bat99] for algebraic varieties with
log terminal singularities. They are especially useful to extend topological mirror symmetry for
pairs of singular Calabi—Yau varieties beyond the smooth case. The numbers appearing on the
right-hand side are twisted versions of the stringy Hodge numbers of Mg The twisting involves a
pn-gerbe ar, on M? that, roughly speaking, describes the duality between generic Hitchin fibres,
which are torsors under dual abelian varieties. Concretely, o, has the effect of singling out certain
isotypical components, as we explain next.

1.2 Hodge—Deligne polynomials

In this subsection, we assume k = C. Let M be a smooth connected variety over k£ with an action
of a finite abelian group I' preserving its canonical bundle. For v € I' and a point x in M fixed
by ~, one defines an integer w;() in terms of the eigenvalues of v acting on the tangent space
at x; cf. Definition 3.1.5. In the cases we will consider, w; () is constant on the fixed point set M”
for each v € I'. Under this assumption, the stringy E-polynomial of the quotient M/I" is given by

Eq(M/T;a,y) =Y (ay) ™ MO E(M/T;2,y),
vyerl
with F the usual Hodge-Deligne polynomial.
We now specialize to the case when M = MZ and T' = Pic®(C)[n]. Let 0 = (-,-): T x T' = py,

be the Weil pairing on T' = Pic’(C)[n] and ¢, = (v,-): T' — u,, the character induced by v € T.
For any integer s, we obtain a twisted stringy E-polynomial

Esgts (Mg, x,y) = Z(ajy)dimM%_w(”’)Eé’z (M{;”; a:,y) , (1.2.1)

yel

with E% (Mﬁ"y; T, y) the E-polynomial of the o3-isotypical component of the cohomology with
compact supports of MrLL’A’. As recalled in Section 5, equality (1.1.1) can be restated as the

following identity between E-polynomials:

EMEz,y) = BS (M;,y) . (1.2.2)

1.3 The main result

Let 7 be the order of Pic(C')[n], and set A = Q(u,). We denote by M4t (k, A) the category of Chow
motives over k with coefficients in A, and by Ko(M;at(k, A)) its Grothendieck ring. We denote
by [MZ] the virtual Chow motive of ML in Ko(M;at(k, A)). One may also define by a formula

similar to (1.2.1) a virtual Chow motive [Mg] g: € Ko(Mpat(k, A)).
We set
Ko(Mrat(k, A)) o = Ko(Mrat(k, A)) @z 17 A
with A = Z[L,]L_l, (1/(1 - L_i))i>0], where L denotes the class of the Lefschetz motive, and
we denote the localization morphism by 9: Ko(M;at(k, A)) = Ko(Miat (5, A))1oc-
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We can now state the main result of this paper.

THEOREM 1.3.1. The equality
L7y — YAl
o(ME]) = o([NiF]2 ) (1.3.1)
holds in KO(Mrat(k, A))loc-
Equality (1.2.2) follows from (1.3.1) when we apply the E-polynomial to both sides.

1.4 Strategy of the proof

The strategy of the proof of (1.1.1) in [GWZ20] is very roughly the following. After spreading
out, one may assume all the data to be defined over of subalgebra R of finite type over Z. Using
p-adic Hodge theory, one reduces the proof of (1.1.1) to proving that for every ring morphism
R — Fg,

#M,,[{ (Fq) = #st (Mfriw aL) (FQ) )
where on the right-hand side, the stringy number of points #g is defined in a way much similar
to the stringy Hodge polynomial and the twisting by «j has the effect of replacing expressions
involving numbers of points by character sums. The next step is to move from an equality
between numbers of points over finite fields to an equality between p-adic integrals. That is, for
a non-archimedean local field F' with ring of integers O and residue field IF, one has to prove

/ d/L = /A fadL dﬂorb . (1.4.1)
ME(OF) M (OF)

Here dy is the canonical p-adic measure on MZ(OF), the measure d,uorb is the corresponding
orbifold measure on M¢ ¢(OF), and f, 4 18 a certain function assigned to a?. That this reduction is
possible is due to the fact that the p—adlc volume of an orbifold over the ring of integers of a non-
archimedean local field can be expressed in terms of stringy point-counting over the residue field.
In fact, similar statements for motivic volumes can already be found in [DL02, Yas04, Yas06]
in connection with the McKay correspondence. The proof of (1.4.1) proceeds by using a Fubini
theorem for the two Hitchin fibrations. Outside a bad locus of measure zero in the common base
of the two Hitchin fibrations, the fibres behave well; in particular, they are torsors under dual
abelian varieties. By a Fubini theorem, it is thus enough to prove that for any point a in the base
which does not belong to the bad locus, the two fibre integrals over a with respect to the relative
measures are equal. This is where Tate duality for abelian varieties over non-archimedean local
fields enters the game. For instance, when the fibre of MZ(OF) over a has no rational points,
in which case the corresponding fibre integral is zero, the authors of [GWZ20] are able to show,
using Tate duality, that the function fa% behaves like a non-trivial character on the fibre over

Mﬁ(@p), which implies that the second fibre integral is also zero.

In the present paper, we use a variant of the theory of motivic integration developed by Cluck-
ers and the first author in [CLO8], but for functions with values in a Grothendieck rings of Chow
motives with coefficients in a characteristic zero field A containing enough roots of unity. It sat-
isfies a Fubini theorem, as does the original theory, which is crucial for our needs. One of the
important features of working with Chow motives is that in the presence of finite group action,
Chow motives may decompose into isotypical components. They can be viewed as motivic ana-
logues of character sums over finite fields. This analogy works quite well; for instance, there is a
motivic version of the fact that non-trivial character sums on commutative algebraic groups are
ZEero.
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Our strategy for proving our main result follows the main lines of [GWZ20], replacing p-adic
integration with motivic integration. We start by expressing the equality we want to prove as
an equality between motivic integrals on moduli spaces of Higgs bundles over E[t]. In order
to extract twisted stringy invariants from the motivic volume of Mfl, we prove an equivariant
volume formula for orbifolds, Theorem 3.1.6, which might be of independent interest. Applying
the Fubini theorem to the corresponding Hitchin fibrations, one then reduces the proof of the
equality to comparing fibre integrals outside a bad locus of measure zero in the common base
of the Hitchin fibrations. As Tate duality is not available in our context, we then argue directly

with the Weil pairing on I' and its interaction with Néron models of generic Hitchin fibres.

1.5 Organization of the paper

The paper is organized as follows. Section 2 is devoted to the development of the Chow motive
variant of the theory in [CL08] and also contains some background and complements about Chow
motives and motivic integration. In Section 3, we study motivic volumes of orbifolds over k[t]
in this framework. We show, in particular, that these can be computed on the coarse moduli
space of the inertia stack of the special fibre. This can be seen as an extension of previous
work in [DL02, Yas04, Yas06]. Section 4 is devoted to Néron models and their relation to pair-
ings arising from self-dual isogenies. Our main result, Theorem 5.3.3, is presented in Section 5.
We then tie all the preliminary results together in Section 6, where we complete the proof of
Theorem 5.3.3.

2. Background and complements on motivic integration

2.1 Etale motives and their Grothendieck rings

Let k be a field of characteristic zero and S a quasi-projective k-scheme. Fix a field A of charac-
teristic zero. We will work with the triangulated category DA (S, A) of étale motives over S with
coefficients in A introduced by Ayoub. It was first introduced in [Ayo07b, Définition 4.5.21] (un-
der a different name), and its construction is recalled at the beginning of Section 3 of [Ayol4b].
By [Ayol4b, Proposition 3.2] and [Ayo07a, Scholie 1.4.2], it is endowed with a Grothendieck six
operations formalism. In the paper [Ayol4b], Ayoub also introduced the full triangulated sub-
category DAE (S, A) of constructible étale motives, for which he proved stability under the six
operations in Théotemes 8.10 and 8.12 of [Ayol4b]. We also refer to [Ayol4a] for an accessible
and useful introduction.

We denote by Ky(Varg) the Grothendieck ring of varieties over S and by Mg its localization
by the class LL of the affine line over S.

In [IS13, Lemma 2.1], Ivorra and Sebag prove the existence of a unique ring morphism
Xs,e: Mg — Ko(DAS(S,A)),

which assigns to a quasi-projective S-scheme p: X — S the element xg.([X]) := [p(1x)] in
Ko(DAg (S, A)).

Now, if g: S — T is a morphism of quasi-projective k-schemes, the functors

a- DAgE(S’ A) — DA?:E (T’ A) )
¢*: DAZ(T, A) — DAG(S, A)
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induce morphisms of Grothendieck rings
qi: Ko(DAZ(S, A)) — Ko(DAG(T, A))
q": Ko(DAS(T, A)) — Ko(DAS(S,A)).
Composition with ¢ and pullback induce, respectively, morphisms
q@: Mg — Mr,
qg: Mp — Mg.
It follows directly from the constructions and Ayoub’s six operations formalism for the cate-

gory DA (S, A) of constructible étale motives, as recalled above, that the diagrams

XS,c

M —5 Ko (DA (S, A))

qu lq! (2.1.1)

XT,c

Myp =5 Ko(DAE(T, A))

and
My 225 Ko (DAY (T, A))
Jq* Jq* (2.1.2)
Ms 2% Ko (DAY (S, A))
commute.

LEMMA 2.1.1. Let S be a quasi-projective k-scheme. Let 8 € K (DA?E(S, A)) be such that for
every point i, : x < S, we have i%,() = 0. Then 5 = 0.

Proof. Leti,: x < S be a point of S. As an S-scheme, it is the limit of the family of locally closed
subsets C' of S containing x. Since the family of locally closed subsets of the form FFNU with F
closed and U open affine is cofinal in the family of all such subsets C, it follows from [Ayol4b,
Corollary 3.22] that the category DAS (2, A) is equivalent to the 2-colimit of the categories
DAS(C, A). In particular, the ring Ko(DA&(z, A)) is the colimit of the rings Ko(DAE(C,A))
for C running over the locally closed subschemes of S containing x. Now, assume that for every
point i,: x < S, we have i () = 0. It follows that there exists a cover of S by locally closed
subschemes C such that i,(3) = 0 for every C. We may assume that this cover is finite and
that the locally closed subschemes C' form a partition of S. One concludes by induction on the
cardinality of the cover, by using that if j: U — S is an open immersion and i: Z — S is the
inclusion of the complementary closed subscheme, then 8 = 55%(8) + 41i*(5). O

Remark 2.1.2. When S = Speck, we shall write DASE(I{,A), My, etc., for the categories
DA (Speck, A), Mespeck, etc. The additive category M;ai(k,A) of Chow motives over k with
coefficients in A embeds in DAS(k,A) (cf. [IS13, §2.2.5]), so we have a natural ring mor-
phism ¢: Ko(Mpa(k,A)) — Ko (DASE(I{,A)). This morphism is an isomorphism since the cat-
egory DAS (k, A)) is equivalent to Voevodsky’s category DMgm(k, A) by [Ayol4db, Appendice B]
and the ring Ko(DMgm(k,A)) is isomorphic to Ko(Mpat(k,A)), a statement proved by Bon-
darko in [Bon09] as a consequence of his theory of weight structures (in [Bon09], only the
case of A = Q is considered, but the proofs carry over for general A). One can check that
Xk,e: My — Ko (DAﬁE(k,A)) is equal to ¢ o x. with x.: My — Ko(Mpat(k,A)) the morphism
considered in [DLI8] (when A = Q).
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2.2 Constructible motivic functions

We shall use in this paper the formalism of constructible motivic functions developed by Cluckers
and the first author in the paper [CLO8]. The introduction to the paper [CHL11] may also be
useful to some readers. Let us review some of the features we will use in this paper.

2.2.1 The basic framework. We fix a field k of characteristic zero, and we work in the Denef-
Pas language Lpp . It is a 3-sorted language in the sense of first-order logic, the sorts being the
valued field sort, the residue field sort and the value group sort. The language consists of the
disjoint union of the language of rings with coefficients in k((t)) restricted to the valued field
sort, of the language of rings with coefficients in k restricted to the residue field sort and of
the language of ordered groups restricted to the value group sort, together with two additional
symbols of unary functions ac and ord from the valued field sort to the residue field and valued
groups sort, respectively. Furthermore, for the value group sort, we add symbols symbols =,, for
n>1in N.

A typical example of an Lpp g-structure is provided by (k((t)), k,Z) with ac interpreted as
the function ac: k((t))— k assigning to a series its first non-zero coefficient if not zero, and zero
otherwise, ord interpreted as the valuation function ord: k((¢)))\{0} — Z and =,, interpreted
as the equivalence relation modulo n. More generally, for any field K containing k, the triple
(K((t), K,7Z) is naturally an Lpp -structure.

The constructions of the paper [CLO8] take place in a category Defy, also written Defy(Lpp),
of definable objects in the language Lpp . Objects of Defy are called definable subassignments
(or definable sets). They are defined by formulas in Lppy, as follows. Let ¢ be a formula in
the language Lpp . having, respectively, m, n and r free variables in the various sorts. To such
a formula ¢, we assign, for every field K containing k, the subset hy,(K) of K((t))" xK" x Z"
consisting of all points satisfying ¢. An object S of Defy consists of the datum of such sub-
sets hy(K) for all K for some . In particular, we may set S(K) = hy,(K). There is also a global
variant GDef}, of Defy, whose objects are definable subassignments of algebraic varieties defined
over k, which is defined similarly via affine charts. For any S in Defy or in GDefy, a ring C(5)
of constructible motivic functions is constructed in [CLO8], and the main achievement of that
paper is the construction of a theory of integration for such functions.

2.2.2 The framework we shall use. In fact, we will not deal directly with Defy(Lpp) in the
present paper, but instead we will work with a variant considered in [CLO08, §16.2]. Namely, let
Tt be the theory of algebraically closed fields containing k. We shall work in the category denoted
by Defy(Lpp, Tact) in loc. cit. Concretely, an object in Defy(Lpp, Tact) is obtained by evaluating
an object Defy only at algebraically closed fields containing k: an object S of Defy(Lpp, Tact)
consists of the datum of the subsets S(K) = hy(K) for all algebraically closed K containing k,
for some formula ¢ as above. By quantifier elimination for T}t in Lpp j, for every such S there
exists a formula ¢ which is quantifier free. This feature shows an important difference between
Defy(Lpp, Tact) and Defy, since for objects in the latter category, it is in general not possible
to have quantifier-free formulas in the residue field variables. The present paper being geometric
in nature, we can work in Def(Lpp, Tyef), but for more arithmetical questions, one would have
to stick to Def;. To shorten notation, we shall write Def,cr instead of Defy(Lpp, Tact) and
GDef oot i instead of GDefy(Lpp, Tyer). Similarly, if S is an object of Def,qf ;, we shall write
Cact(S) instead of C(S, (Lpp, Tact)), etc.

To any algebraic variety X over k((t)) corresponds the object X in GDef, ) defined by
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X(K)=X(K(t)), and X — X is a functor. Similarly, there is a functor X + X from algebraic
varieties over k to GDefyct i, defined by X (K) = X (K). Throughout the paper, it should always

be clear whether a given algebraic variety is defined over k((¢)) or k, to avoid any risk of confusion.
Finally, if X is defined over k[t], we will write X, for the assignment X (K) = X (K[t]).

2.2.3 Ewaluation of functions. Let S be in GDefyct , and let K be an algebraically closed
field containing k. For x in S(K), we denote by k(z) the field generated by k, by the coefficients
of the valued field components of x and by the residue field components of = (in the global case,
one reduces to the affine case). Note that for any algebraically closed field K’ containing k(x),
x € S(K') by quantifier elimination and that the field k(z) is independent of the choice of K.
We fix a Grothendieck universe ¢ containing k, and we define the set of points |S| as the colimit
of the sets S(K') where K belongs to the category of fields extensions of k in . (Note that this
definition is slightly different from the one given in [CLO08].)

Let j, be the terminal object in GDef ¢ .. Its set of points | x| consists of a unique point
with k(%) = k. By construction,

Cact (1) = My @z 1) A = Ko(Varg) @z A

with A = Z[L, L™, (1/(1 =L7)),_]-

For a general S in GDef,f i, one can evaluate a function ¢ € Cyct(S) at = € |S] as follows.
We have an inclusion morphism i, : z < S ® k(x) in GDef 4 j(5), where S @ k(x) is obtained
from S by extension of scalars and we identify x with the terminal object in GDef . (). The
function ¢ gives rise by base change to a function in C,et(S ® k(x)), and one defines p(x) as
its pullback under the inclusion morphism ;. It is an element of My, () ®z, 1-1) A. It is proved
in [CH20] that ¢ = 0 if and only ¢(z) = 0 for every point = in |S]|.

2.2.4 A Fubini theorem. Let ¢ be in Caef(S) with S in Def,q of K-dimension d in the
terminology of [CLO08]. We denote by |wp|s the canonical volume form in the sense of [CLOS,
§15.1]. As in [CLO8, §6.2], denote by C9,(S) the quotient of Cact(S) by the ideal of functions
with support contained in a definable subset of K-dimension at most d — 1. When the class [¢]
of ¢ in C%,(S) is integrable, the integral [[¢]lwols is defined in [CLO8, §15.1]. It belongs to

Cact(*1). We shall say that ¢ is integrable if its class [¢] in C%(S) is, and we shall set

acf

/S pleols = /S Pllols.

Note that if ¢ is zero outside a definable subset of K-dimension at most d—1, then | g plwols = 0.
Similarly, let X be a smooth algebraic variety over k((t)) of pure dimension d. Let wy be
a degree d algebraic differential form on X and ¢ € C,¢(X). We shall say that ¢|wx| is integrable
if [¢]lwx| is integrable, and we set [ olwx|:= [y[¢]lwx].
We shall use the following statement, which follows directly from Theorem 10.1.1, Proposi-
tion 15.4.1 and Section 16 of [CLOS].

PROPOSITION 2.2.5. (i) Let X andY be smooth algebraic varieties over k((t)) of pure dimension.
Let f: X — Y be a smooth morphism. We denote by f: X — Y the morphism induced by f.
Let wyx and wy be everywhere non-zero top-degree algebraic differential forms on X and Y,
respectively. Let ¢ € Cuf(X) be such that ¢|lwx| is integrable. For any point y in Y, denote
by X, the fibre of f at y. Then there exist a definable subset Z of Y of K-dimension at most
dimY — 1 and a constructible motivic function ¢ € Cacs(Y) with ¢|wy | integrable such that for

202



MOTIVIC INTEGRATION ON THE HITCHIN FIBRATION

any point y in Y \ Z, the form go‘zy|wx/f*(wy)|‘xy is integrable on X, and

w) = [ e/ £ @)l

-y

/Xw\wxl zijrm.

(ii) Let X be a smooth algebraic variety over k((t)) of pure dimension. Let Y be an algebraic
variety over k. Let f: X — Y be a morphism in GDef, ;. Let wx be a top-degree form on X
which is everywhere non-zero. Let ¢ € Cact(X) be such that p|wx| is integrable. Then for any
point y in Y, the form P1x, \wX||Xy is integrable on X, and there exists a constructible motivic
function v € Cyet(Y') such that

and that

U(y) :/x e, lwxlx,

—y

[ toxt= [ v.

2.3 Motivic functions with values in motives

for every point y of Y and

For S in GDef,t 1, we have a natural morphism

Ds: Cact(S) — [ Ko(DAG (k(x),N)) @11 A
z€|S]|

sending a motivic function ¢ to (Xj(a)..(¢(7))). We set Crnot(S) 1= V5(Cact(S)) and still denote
by g the induced morphism Jg: Cyef(S) — Cmot(S)-

Now, let X be a quasi-projective variety over k. In this case, C,et(X) can be canonically
identified with Mx @z 1-1) A. Consider the morphism

XX,ec QR A: MX ®Z[]L,]L*1] A — KO (DASE(X, A)) ®Z[]L,]L*1] A

It follows from Lemma 2.1.1 that Cinot (X)) can be canonically identified with the image of x x . ® A
and that under that identification, the morphisms ¥x : Cacf(X) — Cmot(X) and xx,. ® A:
Cacf(X) = Cimot (X)) are equal.

Consider a morphism ¢: X — Y between quasi-projective varieties over k. Tensoring the
morphisms ¢ and ¢* with A, one gets morphisms qi: Cacf(X) — Cact(Y) and ¢*: Coet(Y) —
Cact(X ). One deduces from the commutative diagrams (2.1.1) and (2.1.2) that the morphisms ¢ :
Mx ®Z[]L,]L—1] A — My ®Z[]L,1L—1} A and ¢*: My ®Z[]L,]L—1} A — Mx ®Z[1L,]L—1} A obtained by
tensoring with A induce morphisms ¢1: Ciot(X) — Cimot(Y) and ¢*: Cryot(Y) — Cmot(X) and
that the diagrams

Vx

Cacf (X) — Cmot (K)

Jq! Jq! (2.3.1)
Jy

Cacf (X) — C’rnot (X)
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and
dy
Cacf (X) — C’mot (X)
J - J - (2.3.2)
Ix
Cacf (1) —_— Cmot (1)
commute.

A crucial property of Jg is that it commutes with integration.

PROPOSITION-DEFINITION 2.3.1. Let S be in Def et . Let ¢ and ¢’ be in Cacr(S). Assume that ¢
and ¢ are integrable and that we have ¥g(p) = ¥s(¢’). Then

o ([ olinls) = 0, ([ lenls)

in Cuot(*x) (and thus also in Ko(Myat(k, A)) ®zp-1] A). In this case, we say that Js(p) is

integrable, and we set
[ ostolenls = ., ([ plenls).
s s

Proof. The construction of the motivic integral in [CLO8] is performed in several steps. It uses
cell decomposition to reduce to one of the following three cases: (i) integration over cells in one
variable in the valued field sort in the sense of [CLO08, §7.1], (ii) integration over residue field
variables and (iii) integration over value group variables. Integration over cells in one variable in
the valued field sort uses pullbacks over residue field variables and value group variables. Once
one notices that pullback over residue field variables commutes with ¢ by the commutativity of
diagram (2.3.2) and that pullback over value group variables obviously commutes with ¥, it is
clear that integration in case (i) commutes with 9. The commutation of integration in case (ii)
with ¢ follows directly from the commutativity of diagram (2.3.1), while the commutation of
integration in case (iii) with 9 is clear. O

Let X be a smooth algebraic variety over k((t)) of pure dimension, and let wx be a top-degree
form on X. Let ¢ € Caer(X) be such that ¢|lwx| is integrable. Using affine charts, one deduces

from Proposition 2.3.1 that 9., (fX cp|wX]S) depends only on ¥x(¢). In this case, we say that

Ux (p)|wx]| is integrable, and we set

mot
[ elext = mk( / 90|wx\s>-
X X

Similarly, if Y is an algebraic variety over k and ¢ € C,et(Y), one sets

[ om0 [e)

In particular, we have the following consequence of Proposition 2.2.5.

PROPOSITION 2.3.2. (i) Let X andY be smooth algebraic varieties over k((t)) of pure dimension.
Let f: X — Y be a smooth morphism. Let wx and wy be everywhere non-zero top-degree forms
on X and Y, respectively. Let ¢ € Cact(X) be such that plwx| is integrable. Then there exist
a definable subset Z of Y of K-dimension at most dimY — 1 and a ¢ € Cus(Y) with ¢|wy|
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integrable such that for any point y in Y\ Z, the form Vx| (90|£y)|wx/f*(wy)]|£y is integrable,

@ = [ e lox/f wn)lx,

-y

mot mot
/ cloxl= [ oyl
X Y

(ii) Let X be a smooth algebraic variety over k((t)) of pure dimension. Let Y be an algebraic
variety over k. Let f: X — Y be a morphism in GDef,. ;. Let wx be a top-degree form on X
which is everywhere non-zero. Let ¢ € Coet(X) be such that glwx| is integrable. Then, for any
point y in Y, the form ﬂﬁy@\&y)’wﬂ\&y is integrable and there exists a ¢ € Cyt(Y) such that

and

mot
o) = [ e, xl,

Y

for every point y of Y and
mot mot
[ elexi= [
X Y

2.4 The equivariant case

We fix a finite commutative group I'. Let S be an object of GDef ¢ ;. Recall that the ring Cyet(.5)
of constructible motivic functions is defined in Section 5.3 of [CLO08] as a tensor product

Cact (S) := Ko(RDefacr 5) @posy P(S).

Here the ring P(S) is the ring of Presburger functions defined in Section 4.6 of [CL0S8], PY(S) is
a subring of P(.S) defined in Section 5.2 of [CLO08], and Ko(RDef,.f g) is the Grothendieck ring of
the full subcategory RDef,ct 5 of GDef,.f ¢ whose objects are definable subobjects Z of S x A,
for some m, where, by abuse of notation, we denote by A]" the object whose K-points are K™,
for every field extension K of k. For such a Z, denote the projection to S by pz: Z — S.

We define RDefgcﬂ 5 as the category whose objects are objects Z of RDef,.f ¢ endowed with
a definable I'-action I' x Z — Z leaving the fibres of pz stable and satisfying the following
condition: for any point x of .S, there exists a finite partition of the fibre Z, into Zariski-locally
closed subsets W; which are stable under the I'-action, and the I'-action I' x W; — W; is algebraic
(viewing I' as a finite group scheme). Morphisms in RDefgcﬂs are I'-equivariant morphisms
in RDef ¢ 5. We have a morphism P%(S) — Ko (RDefgcf’ ) obtained by composing the morphism
PO(S) = Ko(RDef,er,5) with the morphism Ko(RDefaer,g) — Ko(RDefl; 5), which is induced
by the functor sending an object in RDef,.t g to the same object endowed with the trivial I'-
action. We define the ring CL (S) as the tensor product CL .(S) := Ky (RDefgcﬂs) ®po(sy P(S).

acf acf

The integration theory developed in [CLO8] for Caet(S) can be reproduced verbatim for CL ;(.5).
In particular, we have the following equivariant version of Proposition 2.3.2.

I
acf*

PRrROPOSITION 2.4.1. The statement of Proposition 2.3.2 holds with C,t replaced by C

We have a natural functor ¢: RDefgcﬂ 5 — RDef ¢ ¢ which sends an object X in RDefgcf’ g to

the quotient X/T'. It induces a map g: KO(RDefgcf’S) — Ko(RDef,ct,5) which can be extended
by linearity to a map q: CL .(S) — Cact(S).

acf
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PROPOSITION 2.4.2. Let X be a smooth algebraic variety of pure dimension over k((t)), and let w
be a top-degree form. Let S C X be in GDef ¢ 1. Let ¢ € cr (S) be integrable. We have

acf

o folel) = [ e,

Proof. The commutation of ¢ with integration is clear at each step in the construction of the
motivic integral. O

Now let S be a quasi-projective variety over k. We denote by Varg the category of morphisms
p: X — S with X quasi-projective and endowed with an algebraic I'-action such that for every
point = of X, the I'-orbit of x is contained in an affine subset of p~!(p(z)). The morphisms are
S-morphisms equivariant with respect to the I'-action. We denote by Ky (Varg) the corresponding
Grothendieck ring of varieties over S and by Mg its localization by the class LL of the affine line
over S endowed with the trivial I'-action.

If ¢: S — T is a morphism of quasi-projective k-schemes, composition with ¢ and pullback
induce, respectively, morphisms
q: Mg — Mgw
¢ My — M.

We assume from now on that A is the field Q(u,) with 7 the order of the group I', and we
denote the group of characters I' — A* by T.

Let S be a quasi-projective k-scheme endowed with the trivial [-action. Consider M €
DA (S,A) endowed with a I'-action, that is, a group morphism a: I' — Autp ASL(S,A) (M). Fix
§ € T, and set ps := |[|~* Zw/er 6 (v)a(y). The morphism ps is a projector. Since A is a Q-
vector space, the category DAS(S, A) is pseudo-abelian; cf. [Ayol4b, Proposition 9.2]. Thus we
can consider the image of ps as an object in DAS(S, A), which we denote by M? and call the
d-isotypical component of M.

Let p: X — S be a quasi-projective S-scheme endowed with an algebraic I'-action such
that for every point = of X, the I'-orbit of z is contained in an affine subset of p~!(p(z)).
By functoriality, the object pi(1x) is endowed with a I'-action. Thus we can consider its J-iso-
typical component py(1x)°.

By the same argument as that in [IS13, Lemma 2.1], there is a unique group morphism
X8er M — Ko(DAG(S, A))

such that for p: X — § as above, ngc([X]) := [p(1x)°]. Furthermore, the diagrams

5
M5 2555 Ko (DA%(S, A))

lql 5 Jq! (2.4.1)

XT,c

ME 5 Ko (DAE(T, A))
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and

M 2Tl Ky (DAS(T, A))

Jq* Jq* (2.4.2)

XSc

ME —5 Ko (DA&(S, A))

are commutative.
For S in GDef 1, we have a natural morphism
196 Cacf( ) - H Ko(DAgE(k‘(SL'),A)) ®Z[]L,]L*1} A
z€|S|
sending ¢ to (Xi(z) (¢(x))). We denote by CL,(S) the subring of Ko(DAS (k(z),A)) ®zLL-1 A

generated by the images ¥%(Cac(S)), for & running over I. Note that Is(p) = D sep 9% (p)
in Cmot(S)

If X is a quasi-projective variety over k, then Cgcf( ) can be canonically identified with
ME( ®zLL-1 A. For any character &, we have a morphism

Xg(,c ® A: ME( ®Z[]L,]L71] A — K() (DA?E(X, A)) ®Z[]L,]L*1] A.

Again, it follows from Lemma 2.1.1 that CL,(X) can be canonically identified with the subring
generated by the images of X9 Xc® A and that under that identification, 19% and X§(7 . @ A define

the same morphisms CL_;(X) — CL . (X).

As in the non-equivariant case, given a morphism ¢: X — Y between quasi-projective varieties
over k, one constructs morphisms ¢: CL(X) — CL . (Y) and ¢*: CL . (Y) — CL . (X) such that
the diagrams

Cacf( ) *) Cmot (X)

Jq! Jq, (2.4.3)

Cr (V) 2 ch (Y)

acf
and
r Vy
Cacf (X) Cmot ( )
J]q * Jq* (2 4. 4)
Ux T
Cacf ( ) Cmot ( )
commute.

Let S be in Defycf , and consider an integrable function ¢ in Cacf(S). One deduces, as in
Proposition 2.3.1, that 92, <fS cp\w0|g) depends only on ¥%(¢), and we denote it by meOt’(s o|wols-

This extends to the global case as above: if X is a smooth algebraic variety over k((t)) of pure
dimension, wx a top-degree form on X and ¢ a function in Cl_;(X) such that ¢|wx]| is integrable,

207



F. LOESER AND D. Wyss

then 19‘,§k (fX g0|wX]5> depends only on 19‘55( ) and we denote it by met o plwx|. We will also set

mot mot,d
plwx| = / olwx] -
/. >/

sel "=

If Y is an algebraic variety over k and ¢ is a function in Cacf( ), one defines similarly f mot,d

and f mOt .

We may now state the following final avatar of Proposition 2.2.5 which we will use in this
paper. It follows directly from Proposition 2.4.1 and the above discussion.

PROPOSITION 2.4.3. (i) Let X andY be smooth algebraic varieties over k((t)) of pure dimension.
Let f: X — Y be a smooth morphism. Let wx and wy be everywhere non-zero top-degree forms
on X and Y, respectively. Let o € Coer(X) be such that p|wx| is integrable. Let § be in T'. There
exist a definable subset Z of Y of K-dimension at most diimY — 1 and a ¢ € CL (Y with 9|wy|
integrable such that

mot,d
B = [ e, /I v,
X

Y

mot,d mot,d
[ elaxt= [ vl
X Y

(ii) Let X be a smooth algebraic variety over k((t)) of pure dimension. Let Y be an algebraic
variety over k. Let f: X — Y be a morphism in GDef, . Let wx be a top-degree form on X
which is everywhere non-zero. Let ¢ € Cyt(X) be such that ¢|lwx| is integrable. Then, there
exists a ¢ € CL ;(Y) such that

for every point y of Y \ Z and

mot,d
R = [ e ey,

=Y

mot,d mot,d
/ plux| = / ¥
X Y

We collect here some well-known facts that will be used later in the paper.

for every point y of Y and

2.5 Some useful facts

Let X be a quasi-projective variety over a field of characteristic zero on which a finite group I
acts algebraically, and assume that for every point x of X, the I'-orbit of x is contained in an
affine subset of X. Let h: X — Y := X/I" be the quotient map. The morphism 1y — h,.h*(1y) =
h«(1x) given by the unit of the adjunction induces an isomorphism

Ty = h,(1x)?!, (2.5.1)

where h.(1x)! is the isotypical part of h.(1x) for the trivial character. This can be checked
directly from the definitions, or by proper base change, one can reduce to the case where Y is a
point, which is even simpler. Note that since h is proper, one can identify h,(1x) with h(1x).

If m: X — Speck is an algebraic variety over k, we shall consider its homological Chow motive
M(X) == mm (Lspeck)-
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LEMMA 2.5.1. Let k be a field of characteristic zero. Let A and B be connected commutative
algebraic groups over k, and let p: A — B be an isogeny. Then the morphism M(A) — M (B)
induced by p is an isomorphism.

Proof. 1t is enough to check that for any non-zero natural number n, the morphism [n]: M (A4) —
M (A) induced by multiplication by n is an isomorphism, which follows from Theorem 7.1.1(1)
in [AEH15] in the semiabelian case and from Theorem 3.3(4) in [AHP16] in general. O

LEMMA 2.5.2. Let k be a field of characteristic zero. Let p: A — B be an isogeny between
connected commutative algebraic groups over k with kernel I'. Denote the structural morphisms
by 74 and 7. The finite abelian group T' acts on the object p)(14) of DAS (B, A), and for any
character §: T — A*, we denote its d-isotypical component by pi(14)°. Then mp(p(14)°) = 0
if § is non-trivial and wpi(pi(14)%) = wp1(p1(14)) if § is trivial.

Proof. As we already observed, the morphism
1p — p.(14) (2.5.2)
induces an isomorphism between 15 and p.(14)!. Dualizing this morphism, one gets a morphism

p!ﬂ'ix(]lSpeck) — 7"'!B(]lSpeck) (253)

whose restriction to (pi7'y(Lspeck))’ is zero when § is non-trivial and an isomorphism when
d is trivial. Applying 7mpy to both sides of (2.5.3), one gets a morphism ﬂAgwh(ﬂspeck) —
WBIWjB(]lspeck) which is an isomorphism by Lemma 2.5.1. It follows that ng((pmj!L‘(]lspeck))é)
is zero when ¢ is non-trivial and isomorphic to ﬂ'Bgﬂ'lB(]lspeck) when ¢ is trivial. The statement
follows since ' (Ispeck) = 1 4(d)[2d] and 7% (Ispeck) = 1 5(d)[2d], with d the dimension of both
A and B. ]

COROLLARY 2.5.3. Let k be a field of characteristic zero. Let m: A — Speck be a connected com-
mutative algebraic group, and let { € A(k) be a torsion point. Denote by g¢ the endomorphism
given by translation by £. Then ge acts trivially on m(14) ~ M(A)(—d)[2d].

Proof. This follows directly from Lemma 2.5.2 applied to the isogeny A — B with B the quotient
of A by the subgroup generated by &. O

2.6 Functions from quasi-finite morphisms

Consider a quasi-finite morphism f: X — Y between k((t))-varieties of pure dimension. Then
any S C X in GDef,t ) is isomorphic to an object in RDef,.ty by an isomorphism commuting
with the map to Y. Indeed, this follows from Corollary 7.2.3 of [CLO08] (there is an unfortunate
typo, r should read 0).

Thus, we may attach to S a constructible motivic function in Cacf(Y') (or in Cacr(f(S)) which
we still denote by S. Now, assume that [ acts on X, that f is [-invariant and that S is stable
under I'. We define similarly a function in CL(Y) (or in CL(f(S)) which we will also denote
by S.

Remark 2.6.1. The support f(S) of S as a function is in general smaller than the subassignment
associated with the image f(S). In fact, a point = € f(S)(K) belongs to f(S) if the fibre f~!(z)
admits a K'((t))-rational point for some extension K'/K.

The following lemma allows us to compute with these functions.
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LEMMA 2.6.2. Let f: X — Y be an étale morphism between smooth k[t]-varieties, both of
pure relative dimension d, and let w be a degree d differential form on Y which generates the
k[t]-module of degree d differential forms everywhere. Then we have

/ Xlw| = L],
Y,

with X}, the special fibre of X. If a finite abelian group I" acts on X and f is I'-invariant, the
same holds I'-equivariantly.

Proof. Consider the definable morphism evy: X, — X, given by reducing modulo ¢, and define
evy similarly. The morphism (f,evy): X, — Y, x X} is an isomorphism since f is étale. Thus
the function in Cuet(Y,) associated with X is of the form evy*(¢) with ¢ the function Cycr(Ys)
associated with Xj. The lemma now follows directly from Lemma 3.1.1. O

2.7 Twisting
Let T and I” be two finite commutative groups. Let S be an object of GDef,ct 1, and let ¢ €
RDef] ;s and ¢ € RDef},
by v(a,b) = (ya,7~'b) and consider the quotient

¥ x" =9 xgp/T
5. This way, we get a morphism - x! ¢: RDef’

g- We let I" act anti-diagonally on the product ¥ x ¢ in RDefcf 5

acf,

as an object of RDefaCf s which

S — R,Def
extends by P(S)-linearity to a morphism - xI' ¢: CI (S) — CI'(S). We state two lemmas for

later use. The first explains the effect of unramified twisting on integrals.

acf, acf

LEMMA 2.7.1. Let X be a smooth algebraic variety of pure dimension over k((t)), and let w be
a top-degree form. Let S C X be in GDef . Let ¢ € Cgér (*g) and ¥ € CL;(S) be integrable.
We have

Lol = ([ vlel) <.

where p: S — xj is the morphism to the point.

Proof. This follows directly from the projection formula in Proposition 13.2.1(2) in [CLO8] and
Proposition 2.4.2. O

The second lemma is about the effect of twisting on isotypical components. For this, we
assume S to be a finite-type k((t))-scheme and 7' a I-torsor on S. We can consider T’ as an
element in C.%"(S) by doubling the I'-action.

LEMMA 2.7.2. Let 6: I' — p, be a character such that the push-forward §,T € H'(S, i) is
trivial. Then for any 1 € CL .(S), we have the equality

9 (1 x" T) = 9%(v).
Proof. We use the observation that for any ¢ € Cacf(S ), we have
D5 () = 9 (¢ x" ) ,

where on the right-hand side, I" acts on p, through § and id: @, — p, is the identity. Indeed,
by the definition of the isotypical component and (2.5.1), we see that both sides are equal to the
5- component of ¢ X u, with the product action of I' X p,,, where § is the character of I’ x thn

given by 8(v,€) = 8(7)¢.
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Now by assumption, we have an isomorphism of i,,-torsors T x' p1,, = p,, and therefore

s (X" T) = 9g (0 X" T xE pn) = I8 (¥ %" ) = D5(8). O

3. Orbifold volumes

3.1 Orbifold measure and stringy invariants
We start with a well-known lemma.

LEMMA 3.1.1. Consider a smooth separated k[t]-scheme X — Spec k[t] of finite type, purely of
relative dimension d. Let w be a degree d differential form on X which generates the k[t]-module
of degree d differential forms everywhere. Let X}, denote the special fibre of X, and consider the
definable morphism ev: X, — X}, given by reducing modulo t. Then for every ¢ € Cact(Xk),

we have
| el =L [
X Xk

O

I
mot -

in Cye(*)). The same statement holds with Cuc replaced by Cpot, Cgcf orC

Proof. By the projection formula in Proposition 13.2.1(2) in [CLO08], we have the equality

Awww:&ww

O

with ¢ the function x — fev*l(;r) |w|. Since X is smooth purely of relative dimension d and w is

a k[t]-generator everywhere, v is constant equal to L= O

We will now extend Lemma 3.1.1 to finite quotient singularities. For this, let M be a smooth
variety over k[t], purely of relative dimension d, and I' a finite abelian group acting generically
freely on M. We assume that the I'-orbit of every point is contained in an affine open subset,
which is the case when M is quasi-projective. Let X = M /T" denote the geometric quotient and
U C X the maximal open subvariety where the quotient morphism 7: M — X is a I'-torsor. We
will always assume that &k contains a primitive root of unity £ of order |T'|.

By abuse of notation, we write /X for the coarse moduli space of the inertia stack of [M/I].
More explicitly, IX can be identified with the disjoint union I.X =| | . M7 /I', where M7 C M
denotes the fixed-point locus of v. We will only be interested in the special fibre I.X}, = L er M, ,z /T
of IX.

We define the definable subassignments X, M? € GDef o 1. by
XUK) = X(K[t)) nU(K(t) and MYK)=M(K[t])n='UE(1))
for any algebraically closed field K containing k.

We will always assume that M admits a nowhere vanishing global d-form w which is invariant
under the action of I' (in particular, I" preserves the canonical bundle of M). Then w descends to
a d-form on wep, on U, which we then can integrate over X!. To describe the resulting volume,
we first construct a definable specialization morphism

e: XU — IX,.

CONSTRUCTION 3.1.2 (Construction of e). Let € | X9, and set K = k(z). Thus x gives rise to
a morphism

x: Spec(K[t]) — X,
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which maps the generic point to U. The fibre 7" of m: M — X over x|spec(k (1)) 1S by construction
a I'-torsor. In particular, there exist a finite Galois extension L/K ((¢)) and a positive integer r
such that

T = Spec (L*")
with L*" the product of r copies of L. We write Ty for the spectrum of the normalization
of K[t] inside L*"; explicitly, we have T = Spec (K [t]*"). We obtain a commutative diagram

T Ty ——— M

| | )

Spec( K (1)) —— Spec(K [f]) —“— X,

where we used the properness of 7 to obtain the I'-equivariant morphism Z.

The inertia group I C Gal(L/K((t))) C T is naturally isomorphic to a subgroup of the group
of roots of unity in K. Our choice of primitive root of unity £ thus gives a generator ~ of I.
By the definition of the inertia group, I acts trivially on the special fibre of T, and thus the
image of Z|spec(k) 1s @ K-rational point of M, .. Passing to the quotient, we obtain a well-defined
K-point in M, /T, which we denote by e(z).

Remark 3.1.3. The choice of £ gives, for every extension K/k, a splitting
HYK(t),T) = HY(K,T)®T. (3.1.1)

Torsors coming from H!(K,T) are called unramified, as they extend to Spec(K[t]). Under this
splitting, the class of the I'-torsor 1" appearing in Construction 3.1.2 is given by [Tk, ~].

For any v € I', we will denote by T, the I'-torsor defined over k

T, = Spec(k((t"7))) Xspecu(en) /(1) (3.1.2)
where 7 denotes the order of v and v acts on k((t!/")) through &T1/7. Its class is given by
[0,7].

PROPOSITION 3.1.4. The mapping e: | X% — |IX}| is definable; that is, it is induced by a defin-
able morphism e: X! — IX},.

Proof. Tt is enough to prove that for each v € T, the set e ! |M /T is definable, that is, of
the form |X®7| with X%7 a definable subset of X!. Indeed, X® will then be the finite disjoint
union of the sets X%7, and the maps X7 — M,Z /I' are clearly definable. Since a point z in

X" belongs to e~! |M]/T| if and only its fibre 7~!(z) is isomorphic, as a definable I'-set, to
T, over some finite extension L of the field k(z), the definability of e™' |M}//I| is a direct
consequence of compactness in first-order logic. Indeed, consider a point z in e~ |M ]Z /| and
a finite extension L of k(z) such that 7—!(x) is isomorphic, as a definable I'-set, to T, over L.
Let h be such an isomorphism. First, assume L = k(z). Working in affine charts, h can be
expressed by a finite family of polynomials with coefficients in k(z), say N polynomials in at
most r variables and of degree at most d, and the existence of such an isomorphism A can be
expressed by a formula ¢, , in the language Lpp (). It follows that there exists a formula 1,
in the language Lpp j which is satisfied when one evaluates its free variables on the coordinates
of x and is such that if it is satisfied when evaluating the coordinates of some other point v,
then there exists a definable isomorphism over k(y) between 7=!(y) and T,. In general, fix a
positive integer m. One can encode field extensions L of degree m of a perfect field E through
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the minimal polynomial of a generator, as explained in Section 3.2 of [CHL11]. In particular,
the existence of a field extension of degree m can be expressed as the existence of an m-tuple
(a1,...,an) satisfying the definable condition expressing the irreducibility of the corresponding
monic polynomial P = 2™ + a12™~! + --- + a,,, and working in the basis (1, N Al 1) of
L = E[z]/P allows one to express definable conditions involving polynomials with coePﬁClents in L
as definable conditions on tuples of elements of E. In our case, the existence of an isomorphism
over L may thus be rephrased as a definable condition on tuples of elements of k(x). Thus,
there exists a formula ), in the language Lpp; which is satisfied when one evaluates its
free variables on the coordinates of x and is such that, furthermore, for any point y in the
given affine open set, if it is satisfied when evaluating the coordinates of y, then there exist
an extension L of degree m of k(y) and a definable isomorphism over L between 7~ !(y) and
Ty. The set of all points y satisfying 1 ,,m is an Lpp g-definable subset Zy, =~ of X*=. 7. By
construction, X? is covered by the set of all such definable sets Znpy o m- Thus, by compactness,
X1 is the union of finitely many such definable sets, say VAT . For each 7, define X7 as
~H M /T,

O

the union of the sets Zy, . with 95 = 7. It is a definable set, and |

DEFINITION 3.1.5 (Weight function). For any point =z € M,Z, consider the action of + on the
tangent space T, M. There are unique positive integers 1 < c¢1,...,¢q < |I'| such that the
eigenvalues of «y are given by £, ..., £%. We define the weight w,(7) as

el rrrzc’

Clearly, w;(7) is locally constant as a function in z. For simplicity, we will further assume
that w, () is constant on the components of M, and write w(7) for its value on M. Also notice
that, by assumption, I' preserves the canonical bundle of M and hence w(y) € Z.

In our case, we are interested in integrating the twists M xT T,-1 over X1, 7. Here by MxI'T. N1
we of course mean the image of M? x T, in M xT T, -

By the construction of the morphism e in Construction 3.1.2 and Remark 3.1.3, we see that
Mo xT T,-1 is supported on

X2 = e Y (M /T) C XF.

THEOREM 3.1.6. For every v € I', we have
mot
M* XTI wor,| = L™ [M]]
X
in CL . (x1). In particular, for any p € T,
mot,p
/ M* 5T T |wor| = L7002 ([M]]) (3.1.3)
Xhr

in Cmot(*k)-

3.2 Proof of Theorem 3.1.6

We start by proving a local version of Theorem 3.1.6.
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PROPOSITION 3.2.1. Assume that I' acts linearly on M = Az[t]]’ and fix a v € I'. Let 0 denote

the image of the origin in (Ag)v/f‘ C IMy,. We have the relation

mot
/ " )Mn xT T [worp| = L7
e~ 1(0

in CT (%), where L is considered with the trivial T-action. Moreover, for any § € T' which is
non-trivial,

mot,d
/ Mﬂ XFT,Y—1|w0rb| =0.
e~1(0)

Proof. Let I C T be the cyclic group generated by v and r = |I|. We may assume that I' acts

diagonally on Az[[t]] and that + has eigenvalues £°1, ..., £% for unique integers 1 < ¢; < d. We then
use (3.1.2) to get the description

Ay <" Ty = Spec (K(# )z, .. a]!),
where v acts on k((t'/")) by v - ¢'/7 = €t'/7. We then define a k((t))-morphism
. Ad d r

on the level of coordinate rings by f(xg,...,zq) — f(tcl/%l, o ,tcn/%n). As in [DL02, §2.3],
one sees that Ay is indeed defined over k((t)), and since ¢ is invertible, it is in fact an isomorphism.
We thus obtain a cartesian square

A
Ay = Ay X T

Lo

d Ay d
Aby/T —— Ap/T-

Now let Y be the image of M in M/T. It is a definable subassignment of M/T". Set Y =
Y n (Ad/F)h. Then by [DL02, §2.7], we have a definable bijection \,: Y% — e~1(0), and hence

mot mot _
/ M° ><FTﬁ/*1|(*uorb| = Mup‘:worb‘ .
e~1(0) Vg

By the definition of 5\7, we have
j\:worb = tZi Ci/rworb = tw(v)worb .

Hence
mot mot mot

M worn| = Mt Mg | = L7000 M |worn) -
Y Yyl Y

So it remains to prove that

mot

M |worm| = 1.
vt
Let M; be the complement in M)}, of the coordinate hyperplanes. Consider the morphism

ac: M/T — My/T. We set Y¥ = Yin (ac”!(Mp/T)) and M* = M*n (ac”(Mg)). Since
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ac™ ' (My \ My) is of dimension less than d,

mot mot
M|wors| = M |wor) -
Y vt
Note that M is definably isomorphic to {(y,z) € Y* x M, | ac(y) = p(z)}, with p the projection
My — Mg /T. Indeed, any point z in M % is uniquely determined by its image in Y* and ac(z).
Thus, if ¢ denotes the class of p: M7 — MP/T in CL (M7 /T),

mot

mot
M%mb/‘aﬂmMM.
Yt vt

Now let y € ac(Y*) and » € M} with p(x) = y. We have

mot mot mot
/ ool = [ aul = [ fowl =@ -1,
ac—1(y)nYy't ac—1(z)NMH ac~1(z)

By Proposition 2.4.3 (Fubini theorem), we deduce that

[ e @l = w07 [ .

& Mg/T

So, to conclude, it is enough to verify that the class of My in CLo, (x1) is equal to (L—1)4, with tri-
vial I'-action. This follows from Lemma 2.5.2 for the isogeny My — My /T since M = ng,k' O

Next we go back to the situation of Theorem 3.1.6 but considering only a global fixed point.

PROPOSITION 3.2.2. Let x € |My| be fixed by I'. Then for any v € ', we have

mot
/e—l(a:) Mh XF T’y*1 ’worb’ = ]Liw(’Y) € Crl;lot(*k(x)) .

In particular, for any § € T which is non-trivial,

mot,d
/ M* X" T Jwor| = 0.
e~ (z)

Proof. After base change, we may assume that x is a k-rational point. By [GWZ20, Lemma 4.14],
there exist a I'-invariant open neighbourhood U C M of  and an étale morphism f: U — Az[[t]]
which is I'-invariant for some linear action of I' on AZ 1 and sends z to the origin (in [GWZ20],
the lemma, is only proven for non-archimedean local fields, but the proof applies to any Henselian
ring). Furthermore, f induces a definable bijection

frel(z) — e&jH(O).

Since f is étale, we have |f *worbAZHtﬂ\ = |Worb,a|, and thus the proposition follows from Propo-

sition 3.2.1. 0
Finally, we can prove the general pointwise statement.

PROPOSITION 3.2.3. For any point x € M) /T|, we have

mot
/ ]\4tl ><r T,y—l \worb\ = L—w(‘y) [ﬂ_l(a}>]

~H(=)
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in C};Ot(*k(x)), where 7: M; — M, /T denotes the quotient morphism. In particular, for any
seT,
mot,d r s .
L T ] =108, (@)
e~ !(z)
in Crot (*1(z))-
Proof. After base change, we may assume that x is a k-rational point. Let IV C T" denote the

stabilizer group of z. We denote by ers and w17 the specialization morphism and orbifold form
for M/T’. We have a commutative diagram

€/
Mu/F/F‘W_LseF' My /T

J l (3.2.1)

MF /T —— | ser MP/T,

where the vertical arrows are quotient morphisms.

We first assume that z lifts to a k-rational point & € M), in which case we have 7 ~1(z) = T'/I".
Then we have an identification

65/1 (ﬂ_—l(x)) — |_| ef/l(m/%
o’ en—1(z)
and the free T'/T'-action on 61?/1 (77_1(90)) simply permutes the components on the right-hand
side. Therefore, we have an injective morphism
ot (@) — || ept@) — e M),
r’en—1(z)
which is in fact an isomorphism. Indeed, for any algebraically closed field extension K/k, any
K-point y: Spec(K((t)) — M/T in e~!(x) lifts by the definition of a I'-equivariant morphism
T, — M. As y € T", the quotient T.,/T" is the trivial I'/T"-torsor, which gives a lift of y to e, (7).
From the isomorphism M X ppt T M% = M%< T, we see that
(M* <" Tmr) X e jp MOT 2 (MO T 0) 7' T
Hence, we have
mot mot
/ Mo xT Ty 1 |worb | :/ U*(Mu xT T771)]U*w0rb|
e~ 1(z) 35/1(53)
mot ,
= / (M* <" T 1) X Tlwopn,rv| = L™ [0/T7].
er) (%)
For the last equation, we used Lemma 2.7.1 and Proposition 3.2.2.

If x € M7 /T'(k) does not lift to a k-point of M?, we can find a I'-torsor T" over Spec(k) such
that  lifts to a k-point # in M? xT T in which case we have 7=!(z) = I'/Stab(z) x' 71
We can consider T as an unramified k[t]-torsor and use Lemma 2.7.1 to write

mot mot
/ M? XU Tt [worh| = (/ (M* T T) ><FT71\w0rb\> xI =t
e~ 1(z) e~ 1(z)

Repeating the previous argument with M7 replaced by M? xI' T then proves the proposition. [
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Proof of Theorem 3.1.6. We can see the equality
/ M* T T |wor| = L7017
e '(v)

as the push-forward to the point of an equality in CL (M7 /T'). The equality can thus be checked

mot

pointwise for every z € |M7/I'|, which is exactly Proposition 3.2.3. O

3.3 E-polynomials and stringy invariants
In this subsection, let k = C.

3.3.1 E-polynomials of varieties. Recall, for example from [BD96], that one has a realization
homomorphism

E: Ko(Vary) — Z|z, y]
given by the F-polynomial. For an algebraic variety M over k, it is defined by the Hodge—Deligne
polynomial
EQfio,y) = 32 ()P (X)any,
1,p,q20

where the hEP?(M) are the compactly supported mixed Hodge numbers of M.

By the functoriality of Deligne’s mixed Hodge structures [Del71], one can do the same con-
struction equivariantly. This way, for a finite abelian group I', one obtains a morphism

E': K, (Var};) — Rrlz,y],

where Rr denotes the (complex) representation ring of I', that is, the group ring of the character
group I'. Furthermore, E'' admits a decomposition into isotypical components

E'=E°.
o€l
Note, however, that for ¢ #Z 1, the component F? is only additive and not multiplicative.

Next we recall the definition of the stringy E-polynomial. We restrict ourselves to the special
case where M is a smooth k-variety with an action of a finite abelian group I' preserving the
canonical bundle of M. As before, we also assume that the weight function w is constant on M~
for each v € I'. Then we define the stringy E-polynomial of the quotient stack X = [M/T] by

Eq(X;z,y) = > _(ay) ™M O B(MY/Ts2,y) .
~el

We will also need a twisted version E2 of Fg for a class o € ngrp(f‘, fn), where Hg2rp denotes

group cohomology. Such a class defines, for every v € I', a character o, : I' = u,, and we set
ES(Xsm,y) = Y (ay) ™M OB (M7 2,y) .
yel’

Remark 3.3.2. The notation EZ(X;x,y) is slightly misleading as the polynomial depends not
only on X but rather on M as a I'-variety.

3.3.3 E-polynomials of Chow motives. The E-polynomial factors through the Grothendieck
ring of Chow motives. More precisely, there exists a Hodge realization functor

DM (k, Q) — D°(MHS)
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with values in the bounded derived category of polarized mixed Q-Hodge structures, cf. [Lev98,
Hub00], which extends to a functor

DM,y (k, A) — D”(MHSZ)

with values in the bounded derived category of polarized mixed C-Hodge structures. Since, as
recalled in Remark 2.1.2, the ring Ko(DMgn(k,A)) is isomorphic to Ko(Mat(k, A)), it follows
that the E-polynomial factors through a morphism

E: Ko(Myas(k, A)) — Z[z,y] .

Now if X is a reduced and separated k-scheme of finite type endowed with an action of a finite
abelian group I" and p is a complex character of ', we have that E?([X]) = E(XE,C(X))7 using
notation from Section 2.4.

4. Néron models, isogenies and pairings

4.1 Néron models

Let k be a field of characteristic zero and P an abelian variety over k((¢)). The Néron model
N (P) of P is the unique smooth, separated and finite-type group scheme over k[t] such that
for any smooth k[t]-scheme X and any morphism X, k() — P, there exists a unique extension
X — N(P). In particular, for each extension K/k, we have a bijection

PK((#) = N(P)(K[1]) -

This implies that the assignments P and N’ (73)0 are isomorphic, which is why Néron models

appear naturally in the context of motivic integration, as first observed in [LS03]. The following
remark makes this more concrete.

Remark 4.1.1. Since the canonical bundle of P is trivial and P is proper, we can choose a global
translation-invariant volume form w on P, which is unique up to a scalar in k((¢)). If ordyrw € Z
denotes the order of vanishing of w along the special fibre N'(P), then t=°"V% .y is a global
volume form on NV (P). By Lemma 3.1.1 together with Proposition 12.6 of [CL15], we have

/P’w — L—orde /j\/(P) ’t—ord/\/w i w‘ — L_d_orde[N(P>k], (4.1.1)

with d the dimension of P. Indeed, Lemma 3.1.1 implies the second equality, while Proposi-
tion 12.6 of [CL15] implies the equality between the left-hand side of the first equation and the
right-hand side of the last equation.

Let AN'°(P) denote the fibrewise identity component of A'(P). The quotient
_ NP
NO(P),

is a finite étale k-group scheme called the component group of N (P). If k is algebraically closed,
we will consider ®p simply as a finite group.

Dp

As for finite groups in Remark 3.1.3, we call a P-torsor T' unramified if 7" becomes trivial
over k((t)), that is, if T'(k((t))) # 0. It then follows from [BLR90, Corollary 6.5.3] that 7" extends
uniquely to a N'(P)-torsor over k[t] which we denote by N (T').
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4.2 Self-dual isogenies

In this subsection, we assume k to be algebraically closed of characteristic zero. Let P and P’
be abelian varieties over k((t)) and

¢: P — P
be an isogeny with kernel I'. By [BLR90, Proposition 7.3.6], the map ¢ extends to an isogeny
of Néron models N(¢): N (P) — N(P’), meaning that N'(¢) is fibrewise finite and surjective on

identity components. The kernel I = ker(N(¢)) is an étale group scheme over k[t]; in particular,
we have an identification of finite groups

I(k(#) = L(k[t]) = Ly (k) -
Notice, however, that in general I'(k((t))) # I'(k((t))) as N(¢) is only quasi-finite. The following
two finite groups will be interesting for us later:

= L(k[t]) N NO(P)(k[¢]), T =L(k[¢])/T°.
The short exact sequence of abelian group schemes over k((t))
0—T —P—P —0 (4.2.1)
gives rise to a long exact sequence of étale cohomology groups
1) 19)
0 — T(k((£) — P(1)) = P'(k(#)) = H'(k().T) — H'(k(),P) — ---

The image of 04 admits a description in terms of Néron models by means of the following
commutative diagram with exact rows:

0*>F(k:j(t))) 11( D) —— P (k((E) ———Tm(dy) ——0
0 LK) N(P)(k) — N(P") (k) — N(P) (k) /N (P)(k) —0  (422)
0 X @J <I>£ Bps [Op—— 0.

Here we write N (P)(k) for N (P)i(k) and P(k((t))) — N(P)(k) for the composition P(k((t))) =
N(P)(k[t]) — N(P)(k), and similar for P’. We claim that both arrows in the composition
are isomorphisms. Indeed, for the first arrow we notice that

ker (P(k((t))) — P(k)) = ker (P'(k((t))) — P'(k))

as the restriction P(k((t))) — P(k) induces a bijection on torsion points [BLR9I0, Proposi-
tion 7.3.3]. The second arrow is an isomorphism since the map NO(P)(k) — NO(P')(k) is
surjective.

LEMMA 4.2.1. Let m = |®p|, m' = |®p/| and ¢" be the composition ¢ o [r]| for any positive
integer r. Then we have

m(8,) = ker (H' (k(#),T) — H' (k(t)), ker(¢™)))

and
[m]

I = Im(ker(¢™)(k(1)) — Plnl(k(t)) -
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Proof. Consider the commuting diagram

Pk((1)) — P/ (k (1) —— s H (k(1).T)

- e |

o™ m/ m
P k() —— P'(k(t) — H' (k(#)), ker(¢™)).
By construction, Im([m']) ¢ N°(P")(k[t]), and since N°(P’)(k[t]) is divisible, we deduce O ymt ©
[m/] = 0. This implies the first assertion. The second one follows directly from the divisibility

of NO(P)(k[t]). O

Finally, we consider the case where P’ = P is the dual abelian variety of P and the isogeny
¢ is self-dual, that is, ¢ = ¢. In this case, dualizing the short exact sequence (4.2.1) gives an
isomorphism of I with its Cartier dual, which in turn defines a non-degenerate pairing

<'7‘>¢>: I'xI' — Hn
compatible with the action of Gal(k((t))) = iz on I'. Here n denotes the order of I'. We will use
the same notation for the pairing
(1 )or D(R(#) x H (k(t),T) — H'(k(t), 1tn) = Hom (i, pn) = Z/n’Z (4.2.4)

induced by taking cup-products. As in [Ogg62, Proposition 3|, this pairing is again non-degener-
ate.

LEMMA 4.2.2. With respect to the pairing (4.2.4), the groups I'° C T'(k((t))) and Im(8,) C
H'(k((t)),T) are exact annihilators of each other.

Proof. The Grothendieck pairing on component groups gives a perfect pairing between ®p and
D5, see [DRR*72, Exposé IX]; in particular, |®p| = |®5|. From (4.2.2) and (4.2.3), we thus see
that

[tm(8,)||T°] = [T (k ()] -
Hence, it is enough to show that (-, ), vanishes on I'" x Im(dy). For this, let m = |®p| = | 5]
and ¢ = ¢o[m] as in Lemma 4.2.1. Then ¢™ is again self-dual, and, essentially by construction,
we have the compatibility

<xm,y>¢ = <l’,i(y)>¢m s

where z € ker(¢™)(k((t), y € H'(k(t),I') and i: H'(k(t),I') — H'(k(t)),ker(¢™)). The
lemma now follows directly from Lemma 4.2.1 O

Now, assume that I is constant over k((t)), which will be the only case of interest for us. In this
case, we identify I with its group of k-points. We further have an identification H!(k((t)),I') =T
given by the choice of a primitive |I'|th root of unity; see Remark 3.1.3. The following corollary
will be crucial for us.

COROLLARY 4.2.3. For any v ¢ Im(d;), we have x5 ([N(P)x]) = 0.

Proof. As N°(P)}, is connected, the action of the finite group I'’ on the homological Chow motive
M(N(P)i) of N(P)y is trivial by Corollary 2.5.3. On the other hand, Lemma 4.2.2 implies that o
is non-trivial on TY and thus x|V (P)x]) = 0. O
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5. The Hausel-Thaddeus conjecture and a motivic version
of topological mirror symmetry

In this section, we recall some basic facts about Higgs bundles and state the topological mir-
ror symmetry conjecture of Hausel-Thaddeus. For a more detailed account, we refer to their
paper [HT03] and the references therein.

5.1 Higgs bundles

Let C be a connected smooth projective curve of genus g > 2 over a field k of characteristic
zero. A Higgs bundle on C'is a pair (E, ) consisting of a vector bundle £ — C' and a twisted
endomorphism §: F — E ® K¢, where K¢ denotes the canonical bundle of C.

DEFINITION 5.1.1. Let L — C be a line bundle of degree d € Z.

(i) We denote by M% the moduli space of semi-stable L-twisted SL,-Higgs bundles, that is,
Higgs bundles (F,#) of rank n on C together with an isomorphism det E = L satisfying
tr(9) =0¢€ HO(C, Kc).

(i) The finite group scheme I' = Pic(C)[n] = (Z/nZ)*I of n-torsion line bundles on C acts on
ML by tensoring the underlying vector bundle of a Higgs field. We write Mﬁ = [Mﬁ / I‘] and
1\7[% = MZ /T for the stack and geometric quotient, respectively.

Remark 5.1.2. Note that I\Aﬂ‘,{ and l\A/[Z can be identified with a suitably defined moduli stack and
space, respectively, of semi-stable PGL,,-Higgs bundles of degree d; see [GH13, § 6]. In particular,
they depend only on d and not on L.

We will only consider the case where n and d are coprime, in which case every semi-stable
Higgs bundle is stable and MZ is a smooth quasi-projective variety.

5.2 Hitchin fibrations and duality

With a Higgs bundle (F, #), one can associate its characteristic polynomial, whose ith coefficient
is given by (—1)‘tr(A'0) € HY(C, K%). This defines morphisms

ME M4

\ / "
A=, H°(C, K®7).

For a € A, we write M%  and 1\7[1‘17& for the fibres h=1(a) and h~1(a), respectively. To describe

n,a
the generic fibres of h and h, we use the spectral curve construction. For any a = (a;)2<i<n € A,
the spectral curve C, is the subscheme inside the total space of K¢ defined by the equation

{X"+a X"+ +a, =0} C Tot(K¢).

There is a non-empty open subvariety AS™ C A defined by the condition that C, is smooth and
geometrically connected. For a € A’™, the projection 7: Cy — C' is a ramified cover of degree n
and hence induces a degree-preserving norm map

Nm: Pic(C,) — Pic(C).

The Prym variety P, is defined as the kernel of Nm. It is an abelian variety, and its dual ﬁa
can be identified with the quotient P, /I, where the inclusion 7*: I' — P, is defined by pullback
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along m: C, — C. We quickly explain this duality; see also [HT03, Lemma 2.3]. By definition,
there is a short exact sequence

0 — Py — Pic®(Cy) 22 Pic%(C) — 0.
Dualizing the sequence and using the auto-duality of Pic?, we get
0 — Pic%(C) =5 Pic®(C,) — Py — 0. (5.2.1)
Finally, there is an isomorphism Pic?(C,)/Pic®(C) = P, /T induced by the morphism
Pic’(Cy) — Po/T, M +— M @ 7*Nm(M )"

where (-)1/": Pic?(C) = Pic®(C) /T denotes the isomorphism induced by the nth power map. In
particular, the quotient P, — P,/T" factors as

Po — Pic’(C,) — P, /T (5.2.2)
and is therefore self-dual.
PRrROPOSITION 5.2.1 ([BNR&9, Proposition 3.6]). For any a € AS™, we have isomorphisms
ME, = (Nm)™(L) and MZ, = (Nm) '(L)/T = Pic*(C,)/Pic’(C).

In particular, M,];@ and Mfl?a are torsors for P, and P, respectively.

In [HT03, Theorem 3.7], Hausel and Thaddeus extend the duality between P, and P, to
a duality between the torsors Mia and Mgﬂ and interpret this as (twisted) SYZ-mirror symmetry

of ML and I\A/[ﬁ/. This was their motivation for conjecturing Theorem 5.3.1 below.

Remark 5.2.2 (Volume forms). One can extend the construction of the Prym variety to all of A
and obtain a group scheme P — A acting on MZ. The restriction M5™ of ML to A™d = {q €
A | C, is reduced} contains an open 1\~/I£ C Mﬁ’red which is a torsor under P™d and is dense in
every Hitchin fibre over A™; see [Ng610, Proposition 4.16.1]. As codim A\ A™ > 2, the same is
true for MZ \ 1\~/ITLZ, and we use this to construct an explicit I-invariant volume form w” on MZ,

as follows.

Let wa be a volume form on the affine space A and wp a translation-invariant trivializing
section of the relative canonical bundle Kp,/a. Then wp Awa is a global volume form on P which

induces one on the torsor 1\7[5, see [GWZ20, Lemma 6.13]. As we have codim MZ \ 1\~/ITLL > 2, this
form extends to a volume form w’ on MZL.

5.3 The main result

Let {-,-): T'x T' = p, be the Weil pairing on T' = Pic®(C)[n]. We write o € HZ (T, ) for the
class defined by (-,-) viewed as a 2-cocycle, and for v € I', we write gy = (7y,-): I' = p,, for the

character induced by ~.

The following theorem was conjectured by Hausel and Thaddeus in [HT03, Conjecture 5.1]
and proven by Groechenig, Ziegler and the second author.

THEOREM 5.3.1 ([GWZ20, Theorem 7.21]). Assume k = C. Let d, d' be integers prime to n
and L, L' line bundles on C' of degree d and d’, respectively. Let q be the multiplicative inverse

of d’ modulo n. Then we have
dq

E(MEiz,y) = ES (M2 2,y) . (5.3.1)
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Remarks 5.3.2. (i) In the original conjecture, the F-polynomial on the right-hand side is twisted
by a pu,-gerbe on I\\/JI , whereas we twist by the pullback of a p,-gerbe on [Spec(k)/T]. The
equivalence of the two formulations is mentioned at the end of Section 4 in [HT03] and proven
in the case when n is prime in Proposition 8.1 of that paper. In the appendix, we explain how
to deduce this equivalence in general.

(ii) Our proof will show that both sides of (5.3.1) are independent of L, L’ and their degrees.

(iii) There is a natural C*-action on MZ given by scaling the Higgs field, which commutes with
the I'-action. This gives Mﬁ and M{{’V, for v € T', the structure of semi-projective varieties; see
[HR15]. In particular, their cohomologies are pure [HR15, Corollary 1.3.2]. Hence, the equality
(1.1.1) stated in the introduction follows from (5.3.1).

We now formulate the main theorem of this article, an equality between virtual motives,
which will imply Theorem 5.3.1.

THEOREM 5.3.3. Let k be an algebraically closed field of characteristic zero. Let d, d’ and q be
integers prime to n, and let L and L' be line bundles on C of degree d and d’, respectively. Then
we have

L~ dimMzy => L™ 2" ([ME]) (5.3.2)
verl’
in Cpot (1 )-

In particular, when L = L' and ¢ = 1, one recovers Theorem 1.3.1 from the introduction.
Theorem 5.3.1 follows from Theorem 5.3.3 by taking the E-polynomial of both sides of (5.3.2).

Indeed, E(¥,, (IML])) = E(ML; z,y) and E(ﬁfz_q([MfL/”])) = B’ (Mﬁl’v;x,y), by the compati-
bility between (equivariant) E- polynomials of varieties and E-polynomials of their Chow motives
recalled in §3.3.3.

Remark 5.3.4. The left-hand side of (5.3.2) admits a decomposition into I'-isotypical components,
and our argument in Section 6 in fact shows that for any v € T',

L mMEgs " (ME]) = L0 (M5 7))

On the level of E-polynomials, this refined version of topological mirror symmetry has been
conjectured by Hausel (unpublished) and can be deduced by a Fourier-transform argument in
the p-adic setting [GWZ20, Theorem 7.24].

5.4 Proof of Theorem 5.3.3

We will deduce Theorem 5.3.3 from an equality between motivic integrals that we will prove in
the next section.

Fix an algebraically closed field k of characteristic zero. We will work on the constant pull-
backs ML = ML x;, Spec(k[t]) and M% = M¢ x; Spec(k[t]) = MZ /T, which by functoriality
parametrize twisted Higgs bundles on C = C xj, Spec(k[t]). Let

eq: M& — IME = | | ML/
vyel

be the specialization morphism from Construction 3.1.2 and e;: /\72’“ — I the composition of
eq with the map to the index set of the disjoint union.
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Finally, let w” be the I'-invariant global volume form on M% from Remark 5.2.2 and wgrb its
quotient on M¢%,

THEOREM 5.4.1. Let d, d’ and ¢ be integers prime to n and L, L' line bundles on C' of degree d
and d', respectively. Then we have

mot
L L' L
/L |w |—Z/ M X T_ }w

M vyel

(5.4.1)

in Cmot(*k)-

Theorem 5.4.1 directly implies Theorem 5.3.3 by applying respectively Lemma 3.1.1 and
Theorem 3.1.6 to the left-hand side and to the right-hand side of (5.4.1).

6. Proof of Theorem 5.4.1

We will write A, A P, 73, etc. for the constant pullbacks of the constructions of Section 5.2
from k to k[t].

6.1 Reduction by a Fubini theorem

We first reduce (5.4.1) to a comparison of Hitchin fibres. For this, consider the assignment
A =AnN Ak(( ) that is, for K /k algebraically closed,

A (K) = A(K[t]) N A™(E (1) -
Since the complement of h=1(A%) in ML has smaller K-dimension than ML it has measure 0,
as follows from facts recalled in the first paragraph of §2.2.4, and thus by Pz Proposmon 2.3.2, we

have
mot L mot L mot
Jooet= [ = [ el
%o h*I(A") Ab

where, for any point a € | A’],

Here by construction, see Remark 5.2.2, the form w(f is a translation-invariant global form on

the P,-torsor ML .. We use the properness of h to identify ML, and ML, .
’ ) ) o

Similarly, the complement of ifl(Ab) in M\Z’h has measure 0, and we can rewrite the right-
hand side of (5.4.1) using Proposition 2.4.3:

mot, o5, L T 7 mot
, _ /
Z/l() M XE T ] = [ leal.
el “ Car \7

Here for any a € |A"|, the evaluation of the morphism v’ at a is given by
mot,g.y 7
/
@ZJ(G):Z/ Mnax T_l‘worba‘?

__1
'YGF ed’,a ('Y

where we put

ey
Ca =Sy, Mg — T
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Combining the two sides of (5.4.1), we see that Theorem 5.4.1 is now a consequence of the
following theorem.

THEOREM 6.1.1. For every a € |A’|, we have

mot L mot Q’y 7 F
/ |wk| = Z/ ME ST |wdy (6.1.1)
e mae T Ty

Mf; a vyel

in Cmot(*k(a))'

6.2 Independence of d
PROPOSITION 6.2.1. Let L and L' be line bundles on C of degree d and d’, both prime to n.

Then for every a € |A°|, we have
L
ME ME

n,a n,a

L/

Wq,

in Cacf(*k’(a))'

Proof. Recall that a point a € |A°| corresponds to a morphism Spec(K[t]) — A whose generic
fibre lies in A%™, where K is a field extension of k. In particular, by Proposition 5.2.1, both Mfl,a

and ./\/lﬁa are P,-torsors over K((t)), and if there is a trivialization 7: P, — Mﬁa, then
T*wL = wp, by construction; see Remark 5.2.2. Thus the proposition follows if we can show

that Mﬁ,a has a K ((t))-rational point if and only if ML has one.

To see this, we use the identifications M , = Nm™~ Y(L) and /\/l,];’a =~ Nm~!(L') from Proposi-
tion 5.2.1, where by abuse of notation we also write L, L’ for the line bundles on C x;Spec(Kt]).
We take an integer e such that de = d’ mod n. Then by [GWZ20, Lemma 5.8], we have

[Nm™ (L)} [Nm ™ (L71)]" = [Nm (L' ® L7°)] € H'(K((t)), Pa) -

Since the degree of the line bundle L’ ® L=¢ € Pic(C) is divisible by n, it admits an nth root
(the base field k is algebraically closed), from which we deduce [Nm~ (L' @ L™¢)] = 0; see
again [GWZ20, Lemma 5.8]. This shows that Mﬁla admits a K ((t)-rational point if M} , does.
Interchanging the roles of d and d’ proves the converse and the proposition. ]

COROLLARY 6.2.2. Let L and L' be line bundles on C of degree d and d’' prime to n. Then we
have [Mﬂ = [Mﬁl] e My, ®z[L) A.

6.3 End of the proof

Because of Proposition 6.2.1, it is enough to prove Theorem 6.1.1 under the assumption L = L.
Hence, we have a quotient morphlsm ME — M,‘i, and we may assume that a € A" is such

that Mﬁ . is an unramified P,-torsor. Indeed, otherwise both /\/lﬁ . and Mfl o are the empty

assignment, and both sides of (6.1.1) are 0. We will write K for the residue field k(a).
We start by computing the left-hand side of (6.1.1).

ProprosITION 6.3.1. If Mﬁﬂ is an unramified P,-torsor, we have

mot
[ = V(L) ] Coo)
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where ordyw,r € Z is the order of vanishing of wk along the special fibre of N (Mﬁa) K; see
Remark 4.1.1. If Mﬁ}a is not unramified, then

mot
/ k] = 0.
M

L
n,a

Proof. If M}, is unramified, then N'(M} ) is a smooth model of M , over Spec(K[t]). Further-
more, by the Néron mapping property, the subassignments associated with Mﬁ,a and N (./\/lfw)
are isomorphic; hence, we can argue as in Remark 4.1.1 to conclude.
If Mﬁya is not unramified, M,,Lw is the empty assignment and thus f/\njl%ta ‘w(ﬂ =0. t
We are left with computing the right-hand side of (6.1.1) in the two cases appearing in
Proposition 6.3.1. For this, let 9 be the connecting homomorphism in the long exact sequence

0—T — Po(K(t) — Pa(K(1)) % HY(K(t),T) — --- . (6.3.1)
Recall from Remark 3.1.3 that we have H'(K((t)),I') = H'(K,T) @ I'. With respect to this

decomposition, we write d = 9" @0. As in Proposition 3.1.4, one sees that 0 extends to a definable
morphism
: 7/3\@ — T

Notice that 0 and €4,q are closely related, as the following lemma shows.

LEMMA 6.3.2. The P,-torsor ML is unramified if and only if the images of 0 and €d,q, When

n,a
evaluated over K, are equal as subsets of I', that is,

Im(€q,q)(K) = Im(0)(K) .
Proof. Notice that Im(€g4,4)(K) is a coset for Im(9)(K) since the actions of P, and P, on the

respective Hitchin fibres are compatible with the quotient map ./\/lﬁ — /\755 The lemma now
follows from the observation that M} , is unramified if and only if Im(€4,)(K) contains the
trivial torsor. ]

PROPOSITION 6.3.3 (Unramified case). Assume that MTLW is unramified. Then we have

mot, 05 .
5 [ Ml Ty ot = L N (MEL) ] € G
~erl E;(lz(')’)

Proof. We fix v € Im(€4,)(K) = Im(9)(K) C I' (otherwise, the corresponding summand on
the left-hand side is 0). By construction, E;’}l('y) c Md

n.a is exactly the support of the function
induced by M,I;@ x" T, 1. Thus we have

_1 T

mot, o5 ¢ L r J mot, o, I r d
/ Mn,a X T’y*1 ‘worb,a‘ = / Mn,a X TV*1 ‘worb,a‘ .
ed,a(’y) n,a

But since
o) =i =1,

the pun-torsor (o5 )T, -1 is trivial, and therefore the functions induced by M,LW and ML  xI'T -

have the same o ?-isotypical component by Lemma 2.7.2. As /\/lﬁ’a is unramified by assumption,
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from Lemma 2.6.2, we get

mot, 05 ¢ mot, 05 ¢ —q L
/A ML X T -1 |w0rb a’ = /A ML ‘worba‘ XEZYC L_Ordea [N(Mﬁ,a)K] :
M%,a - M%V‘l

On the other hand, we have a decomposition
[ Mﬁa Z Xx,c Mﬁ,a)[(] = Z Xf?{c [N(Mﬁ,a)[(] )
yer ~eIm(d)(K)

where the last equality follows from Corollary 4.2.3. As the order of v divides n and g is prime
to n, the map v — 777 induces a bijection on Im(9), and the proposition follows. ]

PROPOSITION 6.3.4 (Ramified case). If M} , is not unramified, we have

mot, o5,
Z/ ML X T—l‘w =0.

. orb a‘
~€er €q, a('Y)

Proof. We show that each summand on the left-hand side is 0. If v ¢ Im(€4,4)(K), this is clear,
as then €, , ! () is empty, so we fix v € Im(€g,4)(K).

First we claim that Mﬁ,a x"'T. ~1 is unramified. To see this, we pick a point 2 € /\//\l,‘ia(F((t)))
with €q4(x) = 7. The fibre T} of the projection ME Mfm is a I-torsor isomorphic to T,
and /\/l,];’a = P, xI' T, since ML is a P,-torsor. Hence, over K ((t)) we find

M xE T = (P XV Ty) xU T 2P,

which shows that /\/lﬁﬂ xT T,-1 is unramified. By Lemma 2.6.2, we then get

mot, 05 ¢ B
/—w )7 ME X T [y, o] = X Loowera [N (ME, <7 T ]
ed,a v

By Lemma 6.3.2, we know that v and thus also 74 are not in Im(9)(K), and thus Corollary
4.2.3 implies

X [N (ME, <" T, 1) ] =0,

9 ’y
which is what we needed to show. O

Proof of Theorem 6.1.1. We just need to summarize the previous calculations. First if a € A°
is such that MZ is not unramified, we deduce from Propositions 6.3.1 and 6.3.4 that both

n,a

sides of (6.1.1) are 0. If M% , is unramified, we similarly obtain that both sides of (6.1.1) equal

L—ordwws [N (M ) k] by Propositions 6.3.1 and 6.3.3. This proves Theorem 6.1.1, which in turn
implies Theorem 5.4.1. O

Appendix. Comparison of gerbes

For the whole appendix, we assume k = C and use the notation of Section 5. In particular, L
denotes a line bundle of degree d on C, and n is a positive integer prime to d. We further fix
a point c € C.

We start by recalling the construction in [HT03, § 3] of u,-gerbes ay, and @y, on M% and MZ,
respectively. Since we assume (n,d) = 1, there exists a universal L-twisted Higgs bundle

(E,0) — ML x C,
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and we denote the restriction to MZ x {c} by the same letters. The gerbe ay is then defined
as the gerbe of liftings of the projectivization PE of E to an honest SL,-bundle; that is, for any
étale neighbourhood p: U — ML, the category ar(U) consists of pairs (F,¢) with I — U a
vector bundle of rank n and trivial determinant and ¢: PF = p*PE an isomorphism. Tensoring
by pn-torsors gives oy, the structure of a pu,-gerbe.

Now @z, on the quotient stack M? = [ME/T] is simply v, together with a I'-equivariant
structure. This structure is induced from the I'-equivariant structure on PPE given for any v €
I' = Pic’(C)[n] by tensoring with the corresponding line bundle L. and thinking of PE as
parametrizing lines in E. Pulling back liftings along the map PE — IPE induced by -y defines the
required action on «afy,.

Any v € I induces a I'-equivariant automorphism of « that is, a I'-equivariant f,-

L|M7[{’W )
torsor 17, 4 on Mﬁ’ﬁ. The following proposition generalizes and relies on [HT03, Proposition 8.1].

ProPoOsSITION A.1. The p,-torsor Ty, ., is trivial, and the I'-equivariant structure is given by the
character o, where q is the multiplicative inverse of d modulo n.

Proof. Let (E,0) € M5, Since (n,d) = 1, the Higgs bundle (E,6) is stable, and therefore the
automorphism induced by £ ® L, = E is given by a scalar. This implies that « acts trivially

on PE and thus preserves any lifting of PE over Mﬁ”. Hence, 17, 5 is trivial.

Mz
By [HT03, Proposition 8.1], the I'-equivariant structure on 77,  is given by the character o

in the case when 4 has maximal order n (the extra assumption that n is prime is only used later
in the section of [HT03]).

For a general v € T, let m = ord(y) and r = n/m. Since I' & (Z/nZ)?9, there exists a 7
of order n such that v = 4", and we have M,LZ’AY - M{{’v. Since 17, ~ is trivial, its I-equivariant
structure is determined by its restriction to ME57, where by [HT03, Proposition 8.1], it is given

by (05)" = 07" O
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