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APPROXIMATE NORMAL FORMS VIA FLOQUET-BLOCH THEORY:

S N

NEHOROSEV STABILITY FOR LINEAR WAVES
IN QUASIPERIODIC MEDIA

MITIA DUERINCKX, ANTOINE GLORIA, AND CHRISTOPHER SHIRLEY

ABSTRACT. We study the long-time behavior of the Schrédinger flow in a heterogeneous
potential AV with small intensity 0 < A < 1 (or alternatively at high frequencies). The
main new ingredient, which we introduce in the general setting of a stationary ergodic
potential, is an approximate stationary Floquet-Bloch theory that is used to put the
perturbed Schrédinger operator into approximate normal form. We apply this approach
to quasiperiodic potentials and establish a Nehorosev-type stability result. In particu-
lar, this ensures asymptotic ballistic transport up to a stretched exponential timescale
exp()f%) for some s > 0. More precisely, the approximate normal form leads to an accu-
rate long-time description of the Schrodinger flow as an effective unitary correction of the
free flow. The approach is robust and generically applies to linear waves. For classical
waves, for instance, this allows to extend diffractive geometric optics to quasiperiodically
perturbed media.
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1.1. General overview. Consider the perturbed Schrédinger operator £y := Lo+ AV on
L2(R%), where £y := —A is the Laplacian on the ambient space RY, where V : R? — R
denotes a quasiperiodic potential (cf. (QP) in Section 1.2), and where the coupling constant
A > 0 measures its intensity, and let u) denote the corresponding Schrodinger flow

i0puy = Lyuy, Uz |t=0 = uy

with initial condition u§. This well-travelled model describes the motion of an electron in
a quasiperiodic scenery. We are interested in the dynamical properties of the flow on long
timescales.

A first approach to such questions focuses on the spectrum of £. In case of a periodic po-
tential V', a complete answer follows from the classical Floquet-Bloch theory (e.g. [30, 22]):

1



2 M. DUERINCKX, A. GLORIA, AND C. SHIRLEY

the operator has absolutely continuous spectrum and the flow satisfies ballistic transport
on all times for all values of A (cf. [4]), that is, for all £ > 0

i :
LGP @Pds 2 [ o @)
R4 R4

The theory relies on the fact that periodic Schrodinger operators have compact resolvent
on the torus (via the Rellich theorem). For a quasiperiodic potential as considered here,
the story is radically different: quasiperiodic Schrédinger operators are degenerate elliptic
operators on the corresponding higher-dimensional torus and compactness fails. This is not
only a technical matter: the spectrum of such operators indeed drastically differs from their
periodic counterparts since the quasiperiodic potential may lead to localization (that is,
point spectrum). The situation is particularly well understood in dimension d = 1 (under
suitable assumptions): in the large disorder regime A > 1 the spectrum is pure point with
dynamical localization at low frequencies [17| and is absolutely continuous with ballistic
transport at high frequencies [15], while in the small disorder regime A < 1 the spectrum is
solely absolutely continuous [15, 34, 35]. In higher dimension d > 1, although the situation
is expected to be similar, the available results are much sparser — except in the setting
of discrete Schrodinger operators on Z¢ [7, 8,9, 23|. In the continuum setting, the whole
question remains open. Recently, Karpeshina and coauthors [18, 20| proved the existence of
a semi-axis of absolutely continuous spectrum at high frequencies in dimension d = 2 for a
specific class of quasiperiodic potentials (more precisely, with the notation of (QP) below:
M = 4 and FV compactly supported), which was supplemented with a corresponding
ballistic transport result [19]. In contrast to the known situation in dimension d = 1,
this result does however not rule out the presence of point spectrum, nor of other types
of transport: the authors identify a subspace of initial data for which ballistic transport
holds for all times; the picture remains largely incomplete. These non-perturbative spectral
questions are difficult, and rigorous approaches are based on argument from multi-scale
analysis.

In the present contribution, we take a different path and rather investigate the question
of long-time behavior of linear waves in its own right, regardless of spectral aspects. This
perspective turns out to be more flexible (one may indeed look for a statement valid on long
but not infinitely long timescales in some perturbative regime) and robust — of course, it
only gives partial answers to the above conjectures. More precisely, based on a perturbative
use of formal Rayleigh-Schrodinger series, we introduce a general method in form of an
approximate Floquet-Bloch theory, which allows to put the perturbed Schrédinger operator
L) into an approximate normal form. This leads to a perturbative ballistic transport result
up to some stretched exponential timescale both in the small disorder regime or at high
frequencies. Roughly speaking, by a scaling argument, treating a small potential AV with
A < 1 and any fixed initial data is expected to be equivalent to treating a fixed potential V'
and initial data localized at high frequencies % > 1 (in the same spirit as Aubry duality for
quasi-Mathieu operators, e.g. [10, Section 6.2]). Our techniques allow to treat both regimes
at once (up to minor modifications) and we obtain ballistic transport up to a stretched
exponential timescale exp(A™*) for some exponent s > 0 (depending on the regularity and
the quasiperiodic structure of the potential V). Whereas ballistic transport up to arbitrary
algebraic timescale A™" would only require a relatively soft analysis, there is a major gap to
reach stretched exponential timescales: a finer analysis of the formal Rayleigh-Schrédinger
series is needed.
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Let us emphasize that this perturbative approach is robust and can deal with a large
variety of (regular and Diophantine) quasiperiodic potentials in any dimension d > 1. For
general potentials and/or dimension d > 3, this provides the sharpest results available
on the long-time behavior of quantum waves in quasiperiodic scenery. Note that in the
(very little understood) setting when the potential is not regular or not Diophantine,
this approach still applies, and yields ballistic transport up to some algebraic timescale
(limitation due to the worse behavior of perturbation series). In addition, these techniques
are easy to adapt to linear wave equations in general, as we illustrate by treating both
quantum and classical waves (classical wave equations with higher-order elliptic operators
or other types of linear waves like Maxwell’s equations can be treated similarly). For
classical waves, this leads us to revisit diffractive geometric optics in quasiperiodically
perturbed media [1, 2]. The approach extends to the discrete setting mutadis mutandis

The rest of this introduction is organized as follows: In Section 1.2 we state our main
result on quantum waves in form of an approximate normal form decomposition up to a
stretched exponential timescale (Theorem 1), while ballistic transport follows as a corollary
(Corollary 1). To keep this article short we mainly focus on the small disorder regime; the
corresponding ballistic transport result at high frequencies is briefly displayed as Corol-
lary 2. In Section 1.3, we turn to the case of classical waves (Theorem 2). In that setting,
we further specialize the result to initial data that are peaked in frequency, which leads
to an effective PDE for classical waves in quasiperiodic disorder in form of a diffractive
correction to geometric optics (Corollary 3). This extends previous periodic results [1, 2]
to the quasiperiodic setting and is of independent interest. A general presentation of the
method is postponed to Section 2.

Notation.

e Throughout the article, d denotes the space dimension, we denote by C' > 1 any constant
that only depends on the dimension and on controlled quantities, the value of which may
change from line to line. We use the notation < (resp. ) for < C'x (resp. > £ x) up to
such a multiplicative constant C. We write ~ when both < and 2 hold. We also use the
notation a = O(b) for a < b. We write < for < £ x for some large enough C. We add
subscripts to C, <, 2, ~,0(+), < in order to indicate dependence on other parameters.

YA A T

The notation ay = o(by) stands for ay/by — 0 as A | 0.

e We denote by f(k) := F[f](k) := Jga €7 f(z) dz the usual Fourier transform of a
smooth function f on R? The inverse Fourier transform is then given by f(z) =
FUfl(z) = Jra e'* f(k)d*k in terms of the rescaled Lebesgue measure d*k := (2r)~%dk.
Likewise, for M € N, when dealing with periodic functions on the torus TM = [0,2m)M,
we denote by f(k) := F[f](k) := Jpa €% f(x)dz the associated Fourier coefficients on
M.

e The ball centered at = and of radius r in dimension n is denoted by B"(x,r), by By if
x =0, and by B"(x) if r = 1. We drop the superscript n whenever n = d.

o S(R?) denotes the Schwartz class (we always implicitly consider complex-valued maps
when discussing the Schrodinger equation). N denotes the set of natural numbers (in-
cluding 0). For all m € N and b € N, we set |b| = >, b;. We write (z) := (1 + |z|2)1/2.

e LHS and RHS stand for “left-hand side” and “right-hand side”, respectively.
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1.2. Quantum waves in a quasiperiodic potential. We consider a quasiperiodic po-
tential V satisfying the following standard smoothness and Diophantine properties.
(QP) Quasiperiodic setting:
V(z) := V(FTz),
for M > d, some (winding) matrix F' € R¥>M (the transpose of which is denoted
by FT), and some lifted map V € C(T™) on the M-dimension torus T = [0, 2).
Assume that the winding matrix F € R¥*M satisfies a Diophantine condition, that
is, for some rg > 0,

FEl> Sl forall ¢ € 2V {0}, (1.1)

and that the lifted map V is Gevrey-regular, that is, for some o > 0,
11>k FV 1 < exp(—K®)  for all K > 0. (1.2)

In this setting, our main result shows that for all smooth initial data the Schrodinger
flow in the small disorder regime remains close to an effective unitary correction of the
free flow up to some stretched exponential timescale. The general strategy of the proof is
described in Section 2.1 in the perspective of normal forms.

Theorem 1 (NehoroSev-type stability in the small disorder regime). Consider the quasiperi-
odic setting (QP), let u® € S(R?), and consider the Schrodinger flow

iatU)\ = (—A + )\V)U)\, U)\‘t:() =u°. (1.3)
For all 0 < A < 1, it satisfies for any v < Tlﬂ,

L(N);
sup  supue — U e Sue N )
0<N <X 0<t<T(A)

T\ :=exp(A75), L) :=[A"+],  s:=s(M,ro,q,7,d) >0,
where the effective flow Ufi;t 1s defined by
Ut (o) i= [ e g ) (15)
Ra

in terms of some explicitly given symbol /%f;/\ = )\Zﬁzo XDt (cf. Definition 3.4). (When
restricting (1.4) to a shorter timescale T'(N) < T(N), only a smaller number of phase
corrections is needed and we can choose U'(\) := [m log(T'(X\))] < £(N).) O

In particular, the above stability result leads to ballistic transport up to the stretched
exponential timescale T'(\) = exp ()fi). Although ballistic transport is expected to hold
for all times [15, 34, 35, 19], this result is new and stands out by its generality as it is
established in any dimension and under a mere Diophantine condition. More precisely, for

m > 1, we define the rescaled moments of the flow,

t o 1ym, ¢
M (un) = | ()"l 2,
which can be viewed as measuring the asymptotic ballistic velocity of the wavefunction.

We then show that this velocity M! (uy) remains close to the velocity M?! (ug) of the free
flow ug = e"*~u°, which can be explicitly computed and obviously remains of order 1.

(1.6)
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Corollary 1 (Asymptotic ballistic transport in the small disorder regime). Consider
the quasiperiodic setting (QP), let u® € S(RY), and consider the Schrédinger flow uy as
in (1.3). Then there holds

l%I)I\l | M (uy) — an(uoﬂ =0

ast T oo and Al 0 in the regime t < exp()ﬁi) for some s = s(M, m,ry,a,d) > 0, where
ub = eu° denotes the free flow. O

The proofs of Theorem 1 and Corollary 1 are the object of Section 5 and are based on
preliminary estimates established in Section 4 on formal Rayleigh-Schrodinger series. Note
that Section 5 is presented in such a way that it may be easily adapted to situations where
the estimates of Section 4 differ from the ones considered here.

Remarks 1.1.

e Reqularity and algebraic assumptions:
As clear from the proof, the largest timescale allowed by this approach both depends on
the regularity of V and on the algebraic properties of F', which is not surprising in view
of the known results in 1D (e.g. [10]). Stretched exponential timescales are obtained
only for Gevrey-regular V and Diophantine F as in (QP). On the one hand, if F' is
Diophantine but if we decrease the regularity of V, the allowed timescale is shortened:
for algebraically decaying FV the same results hold up to some corresponding algrebraic
timescale. On the other hand, if V is a trigonometric polynomial (that is, F V compactly
supported) but if F' is only irrational (that is, F¢ # 0 for all £ € ZM \ {0}), then the

results hold up to any algebraic timescale (cf. Remark 4.4).

e Peaked initial data in Fourier space:

Provided u° has a fixed compact support in Fourier space, the error estimates in Theo-
rem 1 depend on u° via its L?(R?)-norm only, so that they hold uniformly for initial data
that are peaked in Fourier space, e.g. of the form u2(z) = ed/ZeikO'rg(E:c) with 0 < e < 1,
G € C®(RY), and kg in the non-resonant set O (cf. (4.1)). Choosing a scaling relation
e = M\ for some § > 0, injecting this in the formula for Uf, and Taylor expanding
k — Fag y around ko, we are led to an effective PDE. We refer to Corollary 3 below for
the corresponding result in case of classical waves, for which we provide details.

e Periodic setting:
For a periodic disorder V', perturbation series are indeed summable, so the error estimates
are the best possible: we may take ¢ 1 oo in (1.4) and the results hold for all ¢ > 0 and
A < 1 without any restriction, thus recovering the classical results of [4]. The proof
follows from the additional periodic estimates in Remarks 4.2 and 4.4. O

As emphasized in the introduction, all our results hold both in the small disorder regime
or at high frequencies. To illustrate this, we display a corresponding asymptotic ballis-
tic transport result at high frequencies, in a form to be compared to [19, Theorem 1.1].
Whereas for small disorder a simple approximation argument allows to consider any smooth
initial data, the situation is more delicate at high frequencies: although for initial data of
the specific form u§ = )\_%uo()\_l-) with u° € S(RY) and [y, u® = 0 we could directly
adapt all previous results by scaling, some additional care is needed to treat more general
initial data. As a consequence, the result below, which contains a ballistic lower bound,
yields no characterization of the asymptotic velocity. The proof is displayed in Section 5.9.
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Corollary 2 (Existence of asymptotic ballistic transport at high frequencies). Consider
the quasiperiodic setting (QP) and let v < Tlﬂ' There exists a subset G C R? that is
extensive in the sense that for all n > 0,

[(Bon \ Byn1) \ G| S |Ban \ By |7,
with the following property: For any sequence (u3)x C S(RH? such that ay 1is supported in
RY\ By-1 and satisfies
(1) the unit bound ||u§ll;2 <1,
(ii) the localization in frequencies (upper bound) at scale X : [|[(-)343]|2 < A3,
(iii) the localization in frequencies (lower bound) on G: ||(-Y1ga3liz > AA~1,
the corresponding Schrodinger flow uy solution of

i0iuy = (—A + V)uy, Up|t=0 = u3,

1
satisfies for all 0 < X\ < Ag and H()?’uiHE2 <t< exp()\_%)}

Alz|\ 2
[ oyt )P =
R4
where N\g := \o(L, M, ro,,v,d) >0 and s := s(M,rg,a,7,d). O

Let us comment on assumptions (ii) & (iii), and on the ballistic lower bound. Assumption
(ii) ensures that the frequencies of u} are at most of order A~ (measured in a weighted L2-
norm in Fourier space). Assumption (iii) ensures that the projection of 45 on the extensive
non-resonant set G has enough mass at frequencies of order A~! (measured in a weighted
L2-norm in Fourier space). In the case of the free flow (for which one may take G' = R?),
assumptions (i)—(iii) would ensure the same ballistic lower bound as above (which shows
its optimality), albeit for infinite times.

1.3. Classical waves in quasiperiodic media. We now consider the corresponding per-
turbed classical wave flow

Oiuy = V- (Id +Xa) Vuy, Up|t=0 = u°, Opup|i=0 = v°, (1.7)
where the matrix field a is quasiperiodic in the following sense.
(QP") Quasiperiodic setting:
a(z) == a(FTz),

for M > d, some (winding) matrix F' € R¥>M (the transpose of which is denoted
by FT), and some lifted map @ € C(TM). Assume that the winding matrix F €
RI*M gatisfies the Diophantine condition (1.1) for some g > 0, and that the lifted
map a is Gevrey-regular in the sense of (1.2) for some o > 0.

For classical waves (as opposed to quantum waves), a large body of literature is devoted
to the identification of effective equations to describe the wave flow on long timescales in
perturbed media, e.g. [1, 2] where diffractive corrections to geometric optics are obtained
in case of a periodic perturbation of a periodic medium. In the following, we extend such
results to quasiperiodic perturbations. We start with a result for fixed initial data; the
proof follows that of Theorem 1 and the main modifications are indicated in Section 6.
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Theorem 2 (NehoroSev-type stability for classical waves). Consider the quasiperiodic
setting (QP’), let (u°,v°) € S(R)2, assume that the Fourier transform ©° of v° is supported
away from 0, and consider the classical wave flow uy as in (1.7). For all0 < A < 1, it
satisfies the estimate (1.4) of Theorem 1 in terms of the effective flow

Uf;t(x) = /Rd eik"’j(cos (t\/M) 4°(k) + tsinc ( \/M) (k>)d*k

with sinc x ;= 302

, for some explicitly given symbol & “k ) (cf. Section 6.1). O

Next, we spe(nahze this result to the case when the initial data are peaked in Fourier
space, and replace equation (1.7) by

Ofure = V- (Id+Xa)Vuy ., (1.8)

iko-x 0( iko-x 0(

Upe(2)|t=0 = ete ex), Orun () |i=0 = ete ex),

for some non-resonant kg € O\ {0} (cf. (4.1)). (Note that the case ky = 0 is of a very
different nature as it is about zooming at the bottom of the spectrum.) In this setting, for
A e ) 0, the effective flow defined in Theorem 2 solves an explicit PDE. As in [1, 2], the
result is naturally expressed by factorizing out the free flow and the group velocity + ko I k E

Corollary 3 (Diffractive geometric optics). Under the assumptions of Theorem 2, consider
the classical wave flow uy as in (1.8) with non-resonant kg € O\ {0} (cf. (4.1)) and with
the scaling relation € = NP for some B > 0. Further assume that (u°,v°) has compactly
supported Fourier transform and that the lifted map a is a trigonometric polynomial. For
allt>0,0< A1, and £ > 1, we have for some 0 < v =~(8,¢) <1,

Hué\ - Uf;tHLz Sko,g u®,v° )\’y(l + )\Et)7

where the effective flow is given by f]f;t = (U“ + U“ ) with
d

€2 ko (Tt KO .
Uﬁl( ) = =€ ol ﬂ‘kO')Ai’,t (e (x]Ftuc ),

where the amplitudes Aﬁ 1 solve the effective diffractive PDEs

olko2A — (ko - V)2 |
(“ p T )

=+ 1 NePC (ko) ® (—iV)2PAS L, (1.9
O;M (m,pﬁﬁm m,p( 0) ( ) A+ ( )
0<p<|2/a]

with initial data Aﬁ\ cqlt=0 = u°=E |ZI§ | and with ® denoting the total contraction of tensors,
where Cy, (ko) are explicitly given p-th order tensors for all m,p > 0 (cf. Section 6.3).
For the specific choice A = &2, this result extends [1, 2] to the case of quasiperiodic

perturbations (up to changing variables (ez, et) ~ (2, t')). In terms of diffractive geometric
optics, it reads as follows:

e For times ¢t < €72 A A7, equation (1.9) for the amplitudes reduces to i@tAﬁi =0 up
to negligible terms. Hence the flow uf(z) simply remains close to

P
522%: ko (x:Ft\ko\)(u im> ()\5(33:!: |'Zg‘t))
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that is, the geometric optic approximation with group velocity :t“]z—g‘.
,UO
il kol
their spread is described by the Schrédinger equation (1.9). This is known as diffractive
geometric optics. The first diffractive correction due to the background appears on

times ¢t > 72, while the first diffractive correction due to the disorder a appears on

times ¢ > A~! and is nonzero whenever 1/,20 i= ko - (fpar @)ko # 0.

are further deformed and

e For times t > 72 A A™!, the transported profiles u°® =+

2. GENERAL METHOD AND RELATION TO THE LITERATURE

In this section, we start with the description of the general approach in the perspective
of normal forms, we draw a comparison to the recent literature on the topic, and we give
a spectral interpretation of the method (also briefly commenting on the corresponding
random setting [14]). We focus on the small disorder regime.

2.1. General method: approximate normal forms. Since the Fourier transform F
diagonalizes Ly := —/A and since the perturbation AV has small intensity A < 1, we may
look for a small deformation F) of the Fourier transform that diagonalizes the perturbed
operator Ly. If it exists, F) is known as a Bloch wave transform. In other words, this
amounts to writing £ in normal form: decomposing the Fy-symbol of £y as k — |k|>+ry
(that is, as a perturbation of the F-symbol k + |k|? of L), we would find

LTy = Tx(Lo + Ky), (2.1)

in terms of the transform 7y := F, LF and of the pseudo-differential operator Ky := K—iV A
(a multiplication operator in Fourier space). Alternatively, at the level of the Schrodinger
flow, this yields

uf\ _ e—itﬁxuo _ ﬂe_it(£°+lc*)7')\_lu°. (22)

Since F) is a small deformation of F, the transform 7y should be close to identity, in which
case the flow u) would be close to the effective flow U/t\ = e~ #(Lo+KN)y° The operator Ky
is viewed as an effective unitary correction of the free flow due to the perturbation AV on
long timescales.

We describe below the strategy in the general setting of a stationary ergodic potential V,
constructed on some probability space (€2, P); see Section 3.1.1 for precise definitions. As
shown in Examples 3.1, this encompasses both the case of a stationary random potential,
and the case of a periodic or quasiperiodic potential as considered here:

e In the periodic setting, © reduces to the torus T¢ endowed with the Lebesgue measure
and a realization w € 2 corresponds to a translation of the periodic potential W (z,w) :=

V(w+x).
e In the quasiperiodic setting (QP), € coincides with the underlying high-dimensional
torus TM and W (z,w) := V(w + FTx).

On the one hand, this unified setting leads to a fruitful comparison between the periodic,
quasiperiodic, and random cases (cf. Section 2.3). On the other hand, it suggests to
exploit averaging wrt the translation w, which is a crucial ingredient in our approach. In
the periodic and quasiperiodic settings we use Sobolev embeddings to get rid of averaging
a posteriori and to set w = 0 in the final results. Our strategy splits into five steps.
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(S1)

(52)

(S3)

Stationary Flogquet-Bloch fibration.

Rather than considering the Schrédinger operator £y on L?(R?) for fixed w € €,
we exploit averaging wrt the realization and view L) as an operator on the extended
Hilbert space L2(R% x ). This new operator can be partially diagonalized via Fourier,
which leads to a natural decomposition as a direct integral of simpler fibered operators
Lj» on the elementary space L%(12), for k € R% The (centered) fibered operators
take the form

Liyi=e TN+ V)R — |k = L1+ NV, Lro:=—A—2ik-V,

)

and act on L?(Q) viewed as the space of stationary fields. In particular, the Schrodinger
flow u) can be decomposed as

ul(z) = /R (k) etk etk (e=ite1) (2, w) d', (2.3)

in terms of the fibered evolutions e ~#£+21 on L2(92). We refer to this decomposition as
the stationary Floquet-Bloch fibration since it extends the well-known corresponding
construction in the periodic setting [30, 22].

Fibered perturbation problem.

By Step (S1), the Schrédinger operator £, on L2(R? x Q) splits into a family of
fibered operators (L ))pere on L?(Q). More precisely, the constant function 1 is an
eigenfunction of Ly associated with the eigenvalue 0, and the decomposition (2.3)
shows that it suffices to study the perturbation of this constant eigenfunction in
the spectrum of Ly 5. If the fibered operator Ly o on LQ(Q) had discrete spectrum,
the Kato-Rellich perturbation theory [21, 31] would ensure the existence of a (local)
branch A — (kgx,¥rr) of eigenvalues and eigenfunctions of L ) starting at the
eigenvalue 0 and the constant eigenfunction. For periodic V', the operators Ly ¢ indeed
have discrete spectrum and 0 is typically a simple eigenvalue, while for quasiperiodic
V' the eigenvalue 0 is embedded in dense pure point spectrum and for random V it
is embedded in absolutely continuous spectrum [14]|. In the latter two cases, 0 is
not isolated in the spectrum of L o, and there is no general perturbation theory at
our disposal that would allow to construct branches A — (s x,¢x,x). Such branches
could actually be not smooth or even not exist (cf. Section 2.3).

Approximate Bloch waves.

Rather than investigating the existence of a branch A — (ki x, ¥ x) as in Step (S2),
we consider the formal Rayleigh-Schrodinger perturbation series that would describe
such a branch, should it exist, the terms of which are characterized by abstract PDEs
in L2(Q). By truncating this series and also regularizing the terms if needed, we are led
to an approximate branch A — (/-it,; A U)i)\,u), which is referred to as a branch of ap-
proximate Bloch waves, where ¢ and p are truncation and regularization parameters.
Regularization is in fact only needed in the random setting (cf. Section 2.3), while
truncation is enough in the quasiperiodic setting. By construction, (/@f;’ )\,#,wf; Al “)
satisfies the eigenvalue equation for £y up to an error, called eigendefect. In other
words, /ff; A belongs to the pseudospectrum, e.g. [33], with the precision given by
the bound on the eigendefect. In contrast with approximate spectrum, our analysis
further requires to control the constructed pseudomode 7%, A itself in L2(Q), and in
particular its closeness to the constant function 1.
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(S4) Control of the eigendedect.

Using the approximate Bloch waves of Step (S3) instead of exact ones yields errors in-
volving the eigendefect, which thus needs to be controlled. In order to reach optimality
in the scaling in ¢, we proceed to a crucial resummation of the Rayleigh-Schrodinger
series using a tree-counting argument (which allows one to replace naive bounds of
the form C™’ by bounds of the form C", cf. Proposition 3.6 below). The control
of the eigendefect depends in an essential way on the nature of the perturbation V.
These estimates are the main technical ingredient required by the approach.

(S5) Approzimate normal form decomposition.
The above construction naturally leads to defining the following transform,

7}{,10(33,(,0) = /]Rd o(k) etF e ¢£,>\,u($a°~’) d*k, ve LERY).
Considering the pseudo-differential operator ICfM p = kb Vo We obtain

(E;ﬂ;fﬂv) (z,w) = (7}\%(&) + Kﬁyﬂ)v) (z,w)

[0 (L= K ) ) TR (2:)

=: (Rﬁ’#v) (z,w)

where the residual operator Rf\ u involves the eigendefect and is hopefully shown to
be small in Step (S4). This yields an approximate normal form decomposition of £y
to be compared to (2.1). In addition, since q/)i Ay S close to the constant function 1,

the transform Tf L 18 close to identity. An effective description of the flow on long
timescales then follows as in (2.2): more precisely, if R ., is of order O(g(A)) in some

scaling of y and /, then on the timescale ¢t < O(g(A)~!) the flow u) remains close to
the effective flow A ,
Uy = e LR ye,

Steps (S1)—(S3) (and the crucial resummation argument in Step (S4)) are detailed in
Section 3 below, which serves as a basis for the rest of this contribution. The truncation in
Step (S3) and the dynamical properties of approximate branches in Step (S5) are inspired
by the treatment of the classical wave operator with heterogeneous coeflicients at low wave
number in [6].

2.2. Comparison to the literature. The existence of an (exact) Bloch wave trans-
form F) in the quasiperiodic setting is a difficult and open question. In dimension d = 2
for a specific class of quasiperiodic potentials, the already mentioned works by Karpeshina
and coauthors [18, 20, 19] show that an (exact) normal form decomposition (2.1) holds
with 7T, replaced by some non-bijective map. More precisely, there is a large set of initial
data (at high frequencies) for which (2.2) holds, which in particular implies that ballistic
transport holds on all times for such initial data. This can be viewed as a KAM-type result
in an infinite-dimensional setting. Pursuing this analogy with nearly integrable Hamilton-
ian systems, the so-called Arnol’d diffusion phenomenon [3] would suggest that (2.2) could
possibly only hold for some (typically strict) subspace of initial data and under strong
assumptions on the quasiperiodic structure. However, in the small disorder regime A < 1,
recent results in 1D [34, 35] rather advocate that the normal form decomposition (2.1)
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might generically hold true with bijective 7). The main difficulty for such a result is
related to the dense crossings of eigenvalues as explained in the spectral interpretation
below. In contrast, in the present contribution, we focus on approximate versions (2.4) of
the normal form decomposition (2.1). The validity up to a stretched exponential timescale
is obtained by optimizing wrt the truncation parameter ¢ in (2.4). Rather than a KAM
result, this has the flavor of a Nehorosev stability result [25, 26, 27|, which holds for all
initial data and for (essentially) any quasiperiodic structure as stated in Theorem 1. As
such, the present work nicely completes the recent KAM-type results of [18, 20, 19, 34, 35].

2.3. A new spectral perspective. As explained in Step (S2), our general approach
reduces the description of the Schrédinger flow uy to the perturbation analysis of the
eigenvalue 0 in the spectrum of the fibered operators L, 5. The drastic difference of the
expected transport behaviors in the periodic, quasiperiodic, and random settings can then
be related to the fundamental difference of the corresponding perturbation problems.

e Periodic case: perturbation of discrete spectrum.

If the spectrum of Ly, o is discrete (and if the perturbation AV is Ly, g-compact), as in case
of a periodic disorder V', the Kato-Rellich perturbation theory ensures the existence and
analyticity of (most of) the fibered branches A — (kg x, %k ), which are then given by
their (convergent) Rayleigh-Schrodinger series for A < 1. As discussed in Remark 4.2,
the analyticity of the branches cannot hold uniformly when the fibration parameter k
gets close to the so-called diffraction hyperplanes, that is, to the values such that the
eigenvalue 0 is not simple in the spectrum of L. Regardless of this subtlety, in the
periodic case, a Bloch transform F) is known to exist, is bijective, and is strongly close
to the Fourier transform F (e.g. [22]).

o Quasiperiodic case: perturbation of dense pure point spectrum.

If the spectrum of Ly is dense pure point with a (typically simple) eigenvalue at 0,
as is the case for a quasiperiodic disorder V, and if a branch of eigenvalues X — xj, 5
exists, then it is typically not analytic due to dense crossings with other eigenvalues. In
particular, the formal Rayleigh-Schrodinger perturbation series should not converge in
that setting. Our approach then amounts to using the Rayleigh-Schrédinger series as an
asymptotic series describing a likely existing branch. Such perturbative information are
of course not strong enough to obtain conclusions on all timescales, as opposed to the
non-perturbative approaches in [18, 20, 19].

e Random case: perturbation of absolutely continuous spectrum.
If the spectrum of Ly, o consists of a simple eigenvalue at 0 embedded in an absolutely
continuous part, as is typically the case for random disorder V' (cf. [14]), we expect the
eigenvalue to disappear whenever A > 0 in view of Fermi’s Golden Rule. As no branch
of eigenvalues would then exist, we may wonder about the meaning of the approximate
branch A — /4;2 A, that we propose to construct. As observed in [14], nf; A actually ad-
mits a complex-valued limit as p | 0, which is naturally interpreted as an (approximate)
branch of complex resonances. The need to regularize the coefficients in the Rayleigh-
Schrédinger series in this setting is precisely related to the fact that the corresponding
resonant modes cannot belong to the space LQ(Q): the approximate Bloch waves wﬁ’ A
are viewed as approximate resonant modes and do not admit a limit in L%(Q) as p | 0.
This explains the limitation in the random setting: since our general approach requires
to stick to the L?(Q2)-topology, we are limited to timescales such that resonances are not
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visible, i.e., to timescales t = o(A~2). More precisely, we can show that the Schrédinger
flow remains close to the free flow for ¢t = o(A~2|log A|~!) whenever the potential V has
fast decaying correlations, which is however not new and is essentially already contained
in [32]. We refer to [14] for a discussion of the Floquet-Bloch approach and resonance
analysis beyond that timescale.

3. APPROXIMATE STATIONARY FLOQUET-BLOCH THEORY

In this section, we adapt the standard periodic Floquet-Bloch theory (e.g. [22]) to the
general stationary setting, we show how the behavior of the Schrodinger flow is reduced
to a fibered perturbation problem, and we approximately solve this perturbation problem
in terms of suitable approximate Bloch waves. This covers Steps (S1)—(S3) of the general
approach of Section 2.1.

3.1. Stationary Floquet-Bloch theory. We start by adapting the standard periodic
Bloch-Floquet theory (e.g. [22]) to the general stationary setting.

3.1.1. Preliminary: notion of stationarity. Assume that the probability space (€,P) is
endowed with a measurable action 7 := (7;),cga of the group (R, +) on €, that is, the
maps 7, : 2 — € are measurable for all z and they satisfy

® T, 0Ty = Tyyy forall z,y € R
e P[r,A] = P[A] for all # € R? and all measurable A C Q;
e the map R? x Q — Q: (r,w) — T,w is jointly measurable.

We then assume that the potential V is given by V(z,w) := V(7_,w) for some random
variable V : @ — R. More generally, a measurable function f : R% x Q — R is said to
be 7-stationary (or simply stationary) if it satisfies f(z,w) = f(0,7_,w) for all z,w. In
particular, this implies E[f(z, )] = E[f(0,-)] for all x, and it ensures that f is jointly
measurable and that the map w +— f(z,w) is measurable for all z. Setting f(w) :=
f(0,w), stationarity obviously yields a bijection between random variables f :Q —- R
and stationary measurable functions f : R x  — R. The function f is then called the
stationary extension of the random variable f . In particular, the subspace of stationary
functions f : R? x @ — R in L*(Q, L2 (R%)) is identified with the Hilbert space L*(f2),
and the weak gradient V on locally square integrable functions then turns by stationarity
into a linear operator on L?(Q). For all [ > 0, we may further define the (Hilbert) space
H'(Q) as the space of all random variables f € L2(Q) the stationary extension f of which
belongs to L?(€; H. (RY)). Also note that, by a stochastic version of Lusin’s theorem,
the joint measurability condition above implies that 7-stationary functions are necessarily
stochastically continuous; in particular, for all f € L2(Q), the map R? — L2(Q) : y

f(7—y-) is continuous. We refer to e.g. [13, Appendix A.2| for details.

Examples 3.1. It is well-known that periodic and quasiperiodic (as well as almost peri-
odic [29]) potentials V' can be viewed as random stationary potentials:

e For periodic V, we set Q := T? endowed with the Lebesgue measure, we define 7_,w =
w+ 2 mod T¢, and we set W (x,w) := V(w + ), which defines a stationary field W.
The stationary gradient on L2(2) then coincides with the usual weak gradient on L?(T%)
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e For quasiperiodic V as in (QP), we set € := T™ endowed with the Lebesgue measure,
we define 7_,w = w+ F 2z mod TM, and we set W (z,w) := V(w+ FTz), which defines
a stationary field W. The stationary gradient on L?(Q) then coincides with FVqu in
terms of the weak gradient Vpar on L2(TM).

In the sequel, we consider the Schrodinger flow with V' replaced by W (-, w) and we exploit
averaging wrt the translation w. Since the main results of this paper are stated for w = 0,
we need to get rid of the averaging wrt w, which we do using Sobolev embeddings. For
simplicity, we make no difference between V and W in the notation. O

3.1.2. Stationary Floquet transform. For f € L?(R%xQ), we first define the (non-stationary)
Floquet transform U f : R¢ x R? x @ — R by
Uf(k,z,w) = FIOf(w)](k),  Ouf(y,w) = fz+y, mw). (3.1)
The following properties directly follow from this definition.
Lemma 3.2. Writing eg(z) := %%,
(i) the map O, (hence also the map f s Uf(-,x,-)) is unitary on L*(R? x Q) for all x;
(i) Uf(k,-,-) is eg-stationary in the sense that Uf(k,x + z,w) = ex(2) U f(k,x, T_w);
(iii) f(z,w) =F L USf(-,z,w)] (0), where the RHS is well-defined in L?(R? x Q). O
(The expression F ! [Uf(-,z,w)] (0) is indeed well-defined in L2(R? x ) since the sto-
chastic continuity that follows from the measurability of the action 7 ensures that the map
RY — L2RI x Q) : y = ((z,w) = FHUS(,z,w)](y) = f(x + y,T,w)) is continuous,
cf. Section 3.1.1.)
For f € L?(R? x Q), it is then natural to define
Vfk w,w) = e " U (k, z,w), (3:2)

which, for any fixed k € R?, is stationary by the above properties. Also, for all z € R?, the
map f — Vf(-,x,-) is unitary on L?(R? x Q). With the usual identification of V f with its
restriction Vf(-,0,), we may thus view V as a unitary operator on L2(R? x Q), which we
refer to as the stationary Floquet transform.

Lemma 3.3. The stationary Floquet transform V' satisfies
(i) f(x,w)=F L[k ep(x)Vf(k,z,w)] (0), where the RHS is defined in L2(R? x Q);
(ii) denoting by v : L2(R?) — L2(R? x Q) the canonical injection, we have Vor =10 F
on L*(R%);
(iii) for all f € L2(R4x Q) and g € L*(Q) with gf € L2(R¥xQ), we have V(gf) = gVf. O
3.1.3. Stationary Floquet-Bloch fibration. The stationary Floquet transform V' decomposes
differential operators on L?(R¢ x Q) into direct integrals of elementary fibered operators
on the simpler space L2(Q) of stationary functions.

On the one hand, the Laplacian —A on L}(R? x Q) is transformed as follows by the
stationary Floquet transform V), for all f € L2(Q; H2(RY)),

in terms of the (centered) fibered Laplacian

—Ap = e R N)RT E2 = —(V +ik) - (V4 ik) — [k]? = —A — 2k - V,
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where all the derivatives are taken in the weak sense wrt the z-variable. The action of the
operator —/\, is considered in (3.3) on stationary functions, hence equivalently on L?(€2).
Its domain is then clearly D(—Ay) = H?(f2), and the centering ensures that the constant
function 1 belongs to its kernel.

On the other hand, since the potential V' € L?(f) is stationary, it (densely) defines
a multiplicative operator on L%(R? x ). In the periodic and quasiperiodic settings as
considered in the present article, V' turns out to be uniformly bounded, hence it defines a
bounded self-adjoint operator on L2(R? x Q). In view of the random case, we emphasize
that the boundedness of V is not needed for our purposes: if V satisfies a lower bound
V(z,w) > —K(w)(1+4|z|?) for some random variable K with E [|K|*] < oo (which is a mild
requirement), the Faris-Lavine argument [16]| ensures that the corresponding Schrédinger
operator £y = —A+AV on L?(R? x Q) is essentially self-adjoint on L>°(Q; H2(R?, |z|%dx)).
As in (3.3), we then find for all f € D(L)), using Lemma 3.3(iii),

VILASI(k,w) = ([k[* + L)V (k,w), (3.4)
in terms of the fibered Schrédinger operator
Ly = e TP A4 AV)eR® — k2 = —Ap + AV

For fixed k, we view the fibered operator L) as an essentially self-adjoint operator
on L2(Q). Using direct integral representation (see e.g. [30, p.280]), we may reformulate
Lemma 3.3(i) as

L2(R? x Q) :/ er L2(Q) d*k,
D

—A:/ek(|k]2—Ak)d*k, ,C)\:/ek (‘k|2+£k’)\)d*k.
©® b

This fibration leads to the following useful decomposition of the Schrodinger flow (1.3):
for an initial condition u® € L?(R%), denoting as before by ¢ : L2(R?) «— L?(R¢ x Q) the
canonical injection and using Lemma 3.3(i)—(ii) and (3.4), we find

ub (z,w) = (e‘”ﬁA w®)(z,w) O F-1 {k s eth e V(e_it’cwuo)(k:, az,w)] (0)

W o et () (k)] (0)

(;) f_l |:k’ N ,&O(k) e’ik,‘.xe—it|k|2 (€_it£k’>\ 1) (k’, z, w):| (O)

R [kHﬁo(k) eik'”ﬁe‘it"“'z/Re‘““dui,x(ﬁ)(%w)] 0),

in terms of the L*(Q2)-valued spectral measure i, of Ly ) associated with the constant
function 1. Provided we have enough integrability wrt the k-variable, this takes the simpler
form

uh (z,w) = /ﬂo(k)e_”|k|2eik'z (e‘iwk’*)(x,w)d*k
R

d
N /R /Rff(k) e IR IR gk (k) (2, w) dF. (3.5)

For A = 0, we simply have du} ,(x) = ddo(k), while for A > 0 the planar wave ey is
corrected into a (potentially non-atomic) Bloch measure ey, dui,)\(m), which is adapted to
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the potential V. If zz} , admits an atom at r., the function ey, p}. \ ({r+}) € L2(Q; L .(R%))
is called a Bloch wave, which is in particular a “generalized eigenfunction” of £, associated
with the “generalized eigenvalue” |k|? + k.. In the periodic case, the measures u}c ) are all

discrete and the situation is thus much simplified [22].

3.1.4. Fibered perturbation problem. We have seen that the Schrédinger operator £y on
L2(R? x 2) is equivalent to the collection of all the fibered operators L » on LQ(Q),
for k € RY  More precisely, the decomposition (3.5) implies that the behavior of the
Schrodinger flow w)y, is equivalent to that of all the spectral measures ui’ ) associated with

the constant function 1, for & € R% Since 1 is an eigenfunction of Lo associated with
the eigenvalue 0, we are reduced to study the perturbation problem for this eigenvalue in
the spectrum of Ly » in the regime A < 1. A naive approach consists in postulating that
for A > 0 the eigenvalue 0 (resp. the eigenfunction 1) is perturbed into an eigenvalue rj »
(resp. an eigenfunction 9y »), and in trying to construct them via their Taylor series, that
is, as the sum of the so-called Rayleigh-Schrédinger perturbation series

Kea =AY AW, pa =1+ A"¢p. (3.6)
n=1

n=0 =

This can indeed be done in the periodic setting (for most k). The eigenvalue equation

Ly Uk = BV, ki € R, Y € L2(9Q), (3.7)

then splits into a hierarchy of Rayleigh-Schrodinger equations for the coefficients v}’ € R
and ¢} € L*(Q). In line with the wording in [6] related to the homogenization theory, we
refer to the ¢7'’s as the correctors. This approach however quickly fails: for quasiperiodic
V' the coefficients (v}, ¢}}) can be constructed from the Rayleigh-Schrédinger equations
but the series (3.6) is not summable, while for random V' the correctors ¢} cannot even be
defined in L?(Q). This is related to the spectral discussion in Section 2.3: for quasiperiodic
V' dense crossings of eigenvalues are expected to destroy analyticity of the branch A\ —
(Kk» ¥k,2), while for random V' no such branch should even exist.

3.2. Approximate Bloch waves. While solving the eigenvalue problem (3.7) beyond
the periodic setting is very difficult or impossible, we may at least construct approximate
solutions of (3.7), that is, approximate Bloch waves, in the small disorder regime A < 1.
In the quasiperiodic setting, since the Rayleigh-Schrodinger coefficients (v}, ¢}) can all be
constructed, we view (3.6) as an asymptotic series describing a likely existing branch, and
we define approximate Bloch waves as the partial sums of this formal series,

J4 0
£ E o E
K:k,)\ = A )\nl/]?, wk‘,)\ = )\ngbz
n=0 n=0

Such truncated Rayleigh-Schrodinger series are referred to in the sequel as Taylor-Bloch
waves. In the random case, as the correctors ¢ are not defined in L?(Q), we would
further need to regularize the Rayleigh-Schrédinger equations to ensure the existence of
solutions in the desired space. We focus here on the quasiperiodic setting, for which all
the Rayleigh-Schrodinger coefficients (v}, ¢7) can be constructed and define the jet of a
formal branch A — (kgx, %% )) at A = 0. The admissible set O below will soon be taken
as the non-resonant set O defined in (4.1).
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Definition 3.4. Given 1 < ¢ < 0o and a nonempty open set O C R%, a family (v, op -
keO,0<n</t) cL}Q) xR is called a field of {-jets of Bloch waves if

(i) for all n, the map O — L*(Q) x R : k — (v, #}) is continuous;
(i) vy :==E[V¢}] for all n > 0;

iii) for all k € O, we have ¢? = 1, and for all n the function ¢7*! satisfies E [¢" ] =0
k k k
and

n—1
—Apgp Tt = —TIVEE + ) E[Vi]ep (3.8)
=0

where IT denotes the orthogonal projection onto {1}, that is ILf := f — E[f].
The corresponding family (mf; 0 ¢£ y k€O, X>0) of partial sums,

¢ J4
Rin = ARV, =AY N g =Y N, (3.9)
n=0 n=0

is then called the sheet of Taylor-Bloch waves of order ¢. Note that v) = E[V]. In
the statement of Theorem 1, we further use the short-hand notation /%f; y and 7y for the

extension of /@i y and v by zero outside O. O

As the following shows, for small A, these Taylor-Bloch waves almost satisfy the eigen-
value equation (3.7).

Lemma 3.5. Let{ > 1, let (v}, ¢}) i e a field of L-jets of Bloch waves, and let (nf;’/\, wﬁ,,\)k,/\
be the corresponding sheet of Taylor-Bloch waves. Then we have

(= L%+ AV)Yp \ = K + ALy,
in terms of the Taylor-Bloch eigendefect

/-1 { 4-1
ofa = (IVef = D viof™) = A D0 30 At ler, 0
=0

n=11l=0—n

Proof. The proof is elementary and follows from several resummations:

¢
Lialiy = Lix Y A6}

n=0
£ 4 n—2 4
= =Y NV =E[Ver D+ A g TIE[VeL] + VY A e
n=1 n=2 =0 n=0
/-1 n
= AN g+ X Vg
n=0 =0
/-1 l f-1
= Fatha AT (VoL —E[VeL] = Y vker) AN ST A,
=0 n=1l=0—n

as claimed. OJ
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FIGURE 1. Given a rooted plane tree, we let the vertices be labelled from
the left to the right, from the top to the bottom. A tree of order m then
uniquely defines an element a € 7, by defining a; as the number of children
of the jth vertex. For instance, the above plotted tree corresponds to the
element a = (2,3,2,0,1,0,0,0,0) € 7.

3.3. Tree formulas for Rayleigh-Schrédinger coefficients. For later purposes, we
now explicitly solve the nonlinear recurrence equations (3.8) for the Rayleigh-Schrédinger
coefficients (v}, ¢}). Indeed, while solving (3.8) would naively lead to a sum of C™ terms,
the formula below only involves C™ terms (cf. exponential number of trees). This is cru-
cial to prove sharp corrector estimates in Proposition 4.3, which are key to the stretched
exponential timescale of the main results. Although we believe that the formulas below
could be obtained by a careful counting and recombination of the many terms occurring
when solving the nonlinear recurrence (3.8), we rather display a shorter indirect argument
based on a Lagrange series expansion.

Proposition 3.6. Let V' be stationary on (2, P) and assume that V € LP(Q) for allp < oo.
Form > 1 let T, C N denote the set of rooted m-trees, which we define as the following
set of indices (cf. Figure 1),

T i={a=(a1,...,am) EN™ t aqj +...+ ay <m—j, V1 < j <m}. (3.10)
Note that 8T, < 4™. If (V7, o1 )kn is a field of jets of Bloch waves as in Definition 3./,
then we have for all n > 0,

n+1

n __ n+l—m

ZEDICHAND DD DEED DENTND S
m=1 a€Tm ceN™ plencl bM eNCm

le[=n+1-m |pl|=q, 1o |=am
x E[V(=Ap) MV . (—Ap) 70 v]
X L E[V(=Lp) IV L (= A) eIV,
and for alln > 1,

d)%—zl Z SN e (—Ap) "0 IV L (= Ag) "t LY,

aeNl  beNm
|la|=n—m—¢ [b|=¢

assuming that all the terms make sense in L2(Q) (in fact, whenever k belongs to the non-
resonant set O, cf. (4.1)). O
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Proof. The cardinality #7,, is obviously bounded by the number of ways to put m — 1
unlabelled balls in m labelled boxes, that is, by (2%”:11)) < 4™. By a density argument,
we may assume that the potential V' belongs to L*°(Q2). By an approximation argument,
it further suffices to establish the result for regularized Rayleigh-Schrodinger coefficients:
for > 0 we define (v ,, ¢} ,) as follows,

(1) vg, = IE[V(bZ’M] for all n > 0;

(ii) (]527# =1, and for all n > 0 the function qbz’zl satisfies IE[ Z';l] =0 and

n—1
(—ip— AR)optl = -TIVeR , + > E[Vel o (3.11)
=0
We then define the regularized Bloch waves

R = AB[Vihpau] =AD X pag= > AR, (3.12)
n=0 n=0

where the series indeed converge for A small enough (for fixed > 0) and satisfy

(—ip = D+ AV)Uap = Beapuiap — i, Eleau] =1 (3.13)

Note that the Rayleigh-Schrodinger coefficients (v}, ¢}) are clearly retrieved in the limit
p 1 0, so that it suffices to establish the statement of the proposition for (v}, ¢}) and
— A}, replaced by (1/,’; Pk, u) and —ip — Ag. The strategy of the proof is as follows: we

establish another explicit series expansion for ¢y » , in the restricted regime A < 2 A1
using a fixed point argument together with Lagrange and Neumann expansions, and then
we identify the coefficients with (v ,, ¢} ,) in (3.12). Since coefficients are independent

of A, the restriction A < p? A1 in the proof is naturally irrelevant for the validity of these
new formulas for (v} Ok u)’ and the corresponding formulas for (v}, ¢3) follow for p | 0.

Applying the projectors 1 — II = E[-] and II, we deduce that the equation (3.13) is
equivalent to

Kk p = AE[V¢k7A7M], ( — i — Kl Ap — JAVARS )\HV) (¢k7/\,u — 1) = —\IV. (3.14)
Provided that (ip+ kg ,) 7 0, the p-regularized eigenvalue ky, » ,, is therefore a solution
of the following fixed-point problem,

B = Grp(Krapu);
Geapu(k) == AE[V] = N E[V(—ip — k — Ay + AIV) T IV].

Provided that S(ipu+ k) # 0, the quantity Gy, () can be rewritten in form of a Neumann

series for all A > 0 small enough,

Giauls) = AE[V] = XE[V(1+ Aip =5 = 87 TIV) ™ (i = s = ) 71TV

— AE[V] -\ i(q)“ E |V (Ty(omv)" 1],
n=0

where we use the shorthand notation I'y, ,(k) := (—ip — k — Ag) ™. For |k| < p, we may
further use the Neumann series

Diu(k) = (1= 605,(0)) "' Thpu(0) = 3 6T (0)"
n=0
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Injecting this into the above then leads to the following series expansion for Gy » ,: given
|k| < p, we obtain for all A > 0 small enough,

Gru(k)

= AE[V] =D (0" > A E VT, (00 TV LT, (0) T IV
n=1

at,...,an=0
00
§ : ¢
= R Gk,)\,,u;fa
{=0

where we have set for all £ € N,

Gt = — 3 (A" > E [V}, (0) IV . .. T, (0)*HIIV] .
n=0 a€eN”

|a|=¢

(Note that we use here the natural convention for empty sums and products: for £ = 0 the

sum takes the form
o0

=) (NE V(D (0)IV) 1],

n=0

while for ¢ > 1 the sum is reduced to n > 1.) We are now in position to solve the fixed-
point equation k = Gy ,(x) in the form of a Lagrange series expansion as e.g. in [12].
By a simple tree-counting argument, the unique solution s, for A small enough can be
expressed as the following sum on all possible trees of all sizes,

oo

Ko = > Y Gragiar - Grgiiams (3.15)

m=1 CLETm
or alternatively,
oo
n
K/kz)‘#t = : :)\ Hk,lw%
n=1
where we have defined

n

NS D DD DD S

m=1 a ceN™ plencl bMeNem
m
|lc|=n—m ‘b1|_a1 [6™ |=am,

X B[V, (0) IV .. T ,(0)Pe H IV ]
X B[V (0)T IV L Ty, (0)6= IV, (3.16)

provided that the above power series is absolutely convergent and satisfies [k .| < p-
Let us quickly check that these two conditions are indeed satisfied for A > 0 small enough.
For that purpose, we make use of the following coarse estimate,

|E[VTh, (0) IV ... Ty, (0)P V] | < ||V ||t Gretbm)=m,
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which indeed yields for all n > 1,

n (e.)
EYMEEED S5 DD DI U

m=1a€Tm C1,---,m=0

% Z Z |VHm+c1+ +cm —(|bY 4. o™ )= (c1+...4Cm)

€N€1 b eNCm
|b1\—a1 b [=am

n 0o
||VHE°° Z Z Z ]lc1+...+cm:n7m

m=1a€Ty, c1,....,cm=0

IN

IN
=
SE
8
=

i

3

[
&
s

where we have set
a1 +c—1 am +cm — 1
7, ;o= 1 a+...+am=j .
m,n,) Z Z clﬁAf+c-'—m:njm ( cl — 1 > ( Cm — 1 )
a1,-,0m=0 C1,....cm=
(Here we take the convention (:1) =1 and (_31) = 0 for s > 0.) Using the coarse bound
Ty < 220H-D=m  we deduce
[kl < IV IIE=2%"(n ALY
which leads to

o0

wnl £ Y (o IVIs)” <

n=1 n=1

for A small enough (say A < pu? A1),

We turn to the series representation of ¥y, 5 ,,, and insert the expression (3.15) into (3.14).
Since |k u| < p, one may invert the equation for v ,. Proceeding as above using
Neumann series, we obtain the following absolutely convergent expansion in L%() for A
small enough,

Veap = 1+Z ”Z Koo D (=i = D) "IV L (—ip = Ay) ™IV
a€NT
la|=¢

oo
= 1+ Z )\nwk,,u;na
n=1

where we have set for all n > 1

Vk,pim ::7;1 Z > X

aeN? beN™
|a\nmé‘b‘f

X Khpdtay - Kkpelrap (—ip — Og) "IV L (=i — Ag) TP THIVL (3.17)
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We are in position to conclude. Comparing the above series representations with
the Rayleigh-Schrodinger series (3.12) satisfying the same regularized eigenvalue equa-
tion (3.13), and identifying the powers of A in these (locally convergent) series, we deduce

for all n > 1,

—1
¢k,u;n = QSZ,IU Bk,pn = Vl?,u '

Passing to the limit g | 0 in these formulas, the conclusion follows. ]

4. APPROXIMATE BLOCH WAVES IN THE QUASIPERIODIC SETTING

In this section, we establish fine bounds on the Rayleigh-Schrodinger coefficients (v, ¢})
in the quasiperiodic setting (QP). As emphasized in Remark 1.1, the quality of such bounds
depends both on the regularity of the lifted map V and on the algebraic properties of the
winding matrix F. We start by introducing a suitable form of a Diophantine condition
for F', adapted to the fibered structure.

4.1. Diophantine condition. The key ingredient to estimate the Rayleigh-Schrédinger
coefficients in the quasiperiodic setting is the inversion of the fibered Laplacians —Ayp,
k € R? The Fourier symbol of —A\;, is given by ¢ — |F¢ + k|? — |k|?> on ZM and can in
general vanish for £ # 0, which prohibits any invertibility. In order to ensure invertibility,
we must obviously assume that F' is irrational (that is, F'¢ # 0 for all ¢ € ZM \ {0})
and we must also restrict to values of k away from the so-called diffraction hyperplanes
Pei={K e RY: |FE+ K| = |K|}, € € ZM\ {0}. The complement of the union of all those
hyperplanes constitutes the so-called non-resonant set,

o:=Rr"\ |J P, (4.1)
£eZM\{0}
which typically has a Cantor-like structure. To obtain precise bounds on the Rayleigh-
Schrédinger coefficients, fine estimates on the inverse symbol & — (|F¢& + k|? — |k|?)~1
are further required for non-resonant k. This is provided by the following when F' is
Diophantine. To ensure uniform bounds, we must naturally restrict to values of k outside
some fattened resonant set Rp, R > 1, with Og :=R4\Rr 1+ O as R 1 .

Lemma 4.1 (Diophantine condition). Assume that the winding matriz F € R™>*M satisfies
for some rq > 0 the Diophantine condition

Fe| > Cfowa’“o for all € € ZM\ {0}, (4.2)

and let so > M + 1o be fived. Then there exists a decreasing collection (Rr)r>1 of open
(resonant) subsets Rp C RY and there exists a constant C' > 0 (depending on Cy, F, M, sq)
such that the following hold for all R > 0:

(i) For all k € R4\ Ry and all £ € ZM \ {0}, we have
||FE + kJ” — K[| > R™H¢| 7. (4.3)

(ii) For all k > 0, we have [Rg N By| < CR™'0B,|.

(iii) We can decompose Rr = Uy R, where (R%), is an increasing sequence of open
subsets of R%, such that for all n,
— R is a finite union of reqular open sets;

— the condition (4.3) holds for all k € RT\ R% and & € ZM \ {0} with |¢| <n. ¢
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(In the sequel, we conveniently write RE, := RE] for non-integer ¢ > 0.)

Remarks 4.2.

e Diophantine condition (4.2): Given 19 > d — 1, the standard theory of Diophantine
conditions ensures that for almost every F' € R¥*M there exists Cyp > 0 (depending on
F, M, rg) such that (4.2) holds.

e Property (ii): Two dual behaviors are included in property (ii): on the one hand the
density of the resonant set Rr decreases to 0 as R 1 oo, and on the other hand for fixed
R the set RY \ R is extensive in the sense that the density of R in a ball B, decreases
to 0 as k T co. As exploited in the proof of Corollary 2, this duality precisely allows us
to argue alternatively in the small disorder regime or at high frequencies.

e Periodic setting: Let us argue that in the periodic setting (that is, (QP) with M = d and
F = 1d) the above lemma holds with sy = 0. More precisely, there exists a decreasing
collection (RR)r>1 of regular open subsets Rr C R? and there exists a constant C' > 0
such that the following hold for all R > 1:

(i) For all k € RY\ Ry and all £ € ZM \ {0}, we have
1€+ K[> — |k]’| = R~ (4.4)

(ii’) For all k > 0, we have |[RpN B,| < C,R™1.1

This is obtained as a direct adaptation of the proof below, noting that the diffraction
hyperplane Pr = {k’ € R?: |F¢ + k| = |k'|} does not intersect the ball By O
2

Proof of Lemma 4.1. For R > 1 and ¢ € ZM \ {0}, we consider the fattened diffraction
hyperplane
Rr() = {k € R |[|[F+k* = [k < R7'g[™},
and the fattened resonance set
Re = |J Rz
gezZM\{0}
For ¢ € ZM\ {0}, we note that the distance of a point k € R? to the diffraction hyperplane

Pe:={K € R : |[FE+ K| = |K/|} is given by |k - % — 3|F¢||, hence a point k € R?

satisfies || F€ + k|? — |k[?| < R7!|¢[7%0 if and only if it is at distance < $R™|F¢|7L|¢[~%
from P. This implies

Rr(§) = P+ B1g-1)pe|-1)¢| <0 (4.5)
and the Diophantine condition (4.2) then allows to estimate, for all k > 0,
[Rr(§) N Byl < CRT'WHFeTHe[™ < CR™ IR g0,
By a coarse union bound and the choice sg > M + rg, this yields
ReNBe| < > CR'w"Mgom < CR™'R4
£ez\{0}

1. Similarly as in Lemma 4.1, the factor C, could be improved into C|0B,| if we replace the RHS R™*
in (4.4) by R™|€]7%° with so > d — 1.
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Items (i)—(ii) follow. It remains to prove item (iii). For that purpose, for all n > 1, we
consider

Rp= |J Rr(©)

EE‘Z;‘VQ\{O}
By definition, the sequence (R;)n is increasing and satisfies Rg = |J,, R%, and (4.3) holds
for all k € R?\ R% and |¢]| < n. O

4.2. Control of the Rayleigh-Schrédinger coefficients. For k € O, the Fourier sym-
bol of —A\ does not vanish outside the origin, which ensures that all the terms of the form
(=Ap) IV ... (=AR) 7PV are well-defined in L?(Q2). In view of Proposition 3.6,
this entails that the Rayleigh-Schrodinger coefficients (v}, ¢}) are well-defined for all n
whenever k € O. It remains to establish fine estimates on these coefficients, for which we
exploit the Diophantine condition (4.2).

Proposition 4.3. Consider the quasiperiodic setting (QP), assume that the winding ma-
trix F' satisfies the Diophantine condition (4.2) with ro > 0, that the lifted map V has
compactly supported Fourier transform, and set sg > M + 1o and K := sup{1V [{|: £ €
supp FV'}. There exists a constant C (depending on F, M, sq) and for all £, R > 0 there
exists a field of (-jets of Bloch waves (v}, ¢} : k € R% \ Rgé, 0 < n </¥) in the sense of
Definition 3.4, which satisfy for alln > 1, k € R\ R[Bf", and s,7 >0,

Vivp| < (CRjK® ot (CREsMpsoyn || Fy|ntl) (4.6)

IVigillms@ < (CKn)*(CRIK™ ot (CRE*Mn* )" |FV|{w.  (4.7)

In particular, for all & € C°(R?) supported in RY\ RE™, we deduce

1
, . 2 2
sup (/ / etk ViVeei(z,w) a(k) d*k dm)
weN Rd ! JRd
< (CKn)" M (CRIKH 0t (CRE M o) | FV e [l 2, (4.8)
which holds uniformly wrt tranlations w € Q = TM. O

Remarks 4.4.

e Dependence on n: We believe that the (Cn*°)"-growth of the above bounds on (v}, ¢}!) is
essentially optimal, which implies in particular that the Rayleigh-Schrodinger series (3.6)
cannot be absolutely convergent, cf. the discussion in Section 2.3.

e Irrational winding matriz: If we merely assume F¢ # 0 for all € € ZM \ {0}, then (4.7),
(4.6), and (4.8) hold in a modified form where the dependence on K and n is replaced
by some constant Ck,, that is no longer explicit (and can grow much faster, for instance
for Liouville frequencies). The easy adaptation of the proof is left to the reader.

e Periodic setting: In the periodic setting (that is, (QP) with M = d and F' = Id), the
bounds of Proposition 4.3 above hold in the following improved form: for all R,n > 1,
5,7 >0,and k € R\ Ry (with Rg defined as in the last item of Remarks 4.2),

IVigill @) < n°(CRjn) (CR)".

This ensures the convergence of the Rayleigh-Schrodinger perturbation series (3.6) for
small A (which also follows from the Kato-Rellich theorem). O
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Proof of Proposition /4.3. We use Fourier series F in the (high-dimensional) torus Q = T
We make a slight abuse of notation in this proof and write V = FV : ZM — C. We split
the proof into two steps.

Step 1. Proof of (4.6) and (4.7) for j = 0.
Lemma 4.1 allows to invert the Fourier symbol of —A\;. By Proposition 3.6, it suffices
to control for all m > 1 and b € N™ the functions

Pl = (AT TV L (=AY - T 5 C

Since F[IIf](&) = f(ﬁ)]l#o for all f € L?(TM), the Fourier transform of XZL’b takes the
form

~m,b V(ﬁ —&). ..f/(gmfl — §m)‘7(£m)
X () = Texo > o ) (49)
e Tan oy FEFRP = [P (G + k> = [k P)Pm 1

so that Parseval’s formula yields

E[Vx'] = Z - -
€1,0,Em €ZM\ {0} (1F&m + K[ = |K[?)

-1

3

V(€ — 1)
L (|F& + K[ — k2t

||E

Recall that K := max{1V |¢] : £ € supp V'} < 00, so that the above sum can be restricted
to

{61, &m) € @M N{OP™ 1€l [€m—ria] <LK, V1 << T[]}
Combining this observation with Lemma 4.1 then yields the following for all m > 1 and
b € N™: if m € 2N, we have for allkERd\R

E[VXT]| < (RES)™ |yt Z Ljey) el <K

51,..A,5m€ZA/I
m/2
50 (bj b 4142
X H (jSO( ! Ak )]1|fj_fj—l|SK 1‘§m7j+1_§m—j+2|SK)
=2

< (CE)™(RK om® )™l |y,

Likewise, if m € 2N + 1, the same estimate holds for all k € R%\ R =R Injecting this
into the formula of Prop051t10n 3.6 for the v}'’s (recall that Ty, denotes the set of rooted

m-trees (3.10)), we obtain for all n > 1 and k € R?\ R, KT 1

n+1

el <SS N > Y (RERG)TT (R M Vet

m=1a€T,;,  ceN™ plencl b™M eNEm
lc|=n+1—m [bl|=a; 6™ |=am,

% . (RKSO So)cm+am(CK)CT”MHVHC’”—H
for some C depending on M. Since 7, < 4™, this directly leads to
| < (CRESOMpsoyn|y|ntt, (4.10)
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Since v = E [V], the same estimate obviously holds for n = 0, and the conclusion (4.6) for

j = 0 follows. We turn to the bounds on the correctors. For that purpose, for all s > 0,
m > 1, and b € N™, we combine (4.9) with Parseval’s identity in the form

Xk HHS(Q)< > ()
& ezM\{0}
3 V(€ &) V(En1 = &m)V(Em) 2

. (F& + K% — [k2)PrT . ([Fém + k[2 — [K[2)bmt]

€2,-.,Em ELM\{0}
By the Cauchy-Schwarz inequality together with the compactness of the support of v,

,b %
I sy < VIS

(€)% Lie, —gy|<k - ]1|§m 1| <K Ljg, <K
(|F& + k|? — |k[2)2Cit)  (|F&y + k|2 — |k[2)2m+1)”

X sup
&1€ZM\{0} £2,...&m €EZM\{0}

Hence, using Lemma 4.1, for all k € R? \ Rgm,

(CK)2mM(Km + 1)28”‘7”%@% (RKso(m o ] + 1)50)2(bj+1)
j=1
< (CK)*™M(Km + 1)* (RK*0m® )2+ v |2,

IN

IXE e o)

for some C depending on M. Injecting this estimate into the formula of Proposition 3.6
for the ¢}'’s, we obtain for all n > 1 and k € RY\ Rg”,

n n—m
16kl () < (CKn)* Y~ > (CE)™(CRE*m™)" ([V||f Y |y |-
m=1 ¢=0 aent

la|=n—m—¢
Combined with the bound (4.10) on the v}'’s, this yields
167l s(0) < (CKn)*(CRE™Mn®)" V||,
that is, (4.7) for j = 0.

Step 2. Conclusion.
We start with the proof of (4.7) for all j > 1. For that purpose, we note that, for n > 1,
€] <n, and k € R4\ R?, Lemma 4.1 yields
1 Jt|2Fgp . _(Cjn) (Bn>)

Vi = : :
MIFET P — K] (FE+ K2 =[R2 T ||FE + k2 —[k[?|

Taking the derivative V in both sides of the formulas of Proposition 3.6 for (v}, ¢7), this
bound allows to repeat the argument of Step 1, and the conclusion easily follows.

We turn to the proof of (4.8) and show that it follows from (4.7). In the rest of this
proof, we distinguish between the corrector ¢;! defined on R?%x TM and its folded version &Z
defined on T, which are related via ¢} (z,w) = (];Z(FTCC +w). By the Sobolev embedding,
for a > M, the space H*(TM) is embedded into L>°(TM). Denote by Viu the weak
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gradient on TM. For all & € C° (RY), we have by definition of ¢}, the Sobolev embedding,
and Fubini’s theorem,
1
2 2
da:)

sup </
weTM R4
/ e (k) VI(FVyum ) ¢f (FLx + w) d*k
R4

= o (L
(.
< c(/Rd

Hence, by Parseval’s identity,
sup < /
weTM R4

The conclusion (4.8) then follows from (4.7). O

/R ) R VOO (2, w) a(k) 'k

1
2 3
dac)

IN

1
) ~ 2 2

ik-x o J 7S n ok
/Rde k) ViV ol d kao(W)dx)

2 2
dm) .
L2(TM)

/R e ak) ViV d'k

1
2 2
dx>

< Cllullz@a VLV SR 2y < Cllullga) | V4G mrers rary-

/R ) R I VO GR (,w) G(k) d*k

5. SCHRODINGER FLOW

5.1. Main result and structure of the proof. The following asserts that bounds on
the Rayleigh-Schrodinger coeflicients imply an effective description of the Schrodinger flow
on long timescales.

Proposition 5.1 (Approximate normal form via approximate Bloch waves). For sg > 0
and £, R, K, M > 1, assume that the Rayleigh-Schrodinger coefficients (v}, o} )kn satisfy
the conclusions of Proposition 4.3 for all1 < n < ¢ and k € R? \ RE™ and consider an
initial condition u® € S(R?) with 4° compactly supported in R%\ Rgz. Denote by uy the
Schrodinger flow

i0ruy = (—A + AV)uy, Up|e=0 = u°, (5.1)
and consider the following approzimate flow

Ut @) = [ e ) e o ) (52

Then, for all A < L(CRK*0™M 50| FV||10) ™" and T > 0,

t Ot
sup sup sup Hu)\,—UX
Q 0<N<A 0<t<T

12 S ACRKSPMHLpo s ML || ]

AT (KR OMAHCRE M 0| FV | w2 O

The following result shows that such an L? approximation result leads to ballistic trans-
port properties. More precisely, the moments of u) are shown to be close to those of the
free flow ug (although uf is not close to uf in an L2 sense for t > A72, say if 1/,% #0).
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Proposition 5.2 (Asymptotic ballistic transport). Given m > 1, u® € S(RY), and V €
Wmo(RY), denote by uy the Schridinger flow (5.1) and by ug the corresponding free flow,
and for £ > 1 consider the approrimate flow Uf defined in (5.2). Then for all t > 1,

1
Lt m Lt
‘Mﬁl(uk) - Mﬁz(uo)‘ Sm,ue H“g\ - U, ’L;l + H“g\ = U\l

~

m+1 7

#3030 ([ IV Py i),

j=1 i=1

where the multiplicative constant only depends on d,m, ||V ||wm.eo, [|[(V)™u°|;2, and
1y e . 0

Theorem 1 will follow from Proposition 5.1 and Proposition 4.3 together with an op-
timization in the truncation parameter £ and an approximation argument for the initial
data. Corollary 1 will follow from Proposition 5.2 together with further approximation
arguments. In the following section we split the proof of Proposition 5.1 into a string of
lemmas, which are then proved in the subsequent sections. Next, we turn to the proof of
Proposition 5.2 and we conclude the section with the proofs of Theorem 1, Corollary 1,
and Corollary 2.

5.2. Structure of the proof of Proposition 5.1. As motivated in Section 3, we start
by considering the following approximate Bloch expansion of the initial data u°,

Wy (x) := /R ) eyt \(x) a° (k) d*k. (5.3)

For small A, we can indeed formally replace the Fourier modes = e’ by the corre-
sponding approximate Bloch waves © — elk"”wi y(x). The following lemma quantifies the
resulting error and its propagation in time.

Lemma 5.3 (Preparation of initial data). In the setting of Proposition 5.1, we define Wf;o
as in (5.3) and we denote by W{ the solution of

iOWE = (A + AW, Wili=o = Wy°. (5.4)
Then, for all X < %(CRK50+M€SD||]:Y~/||L00)_1 and t >0,

12 S ACRICOPMH M FV | o ]| 2. 0

it
sup sup Huf\,—Wf}
Q 0<N<A

Next, starting with the approximate Bloch expansion Wfo of the initial data and us-
ing that approximate Bloch waves approximately diagonalize the Schrédinger operator
(cf. Lemma 3.5), we arrive at an approximate Bloch expansion of the Schrodinger flow.

Lemma 5.4 (Approximate diagonalization). In the setting of Proposition 5.1, denote by
Wi the solution of (5.4) and let Vi be given by

Vi (z) = /R e MR ik | () 4 (k) d . (5:5)

Then, for all A < 1 (CREK*0TM 20| FV 1) " and t > 0,

sup sup |[Wi' = Vi < XFHEOMTY(CREK M o) FV | EL w2 O
Q 0N <A
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In turn, the approximate Bloch waves x +— eik‘%bﬁ () can be replaced by the Fourier

ik-x

modes x — €"¥% which leads to the expected effective flow U f

Lemma 5.5. In the setting of Proposition 5.1, let VA be defined as in (5.5) and let Ue be
given by

Ul () = /R L) b e )

Then, for all A < L(CREK*0TM 20| FV|[12) " and t > 0,

sup sup V'~ Uz € ACRK® 20 M F e o] 0
Q 0<

Proposition 5.1 follows from the decomposition uy — Uy = (uy — W{) + (W{ — V) +
(Vf - Uf), the triangle inequality, and the combination of Lemmas 5.3, 5.4, and 5.5

5.3. Proof of Lemma 5.3: Preparation of initial data. Since the difference uy — Wf
satisfies

i (uy — W5 = (=A +AV)(uy — WE),  (un — Wi)limo = u® — Wy°,
the unitarity of the Schrodinger flow yields for all t > 0,
45 o L0
Hug\ - VVAt”L2 = flu® = Wy lle,
so that it suffices to prove that for all A < %(CRKSO+M€SO\\.7:V|]LOO)*1,

sup sup Huo—WfioHLz < ACREKS0H2MALpsot MAL) Ty | oo ||| 2. (5.6)
Q 0<N<A

By definition (5.3) of Wfo and by Definition 3.4,
L
(w® = W) () = — A /R e g ) a2 (k) d.
n=1
Hence, by assumption (4.8),

sup sup |ju® — /\, N2 < Z)\" sup (/

et g (w,w) 4 (k) 'k

Q 0<N<LA we R4

1
2 3
d:c>
¢

S KMl Y A M ORI ) | FV [, (5.7)

n=1

and the claim (5.6) follows. O

5.4. Proof of Lemma 5.4: Approximate diagonalization. We first claim that

T
sup sup sup ||ngt—V/\£,;t||L2 5/ A4l sup sup ||FLf|| 2 dt, (5.8)
Q 0<N<A 0<t<T 0 Q 0<N<A

in terms of
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where Di , denotes the eigendefect (cf. Lemma 3.5). Indeed, by definition of Vf and by
Lemma 3.5, we find

(10 + & — AV (2)) VP ()
- /Rd e THIREHRL) G (A, = AV + w3 )W) () @ (k) d*k
= XM @),
so that the difference Wf — Vf satisfies
(i0h + & = AV) (Wi = V) = MRS (WY = V)|imo = 0.

Duhamel’s formula together with the unitarity of the Schrédinger flow then yields

T
4 4 45
ﬂpWﬁvﬂmélVWR%Ma

and (5.8) follows. By (5.8), it now suffices to prove that for all A < %(CRKSO+M€SO | FV|re)
and 0 <t <T,

sup sup |[Fiille S (KOMFHCREOFM o) | FV || w2 (5.10)
Q 0<N<A

By definition (5.9) of FY{ and by definition of Di’A (cf. Lemma 3.5), the assumptions (4.6)
and (4.8) yield
1
2 2
d$>
Rd

e R e S WOR T
< (KE)MH(CRKSMMESO)€||f‘~/||”1||u°|\L2

F UROY e Y A (CRE Mg T [,

n=1

and the claim (5.10) follows. O

5.5. Proof of Lemma 5.5. Since
(V Uft Z)\n/ —it \k\Q—H@k )\) zkm¢n( ) (k?) d*kﬁ

the desired estimate directly follows from assumption (4.8) as in (5.7). O

5.6. Proof of Proposition 5.2: Asymptotic ballistic transport. Before proceeding
to the proof, we recall the following a priori estimate for the Schréodinger flow in weighted
norms. This result is due to Ozawa [28, Theorem 1].

Lemma 5.6 ([28]). Given 2° € S(R?), F € L2 (RT; L2(RY)), and a (real-valued) poten-
tial V€ W Lo(RY) with m > 1, denote by z € L®(RT;L2(RY)) the solution of the
Schrodinger equation

(10 + AN — V)2t = I, 2t im0 = 2°. (5.11)
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Then, for allt > 0 and i,j > 0 with ¢ + j = m, we have
OOV 2 e S V)™ 202 + (O™ 1) ™22
t
+ [ (1 F e+ 0716 s

where the multiplicative constant depends only on d,m, ||V ||yym-1,0 - ¢

With this estimate at hand, we show that the rescaled moments M}, (u,) of the Schrédinger
flow (cf. (1.6)) can be truncated in a ballistic scaling. For Cy > 1, we define the ballistically
truncated moment via

—1lly2
M}, (ux; Co) = ||( H)m 2 () || - (5.12)
This is the starting point for the proof of Proposition 5.2.

Corollary 5.7 (Ballistic truncation). Given u® € S(R?) and a (real-valued) potential
V € W (RY) with m > 1, denote by u € L°(R*; L2(R?)) the solution of the Schridinger
flow

i0u = (—A+V)u, ul=o = u’.

Then, for all Co > 1 and t > 0, we have
| My, (1) = My, (u; Co)| Sm Co H(INV)™ |2 + 11 ¢)™ 1 .2),
where the multiplicative constant depends only on d, m, ||V ||yym.eo. O
Proof. We claim that it suffices to establish the following estimate,
| My, (w) = My, (u; Co)| S O ' My, 44 (u), (5.13)

since then the conclusion follows from Lemma 5.6 in the form M}, 1 (v) Sp [(V)™ 0|2+

~

[|(-)™*u°|| 2. In order to prove (5.13), it suffices to show that for all R > 0,

I 1™ = yr) ullz S B ™l e, (5.14)

. . 1lzly2 .. .
in terms of the Gaussian cut-off vg(x) :=e —3(%)°. For that purpose, we write in Fourier
space

m m ~ 2~ m ~ 2 *
- 11— vg) ul% =/ V™ a(k) — Ar * Va(k)2d°E,

R4

where 4r(k) := (V27 R)%e 2 BIF* Since [, 4r(k)d*k = 1 and [p, |k|24r(k) &k S R72,
the Cauchy-Schwarz inequality yields

=yl = [ | [ (i) - Vi K) aw

< R—Q/ ’vm+1ﬁ(k)‘2d*k,
R4

2
d'k

that is, (5.14). O

We may now turn to the proof of Proposition 5.2.
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Proof of Proposition 5.2. Let m > 0 be fixed. In this proof, we use the notation S, 4o for
< up to a multiplicative constant that only depends on d, m, ||V ||wm.co, (V)™ 1|2,
and ||(-)™"u°||;2. The starting point is the triangle inequality in the following form, for
all Co > 1,

| M (un) — ML (uo)| < |ME (un) — M (ux; Co)| + | ML, (uy; Co) — ML (US; Co)
+ | ME(UY) — ME(US; Co)| + |ME(US) — M, (uo))-

Using Corollary 5.7 to estimate the first RHS term and using (5.13) to estimate the third
one, this yields

| ML, (un) — M (uo)| Smwe Co '+ CF b — Uy lp2
+Cy ML (UR) + | ML (UY) — ML (wo)|. (5.15)

It remains to prove the following estimates for all ¢ > 1:

m+1 7

1

2 m+1—7 * 2

MiaU) S 14 3 30 ([ Wheba GO i), 616)
j=1 I=1

1

m J . . S
(M5, (U3) = ME (w0)] S 2 /R VA TG a k) Pdk) L (5.07)

Injecting these estimates into (5.15) and optimizing wrt Cy > 1, the conclusion follows.
We start with the proof of (5.17), for which we argue in Fourier space. By definition (5.2)
of Uf, we have

Uﬁ,t(k) _ G_it(‘kP—‘rHﬁv)‘)’&o(k) — e—it,‘ii,)\ aé(k}),
so that the Leibniz rule leads to
mrlit (p. —itk st (k)] < (M J oL VI Gt (e
(VO (k) = e v (k)| < 3 { ) IVie IV g ().
j=1
Integrating wrt k and using the triangle inequality, we deduce
m 1
ML) = Mool St 3 ([ 19 AP Pak)

j=1 /R

For 5 > 1, we compute

7 J

j—itrt gl b |4 j 1,0 1

Ve Rl S5 Y T VikalT S5 (07 Y IVisial T
=1 =1

and the claim (5.17) follows for all ¢ > 1. Likewise, this argument for m replaced by
m + 1 and combined with the a priori estimate of Lemma 5.6 in the form an(uo) Smue 1

~

yields (5.16). O
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5.7. Proof of Theorem 1. In order to apply Proposition 5.1 with finite parameters
{, R, K > 1, we first need to proceed to two truncation procedures:

e cut frequencies higher than K in the potential V;
e project the initial data u® onto the restricted non-resonant set R?\ Ry in Fourier space.

We start with the frequency cut-off: for all K > 1 we define Vi := .7:_1(.7:‘7]1‘_|§K), and
we consider the corresponding Schrodinger flow,

=0 = u’.

i0ug \ = (—A + AVi)ug y, UK\

The Gevrey regularity assumption on V implies ||V — VL < |[F(Vix — V)|l < e K7,
so that Duhamel’s formula and unitarity yield for all ¢t > 0,

Il = whealliz S Ate™ ™ u®| g2 (5.18)
We turn to the projection of the initial data: for R > 1 we define
up = F 1 B, Iri\R, 0°]
and we consider the corresponding Schrédinger flow,
i0uk px = (—O + AVi)uk R A, UK R i=0 = UR- (5.19)

By unitarity and by Lemma 4.1(ii), we find for all ¢ > 0,

e = we malls = llw° —wglls < g, @02 + s, a8
< ROz + |Brisa N Re|? ]|
< R2a([|()8% e + [|a° ). (5.20)
Combining this with (5.18), we deduce
= b galle S (B3 + Me™5) (1)@l 2 + [°]lLe)- (5.21)

We may now apply Proposition 5.1 to the truncated Schrodinger flow ug g . De-
note by mﬁ(& , the Bloch eigenvalues associated with V' replaced by Vi (and by V’f(,k the
corresponding Rayleigh-Schrodinger coefficients), and define the corresponding truncated
approximate flow

Uht (@) = / o~ MIRP+Ri 0 Gikw o (1) g k. (5.22)
k) tl Rd
Proposition 5.1 together with (5.21) and the assumption || FV || < 1 then yields for all
A < $(CREK®TMyso)=1 and T > 0,

t 4t
sup sup  sup Hu/\, - Uk nwv
Q 0<N <A 0<t<T Y

X (R™20 4 ATe K 4 ARKS+2MALpsot M+l L AL (o) MAL(QRECS+HM gs0)!) - (5.23)

2 S (Ia°lLe + [1a°]u-)

Finally, we show how to replace Uf( R by the approximate flow U f without cut-off as
defined in (1.5). Since 4% is supported in R4\ Ry C O, we can write

U%m@%—éf”““%®%m%W%Mth
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so that comparing with (1.5) yields

1

Uit Lt ¢ ¢ . 5
1UN" = Ug pallez S [lu® —upllpz +1 (/Rd\R K kx — “k,x\2|uo(k)’2d*k> :

R

It remains to estimate the second RHS term. Since || F(V — Vi)|Le < [|F(V = Vig)|lp1 <
e K% the argument in Step 1 of the proof of Proposition 4.3 easily yields for all n > 1 and

ke R\ RE"
W — ven] S e KT (CRESOTMpsoyn,
Hence, for all n > 1 and k € R\ Rp = R%\ (Um R}r{), provided that K > C(nlogn)i

for some large enough constant C' (depending only on sy, M, a), we obtain by a dyadic
decomposition

Ve — vl < Ze*(TK)a (CR(2"K)*otMps)™ < K% (CRK S0 Mpsoyn,

r=0
which implies for all A < J(CREK*0tMps0)=1 | e R4\ Ry, and K > C(¢logf)a,
4
’“ﬁ,A - Fdﬁ(’ky)\! < AZ)\"\V,’; — Vil < e K7
n=1

Injecting this together with (5.20) into the above, we obtain
0;t 0t -1 —K« ~0 ~0
10" = Uk palliz S (R722 + Me™ ) ()%l 2 + [[8° <),
and (5.23) turns into

t Lt
sup sup sup H“A'_UN
Q 0<N<A 0<t<T

x (R737 4 XT84 ARKCOMHL o R ML | \EU(OREC0T2MF Lot M) - (5.04)

2 S (168 e + l1a°]L<)

1 .
For v < 547, choosing

R = R(\) = X2
K = K(\) = C(t(\)logl(\)w,
T =T\ = W,
 a(l—(2d+1)y)
/! = g(/\) =\ sO+2M+1+a(sO+]V[+1)’
the conclusion follows after straightforward simplifications. O

5.8. Proof of Corollary 1. Let m > 0 be fixed. In this proof, we use the notation
Smue for < up to a multiplicative constant that only depends on d, m, |[(V)™ e, 2,
()™ e 2, and ||{-)™@°||L. Again, we may not directly apply Proposition 5.2 since the
approximate Bloch eigenvalues mi)\ can only be estimated for k£ away from the resonant
set. Therefore, we first need to proceed to similar truncations of the initial data u° as in
the proof of Theorem 1. Additional care is needed here since all the truncations need to
be smooth. We start with the construction of suitable smooth truncations. Given R > 1,
for each ¢ € ZM \ {0}, recalling the definition (4.5) of Rg(€) in the proof of Lemma 4.1,

we choose a cut-off function X% with X%{ = 0 in Rog(&), X% = 1 outside Rr(§), and



34 M. DUERINCKX, A. GLORIA, AND C. SHIRLEY

||VjX%HLoo <j (R|E[*0T) for all 0 < j < m. We also choose a cut-off function xp with
xr = 1in Bgija, Xr = 0 outside Bypi/a, and |[|[V/xg||Le <; 1. We then define the product
cut-off function

e=xr || i (5.25)

seléf‘é o)
By construction, for all 0 < j < m, we have
IV Crre S (RESOTM+LgotMidy) (5.26)
and
]lBR1/d]lle\R§[ <(r < ]lB2R1/d]le\R§<p§‘

We now define the truncated initial data u% := F~1[(g 4°], the truncated Schrédinger flow
ug rx as the solution of the corresponding equation (5.19), and we let ug o denote the
corresponding truncation of the free flow ug. We further define the truncated approximate
flow Uk 5, as in (5.22).

With these definitions at hand, we now turn to the proof of Corollary 1. This is about
repeating the proof of Proposition 5.2 with suitable truncation arguments. The starting
point is the triangle inequality in the form

| M} (un) — M (uo)| < [ME (un) — M, (ux; Co)| + | M, (ux; Co) — ML (uk gox; Co)|
+ | M (ug roas Co) — M, (Uke gxi Co)| + |ME, (Uke pa) — ML, (U r.xi Co)|
+ | M} (U roa) — My, (uro)| + | ML, (o) — M} (urp)|-
Using Corollary 5.7 to estimate the first RHS term and using (5.13) to estimate the fourth
one, this takes the form
| My, (un) = My (u0)| Sme Cg* + Gl — e gallie + C8'llu oy — Ui gl
m\UX m\uU0)| Sm,ue G 0 1UXx — Uk RAIIL2 0 UK, R A K,RIIL2
+Cy My (Ui p) + | My (Uge g 2) — My (uro)| + [ M, (o) = My (urp)|- (5.27)

We separately estimate the last five RHS terms and we start with the first one, which is a
truncation error. Arguing as for (5.21) (now with smooth truncations), we find

[uf, = ui pallLe Sue R2a + Me K
Applying Proposition 5.1 to estimate the third RHS term in (5.27), we obtain for all
A < L(CREso+Mgs0)-1
I s S ACRE 10081 4 Ay A (C R )

Using (5.16) to estimate the fourth RHS term in (5.27) yields

m+1 J

+1(UKR>\ Smyue 1+ZZ / Vi HKkA\ 7 \(*V)Wrl Tiig olk )[d*k )

7j=1 Il=1

=

and hence, by the definition (3 9) of K K k. and the bounds of Proposition 4.3, we deduce
for all A < 1(CRK®0+Mgs0)=1

My, 1 (Ukc p2) Sm,uo L+ MRE Lot G0y i o 2.
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Since Lemma 5.6 and (5.26) yield

GEVY™ ik olle Sm (V)™ (CRA%)IL2 + 1) ¢RE" |2

< (RKSO+M+1580+M+1)m+1
)

~m,u’
the above turns into
Ml (U ) Smae 1+ ARZRA 0t DRV oot )M s,

Likewise, combining (5.17) with the bounds of Proposition 4 3, we may estimate the fifth
RHS term in (5.27) as follows: for all A < L(CRK®0tMyso)=1

m

J . 1
RAC PNESTATIDIED 95 1 M\ & [ G ETD )

7j=11=1
S ARISTEOHY (LG) (|2 e A(REE20HIHM 260D 23 ym

It remains to estimate the last RHS term in (5.27), which is a truncation error. We write

|V (it — i 0) (k)| = [V (7 (1 = Cr(R)) a° (k)|
<D (kP +15) [V (1 = Calk)ac (k) ],
7=0

so that for t > 1,
m—1

V(@ — Aol Smae 10 (1= Cr) @Iz + Y 7 IR Iwm-soe.
=0

Applying (5.20) in the form [[(-)™(1 = Cr) @°|l12 Smue Ri?ﬁld, and using (5.26), we deduce
for all ¢ > RIso+M+1psotM+1

VT (ah — a0 e Smae B2+ Z (= RS0+ M+ pso+M+1ym—
7=0

. R34 + ¢~V RES0+M+1 pso+M+1

Injecting all the above estimates into (5.27) and optimizing wrt Cy > 1, we find for all

A < Z(CRKSo+tMyso)=1
}Mt U)\ —Mt (UO)‘

Nmu (R 2d + )\te*K + )\CRKSO+2M+1€SO+M+1 A€+1t(CRK50+2M+1€so+M+1)Z)ﬁ
+ )\(R2K2(SO+1)+M€2(80+1)+M)m+1 + t_lRKSO+M+1£SO+M+1.

For v < 4d(m7—15-1)+1’ choosing
R =R\ = X2,
K =KQ) = {\a,

__ a(l—(4d(m+1)+1)y)
0 =L\ = X mEDEFDREFDFM)
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1
the conclusion follows in the regime A~ m+1 < t < /() after straightforward simplifications.
For shorter timescales, the conclusion is easier. ]

5.9. Proof of Corollary 2. The proof is split into two steps. First, we reformulate the
argument for Propositions 5.1 and 5.2, now at high frequencies rather than small disorder.
Second, we post-process the result to treat general initial data, based on the orthogonality
between the well-described non-resonant part and the resonant remainder. The latter step
requires some new technical care.

Step 1. Effective approximation result for the flow.

Let u§ € S(RY) with 43 supported in R?\ By-1. The idea is to consider fattened
resonant sets R g with fattening parameter R~'A\~! chosen as a small multiple R~! of the
large frequency A~!. We first argue under the simplifying assumption that the potential V/
satisfies K := sup{1V [¢{] : £ € supp FV'} < oo. Proposition 4.3 then yields for all n > 1,
k GRd\Rﬁ(g, and s,j > 0,

VIR < (ARCjK*0+n®+ 1) (ARC KT Mpso)n, (5.28)
IVigillmsy < (CKn)*(ARCjK*n* oty I(ARCK M psoyn,

and we set k§, 1= Zﬁ:o VP, (Here, we allow constants C’s to further depend on || FV||r.)

The setting is similar to the small disorder regime, as the inverse frequency A < 1 now
plays essentially the same role as the small disorder intensity. We may thus repeat the
proof of Proposition 5.1: if u3 is supported in R\ (By-1 U Rf\(lg) and if V satisfies K :=
sup{1V || : £ € supp FV'} < oo, denoting by uy the Schrodinger flow

iat’LL)\ = (—A + V)U)\, U)\’t:() = ui,

and considering the approximate flow
Uf;t(l‘) — / e—it(\kP-&—ﬁf;)eikwﬁi(k) d*k,
Rd
there holds for all A < %(C‘RK“’OJFMESO)71 and T > 0,

sup sup sup [[uly — ULl 2 < ACRESOHMH 0 M FT| g
Q 0<N<AOLtLT

+MT(KOMYCRE M) FV L |0 12 (5.29)

Next, as in the proof of Theorem 1, we can proceed to a truncation argument to remove
the compact support assumption for V', and the same result (5.29) then holds for all

K > C(flog )= with an additional error Te 5" |[ug |, 2.

Remark 5.8. As in the proof of Theorem 1, we may further try to remove the assumption
that 43 is supported in the non-resonant set. Assuming that 4 is supported in the high
frequency annulus Byy-1 \ By-1, we define for R > 1,

—1 N
UK,R =F []le\R)\RUK],
and the truncation error is then estimated as follows, in view of Lemma 4.1(ii),

Lo _d 1.
[uf = uS glli2 < |Baa-1 N Rag|?[[aS]lLe S A2 R72 |05 [ee

~
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If we wish to conclude as in Theorem 1, we then need to assume that u$ satisfies [|ug||;2 < 1
d
and A7z |43 |[ree < 1, which is for instance satisfied for rescaled initial data of the form

uf = )Fguo()\_l‘). In that setting, we may directly adapt the proof of Corollary 1. ¢

Step 2. Conclusion.

Let u§ € S(RY) with @S supported in R?\ By-1. Decompose u} = u$, + uS, in
terms of the non-resonant part a5, := a;an\Rm and the resonant remainder Us 5 =
a1 Kt More precisely, as 4$ may concentrate on the boundary of R%., we appeal to an

ALRE p Y A nay y v pp

averaglng method a la De Giorgi [11], which consists in averaging estimates for a sequence
of increasing neighborhoods of the resonant set. Given N > 1, for all 1 < p < N, consider

R = RKE _
AR, N: (1+L1)7
decompose uj := u + u o in terms of

AP0 . no AP L o
Uy'y = uA]le\,RZ;\R,N, Uy g = u/\]lRiR,N’

and consider the corresponding evolutions u) = u’; 1+ u’; o- In view of (5.29) in Step 1,
we know that u’/{ ; remains close to the approximate flow

U)\,p, ( ) ::/ e*it(|k|2+nk) ZkIAO(k) d*k
Rd\RZ))\RN

As calculating moments requires smoothness in Fourier space, we must replace the integral
over the non-resonant set by a smooth cut-off. For each 1 < p < N, similarly as in (5.25),
we can construct a cut-off function ¢§ .y such that

P _ p+1
CAR,N =0 in R,\R N>
p _
CAR’N =1 outside R)\R,N’

and [[V/ ¢} yllnee S5 (NARK M5t M7 “and we define

—1 24kb) i T 50 *
U (@) = /Rde HIPR0) kg8 () R (k) .

With the notation (5.12) for ballistically truncated moments, we then decompose

Mi(uy) > Mi(uy) > M (UAJl) +ul,)
— CCo||u, — U |2 — COO|[UR" — U\ 2. (5.30)
We turn to the first RHS term. Expanding the square

MO+ 5)* = )+ 2R / (122" Gt () o ()
decomposing
z|\ 2774,p; — ik-x —1i 24k *
(Tl) Uxﬁt(x) = —1 Q/Rdek A( IR+ g5, (k )CARN(k)>d k

= VPN (x) + WP (z), (5.31)
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in terms of

) am [ e etk Va5 06) i () 'R
WPt (z) = it / e~ MR+ ik (94 1 ARG) a5 (K) CCpp v (K) K
Rd ’
+it_1/ eiHIk40) ik (9 1 Vil - V(3L o) (k) d°k
R4 ’

— —1 k%) ik-x ~0 *
—t Q/Rde H(IRI>+1) gtk A5 ) (k) d*F,

and also defining

Vf,p;t(x) — / fit(|k|2+ni)€ik-z‘2k + VIQ£|21AL§\(]€) d*k,
R \R)\R N
we deduce using unitarity in form of ||u§:t2||L2 = HUI)D\;EHQ < JJus iz

Mf(Uf’{ + u§2)2 > ~f(0§’ﬁ))2 + 2R e (Cot)2 V. ’pt(ﬂf) I;\’z( )dx
9 b b Rd

-0t £,p;t rl,p;t
= (IRl + VA = Ve ) s

Since Vf;t and uf , have disjoint supports in the Floquet-Bloch fibration (cf. (2.3)), we
have [pq V/\E;t uf 5, =0, and

7| —T 2 —T
)/ (% ’pt(x) uf\’,tz(:c)dx‘ = ‘/ (1 —e Cot) )V)\’pt(a:) u};’;(az)dx‘
R4 R4
— NTALpit o L,p;t rL,p;t o
S G APz g s + VAP = Pz g -
Injecting the above into (5.30), we are led to
Y ~€7 ; U R o) 7 k)
Mi(un)® 2 §MH(UZR)? = CCR||uR — UNTE |22 = CORIUNT — U7
= (I e + Gy DT + v - vyp’tug)uuinm- (5.32)
It remains to examine the first RHS term. As in (5.13), we can write
~ el ~0p it
M) = MUORE) - OG5 ()P0l
hence, decomposing

et () = —2 / e HURPHR) o kg0 (k) (0 (K) d°k + Z97 (2),
9 Rd b

in terms of
~ . —i 2 RZ ik- A0 %
2y @) = — [ () 5 (0) () 0

—it! [ e OV G ) () R
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and noting that Ci)R ~y = 1 outside ’Rﬁ% C Rxr, we find

T

~0 *Jo ~4,p;
Pl PaR)  — 25
RNRAR

12— COG Y |(Eh2Tymt | .

Further decomposing U)\ | as in (5.31), and injecting this into (5.30), we obtain

M= ([ o, KPS EPER) = OO, — UL I — 12371
AR
— P; 174 P; P;
= CCP (VA IE> + IWE"22) — C(IWR™ rLz+colu<"> P 2) sz

— CORUNT = U |22 = CIVA™ = VP2l - (5.33)

It remains to analyze each of the RHS error terms. The second RHS term is estimated
by (5.29) in Step 1: for A < 5 (CRK50+M€SO) and K > C(¢log E)i7

47
’ )\1 UAIitHB
< (ARCKso-i-ZM—&-leso-i—M-i-l_'_t(Ke)M-i-l()\RCKso-i-Meso)K_i_te—KO‘)HuiHLQ_

The third RHS term in (5.33) can be directly estimated using (5.28) and the definition

of (Jp y: for X < J(CRESoFMHLgrotM+1) =1

~L.p;t o o
123" 2 S ARK*FM D2 12 + F(uslp2-
Similarly, the fourth, fifth, and sixth RHS terms are estimated by
4 p;t o
Vi le S (V)2 ullle
WX e S M sz + FIHE T3l + (52160203 lge-

To estimate the seventh RHS term in (5.33), we proceed to a similar computation as
n (5.31), and we easily find for A < %(C’RKSO+M+1ZSO+M+1)_1,

1DV e < IVl + DIV 2l 2.

The eighth RHS term in (5.33), when averaging over p, is estimated by

N

1 £,pit r7e,pst *

% DU = O < Z o [BBPEE < N
p=1

)\RN >\RN

and similarly, further using (5.28), for A < i(C'RKSO+M+1€50+M+1)_1, the last RHS term
in (5.33) is estimated by

N N 1

1 27 it ~e: it 1 27 it 7 ’ 2 -3 o

N IV = Ve < (5 DI - ) < N9
p=1 p=1

Injecting all the above estimates into (5.33), and using that the initial data satisfy
lufllz <1, I{V)%usllpz < A2

which entails by interpolation (cf. Lin [24])
o onl/3 1/3 3 onl/3 — 1/3
IO TN Ay PR (7 A TN R A IO R AP N TR
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and

VY23 lle S IOV P22 1P usle S A2 Pugllss

we conclude for t,Co, N >1,(>2, K > C(/ logﬁ)é, and \ < %(CRKS‘J*MHESO*MH)*I,

XM (uy)? > A2(/

[k[1a5, (k) 24" )
RN\RAR
— C(CoN)? (N*% + ARCKS0F2M+1gsot ML 4 y(\ RO S0F2M+1 gso+MA1)E | te*K“)Q
_ ° 1 _ 4 o 4
— CA+ CyHENOus )12 = O+ Co H (E) 1l
—C(N+ N2 4 (CoN) !+ (CoN)2).

For v < Tl-s-lv choosing

R = R()\) A2y
K =KQM = C(t\)logl\)e,
_ a(l—(2d+1)7)
{ = 6()\) = A So+2M+1+a(s0+M+1)’
Co = Co(N) = P
_2
N = N\ ul,t) = t%)\_%%||<'>3u§\”1‘297

1

we deduce for A < 1 and t > H<>3u§HEQ, with s :=
XM (uy)? > AZ(/
RARAR

Setting G := U,Zg An \ R(2-n)1-24v, in terms of the dyadic annuli A, := Ban \ Bgn-1 for
n > 1 and Ay := B, the conclusion follows.

so+2M~+14a(so+M+1)
a(1—(2d+1)7) ’

_1
’k|2|ﬁ§\(k)‘2d*k> — C)\% — C(te—)\ s )2‘

6. CLASSICAL FLOW

This section is devoted to the main results for the wave flow. It is organized as follows.
We start by adapting the approximate stationary Floquet-Bloch theory to the operator
—V - (Id+Xa)V, defining a notion of approximate Bloch waves via the corresponding
Rayleigh-Schrédinger perturbation series. We then turn to the proof of Theorem 2 and
we mainly focus on the differences wrt the proofs of the corresponding results for the
Schrédinger flow, to which we refer the reader for most of the arguments. Finally, we
study the case of peaked initial data in Fourier space and prove Corollary 3.

6.1. Approximate Bloch waves. Consider the operator —V - (Id +Aa)V where \a is a
quasiperiodic perturbation in the sense of (QP’). We construct a branch of approximate
Bloch waves in terms of the corresponding Rayleigh-Schrodinger series for the perturbed
fibered operator —(V + ik) - (Id +Xa)(V + ik) = —Ap + |k|> = X(V +ik) - a(V + ik). The
corresponding Rayleigh-Schrédinger coefficients (v}, ¢7)k n (compare to Definition 3.4 in
the Schrodinger case) then takes on the following guise:

o v = —ik-Ela(V + ik)¢}] for all n > 0;
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e for all k& € R?, we have ¢% =1, and for all n the function QSZJFI satisfies E [gbzﬂ] =0
and

n—1
—Dppp T = TV +ik) - a(V +ik)gp + > vhoy
=0

e As before, we set /ii)\ = )‘Zﬁ:o A" for all k € O. In the statement of Theorem 2,
we further use the short-hand notation &% , for min{—|k|%, x% ,} on O, extended by zero
outside O.

We are exactly in the same situation as in the previous sections with the multiplication

by V replaced by the operator —(V + ik) - a(V +ik). A direct adaptation of the proof of
Proposition 4.3 yields the following corrector estimates.

Proposition 6.1. Consider the quasiperiodic setting (QP’), assume that the winding ma-
triz F' satisfies the Diophantine condition (4.2) with ro > 0, let so > M + r¢, assume that
the lifted map a has compactly supported Fourier transform, and set K := sup{1V [{]: £ €
supp Fa}. Then there exists a constant C (depending on F,M,sy) and for all {,R > 1
there exists a field of (-jets of Bloch waves (v, ¢} : k € R%\ Rgf, 0 <n <Y¥) in the above
sense, which satisfy the following estimates for alln > 1, k € RY\ RE" and 5,5 > 0,
Vv < (k)2(CRjK® T nsot )i (CRE 0+ Mpso)n || Fa||rdl, (6.1)
IVidillms@ < (B> (CEn)* (CRFK™* n®* )/ (CRE® M n™)"| Fa|fw.

and for all @ € C(RY) supported in RY\ T\’%n,

1
, . 2\ 2
sup (/ / etk Vi Ve (z,w)a(k) d*k dm) (6.2)
we Re ! JR4

< (CKn)  MHCRIE T Y (CRE* M n™ )" | Fallfee | () 2. O

For later purposes, we further show that the corrector ¢j can be written as ¢} =

(V 4 ik) - @} for some @} that satisfies the same bounds as ¢} itself.

Proposition 6.2. Under the assumptions of Proposition 6.1, for all n > 0 and k €
R\ RE" there exists ®F € L*(Q)? such that ¢f = (V +ik) - ®F and such that ®7 satisfies
the same bounds (6.1)—~(6.2) multiplied by the factor (k)~'(1 + |k|~1)2T2(—1VO, O
Proof. Asin Proposition 3.6, the correctors can be expressed via the following tree formulas:
for all n > 1,

¢Z:Z Z Zygl...l/;e

le|=n—m—¢ [b|=¢

X (=Ag) T TI(V 4 ik) - a(V + ik)
(=) T THI(V 4 k) - a(V + k)1 (6.3)

On the one hand, we claim that for all G € C2°(R%)? there holds

b+1
(~20) NV +ik) -G = (V+ik) - (Td+(V +ik)(~A) T (V +ik) - ) G

b
(_|k|2)b+1
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Indeed, the relation
—ANpf=(V+ik)-G

implies f = (V +ik) - F' with
1

F=
_|]€|2

(G+ (V +ik)f),

and the claim follows. Injecting this identity into (6.3) and decomposing the first projection
II =1d -E[-], we deduce ¢} = (V +ik) - ] where ®} is given by
n n—m
=20 2 2 L
b +1
m=1 ¢=0 cent beEN™ ’k| !
le|=n—m—¢ [b]=¢

b1+1
X (Id (Y ik) (=) LV + k) - ) a(V + ik)
X (=) 72TV + k) - a(V + ik)
(=) k) - aik.

We may now proceed to the estimate of ®} exactly as for ¢;. The details are left to the
reader. O

6.2. Proof of Theorem 2. The proof of Theorem 2 follows the general strategy of Sec-
tion 5: the initial data (u°,v°) are first replaced by an approximate Bloch expansion and
the corresponding flow then admits an explicit approximate formula using approximate
Bloch waves (since the latter approximately diagonalize the wave operator). In order to
control the errors, we exploit the corrector estimates of Proposition 6.1. We recall that
L2-estimates for the wave equation are as follows.

Lemma 6.3 (L?-estimates for classical waves). Given z°,w{ € L2(R?), w§ € L2(R%)9,
F e LL (RT;L2(RY)), and given a uniformly elliptic matriz field a, denote by z the solution
of the classical wave equation

(8t2t_v'av)ZZF7 2lt=0 = 2°, Oizli—0 = wi + V - ws.
Then, for allt > 0, we have

t S
[2llLee 12 S N2°0Mp2 + tllwrllpe + lwallz + 0
¢ 0 0

The rest of the proof is similar to that of Theorem 1 in Section 5 with however three main
differences:

(I) In view of Lemma 6.3, general initial velocities v° in (1.7) lead the L?-norm of the
flow to grow linearly in time. The initial data in Theorem 2 are chosen so that
this does not happen, and we need to ensure that the various errors made in the
approximation procedure do not grow in time either.

(IT) As opposed to quantum waves, the approximate solution is not necessarily well-
defined here. This requires to make some further assumptions on the initial data,
which can a posteriori be dropped by an approximation argument.
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(ITI) Comparing the L2-estimates for quantum and classical waves with a nontrivial source
term F' in the equation, we note that an additional time integral appears in the case
of classical waves (cf. Lemma 6.3). If treated naively, this would lead to an additional
time factor in the error estimates and would reduce the maximal allowed timescale.
However, we only have to deal with source terms F' displaying a particular structure
that indeed ensures that fg F remains bounded uniformly in time.

We now briefly comment on these three differences.

Argument for (I). Since the only additional difficulty here comes from the initial velocity,
we assume u° = 0, v° # 0, so that (1.7) reads

8t2tUA =V - (Id +Xa)Vuy, up|t=0 = 0, Opuy|i=0 = v°,

where v° has Fourier transform ¢° compactly supported in R%\ {0}. In particular, this
entails that v° = V - ¢° for some ¢° € H'(R%)?. The first step in the proof of Theorem 2
is to replace v° by its approximate Bloch wave expansion

250 = [ @) ot ) 'k, (6.4)
Rd '
to consider the corresponding flow,
RWL=V-(Id+Aa)VWi{ =0, Wileo=0,  W{l—o= 2",
and to estimate |luf — Wf;tHLz. In order to avoid a linear time growth, it is crucial to check
that ijo can be written in divergence form. This indeed follows from Proposition 6.2,
which yields Zy° = V - g{° with

YA
gfjo = /Rd etk \Ilﬁ)\(az) 0° (k) d*k, ‘Ifiv/\ = Z A"

n=0

By Lemma 6.3, we then obtain for all t > 0,

l 1
2 2
Lt l;
A e D S A )’
n=1

and it remains to use the corrector estimates of Proposition 6.2 for the ®}'’s to conclude.

/ R T N (1) 5°(k) d*k
Rd

d

Argument for (II). The second step of the proof of Theorem 2 consists in writing an
approximate representation formula for the solution Wf of

WY =V - (Id+Aa) VWY, Wm0 = W,°, WS mo = Z5°,

where Wf;o and ijo are the approximate Bloch expansions of u°® and v°, cf. (6.4). It is
natural to set

Vit () = /]Rd <cos (t, /1k|? + H£7A)ﬁ°(k) + tsinc (t, /&> + K)?/\)@o(k)> e Ty () d*k.

This is however a priori not well-defined since the approximate Bloch eigenvalues |k|? —l—/@é N
may be non-positive. To avoid this possibility, given £, R > 1 and Ay > 0, we must further
assume that the Fourier transform of the initial data (u°,v°) is compactly supported in

l
Ofno = (k€ RI\RE : [K]> = X0 Y A§lft] = 0}

n=0
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Under this assumption, for 0 < A < ), the formula for Vf makes perfect sense. Since
Oé o 1 R4 \ R% as \g J 0, we deduce that this assumption on (u°,v°) can a posteriori be
dropped by an approximation argument as in the proof of Theorem 1.

Argument for (I1I). The error W{ — VY satisfies
(07 = V- (Id+Aa) V) (W — V) = F},
(W3 = Vi)li=0 = 0, 0 (W5 = Vi) =0 = 0,
in terms of
Ff;t(x) = - /Rd <cos <t1 /1k|% + lig/\)ﬂ"(k) + tsinc (t, /1k|% + li£7A>1§°(k)) etke
< (= D — MV +ik) - a(V + ik) — kj ) Vg (2) d°E.

We then apply Lemma 6.3 and we must estimate the contribution fot | fo FllL2ds due to
the source term. Note that this contribution displays two time integrals in contrast to the
case of quantum waves. However, the explicit time integration of Ff yields

t . 1— t k‘2+lig .
/ FE(a) ds = — / psine (/42 + wf, )@ (k) - o () o g ) it
; e , k25, 5

< (= Dk = MV +ik) - a(V + ik) — K}, ) Upa(2) d°F,

which can then be estimated as in the case of quantum waves (without loosing any time
factor). A similar argument was used in |6, Proof of Proposition 3, Substep 3.2].

We may then conclude that Wf remains close to Vf in a suitable regime, and therefore
close to U f defined by

0tt(a) = [ (oo (1yf I+ 0 ) 000+ gsine (o[l o )76 ) 7 'k, (65)

and solution of

(0f — A+ K5 _iw)Ux = 0, Uflimo = u°, UL =g = v°. O

6.3. Proof of Corollary 3. Let kg € O\ {0} and consider the case when the initial data
in (1.7) is a slow modulation of the plane wave x — ek0'®,

8t2tuk,€ =V - (Id4+Xa)Vuy,
Upe(z)|t=0 = 5%eik°'zu°(ax), Orun () |i=0 = E%eiko'xvo(sx),

where ¢ satisfies a scaling relation € := \? for some § > 0. Let £ > 1 be fixed. We assume
for simplicity that (a°,0°) is compactly supported in the unit ball B (say) and that a is
a trigonometric polynomial with K := sup{1V [¢| : £ € supp Fa} < oo. There exist R =
R(ko, ¢, K) and g9 = o(ko, ¢, K) such that B.(ko) C R4\ (RE*U{0}). Since diy . (k)|t=o =
5_%110(%(16 — ko)) and Oyt £ (k)|4=0 = 8_%60(%(143 — ko)), the proof of Proposition 5.1 yields
for all t > 0, e < ep, and A <y 0.1 1,

Z.
e = UNElle Skowiewe AL+ AT, (6.6)
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in terms of

e ==t [ ((oos (ty/IbF )= )
—l—tsinc( \/ K2 +,<;,M) (i(k:—k@)) ek q* I,

where the smallness condition on \ ensures that |k|? + Hi)\ > 0 on B(kp). We now
simplify the formula for U f}a in the limit A, e | 0. We split the approximate flow Ufi’ . into
two contributions Uf’a = %(Ufi’e’Jr + Uf@_), where

0t _d ity /K246 [ o i0°(L(k—ko))\ ik
Uyer(x) =€ /d € 2 (u (2(k — ko)) F W) et d.
R kX
Changing variables yields Uf;i L(z) = ageiko'metg 4 (ex) with
. +it, /|ko+ek|2+k¢ N i9° (k) ik-
RZ,t ) = / e \/ kg+ek,A (uo k ) etkx px e
)\,z-:,:I:( ) Rd ( ):F \/|k0+5k|2+’%£0+5k,/\
The boundedness of k — Hﬁ’)\ on R4\ RE* (cf. Proposition 6.1) yields for all € < g9 and
A Lkt 1,

. i 24kt 10° tk-x g%
Rt = [ (i £ ) etk 00k, 00

where the approximation holds in L?(R%). It remains to make a Taylor expansion of the
square-root appearing in the time exponential. We start by expanding the approximate
Bloch eigenvalue: for L > ¢ and A\ <y, ¢k 1, using the boundedness of £ — K)i)\ on

R \ Rgé (cf. Proposition 6.1)
VIR 4 = 'k’z () i)
1—2n4” n') k|2 ke, LAVE, X
L
= n (-1)”(2n)| m.m\"|.11-2n L+1
a HZZO)\ (1—2n)4”(n!)2<m220)\ Vk) I + Ok, k(A7)

= S (O S e O ()

n=0m=0 a€ENT
|a|=m

Given P > 0, we then replace k by kg + €k and Taylor expand the corresponding symbol
up to order P, using the smoothness of k — v’ on Rd\Rge for n < £ (cf. Proposition 6.1),

P

L ¢
o kP iy = 32 30 STk P 0 )
n=0m=0 p=0

0+1 P+1
+ Ok tn,px (AT 4711,
where we have set

L ( 6 Ol Bn Qn
Cnm,p(ko) (1 —QTL 4n TL' 2 Z Z Blv Vo ® ®V l/ko

a€eN" BeNT
|a|=m |B]=p
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(with the convention that the double sum equals 1 if n = 0). Finally, noting that
1_
|]€0 + Ek‘|1_2n = (|k‘0|2 + 2ek - ko + €2|k“2)§ "

o) s—1 .
_o(2n—142 ko k|2 \s
= kol S (—1yrddi=l /) (2ek - 12 )

= 25! |]<50|2 ’k0’2
> [I25(2n —1+2j) & k
— k|12 _1)$13= g25— lk’ =25 2(s—1) 2% . 0
ol! 2 Sy %(J fal" 2250 (21
P s—1 .
H‘*O(Qn_l_‘_z]) k‘ko !
— "k 1-2n—r —1)8 J= k r—l P+1
;5 o O;S( S G ( Kol ) IR 4 Oro p(€770),
2s—l=r

and using the boundedness of k +— v on R?\ RE¢ for n < £ (cf. Proposition 6.1), we
conclude for all A\,e <0 p K 1,

¢ P

\/ ko + ekl2 + K or = D D AR © Crup(ko) + Okg e, pxe AT+ 711,
m=0 p=0

where we have set

(-1 TIZo(2n —1+2§) &
1-2n—r Jj= 0 \®l ®R(s—1
Crnko) = 373 I <Z ) 1 >)

r=0n=0 0<I<s
2s—l=r

o =D DD DL L L) )

a€EN™ BENT
la|=m—n |B|=p—r

Note that the first terms in this series can be explicitly computed,

vy k |ko|? Id —ko ® k
Coo = |k Chog= —ro - 0 Cpo = 120 0= ™0
0,0 = |kol, 1,0 ko] 0,1 o] 0,2 e

Injecting this expansion into (6.7), we are lead to

Ritai( ) = /Rd it S o S AMEPREP O o (o) (QO(k) == ufk(()l‘c)) othT ¥

+ Oko,pryK,uO’vo (A + £ _|_ t(A€+l + €P+1))7

where the approximation holds in L?(R%). In view of the scaling relation ¢ = A\, we
naturally choose P = |¢/3]. Injecting the explicit form of Cpg,C1 0, Co,1 and combining
with (6.6), the conclusion follows. O
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