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1 Introduction

A Borel graph G is a pair (X, E), where X is a Polish space and E C X2\
{(x,x) : x € X} is a symmetric Borel set. The elements of X are called
vertices, while the pairs in E are called edges.

The study of Borel graphs and generalizations of classical graph theoretic
notions to this context is a flourishing field. One of the most natural such
notions is the so called Borel chromatic number introduced in [12]. For n €
{1,2,...,80} a Borel graph G = (X, E) is said to have a Borel chromatic
number n, in notation xg(G) = n, if n is minimal such that there exists a
Borel n-coloring of G, that is, there exist a Polish space Y and a Borel map
c: X — Y sothatx Eyimplies c(x) # c(y) and the size of the image of c is .
If x5(G) ﬁ nforeveryn € {1,2, ..., Ro} then we say that G has uncountable
Borel chromatic number.

How can the Borel chromatic number of a graph be decided? An obvious
lower bound can be given if it contains a copy of a graph with a known Borel
chromatic number. More precisely, we say that H is Borel below G,or'H <p G,
if there exists a Borel map f from the vertex set of H to the vertex set of G
that takes edges to edges. If moreover, f is a bijection and takes non-edges to
non-edges as well, then H is said to be Borel isomorphic to G. It is clear that
H <p G implies xg(H) < xp(9).

Kechris, Solecki and Todor¢evi¢ [12] characterized the graphs that have an
uncountable Borel chromatic number proving the so called G¢ dichotomy, that
is, showing that there exists a Borel graph, called Gy, so that a Borel graph
G has uncountable Borel chromatic number if and only if Gg <p G. This
dichotomy has plenty of applications, for instance, it implies a large collection
of dichotomies in descriptive set theory, see, e.g., [16].

Thus, it is very natural to ask, whether there exists an analogue of this
dichotomy for graphs with infinite Borel chromatic number. The simplest non-
trivial examples of graphs with countably infinite Borel chromatic number are
the graphs defined by functions: let f : X — X be a Borel map, define
Gr=X,Ef)byxEsy <= x # yand (f(x) =yor f(y) = x). Itis not
hard to see that for any f we have xp(Gr) < Ry, see [12, Proposition 4.5].

One of the most interesting instances of graphs of this sort is the shift graph,
Gs, on [N]Y (the collection of infinite subsets of the natural numbers with the
topology inherited from NY). Define the shift map by S(x) = x \ {min x} and
let Gs = ([N]N , Es). As mentioned above xp(Gs) < Rg. Typically, giving a
lower estimate on a Borel graph’s chromatic number goes through an argument
that uses the Baire category theorem (e. g., the graph Gy), measure and ergodic
theory (see [4]) or the Borel determinacy theorem (see [15]). In our case, the
lower estimate uses an infinite dimensional analogue of the Ramsey theorem,
namely the Galvin—Prikry theorem. It states that for any finite cover of [N]"
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by Borel sets By, ..., By, there exists an i < n and an x € NN so that
[x]N ¢ B;, in other words, all infinite subsets of x are contained in B;. This of
course implies xp(Gs) = Rg. The Galvin-Prikry theorem (in a sense that can
be made precise, see [24,25]) is somewhat weaker than the Borel determinacy
theorem and thus the proof of xp(Gs) = Rg potentially can be considered as
an example of a fourth kind.

Since Gs is in some sense rather small (e.g. it is locally finite) but still has
infinite Borel chromatic number and certain universality properties, one might
wonder whether a graph G has infinite Borel chromatic number if and only
if Gs <p G. Unfortunately, it is not hard to see that that the answer to this
question is negative: the direct sum for n € N of the complete finite graphs on
n vertices is a counterexample. Another, much more general example to the
failure of this type of basis results has been given by Conley and Miller [5].

After this, there are several natural ways to proceed.

Firstly, we could restrict ourselves to a smaller class of graphs, and hope
for a basis result in that class. For instance, Kechris, Solecki and Todorcevié
asked whether being Borel above Gs characterizes the graphs with infinite
Borel chromatic number of the form G £7? Or, it is also natural to consider the
structure of the Borel/closed subgraphs of the shift graph: for a Borel graph
G = (X, E) and B C X let us denote by G| the graph (X, E N B?).

Question 1.1 Ler C C [N]N be a closed set.

(1) Is it true that xp(Gs|c) = Vo if and only if there exists an x € [N]Y with
N cc?
(2) Is it true that xg(Gs|c) = Ro if and only if Gs <p Gs|c?

A negative answer to question (1) has been given by Di Prisco and
Todorcevié [6] (see also [11, 4(E)] for a simple counterexample). Moreover,
it has been shown recently by Pequignot [19] that (2) is false as well.

Secondly, one could hope for a different graph, or a countable basis instead
of a one element basis:

Question 1.2 (Kechris, Marks [11, Problem 4.23]) Is there a sequence
(Gn)nen of Borel graphs with xp(G,) < Vo and xp(G,) unbounded such
that for every Borel graph H with infinite Borel chromatic number and for
every n we have that G, <p H?

It follows from our results that the answer to all of these questions is negative.
Roughly speaking, positive basis results typically imply that the complexity of
the collection of the Borel graphs with infinite Borel chromatic number (with
an appropriate coding) is low and we will show that this is not the case, even
for the closed subgraphs of Gs. Note that for such graphs having infinite Borel
chromatic number is equivalent to having Borel chromatic number > 4, see
[12, Theorem 5.1]. In [2], Carroy, Miller, Schrittesser and the second author
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characterized the graphs with Borel chromatic number > 3 similarly to the
Go dichotomy: it is shown that there exists a Borel graph, called G, 44, having
the property that for every Borel graph G we have xp(G) > 3 if and only if
Goda < G. Hence we obtain a complete description of the characterizability
of the Borel chromatic numbers of graphs in terms of simple bases. These
results reinforce the experience from the classical case of finite graphs, namely,
that it is strictly more complicated to decide whether a graph has chromatic
number > n than to check whether a given coloring is correct for every n,
exceptifn < 3.

Now we formulate the precise statement of our results. A family 4 of
Borel graphs is called Z{-parametrizable if there exist Polish spaces X, Y
and a Z} set E C X x Y? so that for any G € A there exists an x € X
with G being Borel isomorphic to (Y, {(y,z) : (x,y,z) € E}) and the set
{x : (Y,{(y,2) : (x,y,2) € E}) is Borel isomorphic to some graph in A} is
Z}. Recall that a subset A of a Polish space X is Zé-hard, if for any Polish
space X' and A’ X} subset of X’ there exists a Borel map, called a reduction,
f:X — Xwithx' € A’ & f(x') € Aforeveryx’ € X'. A X)-hard set
that is Eé is called Zé-complete. Now we are ready to state our main result.

Theorem 1.3 The collection of closed sets C C NN so that xB(Gslc) < Ro
(o, equivalently, xp(Gslc) < 3) is Z;-complete. Consequently, there exists
no sequence of X %—pammetrizable collections of graphs (A,),en so that for
every C C NN closed set xB(Gslc) = Ro if and only if there exist an
increasing sequence (n;)icN and A,; € Ay, with A,, <p Gslc. In particular,
there is no one element basis, or countable basis in the sense of Question 1.2.

Let us point out that Pequignot also used complexity to answer (2) of Ques-
tion 1.1. His argument is built on a result of Marcone [14], who proved that the
set of quasi-orders that are better quasi-orders (bqos) is Hé-complete, thatis, its
complement is Z%—complete (bqos were defined by Nash-Williams [18], they
form a particularly well behaving class of quasi-orders, see also [13, Chapter
9] and [20].) Pequignot’s proof proceeds by showing that there is a reduction
from bqos to the family of closed sets C C NN for which Gs jé B Gslc
holds. This implies that the collection {C C [N]Y : C is closed, Gs <g Gslc}
is Zé—complete. As the set {C C [NV : C is closed, xB(Gslc) = Ro} is l'[;
these sets must be distinct, i. e., the answer to (2) of Question 1.1 is negative.

On the positive side, we show that closed subgraphs of the shift with infinite
Borel chromatic number form a basis for Borel subgraphs with infinite Borel
chromatic number. In a sense, this answers [11, Problem 4.22].

Theorem 1.4 Ler B C [N]Y be a Borel set. There exists a closed set C C [NV
and a continuous, shift-invariant injection ¥ : C — B, so that w1 s also
shift-invariant and xg(Gs|c) = xs(Gs|p). If B is closed under the shift map,
then WV can be taken to be a bijection.
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In order to prove the complexity result we isolate a general theorem about
the complexity of certain families of sets. Suppose that we are given a family
F® of subsets of a Polish space X coming from a map ® that assigns to each
setin F® the set of the witnesses of being in F® (e.g. the codes of the possible
finite colorings). Suppose moreover that we put sets from F® “next to each
other” i. e., consider a Borel set B C NV x X and we are interested whether
the sections of B are in F® uniformly, that is, whether we can find witnesses
of being in F® in a Borel way (we will see later that in the case of graph
colorings this is precisely equivalent to the existence of a finite coloring of the
graph obtained by putting the graphs B, “next to each other”). How hard is it
to decide the existence of such a uniform selection? Our general theorem says
that if the family F? is complicated enough then it is Z%—hard. (In our case, this
will follow from the observations that non-dominating sets are complicated
and that xp(Gs|p) < 3 holds if B is a non-dominating Borel set).

Now we make the above idea precise. Let X, Y be uncountable Polish spaces,
I' be a class of Borel sets and & : I'(X) — H%(Y) be a map. Define F® c
T(X)by A € F® <= ®(A) # @ and let the uniform family, U®, be defined
as follows: for B € T(NN x X) let

&(B) = {(s,y) eNVxy:ye d>(Bs)},
and

Bel® — ®(B) has a full Borel uniformization

(that is, it contains the graph of a Borel function NN — Y),

A family F of subsets of a Polish space X is said to be ):{ (resp. E%)—hard
on T, if there exists a set B € T(NY x X) so that the set {s € NN : By € F}
is E% (resp. E%)—hard. One would be tempted to think that the fact that 7 is
) }—hard on I’ is sufficient for proving the Z%-hard on I'-ness of the family /®.
Unfortunately, this is not the case (at least under the axiom of constructibility),
see Remark 3.3. On the positive side, the typical way of proving that 7% is X %-
hard is to start with a given A € Z{(NN) and find a closed set D ¢ NN x NN
with A = projy (D). Now, one constructs aset B C NNx X sothat B, € F® iff
s € A and this is witnessed by every element of the set Dy, i. e., Dy C ®(By).
The following definition encompasses this situation.

Definition 1.5 The family F® is said to be nicely X %—hard on T if for every
A € E%(NN) there exist sets B € T(NY x X) and D € E%(NN x Y) so that
D C ®(B) and for all s € NN we have

SEA & Dy #0 & & (B) #0 ( & B, e F®).
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We are ready to state our theorem.

Theorem 1.6 Let X, Y be uncountable Polish spaces, T' be a class of subsets
of Polish spaces which is closed under continuous preimages, finite unions and
intersections and H(l) U ):(1) C I. Suppose that @ : T(X) — H%(Y) is H% on
T (see Definition 2.4) and that F® is nicely E%-hard on I. Then the family
U® is Z%—hard onT.

The paper is organized as follows. First we start with summarizing the most
important facts and notations used in the proofs. Then in Section 3 we prove
Theorem 1.6. In Section 4 we apply this result to calculate the complexity of the
collection of closed subgraphs of the shift graph and also show Theorem 1.4.
Finally, in the last section we discuss a counterexample to the A% version of
Hedetniemi’s conjecture and finish with a couple of open problems.

2 Preliminaries and notations

For the collection of finite, (resp. infinite) sequences of elements of a set A the
notations A<N, (resp. AN) will be used, while the family of countably infinite
subsets of A is denoted by [AIN. If x € AN and n € N then x|, will stand for
the sequence (x(i));<p-

Suppose that C C Xg x - - - x X, for some sets Xo, ..., X,. Forani < n and
(x0, ..., xi) € Xox---xX;asusual C(y,, .. x,) will stand for {(x; 1, ..., x,) :
(x0, ..., xp) € C}, the vertical section of C determined by (xp, ..., x;). We

also use the analogous notation for mappings defined on product spaces. proj;
stands for the projection map proj; : Xo x --- X X;, = X;.

The standard notations l'[(l)(X), A}(X), E%(X), ... will be used for the
collection of subsets of X that are closed, Borel, analytic, etc. A coding of the
Borel sets with nice properties has to be fixed, let BC(X) be a set of Borel
codes and sets A(X) and C(X) with the properties summarized below:

Fact 2.1 (see [17, 3.H])

e BC(X) e MI(Y), A(X) € TI(NN x X), C(X) e MI(NY x X),
e forc € BC(X) and x € X we have (c, x) € A(X) < (c,x) € C(X),
e if P is a Polish space and B € A}(P X X) then there exists a Borel map

f: P — NN g0 that ran(f) € BC(X) and for every p € P we have
AX) r(p) = Bp-

Similarly, there exists a so called good universal closed set for every Polish
space as well:

Fact 2.2 ( [17, 3.H]) There exists a closed set um e 1'1(1)(NN x X) so that
if P is a Polish space and C € H(l)(P X X) then there exists a Borel map

HO
f: P — NN so that for every p € P we have Uf(lp) =C,.
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We will identify a set x € INTY with its increasing enumeration. As usually,
x <* yif|{n : x(n) > y(n)}| < oo and x < y holds if for every n € N
we have x(n) < y(n). Aset S C NN is dominating if for any y € NN
there exists an x € § with y <* x. We will use the abbreviation y <* x for
l{n : y(n) < x(n)}| = oo.

Notions and facts from effective descriptive set theory will be applied, how-
ever, the proofs can be understood using them as “black boxes”.

If X is a recursively presented Polish space (in our arguments only the
spaces N, NI and their finite products will appear in such a role) and p € NV,
H?(X; P, A%(X; P, E%(X; p) and H}(X; p) will stand for the appropriate
lightface classes relative to p. In the case X = N the “N” sometimes will be
omitted, and A{ (p), etc. will be used. If p € NN we will denote the first ordinal
non-recursive in p by a)‘ij . For an ordinal @ and a set A the a’s level of the
constructible universe relative to A will be denoted by Lo[A]. If p, g € NN,
l'I(l)(X; P.q9), a)f’q etc. will abbreviate the notions l'l(l)(X; (p,q)), a)y”q> et
where (-, -) : NN x NN — NN ig a recursive bijection.

We collect the theorems of the effective theory used in the proof.

c.,

Fact 2.3 For any reals r, p € NN we have

(1) ( [3, Section 3.7]) r € AI(N; p) = {r} € AINY; p) < r e
Lylp)

(2) (see below) o < a)?p implies that every nonempty A € E} (NN 7) con-
tains an element in A{ (r, p),

(3) ( [3, Theorem 4.1.2]) if S is a nonempty H}(s) set then there exists an
reSNLgylsl

(4) (Kleene, folklore) [17, 4D.3-4]) Suppose that X and Y are recursively
presented Polish spaces and C C X x Y isa H}( p) set. Then
(a) the set {x : 3y € Al(x, p))((x,y) € C)}is T{(p),
(b) C has a full Borel uniformization if and only if there exists a real g so

that for every x we have A%(x, q) NCy #0.

To see (2), using Spector’s theorem ( [3, Lemma 2.4.9]) we obtain that
o] < oy” implies O" € A{(r, p), where O" stands for Kleene’s O relative
to r. Thus, as every non-empty 211 (r) set contains a A} (O") real by Gandy’s
basis theorem ( [3, Theorem 2.5.3]), such a set contains a A} (r, p) real as well.

Let T be a family of subsets of Polish spaces. A subset A of a Polish space
X (and similarly for a standard Borel space) is T-hard, if for any A’ € T
subset of a Polish space X’ there exists a Borel map f : X' — X with
x' € A < f(') € A forevery x' € X'. A I'-hard set that is in T
is called I'-complete. For a graph G = (X, E) the I'-measurable chromatic
number or I' chromatic number is defined analogously to the Borel chromatic
number with requiring the coloring function to be I'-measurable, and denoted
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by xr (G). x (G) stands for the (usual) chromatic number of the graph G. A set
S C X will be called independent or E-independent if S*NE = (. Note that if
I" is closed under finite unions then for n € N the existence of a I'-measurable
n-coloring of the graph (X, E) is equivalent to the existence of a partition of
X to n-many E-independent sets from T'.

The Effros Borel space of the closed subsets of a Polish space X will be
denoted by F(X).

Definition 2.4 Let I be a class of subsets of Polish spaces. A map & :
rx) — H{(Y) is said to be I'[% on T, if for every Polish space P and
AeT(Px X)wehave {(s,y) e Px Y :ye ®(Ay)} € H}(P x Y).

Note that if for some ® the above condition holds for P = NN and I is closed
under continuous preimages then & is l'[} on I': indeed, given A € T'(P x X)
one can fix a continuous map ¢ : NN — P that is bijective on a closed set
C ¢ NN, and ¢|c is a Borel isomorphism (see [17, Theorem 1G.2]) and pull
back A with the map (¢, idy) to obtain aset A’ € T'(NY x X). Then using the
condition for N yields that {(s, y) € NV x ¥ : y € ®(A))} € M} (N xY),s0
{(s,) eCxY:ye®A)) e MM x Y). But then (¢|c, idy)({(s, y) €
CxY:ye®A)) = P(A) € H}(P x Y), as (¢|c, idy) is a Borel
isomorphism.

3 General results

In this section we prove Theorem 1.6 about the complexity of uniform families.
So,let @, X, Y, I be as in the theorem. Before starting the proof we make two
easy observations. First, without loss of generality we can assume that ¥ = NI
indeed, composing ® with a Borel bijection between ¥ and NN neither the
families F® and U®, nor the fact that ® is 1'[} on I' changes. So, from now
on we assume that ¥ = NI, Second, if one replaces N by its homeomorphic
copy in the definition of nicely Z%—hard on I' families (Definition 1.5), it
yields an equivalent condition on the family F®. Throughout the proof we
will frequently use this, e.g. saying that “identify the space NI with (NI)2”,

Let us roughly sketch the ideas of the proof of Theorem 1.6. Firstly, since ¢
isX }—hard for a given r € N a diagonal argument yields a set B € I'(X) such
that @ (B) is nonempty, but contains no A} (r) elements. Also, one can show
that the set {c : c codes the X| set A and sup{|“ : r € A} < w;}is T}-hard,
our strategy is to reduce this set to the codes of the sets in . So, to a given
AeX } (NN) with code ¢ using (a uniform version of) the diagonalization we
construct a set B € T'(NN x X) so that for all » we have ®(B,) # @ and
o(B,) N A}(r, ¢) =¥ <= r € A. From this and (4) of Fact 2.3, it will
easily follow that if sup{w]“ : r € A} = w; for some A with code c then the
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corresponding set B ¢ U®. Finally, the niceness of F® and (2) of Fact 2.3
will yield the converse.
We start with the diagonal argument.

Lemma 3.1 Let S € l'[% (NN be arbitrary. There exist a real ¢ € NN and sets
BeINWx NN x X) De E%(NN x NNY such that for every s € NN e
have

(1) se S < vVt e NN(@(B(.) N AL, s, 1) #0),
(2) Vt € NN(@(B( ) N Al(g,s,1) = W) = (Dy # W A Dy C
@ (Bs,1))).

Proof First we construct an auxiliary set A for the sake of the diagonal
argument. Take a universal set U € E}(NN x NN x NN) so that for any
R € MI(NY x NN) there exists an r € NN with U, = (NN x NY) \ R.
Define (r,5) € A <= (r,r,5) € U. Then clearly A € T](NV x NI)
and if R € 1'[}(NN x NNy is arbitrary then for some r € NY we have
(NN x NN\ R = Uy, so by definition A, = U,y = NV \ R,.

Using the fact that F? is nicely X|-hard (and identifying N x NY with
NN by a homeomorphism) we obtain sets B € (NN x NN x X) and D° ¢
Z{(NN x NN x NN) such that for every (r, s) we have

(r.5) €A <> O(B(.,) #0 <> D{., #0 (3.1)

and D?r s5) C <I>(B?r s)). Pick also an arbitrary pair (r*,s*) € A and let g €
P (BY.. ). Fixa C € MY((NY)?) so that § = NV \ projo(C) and define

R={(r.5) e NV x N" : vt
e NY((s.1) ¢ C v 3u € Aj(q.5.1)(u € D(B). )}

Since & is 1'[% on T, the set ®(BY) is IT!, and, using (4) of Fact 2.3 we get
R € l'[%(NN x NN). Then by the choice of A there exists an ry € NY 50 that
Ay =NV R,

Define now (s,t,x) € B <—

((s,t) e Candx € B), )or((s,1) ¢ Candx € B .))

and D = D90‘
We claim that g, B and D satisfy the requirements of the Lemma. Indeed,

as T is closed under continuous preimages the sets {(s,?,x) : x € B?ro s)},

{(s,t,x) :x € B?r* s*)} € TI', while using the closedness under finite unions
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and intersections and H(l) U Z? C I' we have B € T'. Moreover, D € )3} by
definition.

We check now that (1) and (2) hold.

Case 1. s € S. Then for every t we have (s,t) ¢ C so B, = B?r* 5%
Thus, g € ®(B,)), hence A{(q, §,t) N ®(Bs,1y) # ¥. So both (1) and (2)
hold for every such s.

Case 2. s ¢ S. Observe that (rg, s) ¢ R: indeed, pick an (s, ) € C, then
if (rg, s) € R was true, then there would exist a u € <I>(B(r Y)) But this is
absurd, by (3.1) and the fact that A,, = NN \ Ry

Now suppose that for all ¢ there exists au € A% (q,s,t) N D(B,). Then,
there exists an (s,7) € C and we have ®(B( ;) = @(B?ro’s)), yielding
(ro0, s) € R, a contradiction. This completes the proof of (1).

In order to see (2) note that if for some ¢ we have (s, 1) ¢ C then B ;) =
B(r 5%y hence g € CID(B(v n). Thus, it is enough to check (2) for (s,7) €
C with ®(B,)) N Al 1(q,s,t) = (. But then, B = B(r0 5) and D; =
DY C <I>(B0 ))- So, what remains to prove is DO0 ) = Ds # ¢, or by

(ro.s)
(3. 10) equ1valently (ro, s) € A, thatis, (ro,s) ¢ R, which we already have

shown. |
Now we are ready to prove Theorem 1.6.
Proof of Theorem 1.6 Let Abea X 5—c0mplete Zé subset of NN and find S’ €
I (NN x N with A = projy(S”). Define

S={Gg,rs): Ju e Al 1(q, r,5)((r,u) € S}

and apply Lemma 3.1 to the set S (after identifying NV with (NY)3). This
yields areal ¢’ and sets B’ € T((NY)? x NN x X) and D’ € T}((NV)? x NI)
satisfying (1) and (2) of Lemma 3.1 for every (q, r, s) triple.

Using the fact that ® is l'I} on I we can find areal gg so that ®(B’) € H% (q0)
and D' € E%(qo), we can also assume that ¢’ € A}(qo).

Define B € T((NY)2 x X) as follows:

(r,(s,1),x) € B < (qo,r,5,t,x) € B

(recall that (-, -) was a recursive homeomorphism between (NN )2 and NN .)
By (1) of Lemma 3.1 for every (g, r, s) € (NN)3 we have that

(q.r.s) €S <= Vi e NN (@B, ., ) NALG q.r.5.0) £ D). (3.2)
hence using the definition of gg and B we get that

(q0,7,5) € S = Vr € NN(®(By.(5.0) N AL (go, 7, 5,1) #8).  (3.3)
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We show that for every r we have B, € U ® if and only if »r € A, which
is clearly sufficient to prove the theorem. Suppose that r ¢ A and for the
contradiction that B, € U®. By definition this implies that ®(B,) has a full
Borel uniformization. Consequently, by Fact 2.3 there exists a pg € N such
that Vs, r € NN (Al(po, s, ) N @ (B (s.1) # 9), 50

Vs, 1 € NY(A[(po, s, 1) N @ (B, 1) # D), (3.4)

moreover, ¢’, go, 7 € Al 1(Po) can be also assumed. As S, = ¢, by definition
S(go,r) 18 also empty. Thus by (3.2) for every s € N! there exists a r € NV
such that Al(q qo,7,8,t) N <I>(B (o, r’s,t)) @. Applying this to s = pg we

get a real 7y with = Al 1(q’, qo, 1, po, to) N CD(Bqu,r,po,to)) = A%(po, o) N
d>(B£ dor. po,to))' This yields a contradiction with (3.4) for s = pg, t = 19.
Now suppose that r € A.
CLAIM. sup{w?®"* i s ¢ Sy} < @1

Otherwise, UsgéS(qo,r) szlzo,r,x [90, 7] = L, [qo.r]. By Fact 2.3 (3), as S,
is a nonempty ! 1(r) set (because r € A = projo(S’)) we have that there
exists a u € S/ N Ly, [r]. Then for some s ¢ S, we would have
u € szlzorv[r] c szlmrv[qo,r s], sou € Al 1(qo, r, s) (by Fact 2.3 (1)),
contradicting the deﬁnition of S.

Now pick a p withw! > sup{w!™"" : s ¢ S(4y.r)}. We will show that & (B,)
has a full Borel uniformization. In order to do this, by Fact 2.3 (4) it is enough to
show thatforevery s, t € NN WehavethatCI>(B(,,<S,,>))OA}(p, qo,7,5,1) £ 0.
If s € Sy,r) then this holds by (3.3).

Now, we can assume that s ¢ S ) and ® (B, (5.1))) N Al 1(qo. 7, 5,1) =0,
since if the equality is not true then we are already done. Then <I>(B Gours, t)) N
A{ (qo, r, s, t) = . Recall the definition of D’: it has been obtained from the
application of Lemma 3.1 to the set S. Hence, by (2) of Lemma 3.1 for every
(g0, r, s) we have that for every ¢ € NN the implication

(P(Blyy 5.0) N AL(qo, 7,5, 1) = 0)

- (DEQOJ,S) 7N DEQOJ,S) C q)(BEroJ,SJ)))
holds. Hence, in our case we have § # D(qors) C CIJ(B/ =
D (B, (s5,1)))- Then D(q s) is a nonempty X! 1(qo, 1, s) set and | <

fq‘) " so by Fact 2.3 (2) it contains a Al(p, qo,r,s) real. Thus, # #
Al(p,qo,7.5,1) N DE ) C Al(p.qo. 1.5, t) N @ (B(r,(s.1y)) which shows

that & (B, ) has a full Borel unlformlzatlon and finishes the proof of the theo-
rem. O
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In our theorem the reason of the high complexity is the same phenomenon as
in the complexity results of Adams and Kechris [1]. In fact, one of their results
follows directly from our theorem.

Corollary 3.2 (Adams, Kechris) The set of trees T on N x N so that [T ] (the set
of the infinite branches of T ) has a full Borel uniformization is E%-camplete.

Proof A standard calculation shows that the set in question is X1, so to show
completeness, it is enough to verify that it is Zé—hard. One can check that
Theorem 1.6 can be appliedto X =¥ = NN, T = 1'[‘2) and ®(A) = A. This
yields a set B € Hg(NN x NN x NN 5o that the set {s € NV : B; € U/®} is
Zé—hard. Now, one can pick a set C 0¢ H?((NN)“) such that B is the injective
projection of C to the first three coordinates (see, [17, 1G.5]). Applying a
recursive bijection between (NN )2 and N to the last two coordinates, one
obtains aset C € l'[(l)((NN )). To every s € NV one can continuously assign a
tree Ty, on N x N so that [Ty] = C,. Itis not hard to see that [ 7] has a full Borel
uniformization <= By has a full Borel uniformization <= B, € U®,
which shows our claim. O

Remark 3.3 It has been mentioned earlier that the assumption of niceness
cannot be dropped from our theorem. On the other hand, assuming E;—
determinacy, it can be, in fact Theorem 4.1 has a particularly nice form.

(1) (V = L) There exists a map ® : IY(NY) — ] (NY) that is IT] on 9,
the family F? is X1-hard on I, but /? is not X} -hard.

(2) (Z;—determinacy) Let X, Y,and I" be as in Theorem4.1 and ® : I'(X) —
H% (Y) be a map that is l'[% on I'. Then if F® is not l'[% on I' (that is, there
exists a set B € T'(NN x X) such that {s : B, € F®} ¢ l'[}) then U? is
Zé—hard.

(2) can be shown using similar ideas to the ones used in the proof above
utilizing Wadge’s lemma for higher projective classes, while in (1) one can
construct a ® so that ®(A) can only be nonempty if |A| < Rg and moreover
every element of ®(A) lies very high in the constructible hierarchy. This way
it can be assured that fora B C Hg((NN)Z) the set ®(B) can be uniformized
only if proj; (B) is countable. The question whether Eé—determinaey is optimal
will be investigated in an upcoming paper.

4 Consequences on graph colorings
In this section we apply the results of the previous one and prove Theorem 1.3.

We start with proving a variant of it, from which the full version will be easy
to deduce.
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Theorem 4.1 There exists a closed set C C NN x [N|N such that the set
{s e NN . xB(Gslc,) < No} is Z%-complete.

The next lemma reduces our task to produce a Borel set B ¢ NN x [NV
such that the set {s : xp(Gsl|p,) < No} is Zé—complete.

Lemma 4.2 Let B ¢ NN x [N]Y pe A% set. There exists a l'[? set C C
NN x [NIN and an injective, vertical section preserving (that is, for every s, x
we have proj, W (s, x) = s) continuous map ¥ : C — B such that for every
s € NN we have that W, \Ils_l are shift-invariant maps and if xp(Gs|p,) > 3

then xp(Gslp,) = xB(Uslc,). Moreover, Wy is a bijection if By is closed under
the shift.

Note that Theorem 1.4 also follows from the above lemma: the first statement
of it is obvious if x (Gs|p) < 2, while (a parametrized version of) the rest is
Lemma 4.2.

Proof of Lemma 4.2 The idea of the proof is that we express B as an injective
projection of a closed set. Then, by applying a homeomorphism (that serves
as a coding map) to this closed set we will get another closed set so that the
composition of the inverse of the projection and the homeomorphism, and also
the inverse of this composition are shift-invariant.

Consider the set B = {(s, x) : (Vj € N)(S/(x) € By)}. We will build a set
C and a map W as in the lemma, such that W is a bijection between C and B’.

Let (0;)ien be an enumeration of the finite increasing sequences of natural
numbers and define pred : B’ — [N]<N by pred(s,x) = {i : (s,0; " x) €
B'}. Since pred is a Borel map, its graph can be expressed as an injective
projection of a closed set in l'IO(NN x [N]N x [N]<N x NN) (here [N]<N is
endowed with the discrete topology). Let w be the partial Borel map NI x
NN x [N]<N — NN o that the graph of  is this closed set (see, [17, 1G.5]).

Given a pair (s, x) € B’ there are finitely many i’s with i € pred(s, x)
and so the set {V¥/(s,0; ~ x, pred(s,0; " x)) : i € pred(s,x)} is finite.
Our strategy is to every (s, x) assign a natural number that encodes finite
initial segments of the elements of the finite set above. The assigned number
to (s, x) should be smaller than the one assigned to (s, S(x)) and the latter
should encode longer initial segments of the corresponding finite set of values
(this length will be determined by the first element of S(x)). We construct a
map ¥ : NNV x [N]N — NN x [N]N by calculating the assigned number to
(s, x), (s, 5(x)), ..., hence guaranteeing the shift-invariance of . Finally,
we will let C = W(B') and ¥ = G_l, the encoding of longer and longer
initial segments will guarantee that the set C is closed.

More precisely, fix an injection cd : [N x [N]<N x N<N1<N _ N (the set
[N x [N]<N x N<N1<N i5 also endowed with the discrete topology). Define

@ Springer



S. Todoréevié, Z. Vidnyanszky

@O(s,x) =
{(i, pred(s, o; Ax),%(s, o;  x, pred(s, o; Ax))lx(o)) ti e pred(s,x)}.

Let A, = {(s, x) : (s, x) € B’, x(0) = n}. In order to achieve the property
that the natural numbers serving as codes increase as one applies the map S,

we define a map ' on the sets A, inductively. If ' has been already defined
onJ;_, A; and (s, x) € A, let T (s, x) =

2x(0) . 3cd(ﬁo(s,x)) . Smax{O,Wl (s,oi/\x):iepred(s,x),a,- #}

Finally, let
(s, x) = (5, (T (5,87 (1)) jen).

Note that for each s the map W(s, -) is  a Borel map from B] to [NTY: by
definition B is closed under the shift, so W (s, -) is defined on B; and from the

definition of ¥ it follows that for any x we have

Gl(s’ x) < Swl(s,x) < Smax{al(s,al-’\S(x)):iepred(s,S(x)),a,-7&(2)} < El(s’ S(x))

Observe that an induction on 7 yields that if (s, x) € A, then ! (s, x) is
determined by the values {(i, pred(s, o; " x), ¥ (s, 0; " x, pred(s, o; " x))|m) :
m < x(0),i € pred(s, x)}. In particular, for a given k € N the kth coordinate
of W(s, x) is determined by s (k) and the set

(G, pred(s,o; = S (x)), ¥ (s, 00 = S*(x), pred(s, o; = S5 (x)))|m) :
i € pred(s, S*(x)), m < S¥(x)(0)}.

Claim 4.3 Suppose that ((s_,,, Xn))neN Is a sequence with elements in B’
such that the sequence (VW (sy, X;))neN is convergent and i,j € N.

Then the sequence ((sn,a,- = S (xy), pred(sp, 0i = ST (xn)), U (sp, 00
S/ (xp), pred(s,,o; ~ S/ (xn)))> is also convergent in the sense that either
n

for every large enough n we have i ¢ pred(s,, S (xy)), in which case the
sequence is eventually not defined, or for every large enough n we have
i € pred(s,, S’ (x,)) and then it converges.

Proof Clearly, the convergence of the sequence (W (Sp, X0))neN implies the
convergence of (@O(Sn, S7(x4)))nen and this yields that pred(s,, S’ (x,))
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must stabilize to some set / as n — oo. If i ¢ I then for every large enough

n we have (s,, 0; ~ S’/(x,)) ¢ B’, hence the sequence is not defined.
Suppose now that i € I, we check the convergence of the required quadru-

ple. The sequence (s;,),en clearly converges, while the convergence of (x,,),eN

follows from the definition of ¥ and the fact that for any j' € N the sequence
(Gl (Sp, ST ' (x1)))nenN is convergent. The convergence of the third coordinate

is implied by the convergence of the sequence (Go(sn, S7(xp))nen.

Finally, to show the same for the fourth sequence pick an arbitrary k € N. We
check that the values ¥ (s,, 0; ~ S’ (x,), pred(sn, oi ~ S7(x,))) (k) stabilize.
Let j/ > max{k, j}. By the convergence of the sequence (x,), we can pick an
i’ € Nsuchthato; ~ S/ (x,) =0y — S/ ,(xn) holds for every large enough n.
Since i € I, we have

<i/, pred(s,o; = S/ (x), ¥

(5, 01 = 87 (), pred(s, o1~ 8 )l 0)) =

<i€ pred(s, i ~ 8 (xp)), ¥

(S, o Sj/(xn), pred(s,oi Sj/(xn)))|5j/(xn)(o)>

€ T (s, S (xn)).

for every large enough n. But the sequence (W'O (Sp, S ,(x,,))),,eN converges,
so the values ¥ (s, 0; ~ 8/ (x,), pred(s,o; — 87 (xp))) |S.,-/(xn)(0) must stabilize

as well, and then the fact S/ /(xn)(O) > j' > k yields the convergence of the
sequence (W(sn, o; S/ (xp), pred(s,,o; — S/ (x”)))(k))neN' O

Now we check that W(B’) is a closed set. In order to see this suppose
that ((s,, Xn))neN iS a sequence in B’ so that (U (Sp, Xn))neN is convergent.
By Claim 4.3 the sequence (s;, X,, pred(sy, X,), W(sn, Xn, pred(Sp, Xn)))n
is convergent, and by the fact that the graph of v is closed, it converges
to some (s, x, pred(s, x), ¥ (s, x, pred(s, x))). To see that W(s,, x,) —
W(s, x) holds, pick an arbitrary k € N. We show that W(s,, x,) (k) —
W (s, x) (k). Using the convergence of (s, S (xp), pred(sy, S7(xp)))nen for
every j € N (which follows from Claim 4.3) we can assume that for each
nand j < k we have S/(x,)(0) = S/(x)(0) and pred(s,, S/ (x,)) =
pred(s, S/ (x)). By Claim 4.3 for any j < SKx)(0) = S*(x,)(0)

and i € pred(s,S/(x)) = pred(s,S/(x,)) the sequence ((sn,ai -
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S (xn), pred(sy, 0 S8 (X)), ¥ (sn, 01~ S’ (x), pred(sy, 0i” S’ (xn)))) is

convergent and again by the closedness of the graph of 1 its limit is necessarily
(s, 0; S (x), pred(s,o; " S/ (x)), ¥ (s,0; S’ (x), pred(s,o; =S’ (x)))).
Hence, using the observation made before Claim 4.3 for a large enough n all
the values determining W (s, xp) (k) and W(s, x)(k) will be the same. Thus
C = W(B’) is indeed closed.

Note that for any (s, y) = W(s,x) and j € N the exponent of 2 in y(j) is
x(j). Hence, W is invertible and 3_1(& S(y)) = (s, S(x)). Thus, we obtain
that W := ¥ is a continuous bijection, so that for each s € N the map W,
back-and-forth shift-invariant. This implies that y p(Gs| B) = X 8(Pslc,).

Finally, we turn back to the set B. Of course, if Bj is closed under the
shift then B, = By, hence the only thing left to check from the lemma
is that whenever xp(Gs|p,) > 3 then xp(Uslp,) = xB(Gslp;). Clearly,
xB(Gslp) > XB(g‘sIB;). For a given ¢y : [N]N — n Borel n-coloring of
Gs|p; define ‘

c(x) =

min{m : S™(x) ¢ By} mod 2, ifforallk we have S¥ (x) ¢ By,
co(Sk(x)) +k mod n, otherwise, where k is minimal with Sk(x) € B§-~

It is not hard to check that ¢ is a Borel max{2, n}-coloring of Gs|p,, hence
xB(Gslp,) = 3 implies xp(Gs|p,) = xB(Gsl|p)- O

Thus, in order to show Theorem 4.1 it is enough to construct the required
Borel set. This will be done in two steps. Let H = (NN x [NJN, E3) where
(s, x)Ex(s’, x") <= s = s"and x Egx’. First we will notice that Gs contains
an isomorphic copy of H and then using Theorem 1.6 we will show that the
finitely chromatic Borel subsets of the graph H are already Zé-hard.

Lemma 4.4 There exists a continuous injection e : NN x NN = NN thar
is an isomorphism between H and Gs|ran(e)-

Proof Fix a continuous injection ¢ : NN — A such that A ¢ [N]" is an
almost disjoint family. For (s, x) € NN x [N]N let e(s, x) = €%(s) o x(=
(€°(s)(@))icx). All the required properties of e are clear from the fact that A
is an almost disjoint family. |

We will use an observation of Di Prisco and the first author that says that the
restrictions of the shift graph to non-dominating subsets of [NIY have finite
Borel chromatic number. In the latter part of the paper a uniform version of
this statement is needed, so for the sake of completeness we include a proof
of the uniform version. We will use the sets BC, A, C from Fact 2.1. Fix also
a homeomorphism (-, -, ) : (N3 — NN,
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Lemma 4.5 (Di Prisco, Todoréevic, [6]) There exists a Borel function fiom :
NN - NN 50 that for each x € ININ we have Sfdom(x) = {(co, c1, c2) with
¢ € BC([N]N), A([N]N)Ci are Es-independent subsets of NN for every i
and {y : y = x} = Uj_o A(INIV),,.

Proof Set D = {(x, y) : y <* x}. Note that it suffices to construct a Borel
map ¢ : D — 3 that is a coloring of the graph Gs|p, for each x: indeed,
we can use Fact 2.1 for B; = {(x,y) : c(x,y) = i} to obtain Borel maps
fi: [N]N — NN g0 that for every x € [N]N we have A([N]N)ﬁ.(x) = (Bj)x
and let faom(x) = (fo(x), f1(x), f2(x)).

We will construct a Borel set U C ([N]N )2 such that whenever (x, y) € D,
then there exists a i € N with (x, S'(y)) € U and for each x the set {y :
(x,y) € DN U} is Gs-independent. This is enough, as the map

. ) i mod 2, if (x,y) ¢ U andi is minimal with (x, S(y)) € U
clx, = .
V72 ity eU

is an appropriate coloring.

Now, let x(—1) = 0 and define (x, y) € U <= for the minimal n € N
with [[x(2n—1), x(2n+1))Ny| # 0 we have that |[[x(2n — 1), x(2rn+1))Ny|
is even. Observe that if y <° x then there exist infinitely many n’s such that

[x(2n —1),x2n+ 1) Ny| > 2.

From this, one easily checks that U satisfies the requirements. O

Lemma 4.6 There exists a l'[g set B NN x NN x [N]N so that the set
{s: xp(H|p,) < Ro}is Z%—hard.

Proof We check the applicability of Theorem 1.6, with X = [N]V, ¥ = NN,
I =119 and

O(A) = (e : (¥x,y € A)(e = (o, 1, c2), e € BCANT), x € [ J AN,

l

and xEsy = (Vi)(—-(x, y € A([N]N)c,-))>},

@ Springer



S. Todoréevié, Z. Vidnyanszky

in other words, ®(A) contains the Borel codes of the Borel 3-colorings of A.
First we show that & is l'[} on Hg. If Bisa Hg subset of NN x [N]V, then

O(B) = {(s,¢) : (V(x,y) € NIV x [N]Y)
(Gox) ¢ Bor(s.3) ¢ Bor (e = (co. c1. ca),

ci € BC(INIY), x e _JC(NIY),,

1

and xEsy = (¥)(=(x, » € ANI))) )},

which set is 1'[}.
Now, we show that F® is nicely Z}—hard on l'[g. Let A ¢ NN be analytic
and take a closed set F ¢ NN x [N]N so that projo(F) = A. Let

B={(s,y): (Vx <" y)(x ¢ Fo}

We show that the complement of B is X9, hence B € l'[g. For every o € NN
that is eventually zero define B, = {(s, y) : (3x < y + 0)(x € Fy)}. Clearly,
NN x [N\ B = |, B.,soitis enough to show that each B, is closed. Let
((Sm> Ym))men C B, and suppose that (sy, ym) — (s, y). Then for each m
there exists an x;, < y,, + o so that (s,,, x,;,) € F. For every fixed n we have
that the set {m : (3k < n)(x;, (k) > y(k) + o(k))} is finite. Thus, applying
Ko6nig’s Lemma to the tree formed by {x,,,[x : k, m € N, x,|x < (y+0)|x} we
get that (x,,)meN contains a convergent subsequence, and its limit witnesses
(s,y) € B. Let

D ={(s,c):s € Aand 3x € Fy)(fiom(x) = )},

where fj,, is the function from Lemma 4.5. We will show that B and D
witness that F® is nicely Z{—hard. We have already seen that B € Hg and by
definition D is analytic.
Suppose that s € A. Then for each x’ € Fy we have By(= {y : (Vx <* y)(x ¢
Fy)}) C {y:y <* x’}. Thus,by Lemma4.5 B; € F® and Dy # . Moreover,
if ¢ € Dy then for some x € F; we have fyo,(x) = ¢ with ¢ = {(co, c1, ¢2),
again by Lemma 4.5 we have By C {y : y <® x} = Ui2:0 A([N]N)c,. and the
sets A([N]N)Ci are Es-independent, thus, Dy C ®(By). Now, if s ¢ A then
Fy = Dy = ¢ and By = [N]'.

So, Theorem 1.6 is applicable and it yields a Borel set B € NN x NN x [N]N
so that {s : By € U®} is X)-hard.

Now we claim that By € U® is equivalent to xg(H|p,) < Ro. Suppose first
that for some s € NV we have xp (H|B,) < No. Then, by Lemma 4.4 H|p, is
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Borel isomorphic to a subgraph of Gs, so if it has finite Borel chromatic number
then it has one < 3 by [12]. Let Sp, S1, S2 witness this fact. Using Fact 2.1 there
are Borel maps fy, f1, f>sothatforanyr € NN wehavethat f; (r) € BC(INY)
and A([N]N)fl.(,) = (S8;);. Clearly, f = (fo, f1, f2) is a Borel uniformization
of ®(By). For the converse suppose that ®(By) has a Borel uniformization,
f.Define §; = {(z,x) : x € A(NIY) sy }= {7, %) - x € CANIY) i) D)-
The sets S; are Borel, and for each ¢ the sets (5;); form a 3-coloring of H| Bis)»
so by the definition of H the sets S; form a Borel 3-coloring of H|p,. O

Proof of Theorem 4.1 Consider e from Lemma 4.4 and apply (idyn, e) to the
Borel set given by Lemma 4.6. This yields a Borel set B ¢ NN x [N]N so that
{s : xB(Gslp,) < Ro} is Eé-hard. Applying Lemma 4.2 to this set we get a
closed set C ¢ NN x [N]N so that the set {s 1 xB(Gslc,) < No}is Zé—hard. In
order to see that this set is Zé, similarly to the proof of Lemma 4.6 just notice
that {s : xp(Gslc,) < Ro} =

{s : Gco, c1,c2)(ci € BC(NIY), (Vx, y € C)(x € [ JCUNTY), (%)

1

and xEsy = (Vi)(=(x, y € A(INT"):)))).

O

Remark 4.7 In the proof of Lemma 4.6 we actually show that the collection
of non-dominating Hg sets is Z{—hard in the codes. The proof presented here
is an alternate non-effective version of an unpublished result of Hjorth [9].
A similar argument has been also used by Solovay [26]. We would like to
mention here that more is true: even the collection of non-dominating closed
sets is X %—hard in the codes.

We conclude this section with proving our main result, Theorem 1.3. In

. 0
order to formulate the precise statement we use the set U I} for X = [NV
from Fact 2.2.

Theorem 4.8 (Theorem 1.3) The collection of closed subsets of ININ so that
xB(Gslc) < Ro (or, equivalently, xp(Gs|c) < 3) is Z%-complete, more pre-
cisely, the sets

(1) v € N2 x5(Gs| ng) <o)

(2) {C C NN : C is closed, xB(Gslc) < Ro} as a subset of the Effros Borel
space,

are Zé—complete.
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(3) Consequently, there is no sequence of Z}-pammetrizable collections of
graphs (Ay)nen so that for every C C NN closed xB(Gslc) = Ro if and
only if 3(n;)ien and Ay, € Ay, so that A,, <p Gs|c. In particular, there
is no one element basis, or countable basis in the sense of Question 1.2.

In order to show the statement that talks about the closed sets with the Effros
Borel structure we state a general lemma which essentially follows from the
work of Sabok [21].

Lemma 4.9 Suppose that P is a property of closed subsets of NN and there
exists a closed set C ¢ NN x NN so that {x € NN : C, has P} is E%-hard.
Then {F c NN : F has P} is also Z%-hard as a subset of the Effros Borel
space.

Proof Consider the map f : NN — F(NV) given by f(x) = Cy. As usual,
we can identify F(NY) with the collection of pruned trees on N<I, hence it
becomes a Borel subset of 2 <N, let us endow F (NN) with the inherited topol-
ogy. By [21, Theorem 2] it is enough to show that f is Z‘} UTI % -submeasurable,
that is, there exists a subbase B of F(NY) so that for any U € B we have that
f_l(U) € E}(NN) U H}(NN). A subbase for this space can be given in the
form {F € FINY) : FN[o] # @} and {F € F(NY) : F N [o] = @}, where
o e NMand [0] = {r ¢ NN : ¢ = r|,} for some n € N. Clearly, for each
o the set f‘l({F :FNlo]l=0})is l'[}, hence, it is enough to show the set
FTUAF  FNlol #0) = {x:CeNlol #0) = {x: @y)((x, ) €C,y €
[0]1)} is 1, which is obvious. O

Proof of Theorem 1.3 In (1) and (2) the fact that the sets are Zé can be easily
seen directly, similarly to (*). Moreover, Lemma 4.9 and the fact that NV is
homeomorphic to [N1Y shows that (1) implies (2).

Take the set C from Theorem 4.1. For (1) notice that by Fact 2.2 there exists

0
a Borel map f : NN — NN 5o that for any s we have U}T(ls) = Cs. Then
{s € N¥: xp(Gslc,) < No} = f~'({s e NV x8(Gs| ng) < o)), which

shows that the latter set is Z;—complete.

For the last statement, suppose that such collection of A;’s exists with the
appropriate parametrizations E; C X; X Yl.z. Then, {s € NN . xB(Gslc,) <
Ro} ={s € NN - (Vi) jen sequence of naturals)(3i € N)(Vc € NN)(Vx €
Xn;)

(@) (Yy,, (Ey,;)y) is not Borel isomorphic to a graph in 4, or

(b) ¢ ¢ BC(Y,, x INTY) or

(c) Ay € ¥y, so that =((3'2)((y. 2) € A(Yy, x [NIV),)) or

(d) 3y, y) € (En)x, 3z, 7' € [N]V so that (y, 2), (', 2') € A(Yy, x [N]V),
and (z,7') € C2\ Es}.
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Note that (c) and (d) express that ¢ does not code a total function and that the
function coded is not a homomorphism from (Y,,,, (Ey,)x) to Gs|c,. Clearly,
the formula (a) is l'[} and the formulas (b) and (d) are X % It follows from the
(uniform version of) Luzin’s unicity theorem [10, Theorem 18.11] that (c) is
Z{ (an alternative proof can be given using (4) of Fact 2.3).

Consequently, the existence of the families (A,),cny would imply that the
set {s € NIV xB(Gslc,) < No}is Hé, contradicting Theorem 4.1. O

5 Relation to Hedetniemi’s conjecture and open problems

In this section we collect several open problems and discuss the relation of our
results to Hedetniemi’s conjecture.

Let G = (X,E) and ' = (X', E') be Borel graphs. The product
of the graphs G and G', G x @', is the graph (X x X', Egxg’), where
(x,x"YEgxg (y,y) <= (xEyandx'E’y’). It is clear that G x G’ is a
Borel graph and note also that x5(G x G') < min{x5(G), x(G")}. (The Borel
version of) Hedetniemi’s conjecture is the statement

x8(G x G") = min{x5(9), x5(G")}.

The classical Hedetniemi’s conjecture is the above statement for finite
graphs (and thus with usual chromatic numbers). Clearly, the Borel version
of the conjecture for graphs with finite Borel chromatic numbers implies the
classical one. However, there are substantial differences between the Borel
and classical cases for infinite chromatic numbers.

On the one hand, note that if for some graph G” we have G’ <p G, G’
then G” <p G x @', thus, in such a situation x5(G") gives a lower bound for
the value xp(G x G'). For instance, the G dichotomy implies Hedetniemi’s
conjecture for analytic graphs of Borel chromatic number > 8.

On the other hand, it has been proved by Hajnal [8] that there exist graphs
G and G’ so that x(G) = x(G') = Ry, but x(G x G') < ¥1. Moreover, it
has been shown in [12] that it is consistent that there exist graphs G, G’ with
coanalytic edge relation such that x5(G), xp(G") > Ro, but x5(G x G') < Ry.

Note also that a compactness argument implies that if x(G) = Rg and
x (G") = n then the conjecture holds.

Concerning the conjecture for finite graphs! it is known that for any n > 2
there are graphs with chromatic number n and arbitrarily high odd girth, thus,
there is no finite graph H with y (H) = n that would admit a homomorphism
to each finite G with x (G) > n. So, Hedetniemi’s conjecture cannot be solved

! In a more recent development, Shitov [23] gave a counterexample to Hedetniemi’s conjecture.
This of course gives a counterexample for the Borel version as well.
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by a basis result in the collection of finite graphs (see e. g. [22]). However,
we would like to remark that the finite conjecture is in fact equivalent to a
basis result if we are allowed to consider infinite graphs and the right notion
of chromatic number:

Remark 5.1 Let (G;)ien = ((V;, E;))ien be an enumeration of all the finite
graphs with chromatic number n. Let G, be their infinite product, that is,
0o = (I; Vi, Eq1 6;)» Where (vo, vi, ... ) ETy, G, (vy, v}, ...) if and only if
forevery i € Nwe have v; E; v]. Goo is a Borel graph with a closed edge relation
and it is not hard to see that Hedetniemi’s conjecture for n implies that G
has clopen chromatic number n. Conversely, since G, admits a continuous
homomorphism into each G;, if the clopen chromatic number of G is n, then
Hedetniemi’s conjecture holds for 7.

Unfortunately, it is not clear whether it is possible to turn antibasis results
to counterexamples to the Borel version of Hedetniemi’s conjecture. But, if
one considers A % -measurable colorings instead of Borel ones our construction
yields an example, which works for a rather simple reason: there exist A{ sets
B and C so that Gg|p has a finite Borel chromatic number but has no finite A{
coloring and C contains reals which code finite Borel colorings of B, hence
the A% chromatic number of the product graph will be finite.

Proposition 5.2 There exist sets B, C € A}([N]N) so that xp(Gs|c) = Ro,
Gs|p has no A% finite coloring, but the product Gs|p X Gs|c has a A} 3-
coloring.

Proof sketch Instead of constructing a set C C NN we construct a set C C
NN x [N]N and prove that H|¢ and Gs| has the required properties, from this
it is easy to deduce the proposition using Lemma 4.4.

Pick aset A € Z{(N) \ IT}(N) and a set C” € TN x [N]V) so that
proj(C”) = A. Let

B" ={(n,y): (Vx <" y)(x ¢ C))}.

Itis not hard to check (similarly to the proof of Lemma 4.6) that B” € A} (N x
[NTY), the set {n : Gs| py has a finite A}coloring} is H} and A contains this
set. Consequently, for some n € A we have that B, has no A% finite coloring,
let C = {(x,r) : x € C/',r € [N]'} and B = B/. Then clearly C €
A{(NN x [NV and as C;! is nonempty, xp(H|c) = Ro. Note now that for
every (x,r) € C clearly B C {y : y <* x}. Thus, by (the lightface version
of) Lemma 4.5 for each (x, r) € C the graph G|p has a A}(x, r) 3-coloring.
Using 4 of Fact 2.3, the graph H|c X Gs|p has a A{ 3-coloring: we can
construct a coloring from the A} (x, r)-colorings uniformly. O
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As we have seen, Theorem 1.3 excludes the possibility of a simple
Borel/analytic basis. However, the following is still possible:

Question 5.3 Does there exist a graph G = (X, E) where X is a Polish space
andEisa H% edge relation so that for any Borel graph G’ we have xg(G') > Rg
ifand only if G <p G'?

Note that the above question makes sense even with some finite number
instead of 8. A possibility of a positive answer is even more intriguing in
the light of Remark 5.1: it would be very interesting if in both cases the large
chromatic number of a certain class of graphs was witnessed by a graph outside
of this class.

On the other hand we don’t know whether the idea of Proposition 5.2 can
be turned to a counterexample to the Borel version Hedetniemi’s conjecture.

Question 5.4 Do there exist Borel graphs G,G' so that xg(G x G') <
min{xg(G), x(G)}? What if G and G’ are subgraphs of Gs?

A fundamental tool for the investigation of Hedetniemi’s conjecture is the
n-coloring graph C,(G) of a graph G defined by El-Zahar and Sauer [7]. It
is not clear, however, whether there exist analogous well-behaving objects for
Borel graphs.

Problem 5.5 Let G be a Borel graph. Define a graph C,,(G) of n-colorings of
G for which the results of El-Zahar and Sauer [7] can be generalized.

One could hope for a positive result after excluding the sort of examples
constructed in this paper. More precisely, our example can be viewed as fol-
lows: a smooth equivalence relation E has been constructed so that there are no
Es edges between the classes (in other words E is a smooth super-equivalence
relation of a restriction of E( to some Borel set) and each E class has finite
Borel chromatic number, but the union of E classes has infinite Borel chro-
matic number. Note also that such a graph still has a Eé-measurable finite
coloring. Hence, the following questions are natural:

Question 5.6 Let B C NN be an Eg-invariant Borel set (that is, it is the

union of Es connected components).

(1) Suppose that there is no smooth super-equivalence relation E of Eg|g so
that for every x € B we have xp(Gslix)z) < No. Does Gs <p Gs|p hold?

(2) (PD) Can we formulate basis results for graphs without finite “definable”
colorings? For instance, suppose that the graph Gs|p has no projective
finite coloring. Does Gs <p Gs|p hold?

Finally, from an affirmative answer to the following question one could give a

different proof of Theorem 4.1, inferring it directly from Corollary 3.2.

Question 5.7 Let B C NN x NN be a Borel set such that forall x € NN

the graph Gs| g, has finite Borel chromatic number. Does B have a full Borel

uniformization?
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