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Abstract  Decomposing the electric field (E) into the contributions from generalized Ohm's law 
provides key insight into both nonlinear and dissipative dynamics across the full range of scales within a 
plasma. Using high-resolution, multispacecraft measurements of three intervals in Earth's magnetosheath 
from the Magnetospheric Multiscale mission, the influence of the magnetohydrodynamic, Hall, electron 
pressure, and electron inertia terms from Ohm's law, as well as the impact of a finite electron mass, on 
the turbulent E spectrum are examined observationally for the first time. The magnetohydrodynamic, 
Hall, and electron pressure terms are the dominant contributions to E over the accessible length scales, 
which extend to scales smaller than the electron gyroradius at the greatest extent, with the Hall and 
electron pressure terms dominating at sub-ion scales. The strength of the nonideal electron pressure 
contribution is stronger than expected from linear kinetic Alfvén waves and a partial antialignment with 
the Hall electric field is present, linked to the relative importance of electron diamagnetic currents in 
the turbulence. The relative contribution of linear and nonlinear electric fields scale with the turbulent 
fluctuation amplitude, with nonlinear contributions playing the dominant role in shaping E for the 
intervals examined in this study. Overall, the sum of the Ohm's law terms and measured E agree to within 
∼20% across the observable scales. These results both confirm general expectations about the behavior of 
E in turbulent plasmas and highlight features that should be explored further theoretically.

Plain Language Summary  Complex turbulent motions are observed in plasmas throughout 
the Universe and act to transfer energy from large-scale fluctuations to small-scale fluctuations, which 
can be more easily dissipated into the thermal energy of the particles. Electric fields in these plasmas 
play a central role in enabling the exchange of energy between the magnetic field and the motion of the 
charged particles and are, therefore, important for disentangling the complex nonlinear dynamics and 
dissipative processes. Using cutting-edge, high-resolution, multispacecraft measurements from NASA's 
Magnetospheric Multiscale mission, we decompose the electric field in Earth's turbulent magnetosheath 
into the various terms from generalized Ohm's law, which governs the behavior of the electric field across 
the wide range of length scales in the plasma. The results confirm a number of general expectations 
about the relative behavior of the terms in Ohm's law, as well as highlight several new features that are 
significant for understanding the nonlinear behavior and turbulent dissipation at different scales within 
the plasma.
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1.  Introduction
Turbulent dynamics are characterized by nonlinear interactions that transfer energy between fluctuations 
at different length scales within a fluid, often from large to small scales, generating multiscale gradients 
and facilitating the dissipation of the fluctuations. Many plasmas are either directly observed or thought 
to be turbulent, including the solar corona (e.g., Cranmer et  al.,  2015), solar wind (e.g., Bruno & Car-
bone, 2013), planetary magnetospheres (e.g., Borovsky et al., 1997; Sahraoui et al., 2004; Saur et al., 2002; St-
awarz et al., 2016), interstellar medium (e.g., Falceta-Gonçalves et al., 2014), accretion discs (e.g., Kawazura 
et al., 2019), and intracluster medium (e.g., Zhuravleva et al., 2014), and turbulent dissipation contributes 
to particle acceleration and heating within these systems. Fluctuations within turbulent plasmas can take 
the form of nonlinearly interacting normal modes (Boldyrev et al., 2013; Chen & Boldyrev, 2017), which 
have different characteristics across the various length scales, as well as nonlinear structures, such as cur-
rent sheets that can be sites for magnetic reconnection (Chasapis, Matthaeus, et al., 2018; Phan et al., 2018; 
Stawarz et al., 2019).

A significant amount of the fluctuation energy within a turbulent plasma can be carried by the magnetic 
field (B) (Gershman et al., 2018; Matthaeus & Goldstein, 1982). However, since B cannot do work on the 
plasma, energy exchange between the electromagnetic fields and particles is mediated by the electric field 
(E) through a nonzero j · E, where j is the electric current density. The energy transfer between the fields 
and particles both enables many of the nonlinear couplings that give rise to turbulence and provides path-
ways for the dissipation of electromagnetic fluctuations (Chasapis, Yang, et al.,  2018; Chen et al.,  2019; 
Ergun et al., 2018).

Within a collisionless plasma, E is governed by generalized Ohm's law, which arises from the electron and/
or ion fluid momentum equations and can be expressed in terms of j and the single-fluid velocity (u) for a 
two species plasma as (e.g., Baumjohann & Treumann, 1996)
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where e is the elementary charge, mi and me are the ion and electron masses, n is the ion or electron number 
density, which are taken to be equal due to quasineutrality, pe is the electron pressure tensor, and uj, ju, and 
jj denote the outer product of the two vectors.   denotes the ℓth-order, finite-electron-mass corrections to 
the single-fluid formulation, resulting from Taylor expanding about small me/mi and is given by

2
2 1 ( ) (1 2 )e

e i
m

en en en te n
                   

jj jj B p p uj ju � (2)

with pi the ion pressure tensor. The electric field associated with collisional resistivity is omitted in the 
above expressions, since collisions are expected to be rare within the magnetosheath.

When expressed in single-fluid variables, the terms in Ohm's law highlight the underlying dynamics 
operating in the plasma across the magnetohydrodynamic (MHD), sub-ion, and electron scales. The 
first term on the right-hand-side (r.h.s.) of Equation 1 (EMHD) corresponds to the MHD-scale E, result-
ing from B being frozen-in to u. The second term on the r.h.s. (EHall) is the Hall term, which results 
from differential ion and electron motion and, for me/mi ≪ 1, ensures B remains frozen-in to the elec-
tron fluid velocity (ue) even at small scales where the ions decouple from B. The third and fourth terms 
on the r.h.s. are the electron pressure ( PeE ) and electron inertia (Einertia) terms, respectively, which give 
rise to nonideal E that allow electrons to decouple from B. The final term on the r.h.s. ( meE ) contains 
higher-order, finite-electron-mass corrections. In many systems, me/mi  ≪  1 and these higher-order 
corrections can be neglected.

Previous observational studies of Ohm's law in space plasmas largely focused on specific structures, 
such as reconnecting current sheets. Multipoint measurements from the Cluster (André et al., 2004; 
Khotyaintsev et  al.,  2006) and, more recently, Magnetospheric Multiscale (MMS) (Genestreti 
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et al., 2018; Macek et al., 2019; Shuster et al., 2019; Torbert et al., 2016; Webster et al., 2018) missions 
have directly observed EHall at small-scale current sheets and revealed the nonideal E, which enables 
magnetic reconnection, is mainly associated with PeE  with a weaker contribution from Einertia. These 
results are in agreement with previous studies of laboratory reconnection (Brown et al., 2006; Cothran 
et al., 2005).

In the context of turbulence, the spectrum of E is observed to undergo a change in power law near ion scales, 
with a steeper power law, close to that of B or u, at large scales and a shallower power law at sub-ion scales, 
across a variety of space plasmas (Bale et al., 2005; Breuillard et al., 2018; Chen et al., 2011; Ergun et al., 2015; 
Sahraoui et al., 2009; Stawarz et al., 2016). The change in power law is linked to the interplay between the 
terms in Ohm's law at different scales in the plasma (e.g., Matteini et al., 2017; Narita et al., 2019); however, 
direct analysis of how Ohm's law shapes the E spectrum has been limited to numerical and theoretical studies. 
Two-fluid, hybrid, and full particle-in-cell (PIC) simulations of homogeneous turbulence show that, while 
the large-scale spectrum is dominated by EMHD, the small-scale spectrum is shaped by a combination of EHall 
and PeE , which both exhibit similar power laws, with possible contributions from Einertia in the case of full PIC 
(Franci et al., 2015; González et al., 2019).

The high-resolution, three-dimensional, multispacecraft measurements from MMS (Burch et  al.,  2016), 
which allow the computation of nearly all the terms in generalized Ohm's law down to scales approaching 
those of the electrons, make it uniquely suited for examining Ohm's law within turbulent plasmas. In this 
study, we explore the power spectra of the terms in generalized Ohm's law using MMS observations of 
turbulence in Earth's magnetosheath. In contrast to previous observational studies of Ohm's law, which 
examined individual small-scale structures, this study provides a statistical picture of Ohm's law across the 
ensemble of multiscale structures and fluctuations that are excited within the turbulent plasma. Sections 2 
and 3 provide an overview of the data set and considerations regarding the analysis. Section 4.1 examines 
the spectra and relative importance of the terms in generalized Ohm's law. Section 4.2 examines how the 
terms combine to form the total E. Section 4.3 examines the relative importance of linear and nonlinear 
dynamics.

2.  Data Set
We focus on three intervals of high-resolution “burst” magnetosheath data observed by MMS. B measure-
ments are provided by the Fluxgate (FGM) and Searchcoil (SCM) magnetometers (Le Contel et al., 2016; 
Russell et al., 2016) at 128 and 8192 vectors/s, respectively. Three-dimensional E measurements are provid-
ed by the Electric Field Double Probes (EDP) at 8192 vectors/s (Ergun et al., 2016; Lindqvist et al., 2016). 
Ion and electron particle moments at 0.15 and 0.03-s resolution, respectively, are provided by the Fast 
Plasma Investigation (FPI) (Pollock et  al.,  2016). The single-fluid velocity is computed from the data as 
u = (miui + meue)/(mi + me) with ue averaged to the ion time resolution, since u is dominated by ui at the 
observable scales. The current is computed from the FPI measurements as j = ene (ui − ue), where quasineu-
trality is employed, allowing the use of the higher time resolution ne measurement, and ui is interpolated 
to the electron time resolution since the small-scale current is observed to be dominated by ue. The current 
can additionally be computed from the curl of B using the multispacecraft curlometer technique (Robert 
et al., 1998). For both u and j, the ions are taken to be protons.

The time periods and average plasma properties for the intervals, referred to as I1, I2, and I3, are provided 
in Table 1 and overviews of B, u, and E for the intervals are shown in Figures 1a–1j. With 〈…〉 denoting a 
temporal average over the interval, the average density (n0 ≡〈ne〉), temperature for species s (Ts0 ≡ 〈Ts〉), 
magnetic field strength (B0 ≡ |〈B〉|), and root-mean-square fluctuation amplitude ( 2| |rmsb      B B ) 

are used to define the inertial lengths ( 2
0 0/s sd m e n ), gyroradii ( 2

0 02 /s s B sm k T eB  ), plasma beta  
( 2

0 0 0 02 /s B sn k T B  ), Alfvén speed ( 0 0 0/A iV B m n ), and turbulence amplitudes (δbrms/B0), where μ0 
is the vacuum permeability and kB is the Boltzmann constant. These intervals are selected because they have 
some of the smallest MMS separations (∼6 km), providing access to terms requiring multispacecraft gradi-
ents well into the sub-ion scales, and covered a range of βi and βe. The elongation and planarity of the MMS 
formation ranged from 0.09–0.24 and 0.16–0.35, respectively, making it well suited for gradient computation 
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(Robert et al., 1998). For all of the intervals, δbrms/B0 > 1. I2 and I3 are located near the subsolar point at (11, 
3, 0.3)RE and (11, −3, 2)RE, respectively, in Geocentric Solar Ecliptic (GSE) coordinates and I1 is toward the 
flank at (2, 11, −0.5)RE.
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ID Time interval (UTC) MMS separation (km) U0 (km/s) VA (km/s) ρi (km) di (km) ρe (km) de (km) βi βe δbrms/B0

I1 2016-09-28/16:50:14–17:03:31 6.9 310 170 180 75 0.99 1.8 5.8 0.32 1.2

I2 2016-12-09/09:01:40–09:07:00 6.1 230 97 180 49 1.3 1.2 13 1.2 1.3

I3 2017-01-28/09:05:25–09:11:12 5.6 150 50 290 48 2.2 1.1 37 3.9 1.9

Abbreviation: MMS, Magnetospheric Multiscale.

Table 1 
Average Spacecraft Formation, Plasma, and Fluctuation Properties

Figure 1.  Overview of turbulent magnetosheath intervals examined in this study. (a–i) B, u, and E in GSE coordinates for intervals I1-I3. B and u are provided 
as measured by MMS1, while E is given as the sum of the computed Ohm's law terms at the barycenter of the MMS formation with the measured Ebary from 
EDP at the same time resolution plotted behind in black. (j–o) Computed Ohm's law terms and highest resolution E from EDP for I3 in GSE coordinates. 
Single-spacecraft measurements from MMS1 are given in panels (j), (k), and (o), while (l–n) provide measurements at the barycenter of the MMS formation. 
EDP, Electric Field Double Probes; GSE, Geocentric Solar Ecliptic; MMS, Magnetospheric Multiscale.
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The validity of the Taylor hypothesis (Taylor, 1938) using the average flow velocity (U0 ≡ |〈u〉|) is verified 
at the spacecraft separation by comparing second-order magnetic structure functions computed using the 
Taylor hypothesis to the six unique spacecraft pairs in the MMS formation (Chasapis et al., 2017; Chen & 
Boldyrev, 2017; Chhiber et al., 2018; Stawarz et al., 2019). The ratio of second-order structure functions are 
within a factor of 1.27 for the intervals. Given the validity of the Taylor hypothesis at the MMS separation, 
it is reasonable to assume the Taylor hypothesis also holds at scales comparable to or larger than this scale.
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Figure 2.  (a–c) Omnidirectional power spectra of the measured E1SC and the Ohm's law terms available from 
single-spacecraft measurements (EMHD,1SC and EHall,1SC) in the background flow frame for I1–I3. Spectra from the four 
spacecraft are averaged together. (d–f) Omnidirectional power spectra of the barycenter Ebary and Ohm's law terms, as 
well as the power spectrum of the sum of the Ohm's law terms in the background flow frame for I1–I3. Faded portions 
of the curves indicate the scales expected to be filtered due to multispacecraft averaging or gradient computation. The 
sudden decrease in meE  power is associated with pi measurements reaching the noise level and faded portions of the 
curve indicate scales smaller than the ion resolution. Wavenumbers along the U0 direction are estimated from the 
Taylor hypothesis and vertical lines denote wavenumbers associated with ion and electron plasma length scales and 
the MMS separation. Symbols show spectra averaged in wavenumber over 1/5th of a decade. MMS, Magnetospheric 
Multiscale.
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3.  Analysis
The terms in Equation 1 are computed using a combination of single 
and multispacecraft techniques. Figures 1j–1o give an overview of the 
Ohm's law terms and measured E in the time domain for I3. EMHD and 
EHall can both be computed from a single spacecraft with the B meas-
urements averaged to the time resolution of the, respective, u and j 
data. The remaining terms, PeE , Einertia, and meE , require the computa-
tion of divergences, which can be done using standard multispacecraft 
methods (Robert et al., 1998; Shuster et al., 2019). Such methods as-
sume linear gradients over the spacecraft separation, which limits the 
analysis of these terms to scales larger than the MMS separation. Einer-

tia additionally involves a time derivative, (me/e2n)∂tj, which cannot be 
computed from the data, since, by virtue of the Taylor hypothesis, any 
apparent temporal fluctuations are purely associated with advected 
spatial structures. This term is neglected in the computation of Einertia. 
In computing meE , approximately six terms in the infinite sum are 
needed to converge to double precision accuracy.

A total E due to the combination of all measurable Ohm's law terms (EOhm) 
is computed by averaging EMHD and EHall to the barycenter of the formation 
(Figures 1c, 1f and 1i). Several methods can be devised for averaging these 
terms, including (1) computing EMHD and EHall for each spacecraft and then 
averaging, such that , 1MHD bary MHD bary  E E  and , 1Hall bary Hall bary  E E ,  
or (2) averaging each variable involved in the computation to the bary-
center and then computing the Ohm's law terms, such that EMHD, bary2 =  
−〈u〉bary × 〈B〉bary and EHall, bary2 = 〈j〉bary × 〈B〉bary/e〈n〉bary, where 〈…〉bary 
denotes a barycenter average. Additionally, EHall can be computed using 
the curlometer derived current, such that EHall, curl = jcurl × 〈B〉bary/e〈n〉bary. 
Method 1 is taken to be the nominal method of performing the barycenter 
averaging in this study unless otherwise noted, however, each of these 
methods have been examined and produce consistent results down to the 
scale of the spacecraft separation. EMHD is found to be subdominant at the 
smallest observed scales (Figure 2), so EMHD is interpolated to the electron 
time resolution in computing EOhm. The Ohm's law terms at the barycenter 
of the formation are compared with the measured E averaged to the bary-
center such that Ebary = 〈E〉bary. In the following analysis, for clarity, the 
above notation is used when referring specifically to quantities computed 
using the various barycenter averaging procedures, while a subscript 1SC 
refers to the single-spacecraft measurements. Such notation is omitted 
when discussing the behavior of the terms in general without regard for 

the specific method of computation.

Generally good agreement is found between the timeseries of EOhm and the measured Ebary when compared 
at the same time resolution (Figures 1c, 1f, and 1i). However, small differences are observed, particular-
ly in the small-scale structures. Furthermore, as can be seen in the highest resolution E measurements 
(Figure 1o), additional intense E activity is present at shorter timescales than those for which the terms in 
Ohm's law can be computed.

In the remaining analysis, E is examined in the inertial reference frame moving with the uniform 
background plasma flow in accordance with the Lorentz transformation, such that Epl0 = Esc + U0 × B, 
where Epl0 in the electric field in the frame moving with the average plasma flow and Esc is the electric 
field measured by the spacecraft (Chen et al., 2011; Howes et al., 2014). As Epl0 is examined through-
out the analysis, we suppress the subscript pl0 in the remaining discussion. Unlike the Galilean frame 
transformation of u, the frame transformation of E not only introduces a frame dependent background  
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Figure 3.  EHall,1SC/EMHD,1SC (black) and EHall,curl/EMHD,bary1 (green) as 
a function of scale given by the ratio of Fourier amplitudes in the 
background flow frame for I1–I3 (a–c, respectively). Wavenumbers along 
the U0 direction are estimated from the Taylor hypothesis and vertical 
lines denote wavenumbers associated with ion and electron plasma length 
scales and the MMS separation. MMS, Magnetospheric Multiscale.
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E0  =  U0  ×  B0, but also a frame dependent electric fluctuation, 
δE = U0 × δb, associated with the advection of magnetic fluctuations 
past the spacecraft. The E fluctuation that remains after the frame 
transformation corresponds to the electric fields induced by the tur-
bulent plasma motions. Within Ohm's law, EMHD is frame dependent 
and introduces the frame dependance into E, while the remaining 
terms are independent of frame.

4.  Results
4.1.  Ohm's Law Spectra

Figures 2a–2f show omnidirectional power spectra (i.e., trace of the spec-
tral tensor) for the five Ohm's law terms, EOhm, and the measured E for 
all intervals in the frame moving with U0. Since barycenter averaging 
filters power from the fluctuations at scales smaller than the MMS sepa-
ration and single-spacecraft electron measurements provide information 
at scales smaller than the MMS separation, Figures 2a–2c provide the sin-
gle-spacecraft spectra for E1SC, EMHD,1SC, and EHall,1SC, while Figures 2d–2f 
provide spectra for all terms at the barycenter. Single-spacecraft spectra 
are averaged across the four spacecraft after the spectrum is computed, 
while barycenter averaged spectra are computed by averaging to the bary-
center as discussed in Section 3 prior to computing the spectra.

The spectral power laws in all three intervals show features consistent 
with previous studies of magnetosheath turbulence. At scales larger 
than the ion scales, the E and B (not shown) spectral power laws are 
similar to each other and shallower than ∼k−5/3, as is typical in the mag-
netosheath (Huang et al., 2017). At sub-ion scales, the E spectrum fol-
lows ∼k−0.8 and a corresponding ∼k−2.8 power law is present in the mag-
netic spectrum, which are typical of turbulent electromagnetic field 
spectra (e.g., Breuillard et al., 2018; Huang et al., 2017). Additionally, 
I2 and I3 both show a further steepening of the magnetic spectrum to 
∼k−3.2 at scales several times larger than de (∼0.1di), as reported previ-
ously for I2 (Stawarz et al., 2019). The E spectrum undergoes a similar 
steepening such that it maintains the factor of ∼k2 relative to the mag-
netic spectrum.

From the single-spacecraft spectra, EMHD,1SC provides the dominant con-
tribution to E1SC at scales larger than ∼di and EHall,1SC appears to be the 
dominant contribution from ∼di to scales between ρe and de at the great-
est extent (I3; Figure 2c). Figures 2d–2f support the single-spacecraft re-
sults up to the MMS separation and additionally reveal that a subdomi-

nant, but nonzero, contribution to the sub-ion scale E comes from PeE . As expected for these scales and from 
the fact that me/mi ≪ 1, the measurable Einertia and meE  terms are much smaller than the other terms and, 
therefore, make little contribution to EOhm.

To understand the interplay between the dominant terms, consider the dimensionless Ohm's law, including 
EMHD, EHall, and PeE , given by

0 0 0 0 0 0 0
,

/ 2
i e e

A A B e

d
V B V B n n B B n k T

     
           

   

E u B b B p
� (3)

where δ denotes a fluctuating quantity with zero mean and subscript 0 denotes an average quantity.
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Figure 4.  /P HalleE E  as a function of scale given by the ratio of Fourier 
amplitudes for I1–I3 (a–c, respectively) computed using EHall,bary1 
(black), EHall,bary2 (yellow), and EHall,curl (green). Horizontal lines denote 
the expected ratio based on the observed average ratio of sub-ion scale 
B and pe fluctuations (solid) and based on linear kinetic Alfvén waves 
(dashed). Wavenumbers along the U0 direction are estimated from the 
Taylor hypothesis and vertical lines denote wavenumbers associated with 
ion and electron plasma length scales and the MMS separation. MMS, 
Magnetospheric Multiscale.
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In Figure 3, the transition between EMHD and EHall dominated regions of 
the spectrum occurs in the vicinity of the ion scales for all intervals. For I2 
and I3, the transition occurs closer to di, while, in I1, the transition occurs 
closer to ρi. From Equation 3, the scale of the transition is expected to occur 
at kdiδvA/δu ∼ 1, where 0 0/A iv b m n   . For Alfvénic fluctuations, it 
is expected the transition will occur at kdi ∼ 1; however, in general, the 
transition depends on the relative fluctuation amplitudes of B and u. The 
relative amplitude of root-mean-square magnetic to velocity fluctuations 
is larger in I1 than in I2 or I3, with values of 1.6, 1.2, and 1.3, respectively, 
which appears to account for the location of the transition in the intervals.

PeE  scales similarly to EHall with wavenumber up to the MMS separation, 
particularly for I2 and I3 (Figures  4b and 4c), consistent with predic-
tions based on the scaling of density and magnetic fluctuations (Fran-
ci et  al.,  2015; Matteini et  al.,  2017). In I1 (Figure  4a), which has the 
smallest relative contribution from PeE , there may be a slight difference 
in scaling with the ratio of amplitudes going as ∼k1/3 at sub-ion scales. 

/P HalleE E  ranges from 0.1 to 0.3 for all three intervals. From Equation 3, 

0 0 0/ ( / 2)( / ) / ( / )P Hall e e B eeE E p n k T b B   , which is akin to a char-
acteristic βe/2 fluctuation, although not identical to that which would be 
estimated from a locally defined βe/2. One might expect /P HalleE E  to be 
large for intervals with large βe, such as I2 and I3. However, this expec-
tation neglects the relative amplitudes of δb/B0 and δpe/(n0kBTe0), which 
can introduce a further dependence on β = βi + βe.

In the case of linear kinetic Alfvén waves (KAWs) with isothermal Te, the 
relative amplitudes of magnetic and electron pressure fluctuations are 
given by (Boldyrev et al., 2013)

1/22
0 0 0

0 0

/ / .
/ / 2 2

e B ep n k T n n
b B b B

   
 


 

    
 

� (4)

KAW predictions for /P HalleE E  are indicated as horizontal dashed lines 
in Figure 4, which tend to underestimate the observed values, indicating 
an enhanced level of compressive fluctuations relative to the purely lin-
ear KAW dynamics. This underestimate may result from modifications 
due to strong nonlinearities (see Section 4.3), compressive effects, addi-
tional wave modes, and/or the presence of coherent structures.

The observed ratio of the B spectrum to the isotropic electron pressure 
(pe ≡ Tr [pe]/3) spectrum (not shown) is roughly constant at sub-ion scales in all intervals. Solid horizontal 
lines in Figure 4 show the expected /P HalleE E  for I1–I3 using the observed average ratio (δpe/n0kBTe0)/(δb/
B0) at sub-ion scales. This prediction does not involve any information about the wavevectors or their align-
ments, which are included in the full computation of /P HalleE E . Even so, reasonably good agreement with 
the observed /P HalleE E  from the Ohm's law computations is obtained, consistent with the enhanced level 
of compressibility relative to pure KAW dynamics. Further taking the observed (δn/n0)/(δb/B0) at sub-ion 
scales as a proxy for (δpe/n0kBTe0)/(δb/B0), gives similar values for /P HalleE E , indicating that the isothermal 
approximation used in the KAW prediction is not responsible for the discrepancy.

4.2.  Total Electric Field

As seen in Figures 2d–2f, the power in EOhm tends to be slightly smaller than the power in EHall, bary1 at sub-
ion scales in all of the intervals. The largest effect is present in I3, which has the largest contribution from 
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Figure 5.  ,Hall Pe  in Fourier space computed from the cross-spectrum 
of EHall and PeE  for I1–I3 (a–c, respectively). EHall is averaged to the 
barycenter of the formation as EHall, bary1 (black), EHall,bary2 (yellow), and 
EHall,curl (green). Wavenumbers along the U0 direction are estimated from 
the Taylor hypothesis and vertical lines denote wavenumbers associated 
with ion and electron plasma length scales and the MMS separation. MMS, 
Magnetospheric Multiscale.
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PeE ; however, similar behavior, where EOhm has less power than EHall, bary1, 
is also present in I1 and I2, although to a lesser extent, and when using 
other barycenter averaging procedures. Since the most significant con-
tribution to the overall E in the sub-ion scales comes from EHall and PeE , 
this observed decrease in EOhm relative to EHall implies an antialignment 
between these two terms in Ohm's law.

Defining a scale-dependent angle between EHall and PeE  ( ,Hall Pe ) using the 
cross-spectrum of the two vectors confirms this apparent antialignment 
between EHall and PeE  (Figure 5). At scales larger than ρi and di, where 
neither EHall or PeE  make a significant contribution to E, the two vectors 
are uncorrelated with , 90Hall Pe  . At scales near ρi, ,Hall Pe  begins to 
increase, implying a partial antialignment between the vectors, until it 
reaches an approximately constant value at , 120Hall Pe   – 140°. ,Hall Pe  
decreases back to an uncorrelated value of 90° at the MMS separation 
scale, likely due to the unphysical measurements at scales smaller than the 
formation size. An antialignment between EHall and PeE  at sub-ion scales 
can also be inferred from previous hybrid simulations (Franci et al., 2015), 
although to our knowledge the present study is the first time this property 
has been examined directly. A similar picture is obtained by examining 

,Hall Pe  in real space (Figure 6), with large amplitude EHall and PeE  struc-
tures showing significant antialignment on average. In contrast, small am-
plitude structures have , 90Hall Pe   on average, consistent with random 
noise or the behavior of the large-scale EHall and PeE  in the spectrum.

From a theoretical perspective, such an antialignment may be expected 
due to the action of currents supported by pe through the diamagnetic 
drift, given by 2( ) /p ee B   j B p . In a situation where the currents in 
the system are entirely provided by pej , a complete cancellation between 
EHall and the components of PeE  perpendicular to B occurs, resulting in 
an antialignment between the two terms. The presence of parallel electric 
fields associated with PeE  will tend to result in only a partial antialignment. 
Additionally, the currents within a realistic turbulent system need not be 
entirely supported by electron diamagnetic drifts and are likely made up 
of a combination of structures that are entirely, partially, or not at all sup-
ported by pej . Such currents that are not supported by electron diamagnetic 
drifts could, for example, be supported by ion diamagnetic drifts or iner-
tial effects. Nonetheless, when averaged across all of these structures, the 
presence of pej  will tend to push the system toward partial antialignment 

between EHall and PeE , particularly at sub-ion scales, where ion motions have less influence on j, as observed.

Overall, the Ohm's law terms agree well with the measured E spectra across the observable scale range. In 
terms of the Fourier amplitudes, EOhm and Ebary agree to within 20%, with the largest discrepancies occur-
ring as a slight offset in the sub-ion scales. Such discrepancies have been reported in previous analyses of 
Ohm's law at individual reconnection events and could be related to limitations in the observational analysis 
or physical processes (Torbert et al., 2016). Measurement uncertainties or barycenter averaging may intro-
duce uncertainties into the Ohm's law analysis. While the process of barycenter averaging significantly filters 
power from the fluctuations at scales comparable to or smaller than the spacecraft separation, it may also 
have a smaller impact at somewhat larger scales. Consistent results are observed whether EHall is computed 
using the FPI or curlometer derived j down to scales comparable to or smaller than the spacecraft separation. 
The observed antialignment provides some validation that MMS is measuring a real ∇ ⋅ pe signal since a net 
correlation with EHall is inconsistent with random noise. We have further verified that in intervals with low 
βe and fluctuation amplitudes, where PeE  is not expected to be well measured due to approaching the noise 
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Figure 6.  2D distribution of the average θHall,Pe in real space as a function 
of |EHall| and | |PeE , where EHall,bary1 is used to average to the barycenter of 
the formation, for I1–I3 (a–c, respectively).
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level, many features observed to be consistent with theory and simulations 
disappear. We, therefore, expect EHall and PeE  to be reasonably computed 
in the presented intervals; however, such effects may contribute to the ob-
served slight offset.

In terms of physical origins, one possibility may be a finite contribution 
from the unmeasured time derivative in Einertia. Recent full PIC turbu-
lence simulations show (me/e2n)∂tj can make a significantly larger con-
tribution than the other contributions to Einertia (González et al., 2019). 
These simulations use an artificially large me/mi, which enhances the 
influence of Einertia, making it difficult to compare these results with the 
observations directly, and the fact that the Taylor hypothesis appears to 
work well in these intervals may be an indication that such temporal 
effects make only a minor impact. However, the fact that the temporal 
component of Einertia can be significantly larger than the measured spa-
tial Einertia terms suggests a subdominant influence from (me/e2n)∂tj may 
be possible. Another explanation could be additional contributions to E 
that are not captured by the collisionless Ohm's law given in Equation 1, 
such as enhanced collisionality due to fine-scale structure in the velocity 
distribution function and anomalous resistivity (Pezzi et al., 2016; Torbert 
et al., 2016). Either of these processes could have implications for noni-
deal energy conversion and dissipation in the plasma if they are present.

4.3.  Linear Versus Nonlinear Terms

Ohm's law contains several of the nonlinearities that give rise to turbu-
lence, particularly those which influence the evolution of the magnetic 
vector potential and the Lorentz force in the momentum equation. By di-
viding B and u into mean and fluctuating parts, EMHD and EHall fluctua-
tions can be divided into linear (−δu × B0 and δj × B0/en, respectively) and 
nonlinear (−δu × δb and δj × δb/en, respectively) contributions. The mean 
B0 used in the computation of the linear terms is taken to be the average 
B over the whole interval, as opposed to a locally defined average. Since 
EMHD and EHall are both accessible using single-spacecraft measurements, 
the linear and nonlinear contributions are examined using EMHD,1SC and 
EHall,1SC, which are then averaged together after computing the spectra. An 
additional linear term is also present in EMHD, given by −U0 × δb, which 
can be removed by a frame transformation into the background flow frame. 
In the three intervals examined here, the nonlinear terms in both EMHD and 
EHall are comparable to or larger than the respective linear terms (Figures 7 
and 9), as may be expected from the large values of δbrms/B0.

The ratio of nonlinear to linear terms in EMHD (Figure 7) is roughly δbrms/B0 at large scales and then in-
creases to even larger values near di for I1 and I2 and near ρi for interval I3. The observed decrease in 
the ratio for EMHD at the smallest scales is associated with the ion velocity measurements reaching the 
noise floor, which can be seen as a flattening of the EMHD,1SC spectra in Figures 2a–2c. Since these terms 
are associated with cross products, the enhancement in the nonlinear term relative to the linear term in 
EMHD may indicate a reduction in the average alignment between δu and δb relative to δu and B0. Figure 8 
shows that this change in behavior of the nonlinear to linear ratio in EMHD coincides with a shift toward 
90° of the spectral alignment (θδu,δb) between δu and δb as computed from the cross spectrum, while the 

alignment between δu and B0, given by  1 2 2
, 0 cos ( ) / ( )u B u k u k   ‖  remains constant as a function 

of scale. As such, the change in the relative behavior of nonlinear and linear terms in EMHD is linked to the 
local alignment properties of the small-scale fluctuations, as opposed to a change in the average alignment of 
the fluctuations with the background field. This interpretation is compatible with recent MMS observations 
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Figure 7.  Ratio of the nonlinear and linear contributions to EMHD,1SC 
as a function of scale in the background plasma frame for I1–I3 (a–c, 
respectively) with horizontal lines denoting δbrms/B0. Faded portions of 
the curve denote scales contaminated by noise in the ion measurements. 
Wavenumbers along the U0 direction are estimated from the Taylor 
hypothesis and vertical lines denote wavenumbers associated with 
ion and electron plasma length scales and the MMS separation. MMS, 
Magnetospheric Multiscale.
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of the scale-dependent cross helicity in both the magnetosheath and solar 
wind (Parashar et al., 2018) and may be linked to the development of mag-
netic fluctuations parallel to the local field direction by the Hall term as the 
turbulence transitions into the sub-ion scales (Kiyani et al., 2013). While the 
observed increase in the importance of the nonlinear EMHD provides insight 
into the changing alignment properties of the turbulent fluctuations, it oc-
curs at scales where EMHD makes a subdominant contribution to the total E. 
When EMHD is combined with EHall, the relative strength of the nonlinear 
and linear contributions associated with the −ue × B electric field remains 
roughly constant with scale.

The ratio of nonlinear to linear terms in EHall (Figure 9) is roughly con-
stant across all observed scales and given by the ratio δbrms/B0. EHall is 
directly analogous to the Lorentz force in the time evolution of u. The 
ratio of nonlinear to linear terms in EHall, therefore, is related to the lin-
ear and nonlinear timescales associated with the turbulent velocity dy-
namics, although in an incomplete manner as it does not include the 
advection term. These timescales play a key role in the theoretical de-
scription of the turbulent cascade (e.g., Galtier et al., 2000; Goldreich & 
Sridhar,  1995; Iroshnikov,  1964; Kolmogorov,  1941; Kraichnan,  1965). 
The constant ratio between the nonlinear and linear terms for all the 
intervals in Figure 9 may indicate a balance between the timescales as a 
function of scale; however, the fact that the ratio appears to exceed one 
when δbrms/B0 > 1 may make it distinct from the critical balance hypoth-
esis in which a ratio of one would be expected (Chen, 2016; Goldreich & 
Sridhar, 1995). A more detailed analysis of the full range of terms appear-
ing in the evolution equations for u and B is needed to fully explore this 
point, which goes beyond the scope of this study.

Interestingly, the ratio of nonlinear to linear terms is scale independent 
for EHall and is set by δbrms/B0, which is a large-scale quantity since δbrms 
is weighted toward the large-scales for typical turbulent magnetic spectra 
that are steeper than k−1. While it is not unreasonable to expect the ratio 
of these terms to be linked to δb/B0 in some manner, the fact that it is set 
scale-by-scale according to the root-mean-square value is not completely 
obvious and further theoretical analysis is required to determine the ori-
gins and implications of this behavior.

5.  Conclusions
The role of generalized Ohm's law in shaping the turbulent electric field 
spectrum from MHD to electron length scales is examined for the first 
time observationally using the unique capabilities of MMS in Earth's mag-
netosheath. The results both observationally confirm a number of expec-

tations about the behavior of the terms in generalized Ohm's law, as well as reveal several new features that 
are relevant for the future theoretical analysis of the small-scale nonlinear dynamics and energy dissipation 
within collisionless space plasmas.

General expectations about the underlying dynamics at different scales in the plasma are confirmed—namely, 
EMHD dominates the dynamics at scales larger than the ion length scales, while EHall and PeE  make more signif-
icant contributions at sub-ion scales. The spatial component of Einertia remains small over the accessible scales, 
reaching scales as small as 2.5 to 4 times the larger of de or ρe. It remains possible that Einertia will make a more sig-
nificant contribution to E at subelectron scales, as expected from dimensional analysis. The finite-electron-mass 
corrections to Ohm's law that are expected to be negligible since me/mi ≪ 1 are also confirmed to remain small.
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Figure 8.  θδu,δb in Fourier space computed from the cross-spectrum of 
δu and δb (black) and  1 2 2

, 0 cos ( ) / ( )u B u k u k   ‖  in Fourier space 

(green) for I1–I3 (a–c, respectively). θδu,δb can vary from 0° to 180°, while 
, 0u B  can only vary from 0° to 90°. Faded portions of the curves denote 

the scales contaminated by noise in the ion measurements. Wavenumbers 
along the U0 direction are estimated from the Taylor hypothesis and 
vertical lines denote wavenumbers associated with ion and electron plasma 
length scales and the MMS separation. MMS, Magnetospheric Multiscale.
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The interplay of EHall and PeE  at sub-ion scales is examined in detail, re-
vealing these two terms tend to partially antialign. To our knowledge, 
this is the first direct examination of this aspect of the electric field fluc-
tuations in a turbulent plasma and may relate to the relative role of elec-
tron diamagnetic currents within the turbulence, placing constraints on 
the types of structures or waves that are formed within the plasma. The 
relative amplitude of PeE  fluctuations are also found to be stronger than 
expected from purely linear KAWs. PeE  leads to fundamentally different 
dynamics from EHall, in that it generates nonideal electric fields, which 
allow electrons to decouple from the magnetic field, and is capable of 
producing a nonzero j  · E. This enhanced PeE  is, therefore, significant 
when considering the energy transfer and dissipation within turbu-
lent plasmas. Further studies exploring the role of density, anisotropic 
temperature, and off-diagonal pressure fluctuations in shaping the PeE  
spectrum could shed further light on this issue. Previous MMS studies 
have demonstrated the electron decoupling associated with PeE  is a key 
factor enabling magnetic reconnection (Genestreti et al.,  2018; Torbert 
et  al.,  2016). A number of studies have reported reconnecting current 
sheets within the Earth's magnetosheath, which are thought to be driven 
by the turbulent fluctuations (e.g., Phan et al., 2018; Retinò et al., 2007; 
Stawarz et al., 2019; Sundkvist et al., 2007; Vörös et al., 2017; Yordanova 
et al., 2016). An PeE , which is larger than expected from linear theory, 
could be a signature of such thin reconnecting current sheets. Further 
study is needed to determine how such coherent structures factor into 
the spectral behavior of the turbulent electric field and Ohm's law.

The relative importance of linear and nonlinear contributions to E are di-
rectly examined, demonstrating that in strongly turbulent plasmas, where 
δbrms/B0  >  1, the nonlinear E can be the dominant component at both 
MHD and sub-ion scales. The dominance of the nonlinear E highlights 
the need to consider the nonlinear contributions to E in theoretical de-
scriptions of turbulence under these conditions, which are often found in 
the magnetosheath, as seen here, and other plasmas, such as the Earth's 
plasma sheet (Ergun et al., 2018). The analysis of linear and nonlinear 
terms in E also reveals information about the changing alignment prop-
erties of the magnetic fluctuations as the turbulence transitions into the 
kinetic scales. While this study focuses on the electric field, a similar anal-
ysis of the linear and nonlinear terms governing other variables, such as B 
and u, could also be performed using MMS data from the magnetosheath, 

as has been examined in numerical simulations (Ghosh & Parashar, 2015a, 2015b). Such an analysis could 
be used to directly test the critical balance hypothesis (e.g., Chen, 2016; Cho & Vishniac, 2000; Goldreich & 
Sridhar, 1995) in a manner that may be less reliant on definitions of the local magnetic field direction.

Data Availability Statement
Data are publicly available through the MMS Science Data Center (https://lasp.colorado.edu/mms/sdc/
public/) and were analyzed using the SPEDAS software package for IDL (http://spedas.org/blog/).
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